



1.1 Ultraviolet divergences due to the photon field (Version 160815) 
 
In this section we will take a look at the so-called "ultraviolet" problem of the photons. In order to 
focus solely on this problem we consider a very simple toy model of QED. When cutting off 
ultraviolet frequencies above some cut-off parameter in the interaction, the corresponding equation of 
motion can be treated in mathematical rigorous terms. Thanks to its simplicity, it can be solved 
explicitly, and hence, allows to observe the manifestation of the ultraviolet divergences when the cut-
off parameter is send to infinity.  
 
We will make two observations:  

There is a ultraviolet problem due to the self-interaction of the electrons, which renders the 1.
corresponding Hamiltonian ill-defined. 
There is another mathematical problem due to the representation of solutions which after removal 2.
of the cut-off do not lie anymore in standard Fock space. 

 
The first problem is inherited from classical electrodynamics of point-charges and is therefore of 
conceptual nature and deeply anchored in the way we introduce electrodynamic interaction. The 
second problem is rather man-made and can be circumvented by an adaption of our Fock space 
representation.  
 



































































In which sense are the creation and annihilation operators defined?  
On which space do they act?

We start to study the difficulties related to photon field in a toy model. 
 
Simplifications: 

A fixed number of electrons at fixed positions •
No pair creation •
No spin degrees of freedom for both the electron and the photon •
Photon may have mass•

















































































for which we would have to show that H is self-adjoint on 

Back to our toy model for which we would like to define the corresponding equation of motion:

but the interaction Hamiltonian is not even defined in the sense of above










































































































This is the first occurrence of the so-called ultraviolet divergence. 
Mathematical remedy:  





























































































By introducing the cut-off           we established a well-posed initial value problem for this toy model. 
 
Let us understand why the removal of the cut-off causes problems: 












































































































What happens if we remove the cut-off?
























































































This would informally keep the groundstate energy finite, however, even that does not yield a well-
defined dynamics. This can be seen from the fact that the dressing operator is only well-defined for 
finite cut-offs:

In conclusion, the ultraviolet problem makes itself felt in a two-fold manner: 
The Hamiltonian generating the dynamics morally evaluates the field at its sources, •
and there it is ill-defined. 
The representation of eigenstates is not possible in standard Fock space. •

 The first problem is of conceptual nature and inherited from classical electrodynamics while the 
second one is man-made as we can easily choose another Fock space to represent our states:

Hence, it is not surprising that the Hamiltonian can not be defined without a cut-off. 
 
A simple way to mend the problem is to make the rest energy cut-off dependent and 
absorb the divergence with it:





























































































For              both representations are unitary equivalent, for                  not anymore. Nevertheless, 
on            we yield a well-defined dynamics without cut-offs. Since the sources where fixed only the 
dynamics of the free field on top of the ground state remains:













Further reading: 
 
There is a toy model, the so-called "Nelson model", similar to the one considered above in which the 
fermions are allowed to move according to the non-relativistic Schrödinger dispersion. For this model 
it has been shown that the ultraviolet cut-off can be removed rigorously: 
 
Interaction of Nonrelativistic Particles with a Quantized Scalar Field,  
E. Nelson, JMP, 1964 
 
The employed strategy, however, relies heavily on the non-relativistic dispersion relation and fails in a 
pseudo-relativistic model such as the Yukawa model: 
 
Ultraviolet Properties of the Spinless, One-Particle Yukawa Model,  
D.-A.D. & A. Pizzo, CMP, 2014 
 
A great book on mathematical rigorous treatment of non-relativistic QED (and also on self-
interaction problem of classical electrodynamics) is: 
 
Dynamics of charged particles and their radiation fields,  
H. Spohn, Cambridge, 2004 





























































































