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ABSTRACT. We consider the pseudorelativistic Chandrasekhar/Herbst opera-
tor hH for the description of relativistic one-electron ions in a locally bounded
magnetic field. We show that for Coulomb potentials of strength v < 2/,
the spectrum of A is discrete below m (the electron mass). For magnetic
fields in the class B4 (x) = B- H'T'rﬂzl |7 +|z2|7) ez, the ground-state energy
of hH decreases according to BY/(2+7) as B — oo for 0 < 1 < 7. where 7. is
some critical value depending on ~.

1. INTRODUCTION

Relativistic one-electron ions are described by the Dirac operator. In the
presence of a Coulomb field V' and a magnetic field B4 generated by a vector
potential A this operator is given by (in relativistic units, h = ¢ =1)

Dy = a(p—ecA) + Bm, V =- (1.1)

7
s
The particle mass is denoted by m, « and (8 are the Dirac matrices, p = —iV
the momentum operator, x = |x| and v = Ze? the electric potential strength (Z
is the charge of the nucleus which is fixed at the origin and e ~ 1/137.04 is the
fine structure constant).

In order to avoid dealing with the negative continuum which, in contrast to
the nonrelativistic case, causes the Dirac operator to be unbounded from below,
semibounded pseudorelativistic operators are often introduced. One way to obtain
such a semibounded operator is the restriction of the Dirac operator to the positive
spectral subspace of the free Dirac operator. When a vector potential is present one
has to include A in the projector onto the positive spectral subspace in order to
retain gauge invariance [14]. As a result one obtains the Brown-Ravenhall operator
[3, 14, 9], acting in the Hilbert space Lo(R?) ® C? [5],

1 opa 1 opa
RBR = By — yAR ( ~ - A 1.2
4= E<x+EA+m;UEA+m) e (12)
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1/2
with A = (EQ*‘& m) . The kinetic energy operator is given by

DAl =:Ea = /(o(p—eA))2+m2 >m. (1.3)

Abbreviating p — eA = py4 one can rewrite (opa)? = (pa)? — eaBa where
B4 =V x A and o is the vector of Pauli spin matrices. For A € Ls j,.(R?) the
form domain Q(E4) = D(Ei) is the Sobolev space H} (R?) @ C2.

It was shown in [17] that h®® is bounded from below if A € Lf° (R?) and
¥ < 7YBR = 2/(% + %) In the case of a constant magnetic field B4 = Be, it could
be proven that the lower bound of hZf decreases proportional to B2 and that the
ground-state energy behaves like —cB 3 for B — oo if v < % [11]. The advantage
of a constant magnetic field is the explicit knowledge of the eigenstates of the Pauli
operator (op4)? [20, p.196], respectively of E4. Since the potential part of AP
depends nontrivially on E 4, such eigenstates are crucial for the construction of
trial functions which are used to determine an upper bound for the ground-state
energy of hBE.

It is an open question how the asymptotic dependence of the ground-state
energy on the magnetic field will change if locally bounded, but nonconstant mag-
netic fields are considered. For such fields no exact eigenstates of the Pauli operator
are known, and the nonlocality of E 4 prohibits variational calculations.

Therefore we consider instead of RBF the pseudorelativistic Herbst operator
(also termed Chandrasekhar operator [2, 8]) which has a simpler structure and
also acts in the Hilbert space Lo(R?) @ C2,

R = Ea+V. (1.4)

It retains the relativistic kinematics, but omits the E 4-dependent factors, arising
from the projectors, in the potential. There are seminal works using the Herbst
operator for the determination of stability and spectral properties of multiparticle
systems (e.g. [16, 13]). Although giving less accurate estimates for the relativistic
atomic binding energies than A2 it is shown below that A has the same asymp-
totic B-dependence as hB for a constant field. So we conjecture that our results
for locally bounded fields will hold in the case of related relativistic operators as
well.

The aim of the present work is to show the semiboundedness of A, the
relative form boundedness of V' and the localization of the essential spectrum of
R for all locally bounded magnetic fields and v < 2/7 (Theorem 1; proof in
Section 3). Moreover, for a special class of unbounded magnetic fields, introduced
in Section 2, it is proven that a bound ground state of hl exists for subcritical
growth of B 4(x) as ¢ — 00, and that the ground-state energy scales asymptotically
with the magnetic field strength according to a power law (Theorem 2). This is
based on a scaling property of the Herbst operator which is derived in Section 4.
The existence of a discrete ground state is investigated by means of a variational
calculation (Section 5) and it is shown that it depends on the interplay between
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the growth of B4 and the strength of V. The proof of Theorem 2 is completed in
Section 6.

2. MAIN RESULTS FOR THE HERBST OPERATOR

It is well known from the field-free case (A = 0) that the Herbst operator is
semibounded for v < % [8]. For locally bounded magnetic fields we have a similar
result.

Theorem 1. Let b = E,+V be the Herbst operator for an electron in a magnetic
field By € L (R?) and in a central Coulomb field of strength v < 2/m (Z < 87).
Then for all m >0
(i) h' is bounded from below in the form sense on Hy/2(R?) @ C2
(ii) V is form bounded with respect to E 4 with form bound smaller than one.
Hence, by the KLMN theorem [19, p.167], h*l can be extended to a self-
adjoint operator with form domain Q(E4).
(iii) For the essential spectrum of h*' one has

ess (W) = 0ess(Ea) C [m, 0). (2.1)

As a consequence, all eigenstates of Al below m, if existing, are discrete.
Let us now consider the special class of locally bounded magnetic fields orig-
inating from the vector potentials

B
A(x) = 5 (—x2|z2|™, 21 |21]7, 0), 7> 0. (2.2)
A obeys VA = 0 (which simplifies the evaluation of (p —eA)?) and generates the
field By = V x A,

1+7

BA(X) = B 5

(0,0, [1]™ + Ja2|7) € L5, (R). (2.3)

For the limiting case 7 = 0 we obtain the constant magnetic field B4 = (0,0, B).

Theorem 2. Let b = E,+V be the Herbst operator for an electron in a magnetic
field B4 of the class (2.3) and in a Coulomb field of strength 0.1 < v < %

(i) For every field strength B > 2Z°By there ewists a critical field growth
7.(v,B) > 0 such that h*' has a discrete ground state for every T <
7e. (Bo = 2.35 x 10° G is the unit field.)

(ii) For B — oo and for T < 7.(7), the ground-state energy E, of hfl behaves
like

1
Ey, ~ —c B+ (2.4)

where ¢ > 0 is some constant.
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3. GENERAL PROPERTIES OF THE HERBST OPERATOR: PROOF OF THEOREM 1

3.1. Semiboundedness of h¥.

When we represent a locally bounded field B 4 by the vector potential [7]

A, (x) = /0 tdt Ba(xo+t(x —x0)) A (x — X0) (3.1)

which satisfies V x A,, = By for arbitrary xo € R?, it is obvious that A, is
also locally bounded. Thus without restriction we can assume A € L (R3) if
B, € L2 (R3).

Following the ideas of [17] in the proof of the semiboundedness of the Brown-
Ravenhall operator for v < ygg, we introduce smooth functions 1, x2 € C*°(R?)
mapping to [0, 1] by

XZ(X) = { 2: i;g? ’ X%""X% =1, (32)

where Ry < R are some positive real numbers.
For the localization of the kinetic energy operator E4 we use an estimate by
Lenzmann and Lewin [12, Proof of Lemma A.2],

1 1
5 (Baxi +X3Ea) = xe Eaxi + 2 1y, (3.3)
= [T 1Bl al i Ve
= B ——— /sds
k 0 S+E124 As Xkly Xk S+E124 3
which is based on the identity,
1 (> FE? ds
Ey = — 4_ = 3.4
A 7r/0 s+E% /s (34)

Both relations, (3.3) and (3.4), in fact hold for arbitrary operators E4 and yy.
Performing in (3.3) the sum over k = 1,2 and using (3.2) we obtain for ¢ €
Hy/(R?) @ C?,

2

(0, Bag) > S0t Baxet) + 5 (0 (4 D)%) (35)

k=1

In order to show the boundedness of the integrals I, k= 1,2, we note that

[E2,xk] = [(p—eA)? —eaBa+m? xi] = [p% xk] + 2ieA (V). (3.6)
The last term in (3.6) is a bounded function since A € L$°,(R3) and Vyxj €
Ci°(R3). Tt follows that [[E%, xx), xx] = [[p% xx], xx] = —2(Vxx)? which is
bounded.

Consider for m > 0,
o (V) (6 IVl 1Vl )

2 Xk) —T || T sup T 2 Xkl I VXk| =73 ¥

s+E3 sTEAL el=twi= | s+ B s+E}
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1 1
- | < i 9
lel=llp]=1 s+ E3 " (s +m2)?

where we have used that ¢ = néz}{x |Vxi| and E4 > m. Thus the integrand
T 1

1
\Y — IV
Vol 535z o] | 19

operator in I has an integrable bound which renders I, finite, k = 1, 2.
In (3.5) we use E4 > 0 to estimate (x2t), Ea x2t) > 0. This leads to

(Y, Eavp) > (xav, Ea xa¥) — L (1,9) (3.8)

where L > 0 is the bound of &= (I1 + I2).
For the potential we have the decomposition

W, V) = (,xaVxiv) + (@, x2Vxe2v). (3.9)
Using that V' is bounded except near x = 0 where Yo vanishes, we can estimate
(s x2 V x2 )| < sup (x2Vx2) - [[0* =:Cv [[¢]? (3.10)
re

where Cy is some finite constant.

Moreover, since x; € C§°(R?) such that Bax; is bounded, x1 V x1 can be
estimated by x1 Eax1 in the form sense like in the case of a constant magnetic
field. This is done with the help of the diamagnetic inequality (see e.g. [1]),

Y A
Cad,——xa¥)l < 5 Cav, V(P —eA)? +m? x1 9). (3.11)
We use (p — eA)? + m? = E? + eoB, and have the estimate
(x1¥, (B3 + eaBa) x1¢) < (x1¥, B3 xa¢) + max [eBa| (av,xav)- (3.12)

A consequence is the relative form boundedness,

(v, V(P —eA)2+m2 x1¥) < (v, Ea xiv) + C (v, xav),  (3.13)

where C' > 0 is some constant. With [|x1%]|> < ||4]|? this leads to the estimate

Wb 9) > 1= (avBaxi¥) = L+Cv +Cp) [Wl? (3.14)

where we have abbreviated Cpg := g C. Note that for Cg to be finite, the form
bound in (3.13) has to be infinitesimally larger than one [19, p.169]. Thus for
subcritical potential strength, v < 2/7, h* is form bounded from below, which
proves Theorem 1(i) for m # 0.

In order to cover the case m = 0 we introduce the operator h := hfl —m
and note that when h* is bounded from below, this is also true for h¥.

The m-dependence of h¥ is the one of E4. We have from (1.3)

Ei-m? _ (o(p—cA))?

E4— = = 3.15
AT Epa+m Eps+m ( )

which is monotonically decreasing with m. Moreover, 4 — m is continuous in

m > 0. In fact for ¢ € D(Ej), indicating explicitly the m-dependence of the
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operators,
(@, (Bafm) = Balmo) v)] = |, prpopre

< |m —mol [¥]*. (3.16)

Let —C,,, := —(L + Cy + Cg) be the lower bound of hfl at a given m > 0. Then
(W, 1 (m = 0) ¢) = (&, (h"(m) —m) ¥)

> (1= 25) (v, Ba(m) xa ) = (Con +m) ] (3.17)
which shows the boundedness of A from below when m = 0.

3.2. Relative form boundedness of the potential.

Without restriction we can assume m # 0 (if mm = 0 we can use the mono-
tonicity of E4 which gives (¢, Ea(m) ) < (¢, Ea(0)¥) + m(v, ) for any fixed
m). With (3.9) — (3.13) we have

@,V )l < I (v Baxa¥) + (Co+Ov) [[9]* (3.18)
Using (3.8) we can estimate further
WVl < 5 W Eav) + CF L+Ca+Cy) WP, (319)

3.3. Discreteness of the spectrum of k! below m.

With E4 > m we have 0(E4) C [m,00) and hence o.55(E4) C [m, 00).

We note that for a suitable p > 0, h# + > 0 from Theorem 1(i). We will
show that the difference R,, of the resolvents of hH and E, is compact. Following
the corresponding proof for the Brown-Ravenhall operator [9] we decompose

1 1 1 1
R, = — = — v Ey+
" RE+p  Ea+p {EA+M (EA+M)5} {( ath)

N

hH + u]

(3.20)
and establish compactness of the operator in curly brackets which we write in the
following way,

1 1 1 1 1 1
B SR T S A E A
Batp  (Ea+tp): Eatp zz) L2z (BEatp)?
The operator 2~ 2 (Ea+p)~! is compact (see remark to [9, Lemma 2] and the proof
of [11, Lemma 1]), and hence also its adjoint. The operator in square brackets is

bounded since, from (3.19) with C,p = 5L+ (Cp+Cv)/y,

1 # 2 . T # #

~ 1 ™

c. S ( Crm ) . 3.22
+ ”(EA+M)§ UIF = {5 I E T )II 191l (3.22)
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The boundedness of the second factor in (3.20), (Ea 4 p)2 (b7 + p)~= - T, with
T, := (b + u)’% bounded, follows also from the relative form boundedness of V.

1
In fact we have, with a constant ¢ > 0 to be determined later and ¢ € D(E}),

c (o, (BT + 1)) > c(o,(Ba+p) @) — clle,V o)l

T ~
> c(p(Batp)e) —c—o (9, Bap) —cyCnllof* (3.23)
If we choose ¢ > Tlﬂﬁ and p > % then the rhs of (3.23) is > (p, (Ea+ ) ¢).
Setting ¢ := (b + ,u)7% 1 we derive the desired boundedness,
1 1
cllvl? > |[(Ba+p)2 —— 9| 3.24
Il Ii ) R | (3.24)

As a result, R, is compact and consequently, oess(hf) = 0os5(Ea).

4. SCALING PROPERTY

Let us restrict ourselves to the class of locally bounded magnetic fields (2.3)
originating from the vector potentials (2.2).

In order to derive the scaling property of the Herbst operator which provides
an easy way for treating an arbitrarily large magnetic field strength, we set B =
woBo with a dimensionless scaling parameter pg. Then with By the unit field from
Theorem 2 and pg — oo we have B — 00. Define the scaled coordinates xy, := ,ngk
and, correspondingly, the scaled momenta p; := M(;‘Spk7 k=1,2,3, with § >0
yet to be determined. Then with pg > 0,

B — T ~ ~ |T =~ ~ |T - T iod
A(x) = TOM(IJ SUHT) (g 2|7, &1 |71]7,0) =1 g 50+ )Ao(X)

2 9 1
~ -4 T ~ +7 —0 T ~ T ~ T
Bh = [Z (e — g™ 7 A0(%)) " = eow = Boug " (J1]” + 12 ]")
k=1
(4.1)
e+ ph A+ m’

A necessary condition for the scaling property to hold is 1 —§(2+ 7) = 0. It is
satisfied for § = Z.J%T and we get

Ep = p) Ea, (4.2)

Es:= /(P —eAg(X))? —eoBa,(X) +m2, m:= m/ud.
If we write b1 = pd b with bl = E 4 — 2 and introduce the scaled ground-state
energy E’g = Ug 5Eg, the eigenvalue equation for A turns into
Wiy = BEgpy <= Wy, = By, (4.3)

In the equation on the rhs of (4.3) the magnetic field strength enters only into the
mass parameter m.
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5. EXISTENCE OF THE GROUND STATE: PROOF OF THEOREM 2(I)

Let us assume that B4 and V are fixed fields, determined by 7, B and Z,
respectively, and let v fulfil the condition of Theorem 2. We consider the operator
hH = hH —m, define the ground-state energy without rest energy, E,_ :=E;—m,
and show that for subcritical 7 there exists some trial function 1; € La(R?) @ C2
such that

(e, BT 9y) < 0. (5.1)
Since one has E,— = (¢g,hf ;) < (i, hH 4¢), this guarantees the existence

of a discrete ground state. For further use we also define the scaled quantities
= b — i and E,_ = E, — m.

5.1. Variational determination of an upper bound.

We start by estimating the kinetic energy by an operator which allows for a
separation of variables and thus simplifies the variational calculation.

Lemma 1. If A € Ly ,.(R?) is independent of x3 and if Az = 0, we have for
1
¥ e D(E}),

(V. Eavy) < (¥, B2, ¥) + (¥,1/p5 +m? 1), (5.2)
2

Eiy = Z(pk —eAp)? — eoBa.
k=1

Proof. For any nonnegative operator O > 0 and ||¢|| = 1 we have

(¥, 09) < [Pl 0P = V(¢ 0% ). (5:3)

Furthermore it is easily verified under the conditions of Lemma 1 that E%
can be decomposed into the two nonnegative operators

F% = Egy + (p2 +m?). (5.4)

Since E,y and ps act on different coordinates they commute such that
(W, BEa) < (¢, By b)) + (,1/p5 +m2 ¢) (5.5)
and (5.2) follows from applying (5.3) to the first term of (5.5). O

For the trial function v¢; we make the ansatz, guided by [18],

i) = @ el (). o= T (56)

i . 2
bi(o) = N e 5B, N= /2 (eB)?
iy
and )
pu(w3) = Ny e Z Vet N = ———o (5.7)

\/ 2a0K1(2CL()Z/) .
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Both ¢, and ¢, are normalized to unity, and s > 0 and Z’ > 0 are variational
parameters. K7 is a modified Bessel function. The power d of B in 1, has to be
chosen in a way that scaling is preserved, i.e. B4p? = Bgg?, resulting in d = 20 =

QJ%. Instead of taking ¢. to be the hydrogenic function (e~Z Ve*+73) used in

[18] we have replaced the g-dependence by the constant

1
ag = ———— (5.8)
V2s (eB) 2

in (5.7). This choice is only meaningful if the magnetic field strength dominates the
strength of the Coulomb potential, i.e. for B > Z2By [15, 10]. In that case the mo-
tion of the electron perpendicular to B 4 is restricted to g ~ (s(eB)d) —H2 _ V2ay.
Therefore, we have in our calculations considered field strengths B € (2Z2By, o).
Now we calculate the rhs of (5.2) with ) = ;. With the help of the integral

[6, p.337,1064

]
o0 R (et
/ de x?e™ ™ = 2( q2+1), qg> -1, a>0, (5.9)
0 a 2
the first term is given by
1 1
B, 0 = () B2, 0 () (5.10)
e L +r7) r(=4)
= (eB)¥~ (23 + 7\/%81_”22_” - (1+7) 7\/%(25)”2 .

For the expectation value of the momentum operator we can use our previous
results [10]. For its numerical computation it is convenient to introduce a slightly
different, s-dependent scaling parameter v. We define

vi= V25 (eB)T7, (5.11)

which has the same B-dependence as u3. Then we introduce the scaled quantities

Z =27'lv, ay = aov =1, ms = mfv, k= k/v. (5.12)

Working in Fourier space by using

e—Z/ /a%—i—x% _ / dk f:(k) eikib;;’

~ Z/
f(k) = W??WKKGO\/W) (5.13)

we have [10]

(e, \/DE+m2 ) = Nl/ dke f(k) VK2 —|—m2/ dxs @ (z3) ek (5.14)

— 00

2V2sa0Z%(eB) 7+ [ 1 -
_ V2sa9Z”(eB) T / ke K2(aoV/Z2 + K2) \/rZ + 2.
0

7TK1(2&0Z~) 22 + K2
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Finally we turn to the potential part of the Herbst operator. With the help of [6,
p.339],

o0 2 2 1 1
2/ odoe ™ ¢ ———— = = E(v|zs]),
0 12

E(y) = Vre' [1-6(y) (5.15)

where ¢ is the probability function,

2 [V _p
o(y) = \/77/0 et dt, (5.16)

we get the following expression,

5 o0 e 1
(¢t7—% W) = —2my (NN1)2/ dxg e~2Z'Vaites - E(vas)

0

1 o0

= -7 M/ dy E(y) e 2Vt (5.17)
a0K1 (2&0Z)

where the substitution y = va3; was used. We remark that our previous choice of

a= % in place of dp [10] does not introduce any significant changes.

With the scaling (5.12), ms — 0 as B — oo since s is only weakly de-
pendent on B and remains nonzero (and finite) as B — oo. In fact for 7 > 0
fixed, (1¢, B2, 1) — 400 as s — 0 while the other contributions to E* [¢;] van-
ish. In the other limit, s — oo, the upper bound for the kinetic energy increases
like s2. By using the estimate 27! < o~ ! in the potential energy one has for

s — 00, (Ql)taE%y Ye) — (e, Lahy) > \/%(63)2‘}7(1 — € — yy/7), € arbitrar-

ily small, which is positive for v < 7~ 2. Thus E¥ [¢t] tends to infinity both for
s = 0 and s — oo, yielding the minimum at finite s (this follows by numerical
computation also for v > w_%).

From Lemma 1 we obtain

(e b ) < B = /(0 B2 ) + (/P m2 ) — (Y, T 4)

=: (eB)7= B[y, (5.18)

where E[y),] depends only implicitly on B via rn,. (Note that for obtaining
EH[q/)t} in atomic units, the rhs of (5.18) has to be multiplied by 1/e? ~ 137.04,

and ué“ has to be substituted for (eB)2+ 7+ with B measured in units of By. )
The desired upper bound of the scaled ground-state energy of h# is thus
given by
E;I = min  Ey], (5.19)
Z>0,5>0

and again we set EX [y] = EH[?/Jt] —m, E;I— = ~f —m.
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5.2. Dependence on the field parameters.
We start by proving that the Herbst operator has a discrete ground state for
7 =0 when 0.1 <y < 2/7.

Lemma 2. Let B4 = (0,0, B) be constant. Then for a trial function ¢ of the
type (5.6) we have for m =0,

(1, ht! ve) < (Y, hBR y), (5.20)

hBE is the Brown-Ravenhall operator.

where

Proof. In the massless case the potential part of the Brown-Ravenhall operator
hBE from (1.2) reduces to

1 1
yBrR = 7 ( + TPa - TPA > . (5.21)
2 \z lopa| = |opal

Representing ¢, in Fourier space and using the result of [10] for the expectation
value of the nonlocal part of VBE with a trial function of the type (5.6), we obtain

o0 o0 - R kk/ -
v = =3 [ an [ fw v - 1) (14 50) Fo) G2
with f from (5.13) and
~ 0o ) %) 1
Vo(q) = 4sN? (eB)/ dxs e_“]“/ odpe 2B (5.23)
—o0 0 0® + a3
which is a positive symmetric function [11].
Using the same ;, we have for the Coulomb potential instead

oV ) = = [k [ aw ) otk - ) )
— 2y /OOO dk /Ooo dk’ f(k) f(K') {f/o(k — k) + Vo(k + k’)] (5.24)

_ BR o > > /7 P RANR Y, ’
= (Y, VBR 4,) 27/0 dk/o dK' F(k) FK') Dk + k).

Since the integrand of the last term is nonnegative, this proves (¢, h ;) <
(¢, AP 4)y) in the massless case, irrespective of 7. O

Now we prove a monotonicity result for the Herbst operator.

Lemma 3. Let 7 > 0 be fizred. Assume that to a given Z = Zy, m = g >

0, there exists a minimizing trial function :(Zo,s0) of type (5.6) such that
EH(Zy,m0)[y] < 0. Then EH(Zy,m)[iy] <0 forallin > mo and EY(Z,m0)[th] <
0 forall Z > Zy, guaranteeing the existence of a discrete ground state for Z > Z
and m > my.
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Proof. Since by (3.15) E4 — m is monotonically decreasing with m while the po-
tential is independent of m, we have (keeping Zy and 7 as well as the trial function
fixed)

(e, K (Zo, ) ) < EH(Zo,m)[he] < ET(Zo,m0)[t] < 0 (5.25)

for all m > mg. In a similar way (keeping m > 0 and 7 fixed) one can profit from
the fact that the potential decreases linearly with Z. Therefore

(e, B (Z, ) b)) < EF(Z,m)[We] < E¥(Zo,m)[¢] < 0 (5.26)

for all Z > Zj. These inequalities hold also for the minimum Ef_ . So if a ground
state exists for a set of parameters 7, mo and Zj, it also exists for m > mg and
Z > Zy if T is the same. O

Since for 7 = 0, m = 0, it was shown [10, 11] that when v € (0.1, %) there
exists a 1y of the type (5.6) such that (¢, h®%1);) < 0, Lemma 2 guarantees the
existence of a discrete ground state of h for 7 = 0 and the above range of .
From Lemma 3 the ground state exists also for m > 0 (when 7 = 0).

We note that when 7 = 0 the expectation value (5.10) of E2, vanishes for
s = i. In fact, the corresponding function ¢, turns into an exact eigenfunction to
Egy, with zero as eigenvalue, a well-known result for constant magnetic fields [20,
p.196].

Table 1 gives the numerical upper bound of the ground-state energy at 7 =0
and m = 0 for some nuclear charges Z. The corresponding variational parameters
are s = i and Z as given in the Table. The comparison with the variational energies
for the Brown-Ravenhall operator shows that the Herbst energies are indeed much
lower.

Z |z | EM/ym | EFR/ o

20 | 0.034 -0.907 || -0.072
40 | 0.137 -6.032 || -1.425
60 | 0.261 -14.345 || -4.777
80 ] 0.394 | -24.716 || -9.868

Table 1. Scaled variational ground-state energy E;I(Z, 0) = Ef/‘/,uo for a
constant magnetic field B = poBy (where By = 1 [m%e3c/h?] = 2.35 x 10° G
and pg — o00) and nuclear charge Z ranging from 20 to 80 together with the

parameter Z. The last column gives the corresponding results for the Brown-
Ravenhall operator [10] (in atomic units).

Table 2 compares the variational energies for finite constant magnetic fields
with the Brown-Ravenhall results as well as with an available numerical result for
the Dirac operator obtained by using elaborate trial functions [4]. In this context
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we recall that our trial function (5.6) does not provide an adequate bound for small
magnetic fields (uo/Z? < 2) because the separation of coordinates in ¥ (0)-¢.(x3)
is then no longer a good approximation. For Z = 20 and po/Z? = 2 relativistic
effects are small, and the Herbst operator and the Brown-Ravenhall operator give
nearly the same results.

Z =20 Z =80
N | BEL i | BER i | Bt /s || BiL/ Vi | EER /i
2 -12.74 -12.72 -14.48 -51.98 -50.86
102 -7.67 -7.49 -35.85 -30.88
104 -3.42 -2.93 -26.72 -15.62
106 -1.52 -0.89 -24.95 -10.84

Table 2. Ground-state energy (without rest energy) for electrons in a central
Coulomb field (Z = 20 and 80) and in a constant magnetic field B = ugBy (By =
2.35 x 10° G). X := uo/Z? gives the ratio of magnetic and electric force exerted
on the electron. Shown are the variational results for A7 and hP% as well as an
accurate numerical result [4] (in atomic units).

When 7 # 0, the 7-dependence of EH [t1] is solely contained in the kinetic
term (5.10). Although this term does not exhibit any monotonicity for 0 < 7 < 1 (if
s is fixed), we have shown numerically in the case m = 0 that Ef increases strictly
monotonically with 7. When 7 is above 1 (and s < % which is true for all Z < 80
in the minimum of £ [¢]) the kinetic energy and thus E¥ [¢/;] increases strongly
with 7. As a result the variational principle guarantees the existence of a negative-
energy ground state only for sufficiently small 7 (i.e. for a sufficiently weak increase
of B4 at infinity). The ’critical’ 7 = 7, where E;{ reaches zero increases with
nuclear charge Z (because, according to (5.26), a high Z lowers the energy). This
is demonstrated in Fig.1. The existence of a ground state for infinitely strong
magnetic fields and field parameters (Z, ) to the right of the line shown in Fig.1
follows strictly from the monotonicity (5.26), since 0 = Ef(ZO,O) > E~’gH(Z7 0)
for 7 = 7.(Zp) and Z > Z,.

When the mass parameter is increased (or, equivalently, when the field strength
B is reduced), 7, increases too (according to (5.25)). Numerical results for the m-
dependence of 7. are shown in Fig.2. As a consequence of the monotonicity in
m, Ey (Z,70) > E, (Z,7m) for m > 1mg and fixed 7, a bound state exists for
all pairs (7,m) to the right of the curve in Fig.2. In the two-dimensional parameter
space (Z,m) (respectively (Z, B)) 7. thus spans a surface below which a ground
state of Al is guaranteed.
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Fig.3 shows the B-dependence of E;‘L = E;{ (eB)Y*7) for Z = 80 at
several values of 7. The higher 7, the lower is the critical B where E;{ reaches

zero. For e.g. 7 = 4, the existence of a ground state of A is only guaranteed for
B < 10* Z2B, = 1.5 x 10'7 G.

6. HIGH-FIELD LIMIT OF THE GROUND-STATE ENERGY: PROOF OF THEOREM
2(1)

From Theorem 2(i) we know that for fixed v € (0.1, 2) there exists 7. > 0
such that, when m = 0, hH has a discrete ground state with energy EQ(O) <0
for 7 < 7.. Moreover, there exists a sequence (M, )nen converging to zero which
generates a sequence (E,_ (11,))nen of ground-state energies for the same  and
7. In order to obtain the behaviour of the ground-state energy of h we have to
prove that (E,_ (i2,))nen converges to E4(0), or equivalently, that there exists an
mg > 0 such that

|E,_(m) — E,(0)] < € for all i < my. (6.1)

In fact, since h (m) is monotonically decreasing with m according to (3.15), we
have hff (m) < h#(0) and hence E,_(m) < E,(0). On the other hand it follows
from the definition (1.3) of E4 that h¥ (m)+m > hf(0) such that E,_(m)+m >
E4(0). Combining the two inequalities, we have

—m < E,_(m)—E40) < 0, (6.2)

from which (6.1) is an immediate consequence. It then follows from the scaling
that

E,(0) = lim E, (i) = lim pug°FE,. (6.3)

m—0 o — 00

With po = B/ By this leads to the asymptotic behaviour,
By ~ 1y Eg(0) = —¢ B, (6.4)

where ¢ = |E,(0)] By and § = 51—. We have ¢ > 0 since the upper bound for
E,(0) is negative when 7 < 7.
Note that for 7 =0, E4 ~ —cV/B, which coincides with the behaviour of the

ground-state energy of the Brown-Ravenhall operator [11].
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Figure Captions

Fig.1
Critical field growth 7. providing an upper bound zero for the ground-state energy
at m = 0 as a function of central charge Z.

Fig.2

Critical field growth 7, for Z = 20 (— — —) and 80 ( -) as a function of the
mass parameter m. The end point to the right of each curve corresponds to A = 2
(the minimum field strength considered).

Fig.3
Ground-state energy E;{ (in atomic units; without rest energy) as a function of
po/Z? for Z =80 and 7 = 0.5 (— — —), 2 ( Jand 4 (— - — - — ). In order to

allow for a common display the energies corresponding to 7 = 0.5 are divided by
10 in the plot.
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