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Abstract. We prove a partial regularity result for local minimizers of quasi-convex variational
integrals with general growth. The main tool is an improved .A-harmonic approximation, which
should be interesting also for classical growth.
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1. Introduction. In this paper we study partial regularity for vector-valued
minimizers u : Q — RY of variational integrals:

(1.1) F(u) :=/Qf(Vu)da:,

where 2 C R" is a domain and f : RNX™ — R is a continuous function.
Let us recall Morrey’s notion of quasi convexity [28].
DEFINITION 1. f is called quasi-convex if and only if

(1.2) ][f(A—i—VE) dz > f(A)
B,

holds for every A € R™™ and every smooth & : By — RY with compact support in the
open unit ball By in R™.

By Jensen’s inequality, quasi convexity is a generalization of convexity. It was
originally introduced as a notion for proving the lower semicontinuity and the existence
of minimizers of variational integrals. In fact, assuming a power growth condition,
quasi convexity is proved to be a necessary and sufficient condition for the sequential
weak lower semicontinuity on W1?(Q.RY), p > 1; see [26] and [1]. For general growth
conditions, see [21] and [33]. In the regularity issue, a stronger definition comes into
play. In the fundamental paper [20] Evans considered strictly quasi-convex integrands
f in the quadratic case and proved that if f is of class C? and has bounded second
derivatives, then any minimizing function u is of class C1®(Q\ ¥), where ¥ has
n-dimensional Lebesgue measure zero. In [1], this result was generalized to integrands
f of p-growth with p > 2, while the subquadratic growth was considered in [7].
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In order to treat the general growth case, we introduce the notion of the strictly

WL _quasi-convex function, where ¢ is a suitable N-function; see Assumption 6 (see
also [6]).

DEFINITION 2. The function f is strictly W1 #-quasi-convex if and only if

[ @+ 9w~ £@Qds =k [ orq((Twl)ds
B B

for all balls B C Q, all Q € RN*" and all w € C}(B), where @, (t) ~ ¢"(a+1t)t* for
a,t > 0. A precise definition of w4 is given in section 2.
We will work with the following set of assumptions:
(H1) f € C1(R™) N C2(R™\ {0}).
(H2) For all Q € RV*"_it holds that

Q)] < Ke(IQ)).

(H3) The function f is strictly W®-quasi-conver.
(H4) For all Q € RV*"\ {0},

[(D?*F)(Q)] < ce”(1Q)).

(H5) The following Hélder continuity of D?f away from 0 holds for all P,Q €
RV*" such that [P| < 3/Q]:

|D?f(Q) — D2 f(Q +P)| < co”(|Q])QI"|P|”.

Due to (H2), F is well defined on the Sobolev-Orlicz space W1#(Q,RY); see

)

section 2. Let us observe that assumption (H5) has been used to show everywhere
regularity of radial functionals with ¢-growth [13]. Following the argument given in
[24] it is possible to prove that (H3) implies the following strong Legendre—Hadamard
condition:

(D*F)(Q)n@&En@E) >’ (1Q))nl*E)?

for all y € RV, ¢ € R?, and Q € RV*" \ {0}. Furthermore, (H3) implies that the
functional

T(t) = /B £(Q+19w) — F(Q) — kpjq(t|Vw]) dz

attains its minimal value at ¢ = 0. Hence J"(0) > 0, that is,
(1.3)
/B (D2£)(Q)(Vw, Vw) dz > k /B Sl O)VW ] dz > ¢ " (1Q)) /B Vw|? da.

As usual, the strategy for proving partial regularity consists in showing an excess
decay estimate, where the excess function is

4 (B, u) = < ][ [V (Vu) — (V(Vu)) 5[ dmf
B
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with V(Q) = /£ Q and s > 1. We write & := &;. Note that &,,(B,u) <

B, (B,u) for 1 < 51 < s and [V(Q)|* ~ o(|Q)).

Our regularity theorem states the following.

THEOREM 3 (main theorem). Let u be a local minimizer of the quasi-convex
functional (1.1), with f satisfying (H1)-(H5) and fix some 5 € (0,1). Then there
exists § = d(8) > 0 such that the following holds: If

(1.5) (2B, u) < 5][ V(Vu)|® dz
2B

for some ball B C R™ with 2B C Q, then V(Vu) is f-Holder continuous on B.
The proof of this theorem can be found at the end of section 6. We define the set
of regular points R(u) by

(1.6) R(u) = {zg € Q: lilgl_églf@(B(xo,r),u) =0}.

As an immediate consequence of Theorem 3 we have: The following.

COROLLARY 4. Let u be as in Theorem 3 and let xy € R(u) with Vu # 0. Then
for every B € (0,1) the function V(Vu) is B-Holder continuous on a neighborhood
of xg.

Note that the Holder continuity of V(Vu) implies the Holder continuity of Vu
with a different exponent depending on ¢. Consider, for example, the situation
p(t) = tP with 1 < p < co. Therefore, S-Hélder continuity of V(Vu) implies for p < 2
that Vu is g-Hoélder continuous and for p > 2 that Vu is 8 %—H'dlder continuous.

The proofs of the regularity results for local minimizers in [20], [1], [7] are based
on a blow-up technique originally developed by De Giorgi [8] and Almgren [3], [4] in
the setting of the geometric measure theory, and by Giusti and Miranda for elliptic
systems [23].

Another more recent approach for proving partial regularity for local minimizers
is based on the so-called A-harmonic approximation method. This technique has
its origin in Simon’s proof of the regularity theorem [32] (see also Allard [2]). The
technique has been successfully applied in the framework of the geometric measure
theory, and to obtain partial-regularity results for general elliptic systems in a series of
papers by Duzaar, Grotowski, Kronz, and Mingione [17], [16], [18], [19] (see also [27]
for a good survey on the subject). More precisely, we consider a bilinear form on
Hom(R™, RY) which is (strongly) elliptic in the sense of Legendre-Hadamard, i.e., if
for all a € RY,b € R™ it holds that

A?jﬁaibaajbg > ralal’|b]?

for some k4 > 0. The method of A-harmonic approximation consists in obtaining a
good approximation of functions u € W12?(B), which are almost A-harmonic (in the
sense of Theorem 14) by A-harmonic functions h € W12(B) in both the L2-topology
and the weak topology of W2, Let us recall that h € W12(B) is called A-harmonic
on B if

(1.7) / A(Dh,Dn)dz =0 For all n € C5°(B)
B

holds. Here, in order to prove the result, we will follow the second approach.
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As in the situations considered in the above-mentioned papers, the required ap-
proximate A-harmonicity of a local minimizer u € W#(Q \ ¥) is a consequence of
the minimizing property and of the smallness of the excess.

Next, having proven the A-harmonic approximation lemma and the correspond-
ing approximate A-harmonicity of the local minimizer u, the other steps are quite
standard. We prove a Caccioppoli-type inequality for minimizers u, and thus we
compare u with the A-harmonic approximation h to obtain, via our Caccioppoli-type
inequality, the desired excess decay estimate.

Thus, the main difficulty is to establish a suitable version of the A-harmonic
approximation lemma in this general setting. However, let us point out that our A-
harmonic approximation lemma differs also in the linear or p-growth situation from
the classical one in [18]. First, we use a direct approach based on the Lipschitz
truncation technique which requires no contradiction argument. This allows for a
precise control of the constants, which will depend only on the As-condition for ¢
and its conjugate. In fact, we will apply the approximation lemma to the family of
shifted N-functions that inherit the same Ay constants of ¢. Second, we are able to
preserve the boundary values of our original function, so u—h is a valid test function.
Third, we show that h and u are close with respect to the gradients rather than
just the functions. The main tools in the proof is a Lipschitz approximation of the
Sobolev functions as in [12], [5]. However, since A is only strongly elliptic in the
sense of Legendre-Hadamard, we will not be able to apply the Lipschitz truncation
technique directly to our almost A-harmonic function u. Instead, we need to use
duality and apply the Lipschitz truncation technique to the test functions.

Let us conclude by observing that here we are able to present a unified approach
for both cases: superquadratic and subquadratic growth.

2. Notation and preliminary results. We use ¢, C' as generic constants, which
may change from line to line, but does not depend on the crucial quantities. Moreover
we write f ~ g if and only if there exist constants ¢,C' > 0 such that ¢ f < g < C f.
For w € L (R") and a ball B C R" we define

loc

(2.1) (w)p :z][w(x) dx = ﬁ /B w(zx) dz,
B

where |B| is the n-dimensional Lebesgue measure of B. For A > 0 we denote by AB
the ball with the same center as B but A-times the radius. For U, C R™ we write
U & Q) if the closure of U is a compact subset of €.

The following definitions and results are standard in the context of N-functions;
see, for example, [25], [30]. A real function ¢ : RZ? — R2? is said to be an N-function
if it satisfies the following conditions: ¢(0) = 0 and there exists the derivative ¢’ of .
This derivative is right continuous, nondecreasing, and satisfies ¢’(0) = 0, ¢'(t) > 0
for ¢ > 0, and lim;_,, ¢'(t) = co. Especially, ¢ is convex.

We say that ¢ satisfies the Ay condition if there exists ¢ > 0 such that for all
t > 0 it holds that ¢(2¢) < cp(t). We denote the smallest possible constant by As ().
Since ¢(t) < p(2t) the Ay condition is equivalent to ¢(2t) ~ ¢(t).

By L¥ and W'¥ we denote the classical Orlicz and Sobolev-Orlicz spaces, i.e.,
f € L¥ if and only if [ o(|f])dz < co and f € W# if and only if f,Vf € L?. By
Wy?(€) we denote the closure of C5°(€) in W1h#(1).

By (¢/)7! : R2% — R2Y we denote the function

(@) 7H(t) == sup{s € R=? : ¢'(s) < t}.
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If ¢’ is strictly increasing, then (¢’)~! is the inverse function of ¢’. Then ¢* : RZ0 —
R=0 with

is again an N-function and (¢*)(t) = (¢’)"1(¢) for t > 0. It is the complementary
function of ¢. Note that ¢*(t) = sup,>o(st —¢(s)) and (¢*)* = . For all 6 > 0 there
exists ¢5 (depending only on Ax(¢, ¢*) such that for all ¢,s > 0 it holds that

(2.2) ts <dp(t) +csp™(s).

For § = 1 we have ¢s = 1. This inequality is called Young’s inequality. For all
t>0

t o/t /
(2.3) 2% 5) < o(t) <te'(t),
w(@’l(t)) <@(t) < ¢<2¢Z(t)).

Therefore, uniformly in ¢ > 0,

(2.4) ot) ~ ') t, o (£(1) ~ p(t),

where the constants depend only on As(p, ¢*).
We say that an N-function ¢ is of type (po, p1) with 1 < py < p; < o0 if

(2.5) P(st) < C max {sP°, s"* }i)(¢) for all s,t > 0.

We also write ¢ € T(pg, p1,C).

LEMMA 5. Let i be an N-function with i) € Ay together with its conjugate. Then
¥ € T(po, p1,C1) for some 1 < py < p1 < 00 and Cy > 0, where pg, p1, and Cy depend
only on Aq(v,¥*). Moreover, ¥ has the representation

(2.6) P(t) =t (h(t)" ™ forallt >0,
where h is a quasi-concave function, i.e.,
h(At) < Comax {1, A}h(t) for all \,;t >0,

where Cy depends only on Aq(1),v*).

Proof. Let K := As(¢) and K, := max {Aq(¢*),3}. Then ¢*(2t) < K,*(t)
for all t > 0 implies 1 (t) < K. (2t/K,) for all t > 0. Now, choose pg,p; such that
1<py<pr <ooand K <2P0 and (K, /2)P° < K,. We claim that

(2.7) P(st) < C max {sP°, s"* }i)(¢) for all s,t > 0,

where C' depends only on K and K,. Indeed, if s > 1, then choose m > 0 such that
2™ < 5 < 2mFL Using ¥ € Ag, we get

(2.8) P(st) <P2MHH) < KMH(t) < K(27)M(t) < KsP'a(t).

If s < 1, then we choose m € Ny such that (K./2)™s <1< (K./2)™T!s, so that

bist) < K%(( 2 )mst> < K. (@*)m(m”w(w < K.sP(h).

*
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This proves (2.7).
Now, let us define

h(u) = w(uﬁ)uiplpfopo;

then ¢ satisfies (2.6). It remains to show that h is quasi-concave. We estimate
with (2.7)

Pl Po

h(su) < K1 (uﬁ) max {8?1—1’0 , SPL=P0 } (su) Pibo = Ki(u)max {s, 1}

for all s,u > 0. d
Throughout the paper we will assume that ¢ satisfies the following assumption.
ASSUMPTION 6. Let ¢ be an N-function such that ¢ is C* on [0,00) and C? on
(0,00). Further assume that

(2.9) () ~ " (t)

uniformly in t > 0. The constants in (2.9) are called the characteristics of ¢.

We remark that under these assumptions Ag(p, ¢*) < oo will be automatically
satisfied, where As(p, ¢*) depends only on the characteristics of ¢.

For given ¢ we define the associated N-function 1 by

(2.10) P (t) ==/ (t)t.

It is shown in [9, Lemma 25] that if ¢ satisfies Assumption 6, then also ¢*, ¥,
and ¥* satisfy this assumption.
Define A,V : RVX7 5 RNX7 ip the following way:

(2.11a) A(Q) = w’(IQI)%,
(2.11b) V(Q) = wm%.

Another important set of tools are the shifted N-functions {¢q},~ introduced in [9];
see also [11], [31]. We define for t > 0 -

¢
t
(2.12) ©a(t) ::/ oh(s)ds  with ¢l (t) :=¢'(a +t)—.
0 a—+t
Note that ¢, (t) ~ ¢! (t) t. Moreover, for t > a we have @, (t) ~ ¢(t) and for t < a we
have ¢, (t) ~ ¢”(a)t?. This implies that . (st) < cs?p,(t) for all s € [0,1], @ > 0 and
t € [0,a]. The families {4 },~, and {(a)*},~ satisfy the Ay condition uniformly in
a > 0. B B
The connection between A, V, and the shifted functions of ¢ is best reflected in
the following lemma [13, Lemma 2.4]; see also [9)].
LEMMA 7. Let ¢ satisfy Assumption 6 and let A and V be defined by (2.11).
Then

(A(P) - A(Q))- (P - Q) ~ [V(P) - V(Q)” ~ ¢p/(IP - Q]),
|A(P) — A(Q)| ~ ¢lp/(IP — Q)),
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uniformly in P,Q € RN*™ . Moreover,

AQ)-Q~|V(QP ~¢(lQ)),

uniformly in Q € RV We state a generalization of Lemma 2.1 in [1] to the
context of convex functions ¢.

LEMMA 8. [9, Lemma 20] Let ¢ be an N-function with Aq(p, *) < co. Then
uniformly for all Py, Py € RN*™ with |Pg| + |P1| > 0 it holds that

1 /
¢'(|Pol) ¢'(|Po| + P1])
2.13 df ~ ,
(2.13) /0 [Py |Po| + [P1]

where Py := (1 — 0)Py + 0P1. The constants depend only on Az(p, 0*).
Note that (H5) and the previous lemma imply that

[(DA(Q) = (Df)(P)] = ‘/0 (D2f)(P+t(Q—P))(Q —P)dt

(2.14) <c / ([P +1(Q - P))|)di[P - Q|

<co"([P|+ Q)P - Q)
< cilq (P - QJ).

The following version of the Sobolev—Poincaré inequality can be found in [9,
Lemma 7].

THEOREM 9 (Sobolev—Poincaré). Let ¢ be an N-function with As(p, p*) < oo.
Then there exist 0 < aw < 1 and K > 0 such that the following holds. If B C R™ is
some ball with radius R and w € W1¢(B,RY), then

= Fo(m=et) o < xe (f o gowiar) §
B B

where (w)p = f w(z) du.

3. Caccioppoli estimate. We need the following simple modification of Lemma
3.1 [22, Chapter 5].

LEMMA 10. Let ¢ be an N-function with ¢ € Ag, let r > 0, and let h €
LY(Bay(z0)). Further, let f : [r/2,7] — [0,00) be a bounded function such that for
all 5 <s<t<r

S )
s<oseaf () a

where A >0 and 6 € [0,1). Then

Proof. Since 1) € A, there exist Co > 0 and p; < oo (both depending only on
Ao (1)) such that p(Au) < ColPrep(u) for all A > 1 and w > 0 (compare (2.8) of
Lemma 5). This implies

s<or@af o5 ay cor -
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Now Lemma 3.1 in [22] with a := p; implies

f(g) < c(9,p1)A/B ( )w<w) dy Co(2r)Pry—P1

which proves the claim. O
THEOREM 11. Let u € VVﬁ)f(Q) be a local minimizer of F and let B be a ball
with radius R such that 2B € ). Then

B lu—dq
/Bcp‘Q‘ﬂVu Q|)d$§CLB¢Q< I )dﬂ:

for all Q € RN*™ and all linear polynomials q on R™ with values in RN and Vq = Q,
where ¢ depends only onn, N, k, K, and the characteristics of .

Proof. Let 0 < s < t. Further, let By and B; be balls in 2 with the same
center and with radii s and ¢, respectively. Choose n € C5°(B;) with xp, <n < xB,
and |Vn| < ¢/(t — s). Now, define £ := n(u — q) and z := (1 — n)(u — q). Then
VE+ Vz = Vu— Q. Consider

1= [ @+ - f(@ur

Then by the quasi convexity of f (see (H3)), it follows that

r>c[ paived.

On the other hand, since V€ 4+ Vz = Vu — Q we get
I= . f(Q+VE) - f(Q)dx
= Bf(Q+V£)—f(Q+V£+Vz)dw

+ f(Vu) = f(Vu—-V¢)dz

Bt

+ | f(Q+Vz) - f(Q)dx

By
= II+1I1+1V.

Since u is a local minimizer, we know that (I11) < 0. Moreover,

1
II+IV:/B/0 (Df)(Q+tVz) — (Df)(Q+ V& —tVz))Vzdt dx
:/B/O (DF)(Q + tV2) — (Df)(Q)Vzdt de

1
—/B /0 (DFI(Q+ VE —tVz) — (Df)(Q))Vzdt du.

This proves

1
|1HT|+|IV|§c/B/0 ¢lq(tIVz]) dt|Vz| dx

1
+C/B/O<p1Ql(|V$—tVz|)dt|Vz|dx.
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Using ¢l (IV€ — 1V2]) < clq (IVE]) + e ¥lg (2], we get
m+1vi<e [ paiVahdrte | o VeDvads
<c [ pavahdr+ 50

where we have used Young’s inequality in the last step. Overall, we have shown the
a priori estimate

(3.1) /B e (|VED dr < e /B o1q)(|Val) d.

Note that Vz = (1 —n)(Vu — Q) — Vn(u — q), which is zero outside B, \ B,. Hence,

/B Ve < /B y

Since n =1 on By, we get

u—
SD\Q\(|VU_Q|)d95+C/ 90Q<|t ql)dw-
B, - S

s

u_
[ catvu-ahise [ pq(va-apa e [ pa(2d)a
Bs Bt\BS Bt — s

The hole-filling technique proves

lu—gd|
/BS SDQ(|VU_Q|)d95</\/Bt SDQ(W“—QDW“/&”'Q'( t—s )dx

for some A € (0,1), which is independent of Q and q. Now Lemma 10 proves the
claim. d

COROLLARY 12. There exists 0 < a < 1 such that for all local minimizers
u e Wh?(Q) of F, all balls B with 2B € Q, and all Q € RN*™

loc
FIvewn - V@< ( fiveww - v dx) ’
B 2B

Proof. Apply Theorem 11 with q such that (u — q)25 = 0. Then use Theorem 9
with w(z) = u(z) — Qu. O

Using Gehring’s lemma, we deduce the following assertion.

COROLLARY 13. There exists so > 1 such that for all local minimizers u €
WL?(Q) of F, all balls B with 2B € Q, and all Q € RNV*"

loc
<][ IV(Vu) - V(Q)* da:) g <c ][ IV(Vu) — V(Q)[* dz.
B 2B

4. The A-harmonic approximation. In this section we present a generaliza-
tion of the A-harmonic approximation lemma in Orlicz spaces. Basically it says that
if a function locally “almost” behaves like an .A-harmonic function, then it is close to
an A-harmonic function. The proof is based on the Lipschitz truncation technique,
which goes back to Acerbi and Fusco [1] but has been refined by many others.
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Originally the closeness of the function to its A-harmonic approximation was
stated in terms of the L2-distance and later for the nonlinear problems in terms of
the LP-distance. Based on a refinement of the Lipschitz truncation technique [12], it
has been shown in [14] that also the distance in terms of the gradients is small.

Let us consider the elliptic system

—0a (A} Dgw?) = —0,H in B,

where o, 8 = 1,...,n and 4,5 = 1,...,N. We use the convention that repeated
indices are summed. In short we write —div(AVu) = —divG. We assume that A is
constant. We say that A is strongly elliptic in the sense of Legendre—Hadamard if for
all a € RY, b € R it holds that

Al a'baalbs > kalal*bf®

for some x4 > 0. The biggest possible constant x4 is called the ellipticity constant
of A. By |A| we denote the Euclidean norm of A. We say that a Sobolev function w
on a ball B is A-harmonic if it satisfies —div(AVw) = 0 in the sense of distributions.

Given a Sobolev function u on a ball B, we want to find an A-harmonic function h
which is close the our function u. The way to find h is very simple: it will be the
A-harmonic function with the same boundary values as u. In particular, we want to
find a Sobolev function h which satisfies

—div(AVh) =0 on B,

4.1
(4.1) h=u on 0B

in the sense of distributions.
Let w := h — u; then (4.1) is equivalent to finding a Sobolev function w which
satisfies

—div(AVw) = —div(AVu) on B,

4.2
(4.2) w=20 on OB

in the sense of distributions.

Our main approximation result is the following. B

THEOREM 14. Let B € Q be a ball with radius rg and let B C Q denote either B
or 2B. Let A be strongly elliptic in the sense of Legendre—Hadamard. Let ¢ be an
N-function with Aq(1,9¥*) < oo and let s > 1. Then for every € > 0, there exists
d > 0 depending only on n, N, ka, |A|, Az(,v*), and s such that the following

holds: let u € WH¥(B) be almost A-harmonic on B in the sense that

(4.3) ‘ ][ AVu - VE d
B

<6 f 1Vulde [ V€]~
B

for all € € C3°(B). Then the unique solution w € Wy'¥(B) of (4.2) satisfies

@) § ¢(%) o+ w(IVwl)do < (( / (w(WuD)def +f w(va) daz>.
B B B B

The proof of this theorem can be found at the end of this section. The distinction
between B and B on the right-hand side of (4.4) allows a finer tuning with respect

to the exponents. If B = B, then only the term involving s is needed.



3604 DIENING, LENGELER, STROFFOLINI, AND VERDE

The following result on the solvability and uniqueness in the setting of classical
Sobolev spaces W, (B, RY) can be found in [15, Lemma 2].

LEMMA 15. Let B € Q be a ball, let A be strongly elliptic in the sense of
Legendre—Hadamard, and let 1 < q < co. Then for every G € Li(B,RN*") there
exists a unique weak solution u = TG € Wy U(B,RYN) of

—div(AVu) = —divG on B,

4.5
(4.5) u=2~0 on 0B.

The solution operator T 4 is linear and satisfies
HVTAGHLq(B) <c ||G’HLq(B)7

where ¢ depends only on n, N, ka, |A|, and q.

Remark 16. Note that our constants do not depend on the size of the ball, since
the estimates involved are scaling invariant.

Let T4 be the solution operator of Lemma 15. Then by the uniqueness of
Lemma 15, the operator Ty : L9(B,RN*") — W '%(B,RN) does not depend on the
choice of g € (1,00). Therefore, T4 is uniquely defined from U, _, ., Li(B,RN*m)
t0 Uy cqeoo Wo (B, RY).

We need to extend Lemma 15 to the setting of Orlicz spaces. We will do so by
means of the following real interpolation theorem of Peetre [29, Theorem 5.1] which
states that whenever v is of the form (2.6), then L? is an interpolation space between
LPo and LP*.

THEOREM 17. Let ¢ be an N-function with As(w,v*) and let py, p1 be as in
Lemma 5. Moreover let S be a linear, bounded operator from LPi — LPi for j =0, 1.
Then there exist Ko, which depends only on As(1,4*), and the operator norms of S
such that

H5f||¢ < K2||f||¢a
/ B(SF1/Ks) dp < / B(1£1) dp

for every f € LY.
This interpolation result and Lemma 15 immediately imply the following.
THEOREM 18. Let B C § be a ball, let A be strongly elliptic in the sense of
Legendre—Hadamard, and let 1 be an N-function with As(w,v™*). Then the solution
operator T4 of Lemma 15 is continuous from LY (B,RN*™") to Wol’w (B,R™) and

HVTAG”Lw(B) = CHGHLw(B)v
/ G(IVTAG]) dz < / H(|G]) dx
B B

for all G € LY (B,RN*") where ¢ depends only on n, N, ra, |A|, Aa(p,9*).

Remark 19. Since v satisfies (2.5) for some 1 < pg < p1 < 00 it follows easily that
LY(B) < LP*(B) for every ball B C Q. From this and the uniqueness in Lemma 15,
the solution of (4.5) is also unique in Wol’w(B,RN).

Since A is only strongly elliptic in the sense of Legendre-Hadamard, we will
not be able to apply the Lipschitz truncation technique directly to our almost .A-
harmonic function u. Instead, we need to use duality and apply the Lipschitz trunca-
tion technique to the test functions. For this reason, we prove the following variational
inequality.

(4.6)
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LEMMA 20. Let B C Q be a ball and let A be strongly elliptic in the sense of
Legendre—Hadamard. Then it holds for all u € Wol’w(B) that

(4.7a) [Vall, ~ sup / AVu - VEdz,
¢cc(B) /B
Vel <1
(4.7b) / Y(|Vul)dz ~  sup {/ AVu-Vde—/ ¢*(|V$|)dw].
B £€eCe(B) LJ/B B

The implicit constants depend only on n, N, ka, |A|, Aa(th,*).

Proof. We begin with the proof of (4.7a). The 2 estimate is a simple consequence
of Hélder’s inequality, so let us concentrate on <. Since (L¥)* = L(*") (with constants
bounded by 2) and C5°(B) is dense in L(¥") (1), we have

[Vaul, <2 sup / Vu-Hdz.
HcCS (B,RVN*™) /B
L <1

Define A by 711-02-6 = Afio‘; then —div(AVu) is the formal adjoint operator of

—div(AVu). In particular, using (4.5)
/ vu-H:/ Vu - AVTH dx
B B

= / AVu - VT;H da.
B

[Vul, <2 sup / AVu - VI H dx
HcCS (BRYN*™) /B
1L <1

<4 sup AVl Lo () IVTZH] -
HeCS® (B,RVX™)
[IEL|x <1

<c ”Avu”Lw(B)’
where we used Theorem 18 (for 71 and ¢*) in the last step of the estimate. This

proves (4.7a).
Let us now prove (4.7b). The estimate 2 just follows from

/BAVu-vsdx—/Bw*uvstxs/BwlAHVul)dx
< e(|A) /B (V) de,

where we used | AVu - VE| < |A||Vu]| V€|, Young’s inequality, and ¢ € As.
We turn to < of (4.7b). Recall that

P (t) = ¥(t) = sup (ut — ¥*(u)),

u>0
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where the supremum is attained at u = ’(t). Thus the choice H := ¢/(|Vu|) =%
(with H = 0 where Vu = 0) implies

/1/1(|Vu|)dx§ sup {/ Vu- de—/ Y (|H|) d;v]
B He (LY (B,RNxn))

Using T'; we estimate with (4.8)

IVU\

/Bw(|Vu|)dx§ sup [/BAVu-VTAde—/Bw*(|H|)dx].

HeLv* (B,RNxn)

By Theorem 18 there exists ¢ > 1 such that

/ G (VTAH)) di < ¢ / o (H)) de
B B

This proves the following:

/¢(|Vu|)dx§ sup [/ AVu-VTZde—c/ w*(|VTAH|)dx}
B

He(LY* (B,RNxn)

< sup [/ AVu - Vde—c/z/J (1VE)) dx}

£€L¥* (B,RN)

We replace u by cu to get

/]31/)(C|Vu|)da:§c sup {/ AVu - Véda:—/ P*(|VE)) da:]

gL (B,RN)

Now the claim follows using ¥ € As on the left-hand side and the density of
Ce°(B,RY) in LY" (B,RY) (using ¢* € Ay). O

Moreover, we need the following result of [14, Theorem 3.3] about Lipschitz trun-
cations in Orlicz spaces.

THEOREM 21 (Lipschitz truncation). Let B C Q be a ball and let 1p be an N-
function with Ay (v, 9*) < co. If w € W (B, RN), then for everymo € N and v > 0
there exist A € [y,2™°7] and wy € Wy (B,RY) (called the Lipschitz truncation)
such that

VWil < e,

£ w| _ e
f PN 2 6 ) B < 2 f oo

Fovwi) o< f o(vwl)ds

The constant ¢ depends only on Aq (1, 9¥*), n and N.
We are ready to prove Theorem 14.
Proof of Theorem 14. We begin with an application of Lemma 20:

£€Cge (B,RN)

Y(|Vul|)de < ¢ sup [ AVu - VEdx — + ¢*(|VE]) dx}
/ -
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In the following let us fix & € C5°(B). Choose v > 0 such that

(4.10) W (y) = ][ V¥ (|VE]) da
B

and let my € N. Due to Theorem 21 applied to * we find A € [y,2™°] and
¢, € W, °°(B) such that

(4.11) V& <X,

(4.12) O ][ v*(IVE]) da

(4.13) For(9e) do < e v (V) da.
B B

Let us point out that the use of the Lipschitz truncation is not a problem of the
regularity of £ as it is Cg°. It is the precise estimates above that we need.
We calculate

][AVu-VS dx :][AVu-VSA dz +][AVu~V(£ —&)de=T+1I.
B B B

Using Young’s inequality and (4.13), we estimate

B
1
< c][w(|vu|x{§%}) dz + 5][w(|vg|) do = 11, + I,
B B
where ¢ depends on | A|, Ay(1),*). With Holder’s inequality we get

i <o f (wuvmmsdx)i(%)l;

It follows from (4.12), (4.10), and A >  that

Ho 78l . «w() _ ¢
Bl moy*(N) T mo

m<eff (w<|Vu>|>)sdx)%(mio)l_%.
B

We choose myg so large such that

In < 5( / (wuvwm)sdx)%-
B

Thus
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Since u is almost A-harmonic and ||[V&, ||, < cA < ¢2™0y we have

|7 < 5][|Vu|dx||V$>\||OO < 5][|Vu|dxc2m0’y.

We apply Young’s inequality and (4.10) to get

n<o2me( fu(vupar+ v
B

< 52m0c][¢(|vu|) do + 52m00][¢*(|V§|)d3:
B B

Now, we choose ¢ > 0 so small such that 62™0¢c < /2. Thus

115 f vV + 5 f v (Ve do
B B

Combining the estimates for I, I1, and II; we get

favuveds < (( F vy ) ][ $(17u) dx> +f o (vehas
B B B

Now taking the supremum over all £ € C§°(B) and using (4.9), we get

]éw<|vW|>dx<a<(]B[(<|Vu| ) ][wvm )

The claim follows by Poincaré inequality; see Theorem 9. o

5. Almost .A-harmonicity. The following result is a special case of
Lemma A.2 in [10].
LEMMA 22. Let B C R™ be a ball and let w € WH¥(B). Then

][ V(W) — (V(Vw))s|? dz ~ ][ V(Vw) — V((Vw) )| da.
B B

The constants are independent of B and w; they depend only on the characteristics
of .

LEMMA 23. There exists § > 0, which depends only on the characteristics of p,
such that for every ball B with B € 2 and every u € W% (B) the estimate

(5.1) ][|V Vu) — (V(Vu))p|* dz < 5][|V vu)|? dx
implies
(5.2) ][ V(Vu)2de < 4[V((Vu) )P,
B
(5.3) ][|v<Vu> C(V(Vu))p e < 46[V((Vu)s)[.

B
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Proof. Tt follows from (5.1) and Lemma 22 that

][|V<Vu>|2 dr < 2 ][ V(Vu) — V((Vu)p) 2 dr + 2 [V((Tu) )
B

B
< c][|V(Vu) —(VVW)) s da + 2|V (V) )2
B
<se ][ IV (V)2 dz + 2 V(T )|
B

For small § we absorb the first term on the right-hand side to get (5.2). The remaining
estimate (5.3) is a combination of (5.1) and (5.2). a

LEMMA 24. Let u be a local minimizer of F. Then for every ball B with 2B € 2
and every Q € RN*" it holds that

V- Q)ds < cpq (][ Vu- Q| dx).

B 2B

Proof. From Corollary 12 we get

][wQ\(IVu -Ql)dr <c <][ P1q|(|Vu—Q[)* dﬂf) :
B

2B

We can then apply Corollary 3.4 in [10] to conclude. O
LEMMA 25. For all € > 0 there exists 6 > 0, which depends only on € and the
characteristics of ¢, such that for every ball B with B € Q and every u € W (B)

(5.4) ][ IV (V) — (V(V)) 5% dz < 6 ][ IV (V)2 da
B B
implies
(5.5) ][|Vu (V)| dx < £ |[(Vu)s).
B

Proof. Let Q = (Vu)p. Then, by Jensen’s inequality and Lemma 23, we get
P(Vu) | <][ [Vu = (Vu)p| df) S][¢\<Vu>5\(|vu — (Vu)p|) dx
B B
<e ][ V(Vu) - V((Va)g) do
B
< §e[V(Va)p)l*

<dep(|(Vu)pl)
< dcpyvays((Vu)Bl).
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For the last inequality we used the fact that ¢(a) ~ @4(a) for a > 0. Using the Ay
condition of ¢|(vy),|, it follows that for every € > 0 there exists a § > 0 such that

][|Vu—<Vu>B|dx§£|<Vu>B|. O
B

Note that the smallness assumption in (5.4) automatically implies that (Vu)p # 0
(unless Vu = 0 on B). So the smallness assumption ensures that we are in some sense
in the nondegenerate situation.

LEMMA 26. For all € > 0 there exists § > 0 such that for every local minimizer
uc VV;;;"(Q) of F and every ball B with 2B € Q and for

(5.6) ][ (V) — (V(V))ap |2 dz < 6 ][ IV (V) da
2B 2B

there holds

< w”(IQI)][ Vu - Q| dz|[VE]|.

2B

(5.7) ‘][ D£(Q)(Vu - Q, Véda
B

for every &€ € C§°(B), where Q := (Vu)ep. In particular, u is almost A-harmonic
(in the sense of Theorem 14), with A= D?f(Q)/¢"(|Q]).

Proof. Let € > 0. Without loss of generality we can assume that § > 0 is so small
that Lemmas 23 and 25 give

(5.8) F IV < 4@l
2B
(5.9) [Vu— Qldx <e]Q).
/

From the last inequality we deduce
2
(5.10) ¢(Q) ( f 1= Qlas) ~ i ( f1vu-aldr)
2B 2B

Since the estimate (5.7) is homogeneous with respect to |V&||_, it suffices to show
that (5.7) holds for all £ € C3°(B) with [|[VE| = f,5|Vu— Q| dz. Hence, because

of (5.10) it suffices to prove
(5.11) ‘][ D*f(Q)(Vu—Q, V&) dz| < ccyq (][ |Vu — Q| dx)
B 2B

for all such &. We define

Bz :={zeB: |Vu-Q|>1qQl},
B<:={zeB: |Vu-Q|<i|qQl}.
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From the Euler-Lagrange equation we get [, (Df(Vv) — Df(Q)) : V&dz = 0, and
therefore

][ D*f(Q)(Vu—Q,V§) dx
B
=][ /O (D*f(Q) - D*f(Q+6(Vu - Q)))(Vu - Q, V€) d0 dx.
B

We split the right-hand side into the integral I over BZ and the integral I over B<.
Using (H4), we get

1
1] < c][sz /0 (@"(1Q) +¢"(1Q +6(Vu - Q)])) d |[Vu — Q[|VE| dw
B

< c][XBz (¢"(1Q]) + ¢"(1Q] + |[Vu — Q)))|[Vu — Q|| V¢| da
B
\Y
< = (Fu- QU (QD + g (Vu - QDIQ) do ek
B

IN

cc ][ xi= (17— Q1) + ¢l ([Vu — Q)IQ]) da-

B

We used Lemma 8 for the second, Assumption 6 for the third, and (5.9) for the last
estimate. Now, using |Q| < 2|Vu — Q| on BZ and ¢, (t) ~ ¢(t) for 0 < a < t, we get

I <ec ][ X2 (#(Vu - Q)) + 9o/ Vu — Q))) do
B

<ccfoq(va- Q)
B

Let us estimate the modulus of I1. Using (H5) and [Vu — Q| < 3|Q| on B<, we get

1] < ¢ f xnee” (QDIQI [Vu - Q' (Ve
B
where 31 := min {sg, 3} with the constant sy from Corollary 13. Using Young’s
inequality, we get

1] <32 (QDIVEIE, + e, f xae(QDIQIT [Vu - QP do
B

<7efiqllVelle) + Cw(so(lQI))_m][ o< (" (1Q)IVa — Q)" da
B

<7ve ][ P1q(IVu—Q|) dz + C,Y(<p(|Q|))—51][XB< (1 ([Vu— QD)+ da

2B

B
S7e ][ [V(Vu) = V(Q)|*da + ¢, (2(1Q]) ][ IV(Vu) — V(Q)[2 ) gy,
2B B
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Here we used (5.10) for the second estimate and Jensen’s inequality, ¢ (a)t? ~ o4 (t)
for 0 <t < a, and [Vu— Q| < 1|Q| on B< for the third estimate. With the help of
Corollary 13 we get

1451
11 < e f V(T = V@ do + s (p(1Q1) (][w Y- vQPE)
2B

Using the assumption (5.6), Lemma 22, and (5.8), it follows that

1] < ~e ][ V(Vu) — V(Q)|? dz + c7551][ V(Vu) - V(Q) da.

Choosing v > 0 and then d > 0 small enough, we get the assertion. d

6. Excess decay estimate. In this section we will focus on the excess decay
estimate. Therefore, we compare the almost harmonic solution with its harmonic
approximation.

PROPOSITION 27. For all € > 0, there exists § = §(p,e) > 0 such that the
following is true: if for some ball B with 2B €  the smallness assumption (5.6)
holds true, then for every T € (0,1]

(6.1) ®(tB,u) < ct’(1+e7 %) d(2B,u),

where ¢ depends only on the characteristics of ¢ and is independent of €.

Proof. Tt suffices to consider the case 7 < % Let s¢ be as in Corollary 13. Let

q be a linear function such that (u—q)2p = 0 and Q := Vq = (Vu)2p. Define
z := u — q. Let h be the harmonic approximation of z with h = z on dB. It
follows from Lemma 26 that z is almost A-harmonic with A = D?2f(Q)/¢"(|Q]).
Thus by Theorem 14 for suitable 6 = §(¢,e) and by Theorem 14 the A-harmonic

approximation h satisfies

][SO\Q\(WZ — Vh|)dz < s<<][ g (IVu - Ql)dx) B +][<P|Q|(|Vu -Ql) dﬂf)-
B B 2B

Now, it follows by Corollary 13 that

(6.2) ][<p|Q|(|VZ — Vh|)dz < ce (2B, u).
B
Since Vz = Vu — Q and (Vz),5 = (Vu), 5 — Q, we get

&(tB,u) <c ][ v1q|(IVz = (Vz) ) dx

TB

¢ ][ ¢1q|(IVh — (Vh)-p[) dz + ¢ ][ ¢1q|(|Vz — Vh|) dz

TB TB
=T+1I.

For the second estimate we used Jensen’s inequality. Using (6.2) we obtain

I71< Tfnc][<p|Q|(|Vz — Vh|)dz < 77"ce $(2B, u).
B
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By the interior regularity of the A-harmonic function h (see [22]) and 7 < 1 it holds
that

sup [Vh — (Vh), | < cr][ [Vh — (Vh) | dx.
B
B

This proves
I <cyq <T][ [Vh — <Vh>B|dx).
B

Using the estimate v (st) < si(t) for any s € [0,1], ¢ > 0, and any N-function ¥, we
would get a factor 7 in the estimate of I. However, to produce a factor 72, we have
to work differently and use the improved estimate ¢, (st) < cs%p,(t) for all s € [0,1],
a >0, and ¢t € [0,a]. We begin with

][|Vh _ (Vh)pde < ][ V2 — (V2) | de + 2 ][ V2 — Vh|de
B B B

z][|Vu— <Vu>B|da:—|—2][|Vz—Vh|d3:,
B B

which implies

I <cypq <T][|Vu— <Vu>B|dx> +cToq| <][|Vz — Vh|dx).
B B

Due to (5.9), we can use for the first term the improved estimate o, (st) < ¢ 52, (t),
which gives

I<cT?piq (][|Vu— <Vu>B|dx) +ecToq) <][|Vz - Vh|dx)
B B

<ecr? ][<p|Q| (|Vu—(Vu)g|)dz+cT ][ ¢1q|(|Vz — Vh|) dz.
B B

Thus using (6.2) we get
I <c7*®(B,u) +cteP(2B,u) < c(r° +e7) $(2B,u).

Combining the estimates for I and I1, we get the claim. |

It follows now, by a series of standard arguments, that for any g € (0,1), there
exists a suitable small & that ensures local C%#-regularity of V(Vu), which implies
Holder continuity of the gradients as well.

PROPOSITION 28 (decay estimate). For 0 < 8 < 1 there exists 6 = §(p,8) > 0
such that the following is true. If for some ball B C Q) the smallness assumption (5.6)
holds true, then

(6.3) d(pB,u) < cp*®(2B,u)

for any p € (0,1], where ¢ = ¢(p) depends only on the characteristics of ¢.
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Proof. Due to our assumption, we can apply Proposition 27 for any 7. Let
v(e,7) == em?(1 +e77"2) as in (6.1). Let us fix 7 > 0 and € > 0, such that
v(e,7) <min{(7/2)%%, 1}. Let 6 = 6(¢, ) chosen accordingly to Proposition 27 and
also so small that (1 +77"/2)§%/2 < 1. By Proposition 27 we have
(6.4) &(7B,u) < min {(r/2)*, 11 (2B, u).

We claim that the smallness assumption is inherited from 2B to 7B, so that we can
iterate (6.4). For this we estimate with the help of our smallness assumption

(i [V(Vu)|? dx)

< (B(2B,w)? + [(V(V¥))as — (V(V¥)r 5]+ < f v dx) ’

B
< (@(ZB,u))% + /2 (@(ZB,u))% + <][ V(Vv)? da:) ’
B

< (14772512 <][ V(Vu)[? dgc)é + <][ V(Vv)[? dx) %.
2B B

Using (1+77"/2)6%/2 < 1 we get

][|V(Vu)|2dx <4 ][ [V(Vv)|? da.
2B

TB

Now (6.4) and the previous estimate imply

B(rB,u) < %45(2B,u) < ia][ IV (V)2 dz < 5][ IV (Vu)[? da.
2B

B

In particular, the smallness assumption is also satisfied for 7B. So by induction we
get

(6.5) &((7/2)%2B,u) < min {(7/2)*** 4%} &(2B,u),

which is the desired claim. d

Having the decay estimate, it is easy to prove our main theorem.

Proof of Theorem 3. We can assume that (5.6) is satisfied with a strict inequality.
By continuity, (5.6) holds for B = B(z) and all x in some neighborhood of zy. By
Proposition 28 and Campanato’s characterization of Holder continuity, we deduce
that V(Vu) is 8-Hélder continuous in a neighborhood of . O
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