LubwiG- R ) . . .
MAXIMILIANS- Preliminaries Main Tool A Caccioppoli Inequality
IIIIIIIII AT

LMU| & oco 000 0

A Caccioppoli Inequality for Energy Minimizing Maps

Maximilian Wank

LMU Miinchen

14.12.2013

Bruck am Ziller

Maximilian Wank A Caccioppoli Inequality for Energy Minimizing Maps 1/8


http://www.mathematik.uni-muenchen.de/~wank/
http://www.mathematik.uni-muenchen.de/~wank/

MAXIMILIANS- Preliminaries Main Tool A Caccioppoli Inequality
UNIVERSITAT
000 [e]e]e} [e]

’LMU

Poincaré vs. Caccioppoli — a comparison

u—(u)g, |p
Poincaré: / ‘ﬂ c/ |Vul?
B, P By
u—(u P
Caccioppoli: / |VulP < c/ )&
B, Bap 2p
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Simonenko Indices

Characterization of growth of N-functions:

° (p(t) — tp:>p0:p:p1.

e Always assume restriction to 1 < pg and p; < co.

e min{sP, sP }p(t) < p(st) < max{s, sP }o(t)
= ¢(2t) < 2P1¢(t)

— /A, condition!
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Orlicz-Sobolev Spaces and Energy

Consider function spaces
WL (Q,R¥) := {u € LY(Q,R¥) : u weakly diff. and |Vu| € L?(Q)},
W2 (Q, M) := {u e WH?(Q,R¥) : u(x) € M for a.e. x € Q}.

For B € €2 define local energy by
To(w) = [ ¢(Val).

u € WH9(Q, M) is energy minimizing iff VB € Q and Yv € W1¥(Q, M)
with u = v in a neighbourhood of 9B

JIs(u) < Tg(v).

Maximilian Wank A Caccioppoli Inequality for Energy Minimizing Maps


http://www.mathematik.uni-muenchen.de/~wank/

Main Tool
000 @00 [e]

:
LMU
i

A Lemma of Luckhaus

M closed compact manifold, dim(M) = m, N closed set in R and

p1— po < 1. Then, there are ¢ and Sp < 1 s.t. for all u,v € WH¢(M, N)
and 0 < S < Sy thereis a w € WH%(M x [0, S], R¥) with

w(-,0)=wvand w(-,S)=v.
Furthermore, for §:= max{n € N : n < py — 1} and 0 > 0 the estimates

o — ) (m— u—v
[ ovwl) < esermmd oo+ pvvl)+p (5)
Mx(0,S) M

=A
and
pldist(w, N)) < es (7)) 5m (go 1 [ ¢ta=v).
M/
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A Lemma of Luckhaus — Sketch of Proof

e Slice M into submanifolds with lower dimension, i.e. M? where
B:=max{neN: n<py—1}.

Choose w(x,s) := gv(x) + Sgs u(x) for x € MP.

B ___
Use WLe(MP) < W (MB) < C* po (MPB) since B < po
— [°(MP?) estimate yields upper bound for o(dist(w, N)).

Use radially homogeneous extension of degree zero from 8B§+1 to
Bé‘H in parametrization of M‘*1,

Upper bound for ¢(dist(w, N)) is preserved.
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A Conclusion of Luckhaus' Lemma

Let N be a smooth compact manifold embedded in RX, A>0and n> %.
There are dg = do(n, N,\), ¢ = c(n, N,A) and Sy < 1 such that for every
S €(0,5) and u € WH?(B,, N) with

o / o(p|Vul) < A and p / o(lu— (u)s,]) < (S"60)

P B,

there is o € (%Tp,p) such that there is a function w = ws € W1¥(B,, N)
which agrees with v in a neighbourhood of 9B,(y) and which satisfies

o~ [ etotwl) < cst-ormma) (o0 [ o(wa + (L2201 ),

Bd BP
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Statement

Let u be energy minimizing and A be a constant. If
R [ 9P <
Br(x0)
for some ball Bgr(xp) € €, then

/ [VulP < c

By (y) Bap(y)

u-— <U>B2p(y) p
2p

for each y € Br(x0), p < g and ¢ = c(n, A).
2
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