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x1 Fundamental sequen
es for ordinals < "


+1

Abbreviations.

Su

 := f�+ 1 : � 2 Ong , P := f!

�

: � 2 Ong;

� =

NF


 +


�

� :, � = 
 +


�

� with 
 = 


�+1

� ~
 and 0 < � < 
.

De�nition (Fundamental sequen
es for limit ordinals < "


+1

)

Let � =

NF


 +


�

� 2 Lim.

�[x℄ :=

(


 +


�

x


 +


�

�

0

+


�[x℄


 +


�

�

0

+


�

0

x

�(�) :=

(

� if � 2 Lim \ 


�(�) if � = �

0

+1 & � 2 Lim


 if � = �

0

+1 & � = �

0

+1

We also set �(� + 1) := 1 and �(0) := 0.

Proposition.

If � 2 Lim then (�[x℄)

x<�(�)

is a fundamental sequen
e for �, i.e.,

8x; y(x < y < �) �[x℄ < �[y℄ < �) and � = sup

x<�(a)

�[x℄.

De�nition. �

�

:=

�

0 if � = 0

maxf


�

; �

�

; �g if � =

NF


 +


�

�

.

Lemma 1.1. For � 2 Lim and x < �(�) the following holds

(a) x � �[x℄

�

;

(b) �(�) < 
 ) �(�) � �

�

;

(
) �[x℄

�

� maxf�

�

; xg and (�(�) < 
 ) �[x℄

�

� �

�

);

(d) �(�) 6= �

�

& 1 � x ) �

�

� �[x℄

�

+ 1;

(e) �[x℄ � Æ < � ) �[x℄

�

� Æ

�

.
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x2 The fun
tion # : "


+1

! 


In the following, �; 
; Æ; �; �; � denote ordinals < "


+1

, and � denotes ordinals < 
.

De�nition. #� := minf� 2 P : �

�

< � & 8� < �(�

�

< � ) #� < �)g

Lemma 2.1.

(a) �

�

< #�.

(b) �

0

< � & �

�

0

< #� ) #�

0

< #�.

(
) #�

0

= #�

1

) �

0

= �

1

.

(d) �

0

< � < 
 ) #(
�+ �

0

) < #(
�+ �).

Proof:

(
) Assume �

0

< �

1

. Then �

0

< #�

1

(whi
h yields #�

0

< #�

1

) or #�

1

� �

�

0

< #�

0

.

(d) (
�+ �

0

)

�

= maxf(
�)

�

; �

0

g � maxf(
�)

�

; �g = (
�+ �)

�

< #(
�+ �).

Lemma 2.2. 8� < "


+1

(#� < 
).

Proof by trans�nite indu
tion on �:

We show that X

�

:= f� < 
 : 8� < �(�

�

< � ) #(�) < �)g is 
losed unbounded in 
.


losed: Let ; 6= U � X

�

. � < � & �

�

< sup(U) ) � < � & �

�

< � for some � 2 U ) #� < � � sup(U).

unbounded: Let �

0

< 
 be given. We set �

n+1

:= sup

+

f#� : � < � & �

�

< �

n

g.

�

n

< 
 ) 
ard(f� : �

�

< �

n

g) < 
 ) �

n+1

< 
. Hen
e � := sup

n2!

�

n

< 
.

Moreover it 
an easily be seen that � 2 X

�

.

De�nition.

C(�; �) := the least set X su
h that � [ f� + � : �; � 2 Xg [ f#(�) : � < � & �

�

2 Xg � X .

Lemma 2.3.

(a) C(�; �

�

+1) = C(�; #(�)) = #(�).

(b) � 2 #(�) \ P =) � � �

�

or � = #(�) with � < �.

Proof:

(1) C(�; #(�)) = #(�). [This follows immediately from the de�nitions. ℄

(2) C(�; �

�

+1) = 
 2 On =) 
 = #(�).

Proof: \�": �

�

< #(�) ) C(�; �

�

+1) � C(�; #(�)) = #(�).

\�": By de�nition of C(�; �

�

+1), 
 2 P & �

�

< 
 & f#(�) : � < � & �

�

2 
g � 
. Hen
e #(�) � 
.

HS 2: C(�; �) 2 On.

Proof by indu
tion on �. By side indu
tion on 
 we prove: 
 2 C(�; �) ) 
 � C(�; �).

1. 
 2 �: trivial. 2. 
 = 


0

+ 


1

mit 


0

; 


1

2 C(�; �): By SIH 


0

[ 


1

� C(�; �) whi
h together with




0

2 C(�; �) yields 


0

+ 


1

� C(�; �).

3. 
 = #(�) with � < � & �

�

2 C(�; �): Using �

�

< 
 by SIH we get �

�

+1 � C(�; �), hen
e C(�; �

�

+1) �

C(�; �). By MIH and HS1 we have 
 = #(�) = C(�; �

�

+1).

(b) follows immediately from (a) and the de�nition of C(�; �

�

+1).
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From now we only 
onsider ordinals � < "


+1

with �

�

< #("


+1

). Espe
ially � < #("


+1

).

Then for ea
h � 2 P there exists a � < "


+1

with � = #�.

De�nition. For � = 
 � ~� let

FIX(�) := f#(
) : �+
 � 
 & �

�

< #(
)g.

#

�

�

(0) :=

n

�(�) if �[1℄

�

< �

�

= �(�) = #(�

1

) with � < �

1

0 otherwise

, #

�

�

(�) :=

�

#(�+ �

0

) if � = �

0

+1

� if � 2 Lim

.

Lemma 2.4. Let � = 
 � ~� and � 2 Su

 [ FIX(�).

(a) (�+ �)

�

� #

�

�

(�).

(b) 8Æ < �(#(� + Æ) � #

�

�

(�)).

(
) � 2 FIX(�) =) 8Æ < �(#(� + Æ) < �).

Proof:

(a) 1. � = �

0

+1: (�+ �)

�

= maxf�

�

; �

0

+1g � #(�+ �

0

).

2. �

�

< � = #(
): Then (�+ �)

�

= � = #

�

�

(�).

(
) Let Æ = #(


0

) < � = #(
) where �+
 � 
 and �

�

< #
.

Then �+ Æ < �+
 � 
 and (�+ Æ)

�

= maxf�

�

; Æg < #
. Hen
e #(�+ Æ) < #
 = �.

(b) Due to (
), it suÆ
es to prove the 
laim for � = �

0

+ 1.

Æ < � ) �+ Æ � �+ �

0

2:1d

) #(�+ Æ) � #(�+ �

0

) = #

�

�

(�

0

).

Lemma 2.5. Let � = 
 � ~� & � 2 Lim n FIX(�).

(a) 9Æ < �(� � #(� + Æ)).

(b) #(� + �) = sup

x<�

#(�+ x) =: �.

Proof:

(a) 1. If � = �

0

+ �

1

with 0 < �

1

� �

0

, then �

0

< � < #(�+ �

0

).

2. If � = #
 � �

�

, then 0 < � � �

�

< #(�+ 0).

3. If �

�

< � = #
 with 
 < �+
, then 


�

+ 1 < � = #
 < #(�+ 


�

+ 1).

(b) 1. x < � ) �+ x < �+ � & (�+ x)

�

= maxf�

�

; xg � (� + �)

�

< #(�+ �). Hen
e � � #(�+ �).

2. By (a) we have an x

0

< � su
h that � < #(�+ x

0

), and so (� + �)

�

= maxf�

�

; �g < #(�+ x

0

).

� < �+ � & �

�

< � ) 9x < �(� < �+ x & �

�

< #(�+ x)) ) 9x < �(#� < #(� + x) � �) ) #� < �.

Hen
e #(�+ �) � �.

Lemma 2.6. � 2 Su

 [ FIX(0) =) #(�) = sup

n<!

#

�

0

(�) � n =: �.

Proof:

Obviously #

�

0

(�) � n < #(�). By indu
tion on Æ we prove 8Æ < #(�)(Æ < �):

1. Æ = Æ

0

+ Æ

1

: Immediate by IH. 2. Æ � �: Then (by 2.4a) Æ � #

�

0

(�).

3. Æ = #(
) with 
 < �: Then #(
) � #

�

0

(�) by 2.4b.
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Lemma 2.7.

If � = 
 � ~�, �(�) < 
, and � 2 f0g [ Su

 [ FIX(�), then #(�+ �) = sup

x<�(�)

#(�[x℄ + #

�

�

(�)) =: �.

Proof:

1. x < �(�)) �[x℄+#

�

�

(�)<�&(�[x℄+#

�

�

(�))

�

1:1


� maxf�

�

; #

�

�

(�)g<#(�+�)) #(�[x℄+#

�

�

(�)) < #(�+�).

2. By indu
tion on Æ we prove 8Æ < #(�+ �)(Æ < �). Assume Æ = #(
) < #(� + �).

2.1. 
 = �+ � with � < �: Then #(
) � #

�

�

(�) by 2.4b.

2.2. 
 < �: Then there exists x < �(�) su
h that 
 < �[x℄ and (by IH) 


�

< #(�[x℄ + #

�

�

(�)).

Hen
e #(
) < #(�[x℄ + #

�

�

(�)) � �.

2.3. Æ � (�+ �)

�

:

2.3.1. 0 < �: Then Æ � #

�

�

(�) by 2.4a.

2.3.2. 0 = � and �

�

� #

�

�

(0): Then Æ � #

�

�

(�) follows from Æ � �

�

.

2.3.3. 0 = � and #

�

�

(0) < �

�

: Then #

�

�

(0) = 0 and Æ � �

�

and :(�[1℄

�

< �

�

= �(�) = #(�

1

) with �

1

> �).

To prove: �

�

< �. One easily sees that �(�) = sup

x<�(�)

x � sup

x<�(�)

#(�[x℄) � �.

(i) �

�

� �[1℄

�

+ 1: Then �

�

< �, sin
e �[1℄

�

< #�[1℄ � � and 1 = #0 < #�[1℄ 2 P .

(ii) �

�

= �(�) 62 P : Then �

�

< � follows from �(�) � � & � 2 P .

(iii) otherwise: From �[1℄

�

+ 1 < �

�

by L.1.1d we get �(�) = �

�

2 P . Hen
e �(�) = #(�

1

) with �

1

< �.

Now there exists an x < �(�) = #(�

1

) with �

1

< �[x℄ & �

�

1

� x < #(�[x℄), and so �

�

= #(�

1

) < �.

Lemma 2.8. If �(�) = 
, � 2 f0g [ Su

 [ FIX(�), and x

0

:= #

�

�

(�), x

n+1

:= #�[x

n

℄, then

(a) x

n

< x

n+1

< #(� + �) for all n; (b) #(� + �) = sup

n<!

x

n

=: �.

Proof:

(a) x

n

� �[x

n

℄

�

< #�[x

n

℄ = x

n+1

. | Proof of x

n

< #(�+ �) by indu
tion on n:

1. x

0

= #

�

�

(�) < #(�+ �).

2. x

n

< #(�+ �)

1:1


) �[x

n

℄ < � & �[x

n

℄

�

< #(� + �) ) x

n+1

= #�[x

n

℄ < #(�+ �).

(b) We have �

(a)

� #(�+ �), � 2 P and

either (� + �)

�

� #

�

�

(�) = x

0

< � or (�+ �)

�

= �

�

� �[x

1

℄

�

+ 1 � #�[x

1

℄ = x

2

< �.

It remains to prove 8
 < �+�(


�

< � ) #
 < �): Let 
 < �+� & 


�

< x

n+1

.

1. 
 < �. Assume �[x

n+1

℄ � 
. Then x

n+1

L:1:1a

� �[x

n+1

℄

�

L:1:1e

� 


�

< x

n+1

. Contradi
tion.

Hen
e 
 < �[x

n+1

℄ and so #
 < x

n+2

< �.

2. 
 = �+ �

0

with �

0

< �: Then by 2.4b #
 � #

�

�

(�) = x

0

< �.

DEFINITION of Æfng for Æ 2 Lim \ #("


+1

) and n < !.

I. If Æ =

NF

Æ

0

+ :::+ Æ

k

then Æfng := Æ

0

+ :::+ Æ

k�1

+ Æ

k

fng.

II. If Æ = #(�+ �) with � = 
�~� and � 2 Lim n FIX(�), then Æfng := #(�+ �fng)

III. If Æ = #(�+ �) with � = 
�~� and � 2 f0g [ Su

 [ FIX(�) and � := �(�) then

Æfng :=

8

<

:

#

�

�

(�) � (n+1) if � = 0

#(�[�℄)

n+1

(#

�

�

(�)) if � = 


#(�[�fng℄ + #

�

�

(�)) if 0 < � < 


THEOREM. From Lemmata 2.5{2.8 it follows that Æ = sup

n<!

Æfng, for ea
h Æ 2 Lim \ #("


+1

).
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