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§1 Fundamental sequences for ordinals < eq

Abbreviations.
Succ:={a+1:a€0n}, P:={w*:acOn};

a=nrp Y+ QB & a=y+ Q78 with y = Q" -5 and 0 < 8 < Q.

Definition (Fundamental sequences for limit ordinals < eq41)
Let a =nr v+ Q"3 € Lim.

v+ Qx B8 if e LimNQ
alz] == {7 + Q160 + 1l () = {T(n) if B =Po+1&n € Lim
¥+ Q15 + Q"x Q iff=Ft+1&n=mn+l

We also set 7(a+ 1) := 1 and 7(0) := 0.

Proposition.
If a € Lim then (a[z]),<r(a) is a fundamental sequence for a, i.e.,
Vr,y(r <y <a= afz] <aly] <a) and a = sup, (4 afz].

0 ifa=0

Definition. o* := {max{v*,ﬂ*aﬂ} if o =npy+ Q76"

Lemma 1.1. For @ € Lim and z < 7(a) the following holds



§2 The function ¥ :eqy; — Q

In the following, a7, d, &, n, 0 denote ordinals < eqy1, and 3 denotes ordinals < §2.
Definition. da:=min{f € P:a* < &V < a(f* <=9 <h)}

Lemma 2.1.

(a) a* < da.
(b)

(¢c) Yap = Va1 = ag = ay.

(d) Bo < B<Q = IQa+ Boy) <IQa+pB).

Proof:

(c) Assume ap < ay. Then ag < $ay (which yields dap < Jay) or Yoy < aff < Yap.
(d) (R0 + Bo)* = max{(Ra)*, fo} < max{(R0)*, B} = (R + B)* < I(Qa + ),

ap < a & af <da = Jday < Ja.

Lemma 2.2. Va < ggi1(da < Q).

Proof by transfinite induction on a:

We show that X, 1= {6 < Q: V¢ < a(€* < 0= 9() <)} is closed unbounded in €.

closed: Let 0 #U C X,. £ <a & & <sup(U) = é<a& & <fforsomed €U = ¥ <6 <sup(U).
unbounded: Let 8y < Q be given. We set 8,11 :=sup™ {9 : £ < a & £* < B}

Bn <Q = card({: & < Bn}) <Q = By < Q. Hence 3 :=sup,,¢,, Bn < Q.

Moreover it can easily be seen that 8 € X,.

Definition.

C(a, B) := the least set X such that SU{{+n:&Ene XTU{I(E) :E<a& & e X} CX.

Lemma 2.3.

(a) Cla,a*+1) = C(a, Ha)) = ¥ a).

(b)y feda)NP = B <a* or f=19() with { < a.

Proof:

(1) Cla,¥(a)) = ¥(a). [This follows immediately from the definitions. ]

(2) Cla,a*+1) =v € On = v =¥ «).

Proof: “C”: a* < ¥(a) = Cla,a*+1) C C(a, Ha)) = ¥ a).

“D”: By definition of C'(a,a*+1), y e P& a* <y & {¥(§) : { < a & &* € v} C . Hence d(a) <.

HS 2: C(a,p) € On.

Proof by induction on «. By side induction on v we prove: v € C(a, 8) = ~v C C(a, 5).

1. v € B: trivial. 2. v = v + 1 mit v, € C(a,8): By SIH 79 U~ C C(a, ) which together with
Y € C(a, B) yields v0 + 11 € C(a, B).

3.y =9(¢) with £ < a & £* € C(a, B): Using &* < v by SIH we get £*+1 C C(a, ), hence C(a,£*+1) C
C(a,8). By MIH and HS1 we have v = 9(§) = C(&,£*+1).

(b) follows immediately from (a) and the definition of C'(a, a*+1).



From now we only consider ordinals o < eq41 with a* < ¥(eq+1). Especially § < ¥(eq41)-

Then for each § € P there exists a ¢ < eqy1 with § = 9¢€.

Definition. For a = Q- & let
FIX(a) :={9(7) :a + Q< v & a* <9(7)}.

v . () if a[1]* < a* =71(a) = Hay) with a < « * _ J9(a+pBo) if B=PFo+1
0= {7 ervio 1 GRS if § € Lim

Lemma 2.4. Let a = Q& and § € SuccU FIX(a).

(a) (a+B)" <I5(B).

(b) V6 < B(¥a +6) < I5(B))-

(c) B e FIX(a) = VI < B(I(a+0) < ).

Proof:

(a) 1. B = Po+1: (a+ f)* = max{a*, Bo+1} < Ha + Fo).

2. a* < B =9(y): Then (a+ B)* =B =9%(8).

(c) Let §d = ¥(y0) < B =9(y) where a + Q < v and a* < 9.
Then a4+ 6 < a+ 2 < v and (o + §)* = max{a*,d} < ¥y. Hence d(a + §) < ¥y = 8.
(b) Due to (c), it suffices to prove the claim for 8 = By + 1.
§<B = at+d<a+phy = da+d) < a+f)=0%8).

Lemma 2.5. Let a =Q-& & S € Lim \ FIX(a).

(a) 36 < B(B <Y (a +9)).

(b) ¥ a+B) = Sup, . Ha+zx)=:0.

Proof:

(a) 1. If B = Bo + 1 with 0 < 31 < B, then By < B < ¥ (a + Po).

2. Ifg=09y<a*, then 0 < B < a* < a+0).

3. Ifa* < B=vywithy<a+Q, then v*+1< 8 =0y < a+vy*+1).

b)l.z2<f = a+z<a+B& (a+z)* =max{a*,z} < (a+ B)* < I a+ [). Hence < I(a+ ).
2. By (a) we have an xy < 8 such that 8 < ¥(« + xp), and so (a + 8)* = max{a*, 8} < Ha + zo).
E<a+&é <0 > e<Plél<atz& <da+z) = FJr<B<Ha+z)<0) = ¥ <0.
Hence ¢(a + () < 6.

Lemma 2.6. (€ SuccUFIX(0) = 9¥(8) = sup,,, 95(3) -n =:6.

Proof:

Obviously 95(8) - n < 9(8). By induction on § we prove ¥é < 9(3)(d < 6):
1. 6 = dp + d1: Immediate by IH. 2. § < 3: Then (by 2.4a) § < 9§(B).

3. 0 = 9(y) with v < #: Then ¥(y) < #;(8) by 2.4b.



Lemma 2.7.

fa=0Q-a r(a) <Q, and g € {0} USucc UFIX(a), then J(a + B) = sup, ., (o) ¥(a[z] + JI,(3)) =: 6.
Proof:

1. < 7(a) = alr+9%(8)<a & (alr]+9%(8))* < max{a*,9%(8)}<d(a-+B) = Iafz]+9%(8)) < I(ath).
2. By induction on § we prove Vd < ¥(a + B)(6 < 8). Assume § = ¥(y) < Ha + 5).

2.1. vy = a+n with n < 8: Then ¥(y) < #%(8) by 2.4b.

2.2. v < a: Then there exists < 7(a) such that v < a[z] and (by TH) v* < d(afz] + ¥%(B)).

Hence 9(7y) < d(afz] + 9% (8)) < 0.

23. 0 < (a+pB)*:

2.3.1. 0 < B: Then 6 < ¥%(5) by 2.4a.

2.3.2. 0= and a* < ¥%(0): Then § < ¥%(B) follows from § < a*.

2.3.3. 0 = S and ¥%(0) < a*: Then ¥%(0) =0 and § < a* and —(a[1]* < a* = 7(a) = ¥(ay) with a; > a).
To prove: a* < 6. One easily sees that T(a) = SUPg<r(a) T < SUPscr(a) Faz]) < 6.

(i) a* < a[l1]* + 1: Then a* < 6, since a[l1]* < Ya[l] <0 and 1 =90 < Ya[l] € P.

(if) a* = 7(a) € P: Then a* < 6 follows from 7(a) < 8 & 0 € P.

(iii) otherwise: From a[1]* + 1 < a* by L.1.1d we get 7(a) = a* € P. Hence 7(a) = #(cv1) with oy < a.
Now there exists an = < 7(a) = #(aq) with a1 < afz] & af < 2 < ¥(afz]), and so a* = d(ay) < 6.

Lemma 2.8. If 7(a) = Q, 8 € {0} USucc UFIX(a), and zg := 9%(8), Tnt1 := dafz,], then
(a) Zn, < Zpy1 <Y (a+p) forall n;  (b) da+ F) = sup,«, Tn =: 0.

Proof:

(a) T, < afzy]* < dafzy] = zpg1. — Proof of z,, < 9(a + () by induction on n:

1. 2o = 95(8) < ¥ (a+ B).

2. 2, <o+ B) 2 alrn] <a&afza]* <Ia+B) = Ty = Vafzn] < I a+B).

(b) We have 6 (%) Ha+B), 0 € Pand

either (a + f)* < 95(B) =xzo <Bor (a+ ) =a* <afz1]* +1 < Yafz1] =22 < 6.

It remains to prove Vy < a+8(7* < 8 = 9y < 60): Let v < a+8 & v* < Tpi1-

1. v < a. Assume a[z,41] <. Then 41 L'Ela alxp1]* L'ge v* < Zpa1- Contradiction.
Hence v < a[z,+1] and so 9y < zp42 < 6.

2. v = a+ fo with Sy < B: Then by 2.4b ¥y < 9% (B) = 2o < 6.

DEFINITION of 6{n} for § € LimN¥(eq+1) and n < w.
I.If 6 =nF 6o + ... + &) then (5{77,} =0p+ ... +O0p—1 + 5k{n}
II. If 6 = ¥(a + B) with « = Q-& and 8 € Lim \ FIX(«), then 0{n} := ¢ (a + S{n})
IIL. If § = ¥ + B) with a = Q-& and S € {0} U Succ U FIX(a) and 7 := 7(a) then
9% (8) - (n+1) ifr=0
o{n} = ¢ V(a[)"H(I5(B) ifr=0
Ha[r{n}] +F%(B)) fO0<T<O
THEOREM. From Lemmata 2.5-2.8 it follows that § = sup,,,, 6{n}, for each 6 € Lim Nd(eqy1).
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