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Definition of the problem

Definition
Feature subset selection - the process of selecting the relevant
features for use in model construction.

Intuitively one might think, that the more features there are,
the better we can perform our training...
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Definition of the problem

A simple example

1
10

m illustration: have a R
look at iris dataset ;;3_0

m introduce a third ) )
random variable y
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sepal length
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Definition of the problem
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Random variable
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Definition of the problem
(o] lelele]

Random variable

Adaline

Adaline

Setosa
« Other

X S.training
X 0. training
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sepal width
sepal width
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Dimensionality curse

5 6 7 8 9
sepal lengt . .
. Many algorithms that work fine in low
rrors during Iining
200 dimensions become intractable when
175 . - . - -
150 the input is high-dimensional. (Bellman,
12.5
1961) [1]
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Definition of the problem
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Random variable

Bias-Variance Dilemma
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Definition of the problem
[e]e]e] o]

Random variable

Bias-Variance Dilemma
Underfitting Overfitting

* Total Error

Variance

Optimum Model Complexity
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Definition of the problem

[e]e]ee] }

Random variable

Reasons for using
dimensionality reduction

m to improve prediction
performance

m to improve learning
efficiency

m to provide faster predictors
requiring less information

m to reduce complexity of the
learned results and enable
better understanding of the
underlying process

m to prevent over-fitting
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“Here’s a list of 100,000
warehouses full of data. I'd like
you to condense them down to

one meaningful warehouse.”
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Definition of the problem

°
Filtering, Wrapping and Embedded Approach

Filtering

Selecting
the best
subset
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Definition of the problem

°
Filtering, Wrapping and Embedded Approach

Filtering Wrapping

Selecting
the best
subset ]
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Definition of the problem

Filtering, Wrapping and Embedded Approach

Filtering

Selecting
the best
subset
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Filtering Approach

Filtering Approach
m PCA

m Variable ranking
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Filtering Approach
©00000

Principal Component Analysis: Motivation

A synthetic data set obtained by taking one of the off-line digit images and creating multi-
ple copies in each of which the digit has undergone a random displacement and rotation
within some larger image field. The resulting images each have 100 x 100 = 10,000
pixels.

m simply three degrees of freedom
m vertical and horizontal translations and the rotations

m each image represented by 10000 pixels

Elizaveta Pechenova

Feature Selection



Filtering Approach
0@0000

PCA

Filtering: Principal Component Analysis

Main idea u
s /

PCA ... [is] defined as the
orthogonal projection of the data
onto a lower dimensional linear
space, known as the principal Xn
subspace, such that the variance
of the projected data is
maximized [2, 561]

In other words we want to

Xn

perform dimensionality reduction T
and !<eep as much information as Figure: [2, 561]
possible.
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Filtering Approach
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Blackboard
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Filtering Approach

000e00

Coming back to the example:

Mean A\ =3.4-10° do =2.8-10° A3 =24-10° A =1.6-10°
E 2 o
i - = ’
The mean vector X along with the first four PCA eigenvectors us, ..., u4 for the off-line

digits data set, together with the corresponding eigenvalues.

Python implementation:
https://jakevdp.github.io/PythonDataScienceHandbook/

05.09-principal-component-analysis.html

3D example:
http://setosa.io/ev/principal-component-analysis/
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Filtering Approach

0000e0

PCA: summary

m Calculate the covariance matrix
m Find the eigenvalues and eigenvectors of the covariance matrix

m Transform the data into the new coordinate system

Elizaveta Pechenova

Feature Selection



Filtering Approach
00000®

Pros Cons

m can be applied for data m assumes linearity relations
compression and between the features
dimensionality reduction m variance is used as a

m first insight into the domain measure of the importance
at hand — visualization of of the particular dimension
high dimensional data m assumes that principle

m easy method for components are orthogonal

understanding the data
especially in high dimensions

m helps to reduce noise
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Filtering Approach

900000000

Variable ranking

Variable ranking: classical statistics

m mutual information
m T-test
m y>-test
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Filtering Approach

O@0000000

Variable ranking

Mutual Information between X and Y
Definition

Mutual information is a measure of mutual dependence between
the chosen variable and the classification variable.

106 Y) = HEX) = HXIY) = 5= 3 plxy)tog (£

e p(x)p(y)

H(X) HY)

Mutual information only zero if X
and Y are independent random

variables.
HX.Y)

Elizaveta Pechenova LMU Munich

Feature Selection



Filtering Approach
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Variable ranking

Hypothesis test

Hy: feature X; is irrelevant to Y
Hi: X; is dependent to Y
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Filtering Approach
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Variable ranking

2 —Test
x?—Test is based on the assumption, that the two events are
independent:
P(ANB) = P(A)P(B) (1)
Definition

Observed number: Oy
Under Hy expected number: Ej

n

2=y (O — Ex)?

E
k=1 k
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Variable ranking

Filtering Approach

0O000@0000

0.8

021

0.0

Degrees of freedom
—k=1
—k=2
—— k=3
— k=4
— k=5

Elizaveta Pechenova

X2 = Pearson's cumulative test statistic

LMU Munich

Feature Selection



Filtering Approach

00000e000

Variable ranking

T—Test: Slope of the regression line
Have a look at the classification variable and one other feature
Perform a hypothesis test:
m Hy: the model created by just a constant
m Hi: the model created by a constant and the feature

cov(x,y)

calculate the Pearson correlation r = —(———=222
v/ Var(x)Var(y)

n

Cov(x,y) = Z(Xi - X)yi —¥)

i=1
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Filtering Approach

00000e000

Variable ranking

T—Test: Slope of the regression line

p=-1 -1< p <0
0< p <+1 p=+1 : « p=0
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Filtering Approach

00000e000

Variable ranking

T—Test: Slope of the regression line
Have a look at the classification variable and one other feature
Perform a hypothesis test:
m Hy: the model created by just a constant
m Hi: the model created by a constant and the feature

calculate the Pearson correlation r = ——2(s¥)

v/ Var(x)Var(y)
n
Cov(x,y) = Z(Xi —X)(yi — %)

i=1

.. vn—>2 .
compute the t-statistics: tseore = :/1”_7r2 n is the number of
degrees of freedom
calculate the p-value and compare to the significance level
sort by variables with the smallest p-values
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Filtering Approach

O00000e00

Variable ranking

1.0

0.8
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Filtering Approach

000000080
ariable ranking

But what is better? A study on the feature selection
algorithms

Table 2
LOOCY i ies wit datasets for different LOOCV classil ies with SVM of si i for different
gene selection methads using, 10- 100 selected genes. pene selection methods using 10 to. 100 selected genes.
Dataset Method NBC Dataset  Method VM.
W 0 40 60 &0 100 020 40 6 80 100

ALLAML  FRCS 9861 9722 9732 w732 ALIAMIL  FRCS 9306 9732 9732 981 10000 9861
Reliel F 9306 9167 9444 9167 9167 9306 Refiel £ 8194 9028 8472 8611 8750 9306
MEMEFIM 5833 G505 G111 65328 E528 MEMKFOM 5833 G111 7083 E056 8472 E1LO4
MRMEFSQ 4861 6528 G250 5833 6667 6528 MRMR FSQ 4861 5972 7798 8472 8750 8056
ESatistic | A4 9583 9722 9722 9722 922 i g6l 9722
Info, Giin 9444 9722 95K1 9583 9583 9581 9861 9722
FStatistic 9722 9722 95%3 0583 0583 9583 9732 w22

COLON ERGS 8236 79.m 5 TR0 H3AT cooN a3,
Relicf-F 7097 7581 7581 7419 7581 7903 7742 7581
MRMR-FDM 4677 4677 5323 5645 6129 8613 6774
MRMRFSOQ 5161 4839 5806 5968 6452 6452 6774 6774
r-Statistic 7742 7903 8065 7903 79.03 419 8065
Info. Cain 7903 7903 7742 8065 7903 BL26 7142 7742
p-Stisic 8065 7903 7903 7742 7903 7903 7581 7903

DLBCL ERGS. 8479 8271 9479 9479 6175 W75 DLBcL 9688 9581
Relici-F 9375 063 06 9271 967 906 9271 BRI
MEMEFDM 9063 B958 B854 G063 0167 9167 9167 9479 9479 @7
MRMRFS0 8279 9063 9063 9063 9063 9167 9061 8958 9375 479
ESmtistic | 9375 9167 9375 0479 9375 9375 9583 9583 0688 9583
nfo, Gain 9271 9271 @71 @71 @7 Q71 9688 0688 OGRE 9702
FiStalistic 9479 9167 9375 9375 9375 9375 9792 9688 9792 9533

NG ERGS. 9503 9613 9890 9450 SE34 10000 NG 9945 9945 9945 9945
Relicf-F 9282 9503 9227 9779 9724 WM 9890 9890 9890 98.90
MRMR-FUM 8343 8840 9171 92E2 9227 829 9116 9558
MRMR FSQ 5257 #1417 006 S006 9006 9171 BL87 R729 9171 @37
rSwristic | 9282 9282 9724 9124 9179 9779 9799 9834 9945 9945
Info. Cain 8337 9337 W37 9503 95.01 9945 9945 9890 9890
p-Satisic 9282 9337 9337 9503 9503 9503 a9.45 9945 9890 9945

[ ERGS. 444 9444 94M4 05E3 05K3 9722 ML 9722 9583 9583 9722
Relicl-F 9306 9028 9078 AEEI SREI 9028 8150 #3893 9306 9167
MEMEFIM 4028 ALET A7I2 5000 47322 5000 s072 7222 73Sl 7907
MRMRFSQ 4106 3472 5417 5000 5000 4861 6944 6944 G667

Info. Cain 9306 9444 9583 0444 0583 944
o Statistie 9028 9305 9444 9583 0444 9444

Elizaveta Pechenova LMU Munich
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Filtering Approach

0O0000000e

Variable ranking

Nevertheless there is a difference...
https://scikit-learn.org/stable/auto_examples/
feature_selection/plot_f_test_vs_mi.html

m F-statistics is better in capturing linear relationships
m x° and MI almost the same for big sample sizes
m Ml is easy to compute

m use filters to get rid of about the half of the features and use
multiple of them
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Wrapper Approach

Wrapper Approach
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Wrapper Approach

Wrapper Approach

Main idea

Use the learning algorithm itself to evaluate the goodness of the
feature subset. At each step remove different features from the
subset. The subset with the highest evaluation is chosen as the
final set on which to run the induction algorithm. [3]

The search space for n features has the dimensionality O(2")
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Wrapper Approach

Wrapper Approach

forward selection
m backward elimination

m random choice: e.g. generic algorithms - algorithms using
mutation, crossover and selection

m Problem: risk of over-fitting, computationally expensive

m not used in the era of big data
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Embedded Approach

Embedded Approach
m Lasso regression
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Embedded Approach

Embedded Approach: Regularization

Small reminder: Regularization

Introduce an additional constraint, a regularizer, to the loss
function, which penalties complexity to avoid over-fitting.

L2/Ridge Regularization

Elizaveta Pechenova LMU Munich
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Embedded Approach
©00000

Lasso regression

Lasso regression
Main idea: use /;-norm of the weight vector

n

Lizsso = Z(y - w; XI) +)\||W||1 (2)
i=1

[4]
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Lasso regression

Embedded Approach
[o] lelele]e]

contours of RSS as
it move away from
the minimum

RSS (Least Square)

coefficients

B,

Elizaveta Pechenova
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The penalty term (budget)
shown as a constraint region
LASSO

The ridge regression
coefficients

RIDGE REGRESSION
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Embedded Approach
00000

Lasso regression

m Lasso regression forces some
weights to zero.

m implemented feature selection in o Grosa-Vallduled Deviance of Lasao Fit
the model

m lambda determines the size of the
feature set: determined by the
cross-validation risk estimate

ap T L

351 11 r

Deviance

m breaks down for non-linear g ' ] —
methods, as no natural mapping ol RS S
between weights and data m

m other approaches exist like feature ! o o
vector machine: modification of
Lasso regression, applies a kernel
function K to the feature vectors

Elizaveta Pechenova
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Lasso regression

Example
0.00

=0.06

Coefficient Magnitude

for A-Choice
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Coefficient Magnitude

Embedded Approach
00000

-
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https://towardsdatascience.com/ridge-and-lasso-regression-a-complete-guide-with-python-scikit-learn-e20e34bcbf0b
https://towardsdatascience.com/ridge-and-lasso-regression-a-complete-guide-with-python-scikit-learn-e20e34bcbf0b

Embedded Approach
000000

Lasso regression

Overview: Feature Selection methods

Filtering

e Wrapping Embedded

approach approach

Elizaveta Pechenova LMU Munich

Feature Selection



Embedded Approach
000000

Lasso regression

Overview: Feature Selection methods

Filtering

approach Wrapping Embedded

approach approach

m PCA
m Variable ranking: Mutual information, X2—Test, T-Test
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Embedded Approach
000000

Lasso regression

Overview: Feature Selection methods

Filtering

e Wrapping Embedded

approach approach

m due to the age of big data rather unpopular as
computationally expensive
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Embedded Approach
000000

Lasso regression

Overview: Feature Selection methods

Filtering

approach Wrapping Embedded

approach approach

m Lasso regression
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Embedded Approach
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Lasso regression
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