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tionIn [Ci
hon 1990℄ the question has been dis
ussed (and investigated) whether the order type of a terminationordering � pla
es a bound on the lengths of redu
tion sequen
es in rewrite systems redu
ing under �. It was
laimed that at least in the 
ases of the re
ursive path ordering �rpo and the lexi
ographi
 path ordering�lpo the following theorem holds.(0) If � is the order type of a termination ordering � for a �nite rewrite system R then the fun
tion G�from the Slow-Growing Hierar
hy bounds the lengths of redu
tion sequen
es in R.From (0) together with Girard's Hierar
hy Comparison Theorem one derives(I) If the rules of a �nite rewrite system R are redu
ing under �rpo then the lengths of redu
tion sequen
esin R are bounded by some primitive re
ursive fun
tion.(II) If the rules of a �nite rewrite system R are redu
ing under �lpo then the lengths of redu
tion sequen
esin R are bounded by some fun
tion F� from the fast-growing hierar
hy below !!.Unfortunately the proof of (0) given in [Ci
hon 1990℄ (or [Ci
hon 1993℄) 
ontains a major error (namelyLemma 4.16 in [Ci
hon 1990℄, Lemma 6.9 in [Ci
hon 1993℄). But in [Hofbauer 1990℄ and [Weiermann 199?℄,resp., by means of rather 
umbersome 
al
ulations the 
orre
tness of (I) and (II) has been shown dire
tly, i.e.without referring to the slow-growing hierar
hy. In the present paper we give alternative proofs of (I) and (II)whi
h avoid those 
umbersome 
al
ulations and in addition provide very good insight into the relationshipbetween the \strength" of a termination ordering � and the derivation lengths in rewrite systems redu
ingunder �. We show that if a �nite rewrite system R is redu
ing under �rpo (�lpo, resp.) then terminationof R 
an be proved within the fragment �01-IA (�02-IA, resp.) of Peano-Arithmeti
 PA. Combining this withthe well-known proof-theoreti
al result on bounds for provable �02-senten
es in fragments of PA (
f. [Parsons1966℄) yields (I) and (II).Sin
e the treatment of �lpo is parti
ularly simple, we start with the proof of (II) whi
h runs as follows. Inx1 we 
arry out a termination (or wellfoundedness) proof for �lpo whi
h as its main tool uses the �11-setW := TfX � T : 8t(8s�lpot(s 2 X) ! t 2 X)g (i.e. the so-
alled a

essible part of �lpo). Then in x2we take advantage of the fa
t that for proving termination of a single �nite rewrite system redu
ing under�lpo one does not need the full relation �lpo, sin
e every su
h system R is already redu
ing under a suitable\approximation" �k of �lpo (with k 2 IN depending on R). The essential property of �k is that for everyterm t there are only �nitely many prede
essors s �k t and therefore the a

essible part Wk of �k 
analready be de�ned by a �01-formula. Moreover by repla
ing in the termination proof for �lpo all o

urren
esof �lpo andW by �k,Wk, resp., one obtains a termination proof for �k whi
h is formalizable in the fragment�02-IA of Peano-Arithmeti
. It follows that if R is redu
ing under �k then �02-IA proves the �02-senten
esaying that for every term t there exists an l 2 IN su
h that every R-redu
tion sequen
e starting with t haslength less than l. Now one applies the above mentioned result from 
lassi
al proof-theory and obtains (II).The main idea for the just sket
hed proof (namely the transition from the �11-set W to the �01-set(s) Wk)1




omes from [Arai 1991℄ where a similar method has been used to establish one dire
tion of the Hierar
hyComparison Theorem (
f. also [S
hmerl 1981℄).In x3 we de�ne suitable approximations �k for the re
ursive path ordering �rpo and prove wellfoundednessof �k within �01-IA. Then (I) is established in the same way as (II).x1 A termination proof for the lexi
ographi
 path orderingLet p 2 IN, and let f0; :::; fp be fun
tion symbols where ea
h f� has a �xed arity #(f�).Let T be the set of all terms built up from variables v0; v1; ::: by means of f0; :::; fp.In the following s; t; si; ti denote elements of T , and i; j; k; l;m; n denote natural numbers.AbbreviationBy A(�; s; t) we abbreviate the following proposition:t is of the form f�t1:::tn and one of the following three 
ases holds(� 1) s � tj for some j 2 f1; :::; ng(� 2) s = f�s1:::sm with � < � and s1; :::; sm � t(� 3) s = f�s1:::sn and there is a j 2 f1; :::; ng su
h that 8i<j(si = ti) ^ sj � tj ^ sj+1; :::; sn � t.As usual s � t abbreviates s � t _ s = t.De�nitionThe lexi
ographi
 path ordering �lpo on T is the least binary relation � su
h that 8s; t(A(�; s; t)! s � t).Remark : As an immediate 
onsequen
e from this de�nition we get: 8s; t(s �lpo t! A(�lpo; s; t)).We now prove that (T;�lpo) is wellfounded.To simplify notation we write � for �lpo.De�nitionLet W be the a

essible part of (T;�), i.e. W := TfX � T : 8t(8s�t(s 2 X)! t 2 X)g.Corollary(W1) 8t(8s�t(s 2W )$ t 2W ),(W2) 8t2W (8s�t F (s)! F (t))! 8t2W F (t), for ea
h predi
ate (formula) F .De�nition(s1; :::; sn) �lex (t1; :::; tn) :() 9j2f1; :::; ng[ sj � tj ^ 8i<j(si = ti) ℄.Lemma 1 (Trans�nite indu
tion over (Wn;�lex) )8t1; :::; tn 2W [8s1; :::; sn 2 W ( (s1; :::; sn) �lex (t1; :::; tn)! G(s1; :::; sn) ) ! G(t1; :::; tn) ℄!! 8t1; :::; tn 2W G(t1; :::; tn).Proof by indu
tion on n:1. n = 1: Trivial 
onsequen
e of (W1),(W2).2. n > 1: Abbreviations:G(t1) :� 8s2; :::; sn 2 W G(t1; s2; :::; sn),A :� 8t1; :::; tn 2W [8s1; :::; sn 2 W ( (s1; :::; sn) �lex (t1; :::; tn)! G(s1; :::; sn) )! G(t1; :::; tn) ℄,B :� t1 2 W ^ 8s1 � t1G(s1),C :� t2; :::; tn 2 W ^ 8s2; :::; sn 2W ( (s2; :::; sn) �lex (t2; :::; tn)! G(t1; s2; :::; sn) ).2



Then we getB ^ C ! t1; :::; tn 2 W ^ 8s1; :::; sn 2 W ( (s1; :::; sn) �lex (t1; :::; tn)! G(s1; :::; sn) ),A ^ B ^ C ! G(t1; t2; :::; tn),A^B ! 8t2; :::; tn 2 W [8s2; :::; sn 2W ( (s2; :::; sn) �lex (t2; :::; tn)! G(t1; s2; :::; sn) ) ! G(t1; t2; :::; tn) ℄,A ^ B ! 8t2; :::; tn 2 W G(t1; t2; :::; tn), [ by IH ℄A ! 8t1 2W (8s1 � t1G(s1) ! G(t1) ),A ! 8t1 2W G(t1) [ by (W2) ℄.Lemma 28t1; :::; tn 2W ( f�t1:::tn 2W ), where n := #(�).Proof by indu
tion on �:By Lemma 1 it suÆ
es to prove:8t1; :::; tn 2W [8s1; :::; sn 2 W ((s1; :::; sn) �lex (t1; :::; tn) ! f�s1:::sn 2W ) ! f�t1:::tn 2 W ℄.So let us assume that t1; :::; tn 2W and 8s1; :::; sn 2W ((s1; :::; sn) �lex (t1; :::; tn) ! f�s1:::sn 2 W ) (�).By side indu
tion on the build-up of s we prove: s � f�t1:::tn ! s 2W . Then (W1) yields f�t1:::tn 2 W .So let s � t := f�t1:::tn. Then one of the following three 
ases holds.1. s � tj : In this 
ase s 2 W follows from tj 2 W by (W1).2. s = f�s1:::sm with � < � and s1; :::; sm � t:Then by SIH we have s1; :::; sm 2W whi
h by MIH yields s 2 W .3. s = f�s1:::sn with s1 = t1; :::; sj�1 = tj�1; sj � tj and sj+1; :::; sn � t:Then (s1; :::; sn) �lex (t1; :::; tn), and by SIH we have s1; :::; sn 2 W .Therefore the assumption (�) yields s 2W .Lemma 3. 8t( t 2W ).Proof by indu
tion on the build-up of t using Lemma 2.Corollary. There is no in�nite �-des
ending sequen
e (ti)i2IN.Proof: By (W2) one obtains for ea
h t 2 W : There exists no in�nite �-des
ending sequen
e (ti)i2IN witht0 = t. From this the 
laim follows by Lemma 3.x2 Proof-theoreti
 analysisNow we analyze the just given wellfoundedness proof for (T;�). The �rst observation is that we did not usethe impli
ation A(�; s; t)! s � t but only its reverse dire
tion (namely in the proof of Lemma 2). Se
ondlywe observe that 
omplete indu
tion has only been used w.r.t. the following formulas �(x):�(x) :� (x 2W ) [ in the proof of Lemma 3 ℄,�(x) :� (x � f�t1:::tn ! x 2 W ) [ in the proof of Lemma 2 ℄.Further in the proof of Lemma 2 we used Lemma 1 for G(t1; :::; tn) :� (f�t1:::tn 2 W ), and in the proof ofLemma 1 we used (W2) for F (t) :� G(t). Hen
e in the whole wellfoundedness proof the s
heme (W2) isonly needed for the formulas F (t) :� 8t2; :::; tn 2 W (f�t t2:::tn 2 W ).Putting things together we obtain the following meta-theorem:If � is a primitive re
ursive relation on T su
h that �02-IA proves 8s; t(s � t ! A(�; s; t)) and if W is a�01-set su
h that �02-IA proves (W1) and (W2) for all �02-formulas F (t) then the wellfoundedness proof fromx1 
an be formalized in �02-IA, and thus �02-IA proves 8t(t 2W ).3



Below we de�ne (for ea
h k 2 IN) a relation �k on T and a subset Wk of T su
h that �k and Wk satisfy theassumptions of the just stated meta-theorem (
f. Lemma 4). Hen
e this theorem yields �02-IA` 8t(t 2Wk).De�nition of jtj for ea
h t 2 T1. jvij := i2. jf�t1:::tnj := maxfn; jt1j; :::; jtnjg+ 1.Indu
tive De�nition of �kA(�k; s; t) & jsj � k + jtj =) s �k t .Corollary: s �k t =) A(�k; s; t)& jsj � k + jtj.RemarkIn the following we assume some 
anoni
al arithmetization of terms and identify ea
h term with its numeri
al
ode (G�odel number). A

ording to this T and�k are primitive re
ursive relations. Without loss of generalitywe may assume that there is an in
reasing primitive re
ursive fun
tion h su
h that jtj � t < h(jtj) for all t.Hen
e 8s �k t F (s) , 8s < h(k + t)[ s �k t ! F (s) ℄ and therefore 8s �k t 
an be treated as a boundedquanti�er.De�nitiont 2 (t0; :::; tn�1) :, 9i < n(t = ti)Dk := f(t0; :::; tl) : 8j � l8s �k tj(s 2 (t0; :::; tj�1))gWk := ft : 9d(d 2 Dk ^ t 2 d)gThe elements of Dk are 
alled k-derivations.Lemma 4In �02-IA the following is provable(Wk1) 8t(8s �k t(s 2Wk) $ t 2Wk).(Wk2) 8t2Wk(8s �k t F (s)! F (t)) ! 8t2Wk F (t), for ea
h �02-formula F .Proof:(Wk1) \(": obvious.\)": (1) 8s �k t9d(d 2 Dk ^ s 2 d)! 9d(d 2 Dk ^ 8s �k t(s 2 d)).Proof: Under the assumption 8s �k t9d(d 2 Dk ^ s 2 d) one proves 9d(d 2 Dk ^ 8s < n(s �k t ! s 2 d))by indu
tion on n. Sin
e s �k t implies s < h(k + t) this yields 9d(d 2 Dk ^ 8s �k t(s 2 d)).Assume that d 2 Dk ^ 8s < n(s �k t ! s 2 d). If n �k t does not hold then 8s < n+1(s �k t ! s 2 d). Ifn �k t holds then by assumption there exists some ~d 2 Dk with n 2 ~d, and it follows that d � ~d 2 Dk and8s < n+1(s �k t! s 2 d � ~d).By de�nition of Dk we have (2) d 2 Dk ^ 8s �k t(s 2 d)! d � (t) 2 Dk.From (1) and (2) we get 8s �k t(s 2Wk)! t 2Wk.(Wk2): Assume 8t2Wk(8s �k t F (s) ! F (t)) and t 2 Wk . Then t 2 (t0; :::; tl) for some k-derivation(t0; :::; tl). By indu
tion on i we prove 8i � l F (ti). So let j � l. Then 8s �k tj(s 2 (t0; :::; tj�1)) and by IH8i < j F (ti). Hen
e 8s �k tj F (s) and therefore F (tj), sin
e tj 2 Wk.As explained above the 
ontents of x1 together with Lemma 4 yield �02-IA ` 8t(t 2 Wk), i.e. �02-IA `8t9d(d 2 Dk ^ t 2 d). Therefore a

ording to [Parsons 1966℄ there exists an � < !! su
h that 8t9d �F�(t)(d 2 Dk ^ t 2 d) and 
onsequently 8(t; t1; :::; tn)[ tn �k : : : �k t1 �k t ! n < F�(t) ℄. (Note that iftn �k : : : �k t1 �k t, and d is a k-derivation of t then (tn; :::; t1; t) is a subsequen
e of d and thus n < d.)4



Now let R be some �nite rewrite system over T whi
h is redu
ing under �lpo, i.e. R is a �nite subset off(`; r) 2 T � T : r �lpo `g. As usual !R denotes the rewrite relation generated by R, i.e. t!R s i� thereexists (`; r) 2 R and a substitution � su
h that s results from t by repla
ing one o

urren
e of `� in t by r�.Below (in Lemma 7) we will prove that !R is 
ontained in �k with k := maxfjrj : (`; r) 2 Rg. Thereforethe just established bound on the lengths of �k-des
ending sequen
es is also a bound for the lengths ofR-redu
tion sequen
es. This �nishes the proof of (II).Lemma 5s �lpo t =) s� �jsj t�, for ea
h substitution �.Proof: One �rst proves s �lpo t ) js�j � jsj + jt�j by indu
tion on the de�nition of �lpo. Using this onethen obtains s �lpo t) s� �jsj t� by another indu
tion of this kind.Lemma 6If t = f�t1:::tn and s = f�t1:::tj�1t0jtj+1:::tn with t0j �k tj then s �k t.Proof: By (�k 1) we have tj+1; :::; tn �k t, and from t0j �k tj we get jt0j j � k+ jtj j < k+ jtj. Hen
e jsj � k+ jtjand therefore s �k t by (�k 3).Lemma 7t!R s =) s �k t, with k := maxfjrj : (`; r) 2 Rg.Proof:By Lemma 5 we have r� �jrj `� and thus r� �k `� for ea
h (`; r) 2 R and ea
h substitution �. From thistogether with Lemma 6 we obtain the assertion by indu
tion on jtj.x3 Treatment of the re
ursive path ordering �rpoIn this se
tion we indi
ate brie
y how a proof of (I) 
an be obtained by some minor modi�
ations from theproof of (II) given in x1 and x2. We only present a list of de�nitions and lemmata and leave it to the readerto 
ompose from that a proof of (I) by observing that all what follows 
an be formalized in �01-IA.f0; :::; fp are now assumed to be varyadi
 fun
tion symbols.T � denotes the set of all �nite sequen
es of terms t 2 T .Every term t 2 T is identi�ed with the one element sequen
e (t) 2 T �. Hen
e T � T �.We use s; t as synta
ti
 variables for elements of T , and a; b; 
 as synta
ti
 variables for elements of T �.For a = (t1; :::; tn) we set jaj := maxfn; jt1j; :::; jtnjg and f�a := f�t1:::tn. Hen
e jf�aj = jaj+ 1.Further we de�ne: (s0; :::; sm�1) � (t0; :::; tn�1) :, m = n ^ 9 permutation � of n 8i<n(ti = s�(i))We forget the de�nition of �k given in x2.Indu
tive De�nition of b �k a for a; b 2 T �1. s �k tj & j 2 f1; :::; ng =) s �k f�t1:::tn2. t = f�t1:::tn& [ b = f�s1:::sm with � < � or b = (s1; :::; sm) ℄ & s1; :::; sm �k t& jbj � k + jtj =) b �k t3. t = f�t1:::tn& s = f�s1:::sm&(s1; :::; sm) �k (t1; :::; tn)& jsj � k + jtj =) s �k t4. a � (t0; :::; tn)& b � b0 � : : : � bn&n � 1&8i � n(bi �k ti)& 9i � n(bi �k ti) =) b �k aNote that in rule 2 (and also in rule 3) m = 0 is allowed. Hen
e ( ) �k t for ea
h t 2 T .5



De�nition of �rpoThe re
ursive path ordering �rpo on T � is indu
tively de�ned by the same rules as �k only that in rule 2and rule 3 the 
ondition j � j � k + jtj is omitted.Lemma 8a) b �k t =) jbj � k + jtj.b) b �k a =) jbj � jaj � (k + jaj).Proof:a) trivial.b) Let a � (t0; :::; tn) and b � b0 � : : : � bn with 8i � n(bi �k ti). Then 8i � n(jbij � k + jtij � k + jaj) andthus jbj � jb0j+ : : :+ jbnj � (n+1) � (k + jaj) � jaj � (k + jaj).De�nitionDk := f(a0; :::; al) : 8j � l8
 �k aj(
 2 (a0; :::; aj�1))gWk := fa 2 T � : 9d(d 2 Dk ^ a 2 d)gLemma 9(Wk1) 8a(8b�ka(b 2Wk)$ a 2Wk)(Wk2) 8a2Wk(8b�kaF (b)! F (a))! 8a2Wk F (a), for all F 2 �01.Lemma 10If 
 �k a � b then there are a1; b1 su
h that 
 � a1 � b1 and [a1 = a ^ b1 �k b℄ or [a1 �k a ^ b1 �k b℄.Proof:Let 
 �k a � b with a = (t0; :::; tl�1) and b = (tl; :::; tn�1). Then there are 
0; ::::
n�1 with 
 � 
0 � : : : � 
n�1and 8i < n(
i �k ti). Let a1 := 
0 � : : : � 
l�1 and b1 := 
l � : : : � 
n�1.Lemma 11a 2Wk ^ b 2Wk ! a � b 2 Wk.Proof:(1) (
0; :::; 
n�1) 2 Dk ^ 8x �k a8i < n(x � 
i 2Wk) ! 8i < n(a � 
i 2Wk).Proof: We prove a � 
i 2Wk by indu
tion on i.So let i < n and b := 
i. We show 8
 �k a � b(
 2Wk).Let 
 �k a � b. By Lemma 10 we have 
 � a1 � b1 with [a1 = a ^ b1 �k b℄ or [a1 �k a ^ b1 �k b℄.Case 1: a1 = a ^ b1 �k b. Then b1 = 
j with j < i. Hen
e, by I.H., 
 � a � b1 2Wk.Case 2: a1 �k a ^ b1 �k b. Then b1 = 
j with j � i. Hen
e a1 � b1 2Wk by assumption.From (1) and (Wk2) we get(2) (
0; :::; 
n�1) 2 Dk ^ a 2Wk ! 8i < n(a � 
i 2Wk),(3) d 2 Dk ^ a 2 Wk ^ b 2 d! a � b 2Wk,(4) a 2 Wk ^ b 2Wk ! a � b 2Wk.Lemma 128a 2Wk( f�a 2Wk ).Proof by indu
tion on �:We prove 8a 2Wk(8b �k a(f�b 2Wk) ! f�a 2Wk ). The 
laim then follows by (Wk2).So assume a = (t1; :::; tn) 2Wk and 8b �k a( f�b 2Wk ).6



By side indu
tion on the build-up of 
 we prove 
 2 Wk for all 
 �k f�a. Then (Wk1) yields f�a 2 Wk.Case 1: 
 = 
0 � 
1 with 
0; 
1 6= ( ).Then 
0; 
1 �k f�a and therefore by SIH 
0; 
1 2Wk. From this we get 
 2Wk by Lemma 11.Case 2: 
 2 T and 
 �k tj with 1 � j � n. Then 
 2 Wk follows from 
 �k tj �k a 2Wk by (Wk1).Case 3: 
 = f�s1:::sm with � < � and s1; :::; sm �k f�a and j
j � k + jf�aj.Then ~
 := (s1; :::; sm) �k f�a, and the SIH yields ~
 2 Wk. From this we obtain 
 = f�~
 2 Wk by MIH.Case 4: 
 = f�b with b �k a. Then by assumption 
 2 Wk.Lemma 138a( a 2Wk ).Proof by indu
tion on the build-up of a using Lemma 11 and Lemma 12.Lemma 14b �rpo a =) b� �jbj a� for ea
h substitution �.Lemma 15If R is a �nite rewrite system redu
ing under �rpo then the rewrite relation !R is 
ontained in �k withk := maxfjrj : (`; r) 2 Rg.Referen
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