A note on SLDNF-resolution

Wilfried Buchholz
Mathematisches Institut
Universitat Miinchen
Theresienstr. 39
D-80333 Miinchen
email: buchholz@rz.mathematik.uni-muenchen.de

1 Introduction

In this paper, starting from Definition 8.8 in [3], we design a new (and as it seems to
us rather compact and elegant) notion of SLDNF-tree together with the appropriate
definition of fairness such that the following “strong completeness theorem” can be
established:

Theorem
Let S be an input/output specification, P an S-correct logic program, T a fair SLDNF-
tree for G w.r.t. P.

a) If G is S-correct and comp(P) E3 Go then T is successfull and yields a com-
puted answer substitution # such that Go is an instance of G6.

b) If G is S-closed and comp(P) 3 =G then T is finitely failed.

This theorem extends Stirk’s completeness result from [7] (cf. also Theorem 8.52 in
[3]) where only the existence of some successfull (finitely failing, resp.) SLDNF-tree
is proved. It also partly extends Drabent’s result in [4], since it refers to the extension
of SLDNF-resolution (used in [7] and [3]) where also non-ground negative literals
may be selected. Actually we do not prove the Theorem as it stands but refer to
the intermediate sets YESp and NOp introduced in [7]. These sets correspond to a
sequent calculus introduced by the author in [1]. From [7] it follows that for S-correct
P we have comp(P)E3 G < G € YESp, for all S-correct G, and comp(P) 3 -G &
G € NOp, for all S-closed G.

The second purpose of this note is to demonstrate the usefulness (at least for
theoretical investigations) of a certain notion of SLD(NF)-derivation implicitely in-
troduced in ([2], pg. 495, Definition 3.18) and ([5], pp. 151ff). Instead of a derivation

a1 Qit1 . . .
Gy — G1---G; — Gyyq -+ in the usual sense we consider the corresponding

sequence of resultants ®; := G;=Goay...a;. The main advantage of this approach is
that the relation between two adjacent members of the sequence ®g, ®q,... can be
described locally without a condition on the “previously released variables” (or some
“standardizing apart” condition): ®;y; is a most general unrestricted resolvent of ®;
(w.r.t. some rule K and position v in G;).



2 Closure properties of the sets YES,, NOp

Basic Notions

We use the following syntactic variables:

o,T,p, 0,0 for substitutions (Subst := set of all substitutions),

A, B for atoms,

L,Ly, Lo, ... for literals, i.e. atoms A and negated atoms —A,

G,H,Q,TI for queries, i.e. formulas of the shape LiA...AL, (the empty query is
denoted by O),

K for rules, i.e. formulas of the shape Q—A (00— A is identified with A).

For (quantifierfree) formulas F, F':
F>F & F'<F :& F'isan instance of F, i.e. do(Fo = F").
var(F') := set of all variables occurring in F'.

A rule II—B is applicable to an atom A iff A and B have a common instance, i.e. if
Jdo, p(Bo = Ap). Remark: K is applicable to A iff 3Q, p( K > Q—Ap).

A logic program is a finite set of rules.

If P is a logic program then

P':={Ko:K € P & o € Subst},

P(A) :={K € P: K is applicable to A}.
Expressions of the shape GA * AG' are called ¢-forms.
If ' = GA * AG' is a g-form then

To := GoA * N\G'o,

Q] := GAQAG',

I[]:=Td = GAG',

v(T) := i where G = LiA...AL;_1.

We use I, T, ... as syntactic variables for g-forms.

From now on let P be an arbitrary but fixed logic program.
Definition 1 (Inductive definition of the sets YESE and NO%)

Y1) O€ YES}

Y2) Q—A€ P &T[Q] € YES} = T[A4] € YESBH!

N1) (Vp,Q)(Q—Ap € P' = Tp[Q] € NO}) = T[A] € NOBH.

(Y1)
(Y2)
(Y3) T[] € YESK & A € NOp = TI[-4] € YESK™+!
(N1)
(N2)

A €YES) = T'[-4] € NO&™.
Corollary 2 YES? C YES%A™ and NO% C NOBH.

Definition 3 YES, :=J,.__ YESE, NOp:=U, ., NO%.

n<w n<w

Remark 4 Our (Y3) differs a little bit from (Y3) in [7], but one easily verifies that
the resulting sets YESp, NOp are the same as in [7].



Lemma 5 a) G € YES} (NOR) = Go € YESE (NOR).
b) T[H] € YES} <<= 3k,m(n=k+m &[] € YESL & H € YES}).
c) I'[] e NOp = T[H] € NOp.

Proof by induction on n:

a) We only consider (N1). In all other cases the claim follows immediately from the
TH (or is trivial). Let G = T'[4] and (Vp,Q)(Q—Ap € P' = Tp[Q] € NO%). Then
(Vp,Q)(Q—Acp € P' = Top|Q] € NO%) and thus by (N1) ['o[Ao] € NOB.

b) straightforward.

c¢) Let T € NOB' and w.lo.g. T = GAx.

Then I'[] = G and one of the following two cases holds.

1. G =T"[A4] with (Vp,Q)(Q—Ap € P' = T"p[Q] € NOB ):

Then by TH (Vp, Q)(Q—Ap € P' = T'p[Q]AHp € NO%), and thus by (N1)

[[H] = T'[A]JAH € NOB™.

2. G = I'[~A] with A € YES%: Then (N2) yields T[H] = ['[~AJAH € NO.

Lemma 6 (Splitting-Lemma)
GAG' € NO} & var(G) Nvar(G') =0 = G € NO} or G' € NO%.

Proof by induction on n:

Let GAG' € NO%B!. Then w.l.o.g. one of the following two cases holds:

1. G =T[4] and (Vp,Q)(Q—Ap € P' = I'p[Q]NG'p € NOB).

Assume G' ¢ NOB™ (otherwise we are finished).

Then also G' ¢ NO%, and by Lemma 5a we get G” ¢ NOJ} for each variant G” of G'.
We now prove Vp,Q(Q—Ap € P' = Tp[Q] € NO%), which by (N1) yields G €
NO%F. Let Q—Ap € P'. Since var(T'[A]) Nvar(G') = §, there is a substitution po
such that Apy = Ap, Tpo = [p, var(Tp[Q]) N var(G'py) =0 and G'py > G'.

We now conclude as follows:

Q—Apy = Q—Ap € P' = Tp[QING po = Tpo[QING py € NOB B Tp[Q] € NOp.

2. G =T[-~A] and A € YES%: Then I € NOB™ by (N2).

Lemma 7 (Inversion-Lemma)
a) T[A] € YES}: = n>0&3IQ(Q—Ac P' &T[Q] € YESE ™).
b) T[A] € NO% & Q—A € P = T[Q] € NOR.

Proof a) By L.5b there are k,m such that n = k+m and I'[] € YES%, A € YESP.
The latter yields m > 0 and 3Q(Q € YESH™' & Q—A € P'). Again by L.5b we
obtain T[Q] € YESE™ 1 = YES .

b) Induction on n: Let T[4] € NOS™. W.lo.g. we may assume that T = GAx .
Then one of the following cases holds:

1. VQ', p(Q'—Ap € P' = T'p[Q'] € NOB):

Then T[Q] € NO% C NOB™, since Q—A € P'.

2. G=T'[B] and VQ', p(Q'—»Bp € P' = I'"p[Q'|ANAp € NOB):

Since Yp(Qp—Ap € P'), by TH we get VQ', p(Q'—=Bp € P' = I"p[Q']AQp € NOR).
Hence by (N1) T[Q] = I"[B]AQ € NOK™.

3. G =T'"[-B] and B € YES}: Then T[Q] = T'[-B]AQ € NOA™ by (N2).



Note
Lemmata 5,6,7 and their proofs have been extracted from section 2.1 of [6].

3 SLDNF-resolution

Formulas of the shape G—H are called r-formulas.
Expressions of the shape I'=H, where I' is a g-form, are called r-forms.
If A =T~H is an r-form then Ao :=To~Ho, A[Q] :=T[Q]-H, v(A) := v(I).

Syntactic variables: A for r-forms, and ®, ¥ for r-formulas.

Definition 8 @' is called a u-resolvent of ® w.r.t. (v, K) ( in symbols ® (VLK) '),

if there are A, A, @, p such that & = A[A], &' = Ap[Q], Q—Ap < K and v(A) =v.

' is called a resolvent of ® w.r.t. (v, K) ( in symbols ® oK) '),

if ®' is a most general u-resolvent of & w.r.t. (v, K),

: N 9 " BN V7] i n
fe. @ ot O & V(8 S B = B > B

@' is called resolvent of ® w.r.t. P ( in symbols ' —* &),

if@ﬁ\)q)’forsomeKeP,z/e]N.

(®Pr)Key is called a complete family of resolvents for ® w.r.t. P

( in symbols ® —;_,\ (Px)Kes ), if there are A, A such that

® = AJA], J = P(A) and (VKeP(A)) ® oK) O i where v :=v(A).

Lemma 9 For ® = A[A], v :=v(A) and K the following statements are equivalent;:
(i) K € P(A).

(ii) @ (VLK\) ®' for some P'.

(iii) @ o ¥ for some V.
Proof (i)=(iii): Let II—B a variant of K such that var(®) N var(Il-B) = §.
Since K € P(A) and var(A) N var(B) = 0, the atoms A, B are unifiable. Let 6 be
a most general unifier of A, B, and let ¥ := A4[IIA]. We prove & (1/7\) ¥: Since
IMf—A6 < K, ¥ is a u-resolvent of & w.r.t. (v, K). Now let ® be an arbitrary u-
resolvent of ® w.r.t. (v, K). Then ® = Ap[Q] with Q—Ap < K < II—-B. Since
var(A[A]) N var(Il—-B) = B, we may assume that Q@ = IIp and Ap = Bp. Hence
p = bo for some o and thus & = Afo[llfo] < T.

(iii)=>(ii) and (ii)=>(i) are trivial.

Lemma 10 G-H —;\ (Grk~Hi)kes &VKeJ(Gx € NOp) = G € NOp.

Proof By assumption there are I', A such that G = T'[4], J = P(A) and

G-H oK) Gg-Hg for all K € J (with v := v(I')). By the second assumption (and
since J is finite) there exists an n such that Gx € NOpB for all K € J. Now let
Q—Ap € P'. We have to prove: T'p[Q] € NOB. (Then the claim follows by (N1).)
For some K € J we have Q—Ap < K. Then G-H (VLK) TplQ]-Hp and G-H W)
G kg ~Hg which yields G > I'p[Q]. Together with Gx € NO% by Lemma 5a we now
obtain I'p[Q] € NOB.



Definition 11 An SLDNF-tree for P is a function T such that

I. B # dom(T) C {{t0, .-y tn—-1):n € N& 19,...,tn—1 € PU{0,1}} and
V{10, -oestn) € dom(T)( (Lo, .-+, tn—1) € dom(T)).

II. For each £ € dom(T") T(&) is a r-formula and one of the following cases holds:

(0) T(¢) =0~H and ¢ is a leaf of T,

(1) There are A, A such that T'(§) = A[A], {¢: &x(1) € dom(T)} = P(A) and,
T(¢) R T(éx(K)) for all K € P(A) (where v :=v(A) )
(We say that the literal A is selected at §.)

(2) There are A, A such that T(¢) = A[-A], {¢: &x(t) € dom(T)} = {0,1},
T(&x(1)) = A=A, and

[ A]] if var(A) =0 .

T(£x(0)) = {A[—'A] otherwise ,  (—Ais selected at £).

In other words: An SLDNF-tree for P is a finitely branching downward growing

(possibly infinite) tree of r-formulas which is correct with respect to the following
rules:

0) -H
(1) ....@K?.(KEJ) it e % (®r)res
A[-A4]

(2’) m lf Var(A) ;é @

Remark 12 1. If (¢, ®) is a leaf of an SLDNF-tree then either ® = O-H or
® —* (Px)res with J = 0.
2. Each subtree of an SLDNF-tree is itself an SLDNF-tree.

Convention: In the following 7' always denotes an SLDNF-tree for P.

Abbreviations:

¢ := () (the empty sequence, i.e. the root)

T =(®;(T,).cr) :& T(e) =® and (T,),er is the family of immediate subtrees of T.
In case that I = {0,...,n—1} we also write (®;Tp, ...,T,—1) instead of (®;(T,).cr1)-

For ¢ € dom(T) let T'|¢ be the subtree determined by &,
ie., dom(T|e) :={n:&{*n € dom(T)} and T|e(n) := T (€ *n).

Let no be a new symbol. A generalized answer is either a query or the symbol no.
We now define a relation T' k= X between SLDNF-trees T' and generalized answers X .
As one easily verifies this relation I has the property that if T'(e) = G-H & T + H'
then H' is an instance of H. Further if T(¢) = G~G then “T k- G6” corresponds to
“T is successful and yields |G as a computed answer substitution”, and “T § no”
corresponds to “T" is finitely failed” in [3].



Definition 13 (Inductive definition of T'# X)
0.T=0H;) = TH+H
L T = (AL (Tk)kera)):
1.1. GKe)Tx - H = T H.
1.2. (VKeJ)Tk no = T # no.
2. T = (A[-A]; Ty, Ty) and To(e) € {A]], A[-A]}, Ti(e) = A-A:
21. To-H& Ty -no = Tk H.
22. Tyl A'> A = Tk no.
2.3. Tono = T I no.
24. Ty H & Ty(e) = T(e) = T I H.

The following figures are intended to make the above definition more transparent.

o:H ®:no
0.-0-H-H, 1L g, 12— wen
A[- AL H Slodlne i 4
21 X AoAie 22 R Aoaa Vith A=A
2s A[=A]:no , 24 SLARH
Ao AA AALH A4

Remark 14 1. In clause 2.2 of the above definition actually A’ is a variant of A,
since Ty (e) = A~A & T + A’ implies A > A'.

2. If T # X holds then this fact is already established by a finite initial segment of
T. In other words: Assume that for finite initial segments 7' of SLDNF-trees we have
defined the relation T+ X by the same clauses as for SLDNF-trees. Then for each
SLDNF-tree T we have T # X if and only if T # X for some finite initial segment T
of T.

Theorem 15 (Correctness)
a) T(e)=G-H& T+ H — (I9)HY > H' & GY € YESp.
b) T(e) =G-H & T # no = G € NOp.

Proof by induction on the definition of #-:

a) Let T' = (G~H; (T.).eJ)-

0. G=0Oand H' = H: ¥ :=1id.

1.1. G=T[4], Q—»Ap < K € Pand Tk(e) =Tp[Q]-Hp & Tk I+ H":

By IH there is a ¥ such that Hpd > H' & Tp[Q]? € YESp.

Since QUY¥-ApvY € P', it follows that Gpd = T'pd[Apd] € YESp.

2.1. G = F[—|A], To(E) = F[]—’H & TO - HI, Tl(E) =A-A& T1 t no:

By IHa there is a ¢ such that H9 > H' & T'[]¢ € YESp.

By IHb we get A € NOp and thus (by L.5a) also A9 € NOp. Hence I'[-A]¢ € YESp.



2.4. G =T[~A], To(e) = T(e) & To - H':

In this case the claim follows immediately from IH.

b) 1.2. TK(E) =Gr~Hg & Tk noforall K € J = P(A)

By IHb Gk € NOp for all K € J. By Lemma 10 this implies G € NOp.
22. G=T[-Aland T1(e) = AA&TH A" > A:

By IHa there is a ¢ such that YES, 5 A9 > A’ > A.

By Lemma 1la from this we get A € YES, and thus G € NOp.

2.3. G =T[-4], To(e) =T[(-a)]~H & Tp I no:

By IHb I'[(-4)] € NOp. This implies G € NOp (cf. L.5c).

Corollary 16 T(c) =G-G & Tk G = GO € YESp.

Definition 17 A main branch in T is a sequence (§;)j<n (with 0 < N < w) of nodes
in T, such that for all j < N:

(i) j+1<N = &1 = &#() for some € PU{0},
(i) j+1=N = ¢ isaleafnode in T.

A main branch is called fair if either it terminates with a leaf (¢,T'[A]) such that
P(A) = 0 or for each literal L in it after finitely many steps a descendent of L is
selected. T is called fair, if all its main branches are fair.

Obviously for each program P and goal G a fair SLDNF-tree can be defined.

Definition 18
Let C*,C~ be sets of queries.
P is called a (CT,C™)*-program, if the following conditions are satisfied:

(S1) GeCt(C7) = GoelCT (C),

(S2) QA e P &T[A]eCT (C™) = T[Q]eCt (C7),

(S3) T[=A] € CT & var(A) # B = T contains at least one positive literal,
(S4) T[Al e Ct & var(A) =0 = T[]eCt & AeC,

(S5) I[-A]eC~ = I[]eC & AeCt.

Remark 19 The above definition is a modification of Stérks definition of (CT,C™)-
programs in [7]. As one easily verifies, the following holds: if S is an input/output
specification, P is S-correct, and CT (C~) is the set of S-correct (S-closed) queries in
the sense of [7], then P is a (C*,C™)*-program. But, as one of the referees noticed,
not every (C*,C™)-program is a (C*,C™)*-program.

Theorem 20 (Strong Completeness)
Assume that T is a fair SLDNF-tree with T'(¢) = G~H , and Pisa (C*,C~)*-program.

a) Go e YESp & GeCt = (3H')T W H' > Ho (in particular if G=H then
(30) TH GO > Go).

b) GeNOp & GeC™ = TH no.



Proof by induction on n: Let T = (G=H;(T,).cJ)-

a)

Proposition 1:

There exists a node £ = (0, ...,0) € dom(T") (£ may be empty) such that

T(e) =T((0)) =T((0,0)) = ... =T(¢) and (£ * (0) € dom(T) = T(ﬁ: (0)) #T(€)).

—
Proof: Assume the contrary. Then for all £k € IN we have &, := (0, ...,0) € dom(T)
and T'(&;,) = T'(¢) which means that at every node & a nonclosed negative literal is
selected and in particular G' contains a nonclosed negative literal. Now, since G € CT,
by (S3) it follows that G contains at least one positive literal B a descendent of which
will be selected at some & (due to the fairness of T'). Contradiction.

Now let & be as in Proposition 1. Obviously we have (T'|¢ = X = T ¥ X). Therefore
w.l.o.g. we may assume that & = ¢ and thus one of the following cases holds.

0. G=Uand J=0: H' := H.

1. G =T[4], v =v(T), and G-H oK) Tk (e) for all K € J = P(A):

From Go € YES} it follows by L.7a that there exists a query @ and arule K € P(A)

such that T'o[Q] € YES%A ' and K > Q—Ao. Then G-H (VLK‘) I'o[@Q]-Ho and

G-H 3 T (e) =t Gx=Hx. Hence Gro' =To[Q] € YES? ™" and Hxo' = Ho for
some ¢’. From G € Ct we get G € CT by (S1),(S2). Now by IH there is an H' such
that Tk = H' > Ho. And Tk t+ H' implies T - H'.

2. G =T[-4], To(e) =T[]=H, T\ (e) = A=A and var(A) = {:

From G € C* weget I'[] € CT and A € C~ by (S4). From Go € YES} by L.5b we get
n>0,T[]o € YES%', =4 = =Ac € YES%. The latter implies A € NO%™". Hence
by TH Ty t+ no and Ty = H' > Ho for some H'. From Ty = H' and Ty  no we get
T H'.

b)

Proposition 2:

Every main branch of T starting with € contains a node ¢ such that T'|¢ # no.

From this we get 7' # no, since otherwise there would be a main branch (&;);<n
starting with € such that T'|¢, i no for all j < N.

Proof of Proposition 2:

Let (§;)j<~ be a main branch of T starting with {, = . Let T'(§;) = G;~H;. Then
by (51),(S2),(S5) G; € C~ for all j < N.

1. Assume that the branch terminates with T'(§) = A[A] such that J = P(A4) = .
Then T, i+ no.

2. Assume that there is an [ s.t. G; = ["[A'], T(§#(1)) = A’~A" and A’ € YES .
From G; € C~ we get A’ € C* by (S5). By IHa there is an A" s.t. T'l¢,. 1y = A" > A'.
From this we get T'|¢, i~ no.

3. Otherwise: Then, since G € NO%, n > 0 and one of the following two cases holds:
3.1. G =T[-A] with A € YES% ™"

Since T is fair, there exists an [ such that G; = I"[-A'], T(& = (1)) = A'— A’ and
A> A’ From A € YES}, ! we get A’ € YES’ ! and thus case 2. holds.

3.2. G =T[A] with VQ, p(Q—Ap € P' = Tp[Q] € NO%L):

By side induction on [ we prove:

(4+) Gi=T"[A"] & A’ descendent of A & Q—A'p € P' = T"p[Q] € NO%™".



If ] =0, then TV =T and A’ = A, from which together with Q—A’p € P’ the claim
follows.

Now let I > 0. Then one of the following three cases holds.

(i) Gi—1 = T"[B] (where B not a descendent of A) and G; = "' 7[lI] with II—-B1 € P":
W.lo.g. Gi—1 = BATo[Ap], T" =TI ATy und A’ = Ap7, where Ay is a descendent of
A. Further we have Q—Ag7p € P’, from which by side-IH we get Brp A To7p[Q)] €
NO% ', Since Ip—Brp € P', L.7b now yields I'p[Q] = IpATyTp[Q] € NO .

(ii) G;—1 = G;: Then the claim follows immediately from the side-IH.

(iii) Gij—1 = "BAT'[A"] & T'(§—1%(1)) = B~B, where B is closed:

By side-TH we have ~BAI'p[Q] € NO%™'. By L.6 it follows that Ip[Q] € NO% ™"
or =B € NO% '. The latter would imply B € YES} ' and we were in case 2. So
I'p[Q] € NO% ! holds.

Since T is fair, there exists an [, such that G; = T'[A'], A’ is descendent of A, and
Gip1 = I'p[Q] with Q—A’p € P'. By (+) from this we get G;.1 € NO3" and thus
T|¢,,, I no by THb.
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