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henx1 Syntax und semanti
s of 1st-order predi
ate logi
Mathemati
al logi
 is the study of the type of reasoning done in mathemati
s. The 
onspi
uous feature ofmathemati
s, as opposed to other s
ien
es, is the use of proofs instead of observations. In 
ourse of timeit has turned out that almost all mathemati
al proofs 
an be represented in 
omparatively simple formallanguage, the language of 1st-order predi
ate logi
. Mathemati
al statements are modeled in this languageby so-
alled formulas, whi
h are �nite strings of basi
 symbols formed a

ording to 
ertain grammati
alrules. We start from a �xed set of logi
al symbols whi
h will be supplemented by a set L of nonlogi
al (ormathemati
al) symbols where L depends on the respe
tive bran
h of mathemati
s we are going to formalize.Su
h a set L will be brie
y 
alled a language.Basi
 logi
al symbols:1. Obje
t or individual variables: v0; v1; v2; : : :2. ? (falsehood), : (negation), ^ (
onjun
tion), _ (disjun
tion), ! (impli
ation)3. 8 (universal quanti�er), 9 (existential quanti�er)4. � (equality symbol)De�nitionA language is a set L of symbols (di�erent from the logi
al symbols) su
h that every p 2 L is either introdu
edas a fun
tion symbol or as a relation symbol. Further for ea
h p 2 L an arity (i.e., number of argument pla
es)#(p) 2 IN is �xed, where #(p) � 1 for relation symbols p. If #(p) = n we say that p is an n-ary symbol.The 0-ary fun
tion symbols are also 
alled (individual) 
onstants.An L-Struktur) is a pair M = (M; (pM)p2L) 
onsiting of a nonempty set M (the universe of M) and afamily (pM)p2L su
h that:(i) pM �Mn, if p is an n-ary relations symbol,(ii) pM :Mn !M , if p is an n-ary fun
tion symbol with n � 1,(iii) pM 2M , if p is a 
onstant.The universe of an L-stru
tureM is denoted by jMj.If the elements of a language L are given in a 
ertain order, say L = fp0; p1; : : :g, then L-stru
tures areusually presented in the form (M;pM0 ; pM1 ; : : :).Every L-stru
ture M assigns a 
ertain meaning to the symbols of L; moreover it �xes the range of thequanti�ers: with respe
t toM the meaning of 8x [9x, resp.℄ will be de
lared as \for all elements a of jMjholds" [\there exists an element a of jMj su
h that", resp.℄.We are now going to de�ne the L-formulas, i.e., those strings of basi
 symbols whi
h represent propositions.Before that we have to de�ne the L-terms; these are strings whi
h o

ur as parts of formulas and, given anL-stru
tureM, represent elements of jMj (the universe ofM).The set of all L-terms (as well as the set of L-formulas and many other sets in this 
ourse) is introdu
ed bya so-
alled indu
tive de�nition. This de�nition prin
iple is of extreme importan
e in mathemati
al logi
 and
omputer s
ien
e. An indu
tive de�nition of a set Q is given by 
ertain rules R1; :::;Rn, whi
h regulate theways in whi
h elements of Q are to be generated. This always in
ludes the silent agreement, that Q should1




onsist exa
tly of those obje
ts whi
h 
an generated by a �nite number of su

essive appli
ations of (someof the rules) R1; :::;Rn. Equivalent to this expli
ation is to 
hara
terize Q as the least set X whi
h is 
losedunder R1; :::;Rn.Indu
tive de�nition of L-terms1. Every variable vi is an L-term;2. if f 2 L is an n-ary fun
tions symbol (n � 0), and if t1; : : : ; tn are L-terms,then the string ft1 : : : tn is an L-Term too.Remark:Rule 2. in
ludes the following agreement (for n = 0): \Every 
onstant 
 2 L is an L-Term".De�nition (Atomi
 formulas): Strings of the kind ? or � st or Rt1:::tn, where s; t; t1; :::; tn are L-termsand R 2 L is an n-ary relation symbol, are 
alled atomi
 L-formulas or prime formulas of L.Indu
tive de�nition of L-formulas1. Ea
h atomi
 L-formula is an L-formula;2. if A and B are L-formulas, then :A, ^AB, _AB, and !AB are L-formulas;3. if A is an L-formula and x is a variable, then 8xA and 9xA are L-formulas.Notation: Usually we write (s � t), (A ^ B), (A! B), et
. for � st, ^AB, ! AB, et
. (in�x notation)Example:L := f�;
;0;1;�g,where �;
 are 2-ary fun
tion symbols, 0;1 are 
onstants, and � is a 2-ary relation symbol.Some L-terms: �v2�v1v0 , ��v2v1v2 , �
v0v1
v0v2 , 
v0�v1v2.Some L-formulas: 8v08v18v2^ � �v0�v1v2��v0v1v2 � �
v0v1
v0v2
v0�v1v2 ,8v0!: � v009v1 � 
v0v11 , !�v0v1!�v1v2!�v2v3�v3v4.Using in�x notation and applying the \usual" rules for saving parentheses these terms and formulas be
ome:v2 � (v1 � v0), (v2 � v1)� v2, (v0 
 v1)� (v0 
 v2), v0 
 (v1 � v2),8v08v18v2(v0 � (v1 � v2) � (v0 � v1)� v2 ^ (v0 
 v1)� (v0 
 v2) � v0 
 (v1 � v2)),8v0(:(v0 � 0)! 9v1(v0 
 v1 � 1)),v0 � v1 ! (v1 � v2 ! (v2 � v3 ! v3 � v4)).For obviuos reasons this L is often 
alled \the language of ordered �elds".The ordered �eld of real numbers (IR;+IR;�IR; 0; 1; <IR) is an L-stru
ture; but by no means every L-stru
tureis an ordered �eld, 
onsider e.g. (IN;+IN;�IN; 0; 1; <IN).Abbreviations:Vars := fv0; v1; v2; : : :g;TerL := set of all L-terms;ForL := set of all L-Formulas.De�nitionNow we also assign an arity #(p) to ea
h logi
al symbol p:#(vi) := 0, #(?) := 0, #(:) := 1, #(8) := #(9) := #(�) := #(^) := #(_) := #(!) := 2.Terms and formulas are 
alled expressions. 2



RemarkIf u is an L-expression, then exa
tly one of the following 
ases holds(i) u 2 Vars(ii) u = QxA with Q 2 f8; 9g, x 2 Vars, A 2 ForL(iii) u = pu1:::un with p 2 L [ f�;:;^;_;!g, n = #(p) and uniquely determined L-expressions u1; :::; un.The uniqueness of u1; :::; un in (iii) is a 
onsequen
e of the following lemma.Lemma 1.1 (Unique readability)If u1; :::; un; w1; :::; wm are expressions su
h that u1:::un = w1:::wm, then m = n and ui = wi for i = 1; :::; n.Proof by indu
tion on the length of u1:::un:We have u1 = p~u1:::~uk; w1 = p ~w1::: ~wk with #(p) = k. Then obviously ~u1:::~uku2:::un = ~w1::: ~wkw2:::wm.By I.H. from this we get m = n, ~uj = ~wj for j = 1; :::; k, and ui = wi for i = 2; :::; n. Hen
e ui = wi fori = 1; :::; n.We will use the following synta
ti
al variables:x; y; z for variables (v0; v1; :::), f; fi for fun
tion symbols, R;Ri for relation symbols, L for formal languages,M for (L-)stru
tures, �, � for (M-)assignments, s; t for terms, A;B;C;D for formulas, �;� for sets offormulas, u for expressions, p for symbols from L [ f�; ?; :; ^; _; !gDe�nitionAnM-assignment (orM-environment) is a mapping � : Vars! jMj.An L-Interpretation is a pair I = (M; �) 
onsisting of an L-Stru
tureM and anM-assignment �.De�nition of the value [[t℄℄M� of an L-Terms t with respe
t to an L-Interpretation (M; �)(The de�nition pro
eeds by re
ursion on the build-up of t and makes essential use of lemma 1.1.)1. [[x℄℄M� := �(x)2. [[ft1:::tn℄℄M� := fM([[t1℄℄M� ; : : : ; [[tn℄℄M� )Example: Let L := f�;
;0;1g,M := (IN;+IN;�IN; 0; 1), and �(vi) := i+ 3.[[�
v0v1
v0v2℄℄M� = �M([[
v0v1℄℄M� ; [[
v0v2℄℄M� ) = �M(
M(�(v0); �(v1));
M(�(v0); �(v2))) =�M(
M(3; 4);
M(3; 5)) = �M(12; 15) = 27.De�nitionIf � is anM-assignment, a 2 jMj, and x 2 Vars, then the modi�edM-assignment �ax is de�ned as follows:�ax(y) := � a if x = y�(y) otherwise .The numbers 0; 1 are also used as truth values, namely 1 for \true" and 0 for \false".De�nition of the truth value [[A℄℄M� of an L-formula A with respe
t to an L-interpretation (M; �)(The de�nition pro
eeds by re
ursion on the build-up of A.)1. [[s � t℄℄M� := � 1 if [[s℄℄M� = [[t℄℄M�0 otherwise2. [[Rt1:::tn℄℄M� := � 1 if ([[t1℄M� ; : : : ; [[tn℄℄M� ) 2 RM0 otherwise 3



3. [[:A℄℄M� := � 1 if [[A℄℄M� = 00 otherwise4. [[A ^B℄℄M� := � 1 if [[A℄℄M� = 1 and [[B℄℄M� = 10 otherwise5. [[A _B℄℄M� := � 0 if [[A℄℄M� = 0 and [[B℄℄M� = 01 otherwise6. [[A! B℄℄M� := � 0 if [[A℄℄M� = 1 and [[B℄℄M� = 01 otherwise7. [[8xA℄℄M� := � 1 if [[A℄℄M�ax = 1 for all a 2 jMj0 otherwise8. [[9xA℄℄M� := � 1 if [[A℄℄M�ax = 1 for at least one a 2 jMj0 otherwiseExample: LetM = (IN;+IN;�IN; 0; 1) as before.[[8x(:(x � 0)! 9y(x
 y � 1))℄℄M� = 1 ()[[:(x � 0)! 9y(x
 y � 1))℄℄M�ax = 1 for all a 2 IN ()(if [[:(x � 0)℄℄M�ax = 1 , then [[9y(x 
 y � 1)℄℄M�ax = 1) for all a 2 IN ()(i� [[:(x � 0)℄℄M�ax = 1 , then [[x 
 y � 1℄℄M(�ax)by = 1 for some b 2 IN) for all a 2 IN ()(if a 6= 0 , dann (a�IN b = 1 for some b 2 IN)) for all a 2 IN ()For all a 2 IN n f0g there exists a b 2 IN su
h that a�IN b = 1.In the following we assume a �xed language L and brie
y speak of terms, formulas, interpretations, et
.,instead of L-terms, L-formulas, L-interpretations, et
.De�nitionLet (M; �) be an interpretation.M j= A[�℄ :() [[A℄℄M� = 1 �A is valid (or holds) in (M; �) or(M; �) satis�es A or (M; �) is a model of AM 6j= A[�℄ :() notM j= A[�℄ (() [[A℄℄M� = 0).Let � be a set of formulas.We say that (M; �) is a model of � (in symbolsM j= �[�℄), if (M; �) is a model of ea
h A 2 �.A is a (logi
al) 
onsequen
e of � (in symbols � j= A), if A is valid in ea
h model of �:� j= A :() 8M; �[M j= �[�℄ ) M j= A[�℄ ℄A is (logi
ally) valid (in symbols j= A), if A is valid in ea
h interpretation.Remark: j= A () ; j= A .A (set of) formula(s) X is satis�able, if it has at least one model, i.e.,if there exists an interpreation (M; �) su
h thatM j= X [�℄.Two formulas A, B are (logi
ally) equivalent, if [[A℄℄M� = [[B℄℄M� for ea
h interpretation (M; �).Remark. Let A$ B := (A! B) ^ (B ! A). Then we have: A, B equivalent () j= A$ B.
4



RemarkFor ea
h interpretation (M; �) the following holds:M j= (s � t)[�℄ () [[s℄℄M� = [[t℄℄M�M j= (Rt1:::tn)[�℄ () ([[t1℄M� ; : : : ; [[tn℄℄M� ) 2 RMM j= (:A)[�℄ ()M 6j= A[�℄M j= (A ^B)[�℄ ()M j= A[�℄ andM j= B[�℄M j= (A _B)[�℄ ()M j= A[�℄ orM j= B[�℄M j= (A!B)[�℄ ()M j= A[�℄ impliesM j= B[�℄ (i.e., ifM j= A[�℄ , thenM j= B[�℄)M j= (8xA)[�℄ ()M j= A[�ax℄ for all a 2 jMjM j= (9xA)[�℄ ()M j= A[�ax℄ for some a 2 jMjRemarkA fun
tion � : f0; 1gn ! f0; 1g is 
alled truth fun
tion oder boolean fun
tion.The boolean fun
tions W:;W^;W_;W! are de�ned as followsW:(a) := 1� a , W^(a; b) := minfa; bg , W_(a; b) := maxfa; bg , W!(a; b) := maxf1� a; bg.In addition we set W? := 0, and �nallypM := Wp, if p 2 f?;:;^;_;!g;pM(a1; :::; an) := � 1 if (a1; :::; an) 2 pM0 otherwise , if p 2 L is an n-ary relation symbol;�M (a; b) := n 1 if a = b0 otherwise .Then the de�nitions of [[t℄℄M� and [[A℄℄M� 
an be 
ondensed as follows:1. [[x℄℄M� := �(x)2. [[pu1:::un℄℄M� := pM([[u1℄℄M� ; : : : ; [[un℄℄M� ) (p 2 L [ f�;?;:;^;_;!g, n = #(p))3. [[8xA℄℄M� := mina2jMj[[A℄℄M�ax , [[9xA℄℄M� := maxa2jMj[[A℄℄M�ax .De�nition of the sets of variables FV(u); BV(u)1. FV(x) := fxg and BV(x) := ;.2. FV(pu1:::un) := FV(u1) [ : : : [ FV(un) and BV(pu1:::un) := BV(u1) [ : : : [ BV(un).3. FV(QxA) := FV(A) n fxg and BV(QxA) := BV(A) [ fxg (Q 2 f8; 9g).The elements of FV(u) (BV(u), resp.) are 
alled the free (bound, resp.) variables of u. If FV(u) = ;, thenu is 
alled 
losed; a 
losed formula is 
alled a senten
e.Abbreviation: vars(u) := FV(u) [ BV(u)Remark: vars(u) is the set of all variables o

urring in u. FV(u) and BV(u) need not be disjun
t. If u isa quanti�er-free expression, then BV(u) = ; and vars(u) = FV(u).5



Lemma 1.2 (Coin
iden
e Lemma)[[u℄℄M� = [[u℄℄M� , if �(x) = �(x) for all x 2 FV(u).Proof by indu
tion on the build-up of u: For brevity we omit the M in [[ �℄℄M� .1. u 2 Vars: Then u 2 FV(u) und [[u℄℄� = �(u) = �(u) = [[u℄℄� .2. u = pu1:::un: Then [[u℄℄� = pM([[u1℄℄� ; :::; [[un℄℄�) IH= pM([[u1℄℄� ; :::; [[un℄℄�) = [[pu1:::un℄℄� = [[u℄℄� .3. u = QxA: For ea
h y 2 FV(A) we have y = x or x 6= y 2 FV(u) and thus �ax(y) = a = �ax(y)or �ax(y) = �(y) = �(y) = �ax(y). By I.H. from this we get [[A℄℄�ax = [[A℄℄�ax (for all a 2 jMj), and thus[[u℄℄� = Qa2M [[A℄℄�ax = Qa2M [[A℄℄�ax = [[u℄℄� .RemarkAs Lemma 1.2 shows the value [[u℄℄M� of a 
losed expression does not depend on �; therefore one usuallywrites [[u℄℄M instead of [[u℄℄M� .Correspondingly for 
losed formulas A and sets of 
losed formulas � we set:M is a model of A :() M j= A :() [[A℄℄M = 1;M is a model of � :() M j= � :() [[A℄℄M = 1 for all A 2 �.SubstitutionDe�nition of u(x=t)1. y(x=t) := � t if x = yy otherwise , 2. (pu1:::un)(x=t) := pu1(x=t) : : : un(x=t) ,3. (QyA)(x=t) := �QyA if x 62 FV(QyA)QyA(x=t) otherwiseNotation: Instead of u(x=t) we also write ux(t).Informally said, u(x=t) results from u by repla
ing ea
h free o

urren
e of x by t.De�nition of subst(u; x; t)1. subst(y; x; t) holds for ea
h y.2. subst(pu1:::un; x; t) :, subst(u1; x; t) & : : : & subst(un; x; t).3. subst(QyA; x; t) :, x 62 FV(QyA) or ( y 62 FV(t)& subst(A; x; t) ).Informally said, subst(u; x; t) holds i� by the substitution u 7! u(x=t) no variable y 2 FV(t) gets into therange of a quanti�er Qy. If subst(u; x; t) holds we say that \t is substitutable (or free) for x in u".Remark: FV(t) \ BV(u) = ; =) subst(u; x; t).Lemma 1.3 (Substitution Lemma)subst(u; x; t) =) [[ux(t)℄℄M� = [[u℄℄M�bx with b := [[t℄℄M� .Proof by indu
tion on the build-up of u:1. u = x: [[ux(t)℄℄� = [[t℄℄� = b = [[u℄℄�bx .2. u 2 Vars n fxg: [[ux(t)℄℄� = [[u℄℄� = �(u) = [[u℄℄�bx .3. u = pu1:::un: [[u(x=t)℄℄� = [[pu1(x=t) : : : un(x=t)℄℄� = pM([[u1(x=t)℄℄� ; : : : ; [[un(x=t)℄℄�) I:V:=6



= pM([[u1℄℄�bx ; : : : ; [[un℄℄�bx) = [[pu1 : : : un℄℄�bx .4. u = QyA and x 62 FV(u): [[ux(t)℄℄� = [[u℄℄� L:1:2= [[u℄℄�bx .5. u = QyA and x 2 FV(u): Then x 6= y & y 62 FV(t) & subst(A; x; t).Sin
e y 62 FV(t), we have [[t℄℄�ay = [[t℄℄� = b for arbitrary a (�).[[ux(t)℄℄� = [[QyAx(t)℄℄� = Qa2M [[Ax(t)℄℄�ay IH+subst(A;x;t)+(�)= Qa2M [[A℄℄(�ay )bx x 6=y= Qa2M [[A℄℄(�bx)ay = [[u℄℄�bx .[Here Qa2M stands for mina2M or maxa2M , respe
tively.℄Corollary. subst(A; x; t) & b = [[t℄℄M� =) (M j= Ax(t)[�℄ () M j= A[�bx℄ ).Counterexample: A = 8y(x � y), t = y.M j= Ax(t)[�℄ () M j= 8y(y � y)[�℄.M j= A[�bx℄ () M j= (x � y)[(�bx)ay℄ for all a 2 jMj () b = a for all a 2 jMj.An Example from Analysis:R 30 (x2 + y)dx = [ 13x3 + xy℄30 = 9 + 3yR 30 (x2 + x)dx = [ 13x3 + 12x2℄30 = 9 + 92 , but (9 + 3y)y(x) = 9 + 3xLemma 1.4(a) x 62 FV(u) =) subst(u; x; t) & ux(t) = u.(b) FV(ux(t)) � (FV(u) n fxg) [ FV(t), where \=" holds, if x 2 FV(u) & subst(u; x; t).(
) x 6= y =) (QyA)x(t) = QyAx(t).(d) subst(u; x; x) & ux(x) = u.(e) y 62 FV(u) & subst(u; x; y) =) ux(y)y(t) = ux(t) and (subst(ux(y); y; t), subst(u; x; t)).(f) x 6= y & y 62 FV(t) & subst(u; y; s) =) uy(s)x(t) = ux(t)y(sx(t)).Proof by indu
tion on the build-up of u:(a) 1. u = y: subst(u; x; t) holds by de�nition. From x 62 FV(u) we get y 6= x and thus ux(t) = u.2. u = pu1:::un: The 
laim follows immediately from the I.H.3. u = QyA: The 
laim holds by de�nition.(b),(d),(e) Exer
ises.(
) Assume x 62 FV(QyA) (otherwise the assertion holds by de�nition). Sin
e x 6= y, we then also havex 62 FV(A) and thus { by (a) { QyAx(t) = QyA = (QyA)x(t).(f) 1. y 62 FV(u): By (b) we have FV(ux(t)) � (FV(u) n fxg) [ FV(t), and so also y 62 FV(ux(t)) whi
hyields uy(s)x(t) = ux(t) = ux(t)y(sx(t)).2. y 2 FV(u) & x 62 FV(uy(s)): Sin
e y 2 FV(u) & subst(u; y; s), by (b) we have FV(uy(s)) = (FV(u)nfyg)[FV(s). Hen
e from y 6= x 62 FV(uy(s)) we get x 62 FV(u)[FV(s), and thus uy(s)x(t) = uy(s) = ux(t)y(sx(t)).3. Assume y 2 FV(u) & x 2 FV(uy(s)):3.1. u 2 Vars: Then u = y and 
onsequently uy(s)x(t) = sx(t) = uy(sx(t)) x 6=y= ux(t)y(sx(t)).3.2. u = QzA: Sin
e y 2 FV(u), we have z 6= y and uy(s) = QzAy(s). Using x 2 FV(uy(s)) we further getz 6= x and uy(s)x(t) = QzAy(s)x(t). From z 6= x; y it follows by (
) that ux(t)y(sx(t)) = QzAx(t)y(sx(t)).From subst(u; y; s) & y 2 FV(u) we get subst(A; y; s) and therefore, Ay(s)x(t) = Ax(t)y(sx(t)) by I.H.7



x2 The 
ompleteness theorem of 1st-order predi
ate logi
In this se
tion we assume that :, ^, _, 9 are de�ned in terms of ?, !, 8::A := A! ?, A ^ B := :(A! :B), A _ B := A! :B, 9xA := :8x:A.Further we assume that some arbitrary language L is �xed.The 
al
ulus Kf!;8;?gLogi
al axioms:All formulas of the form 8x1:::8xmF , where m � 0 and F is one of the following:(! 1) A! A(! 2) A! (B ! A)(! 3) (C ! (A! B))! ((C ! A)! (C ! B))(! 4) ::A! A , where A is atomi
(81) 8xA! Ax(t) with subst(A; x; t)(82) 8x(A! B)! (8xA! 8xB)(83) A! 8xA with x 62 FV(A)(G1) t � t(G2) x � y ! (A! Ax(y)) , where A is atomi
.The inferen
e rule \modus ponens"(mp) A ; A! B ` BDe�nitionsAX := set of all logi
al axioms(of the 
al
ulus Kf!;8;?g).A derivation of A from � (in the 
al
ulus Kf!;8;?g) is a �nite sequen
e of formulas (Ai)i�n, su
h that thefollowing holds:(i) An = A,(ii) For ea
h k � n we have Ak 2 AX [ � oder Aj = Ai ! Ak for some i; j < k.� ` A :, A is derivable (or provable) from � :, there exists a derivation of A from �.` A :, A is derivable (or provable) :, ; ` A.Proposition(a) �0 ` A & �1 ` A! B ) �0 [ �1 ` B(b) �0 ` A & �0 � � ) � ` A(
) � ` A ) there exists a �nite subset �0 � � su
h that �0 ` A.(d) ` s � t! (Ax(s)! Ax(t)), for atomi
 A.Proof of(d): Choose x; y 62 FV(s; t) with x 6= y and y 62 FV(A). Then 8x8y(x � y ! (A ! Ax(y))) is anaxiom. From this we obtain s � t! (Ax(s)! Ax(y)y(t)) by (81) and (mp). But Ax(y)y(t) = Ax(t).8



RemarkLet � be a set of formulas. The set of all formulas whi
h are derivable from � is the smallest set X su
h thatAX[� � X and X is 
losed under \modus ponens", i.e., whenever A 2 X and A!B 2 X then also B 2 X .Hen
e, for proving that a set X 
ontains all formulas derivable from � it suÆ
es to prove that AX [ � � Xand X is 
losed under \modus ponens". (Indu
tion on derivations).Theorem 2.1 (Soundness Theorem)� ` A =) � j= AProof:HS 1: If A is one of the formulas listed under (! 1); :::; (G2), then j= A.Proof: For (! 1); : : : ; (! 4); (G1) the assertion is trivial.Now let (M; �) be an arbitrary L-interpretation.(81): Let a := [[t℄℄M� and assume [[8xA℄℄M� = 1. Then [[Ax(t)℄℄M� L:1:3= [[A℄℄M�ax = 1.(82): Assume [[8x(A! B)℄℄M� = [[8xA℄℄M� = 1. Then [[A! B℄℄M�ax = 1 = [[A℄℄M�ax for all a 2 jMj.Hen
e [[B℄℄M�ax = 1 for all a 2 jMj, i.e. [[8xB℄℄M� = 1.(83): From [[A℄℄M� = 1 and x 62 FV(A) we obtain by L.1.2 [[A℄℄M�ax = 1 for all a 2 jMj, i.e. [[8xA℄℄M� = 1.(G2): Let b := �(y) and assume [[x � y℄℄M� = 1. Then �bx = � and thus [[Ax(y)℄℄M� L:1:3= [[A℄℄M�bx = [[A℄℄M� .HS 2: If A is a logi
al axiom, then j= A.Proof: Let A = 8x1:::8xmF , where F does not start with 8. LetM be an arbitrary L-stru
ture.By indu
tion on m we proveM j= A[�℄ for ea
hM-assignment �.1. m = 0: HS1.2. m > 0: Then also B := 8x2:::8xmF is a logi
al axiom and by I.H. we haveM j= B[�ax1 ℄ for all � and alla 2 jMj. Hen
eM j= (8x1B)[�℄, i.e. M j= A[�℄, for all �.The theorem now follows from HS 2 by indu
tion on the length of the derivation of A from �.Theorem 2.2 (Dedu
tion Theorem)� [ fCg ` B =) � ` C ! B.Proof by indu
tion on derivations:1. B 2 AX [ �: Then (B ; B ! (C ! B) ; C ! B) is a derivation of C ! B from �.2. B = C: Then C ! B is a logi
al axiom.3. � [ fCg ` A and � [ fCg ` A! B:In this 
ase we have � ` C ! (A! B) and � ` C ! A by I.H.From this we obtain � ` C ! B by (! 3) and (mp). 4Corollary�0 ` A & �1 [ fAg ` B =) �0 [ �1 ` B.
9



Lemma 2.3(a) � ` A & x 62 FV(�) =) � ` 8xA.(b) y 62 FV(A)& subst(A; x; y) =) ` 8yAx(y)! 8xA.(
) � ` Ax(y)& y 62 FV(�;8xA)& subst(A; x; y) =) � ` 8xA.Proof:(a) Indu
tion on derivations:1. A 2 �: Then x 62 FV(A), and A! 8xA is a logi
al axiom.2. A 2 AX: Then also 8xA 2 AX.3. � ` C & � ` C ! A: I.H. ) � ` 8xC & � ` 8x(C ! A) (82)=) � ` 8xA.(b) From the premise by L.1.4e,d we obtain Ax(y)y(x) = Ax(x) = A and subst(Ax(y); y; x).Therefore 8yAx(y)! A is an axiom (81), and we have f8yAx(y)g ` A.From this the assertion follows by (a), L.1.4b and Theorem 2.2.(
) For y = x the 
laim follows by L.1.4d and (a). Now let y 6= x. Then from the premise by (a) we obtain� ` 8yAx(y) & y 62 FV(A) & subst(A; x; y). Hen
e � ` 8xA by (b). 4Lemma 2.4If the 
onstant 
 does not o

ur in �, then:(a) � ` Ax(
) =) � ` 8xA , if 
 does not o

ur in A.(b) � ` ? =) there exists a derivation of ? from �, in whi
h 
 does not o

ur.Proof:(a) For any formula B and variable z let B(
=z) denote the result of repla
ing in B all o

urren
es of 
 by z.HS: If B is a logi
al axiom and z 62 vars(B), then also B(
=z) is a logi
al axiom.Not let H = �Bi�i�n be a derivation of Ax(
) from � with 
 not o

urring in A. W.o.l.g. � is �nite.We 
hoose a variable z not o

urring in H;�; A. From HS it follows that �Bi(
=z)�i�n is a derivation ofAx(
)(
=z) from �. Further Ax(
)(
=z) = Ax(z). Hen
e � ` Ax(z) and z 62 vars(�; A). By L.2.3
 from thiswe get � ` 8xA. (Note that z 62 BV(A) implies subst(A; x; z).)(b) If H = �Bi�i�n is a derivation of ? from � and z is a variable not o

urring in H , then �Bi(
=z)�i�n isa derivation of ? from � in whi
h 
 does not o

ur.Lemma 2.5(a) ` ::A! A,(b) � [ f:Ag ` ? ) � ` A,(
) � ` ? ) � ` A,(d) ` 9x(x � s) , if x 62 FV(s).Proof:(a) Proof by indu
tion on the build-up of A:For atomi
 A the formula ::A! A is a logi
al axiom. | Assume now ` ::B ! B.10



A A!BB :B?:(A!B) ::(A!B)?::B ::B ! BBA!B
8xBB :B?:8xB ::8xB?::B ::B ! BB8xB(b) � [ f:Ag ` ? 2:2) � ` ::A (a)) � ` A.(
) � ` ? ) � [ f:Ag ` ? (b)) � ` A.(d) Assume x 62 FV(s). Then 8x:(x � s) ! :(s � s) is an axiom (81), and thus 8x:(x � s) ` :(s � s)holds. Using (G1) and (mp) we then obtain 8x:(x � s) ` ? and �nally (by Theorem 2.2) the assertion` :8x:(x � s). 4De�nition. � is 
onsistent :, � 6` ?.Theorem 2.6Let T be the set of all Terms and T0 := ft 2 T : FV(t) = ;g.Further let � be a 
onsistent set of formulas, su
h that:(i) A 62 � ) � [ fAg ` ?,(ii) :8xA 2 � ) :Ax(t) 2 �, for some t 2 T0.We de�ne:� := f(s; t) : (s � t) 2 �g , t := fs 2 T : s � tgM := �ft : t 2 Tg ; (pM)p2L�, wherepM := 8<: p if p is a 
onstantf((t1; : : : ; tn); pt1:::tn) : t1; :::; tn 2 Tg if p is an n-ary fu
tion symbol (n � 1)f(t1; : : : ; tn) : pt1:::tn 2 �g if p is a relation symbol� : Vars! jMj; x 7! x.ThenM is an L-stru
ture and the following holds for all t and A:(a) [[t℄℄M� = t,(b) M j= A[�℄ , A 2 �.Proof:HS 1(a) � ` A , A 2 �.(b) A!B 2 � , A 62 � or B 2 �(
) 8xA 2 � , Ax(t) 2 � for all t 2 T0.(d) s � t & Ax(s) 2 � & A atomi
 ) Ax(t) 2 �.(e) � is an equivalen
e relation on T.(f) For ea
h s 2 T there exists a t 2 T0 su
h that s = t.11



Proof:(a) \(": trivial.\)": � ` A & A 62 � (i)) � ` A & � [ fAg ` ? ) � ` ?. Contradi
tion.(b) A!B 2 � & A 2 � ) � ` B ) B 2 �:B 2 � ) � [ fAg ` B ) � ` A! B.A 62 � (i)) � [ fAg ` ? 2:5
) � [ fAg ` B ) � ` A! B.(
) 8xA 2 � (81)) � ` Ax(t) for all t 2 T0.Ax(t) 2 � (8t 2 T0) �
ons:) :Ax(t) 62 � (8t 2 T0) (ii)) :8xA 62 � (i)) � [ f:8xAg ` ? 2:5b) � ` 8xA.(d) From s � t 2 �&Ax(s) 2 � one obtains � ` Ax(t) by Prop.(d) above.(e) (G1) ) � ` t � t (a)) t � t. s � t&� ` s � s (a);(d)) t � s 2 � ) t � s.s � t& r � s ) s � t& r � s 2 � (d)) r � t 2 � ) r � t.(f) Let s 2 T. We 
hoose a variable x 62 FV(s). By (a) and L.2.5d we have 9x(x � s) 2 �. By (ii) thisyields the existen
e of a t 2 T0 su
h that ::(t � s) 2 �. By (a) and (! 4) we then obtain t � s 2 �, i.e.t � s and thus t = s, sin
e � is an equivalen
e relation.HS 2: For ea
h n-ary fun
tion symbol f and n-ary relation symbol R we have:(a) fM : jMjn ! jMj, fM(t1; :::; tn) = ft1:::tn.(b) Rt1:::tn 2 � , (t1; :::; tn) 2 RM.Proof:(a) Let si = ti (i = 1; :::; n). We have to prove: fs1:::sn = ft1:::tn, i.e. (fs1:::sn � ft1:::tn) 2 �.By HS1(a) we have (fs1:::sn � fs1:::sn) 2 �.From this together with s1 � t1; : : : ; sn � tn and HS1(d) we su

essively obtain (fs1:::sn � ft1s2:::sn) 2 �,(fs1:::sn � ft1t2s3:::sn) 2 �; : : : ; (fs1:::sn � ft1:::tn) 2 �, hen
e fs1:::sn = ft1:::tn.(b) \)": By de�nition.\(": Assume (t1; :::; tn) 2 RM. Then there are s1; :::; sn with Rs1:::sn 2 � and si = ti (i = 1; :::; n). Asabove we 
on
lude by HS1(d) Rt1s2:::sn 2 �, Rt1t2s3:::sn 2 � ; : : : ; Rt1:::tn 2 �, i.e., Rt1:::tn = 1 = Rs1:::sn.Proof of 2.6(a) by indu
tion on t:1. [[x℄℄M� = �(x) = x.2. [[ft1:::tn℄℄M� = fM([[t1℄℄M� ; : : : ; [[tn℄℄M� ) IH= fM(t1; : : : ; tn) HS2a= ft1:::tn.Proof of 2.6(b) by indu
tion on A:1. M 6j= ? and ? 62 �.2. M j= (s � t)[�℄ , [[s℄℄M� = [[t℄℄M� (a), s = t , s � t , s � t 2 �.3. M j= (Rt1:::tn)[�℄, ([[t1℄℄M� ; :::; [[tn℄℄M� ) 2 RM (a), (t1; :::; tn) 2 RM HS2b, Rt1:::tn 2 �.4. M j= (A! B)[�℄ , M 6j= A[�℄ orM j= B[�℄ IH, A 62 � or B 2 � HS1b, (A! B) 2 �.5. By (a) and Lemma 1.3 (Corollary) we get:M j= (8xA)[�℄ HS1f, M j= A[�tx℄ for all t 2 T0 (a)+L:1:3, M j= Ax(t)[�℄ for all t 2 T0 IH,, Ax(t) 2 � for all t 2 T0 HS1
, 8xA 2 �. 12



De�nitionA set of formulas � whi
h satis�es the assumptions (i),(ii) of Theorem 2.6, is 
alled a 
omplete Henkin theory.The interpretation (M; �) de�ned in 2.6 is 
alled the 
anoni
al term model of �.Satz 2.7 (Completeness Theorem)Every 
onsistent set of formulas is satis�able.Corollary(a) �
onsistent, �satis�able.(b) � ` A , � j= A.(
) � j= A ) there exists a �nite �0 � � su
h that �0 j= A.Proof of the 
orollary:(a) \(": Assume M j= �[�℄. By the soundness theorem we then have (� ` A ) M j= A[�℄), for ea
hformula A. Hen
e � 6` ?.(b) \(": � 6` A 2:5b=) � [ f:Ag 
onsistent ) � [ f:Ag satis�able) � 6j= A.(
) This follows from (b) and the fa
t that every derivation is �nite.Proof of the Theorem:Let � be a 
onsistent set of formulas.First the proof is 
arried through under the following additional assumptions:{ L 
ountable,{ L 
ontains in�nitely many 
onstants 
0; 
1; 
2; : : :, whi
h do not o

ur in �.Let A0; A1; A2; : : : be an enumeration of all L-formulas.De�nition:�0 := ��n+1 := 8><>:�n if �n [ fAng ` ?�n [ fAng if �n [ fAng 6` ? & An 6= :8xB�n [ fAn;:Bx(
k)g if �n [ fAng 6` ? & An = :8xBwhere k := minfi : 
i does not o

ur in any formula from �n [ fBgg .� := Sn2IN�n.HS 1: �n 6` ?.Proof by indu
tion on n:1. n = 0: trivial.2. n! n+ 1:2.1. �n+1 = �n: Immediately by IH.2.2. �n+1 = �n [ fAng with �n [ fAng 6` ?: trivial.2.3. �n+1 = �n [ f:8xB;:Bx(
k)g with �n [ f:8xBg 6` ? and 
k not in �n [ fBg:�n [ f:8xB;:Bx(
k)g ` ? 2:5b=) �n [ f:8xBg ` Bx(
k) 2:4a=) �n [ f:8xBg ` 8xB )) �n [ f:8xBg ` ?. Contradi
tion.Sin
e � ` ? implies �n ` ? for some n, the 
onsisten
y of � follows from HS1.13



We now prove that � is a 
omplete Henkin theory.(i) If A 62 � then, for some n, A = An 62 �n+1 and therefore �n [ fAng ` ?; hen
e � [ fAg ` ?.(ii) If :8xB = An 2 � then �n [ fAng 6` ? (sin
e � 6` ?) and thus :Bx(
k) 2 � for some k 2 IN.By Theorem 2.6 there exists a model (M; �) of �. Sin
e � � �, (M; �) is also a model of �.Now we dis
harge the se
ond additional assumption and prove the theorem for arbitrary 
ountable L.The proof for un
ountable L will be given later.Let 
0; 
1; 
2; : : : be a 
ountably in�nite sequen
e of new 
onstants, and let L0 := L [ f
0; 
1; 
2; : : :g. Thenalso L0 is 
ountable, and we 
an 
arry out the above 
onstru
tion with L0 in pla
e of L. For that we havestill to prove that � is 
onsistent with respe
t to the extended language L0, i.e., that there is no L0-derivationof ? from �. To this end we set Lk := L [ f
0; :::; 
k�1g and Hk := set of all Lk-derivations of ? from �.By 2.4b (with Lk+1 in pla
e of L) we obtain: (*) Hk+1 6= ; ) Hk 6= ;.Now if H were an L0-derivation of ? from �, then we would have H 2 Hk0 for some k0. Together with (*)this would yield H0 6= ;, 
ontradi
ting the assumption that � is 
onsistent w.r.t. L.As we have proved above (with L in pla
e of L0), there exists an L0-Modell (M0; �) of �. Let M be theL-stru
ture whi
h one obtains by restri
tingM0 to L. Then (M; �) j= �, sin
e � is a set of L-formulas.Theorem 2.8 (Compa
tness Theorem)If every �nite subset of � is satis�able, then � is satis�able.Proof:� not satis�able ) � j= ? Corollary (
)) there exists a �nite �0 � � su
h that �0 j= ? ) �0 not satis�able.
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x3 Elements of model theoryDe�nitionFor ea
h set of formulas � let L(�) denote the set of all fun
tion and relation symbols o

urring in �.De�nitionAssume that L � L0,M is an L-stru
ture andM0 an L0-stru
ture:M0 is an expansion ofM :, M is a redu
t ofM0 :, jMj = jM0j and pM0 = pM for all p 2 L.M0�L denotes the uniquely determined L-redu
t ofM0.Remark. If M0 is an expansion of the L-stru
ture M, and � an M-assignment, then [[u℄℄M� = [[u℄℄M0�holds for ea
h L-expression u. Therefore the statements \� j= A" and \� satis�able" do not depend on thelanguage L whi
h appears in the 
orresponding de�nitions (provided L � L(�[ fAg)). Due to Theorem 2.7the same holds for \� ` A" and \� 
onsistent".De�nition. In the sequel by an axiom system we always mean a set of 
losed formulas (senten
es).De�nition. A stru
tureM is 
alled �nite (in�nite, 
ountable) if its universe jMj has this property.Theorem 3.1 (L�owenheim-Skolem)Every 
ountable, satis�able set of formulas � has a 
ountable model.Proof:Let L0 := L(�) and L := L0 [ f
i : i 2 INg where 
0; 
1; ::: are new 
onstants. Then L is 
ountable and, asshown in the proof of 2.7, � 
an be extended to a 
omplete Henkin theory � (in L). In the proof of 2.6 itwas shown that � has a model (M; �) with jMj = ft : t 2 Tg where T is the set of all L-terms. Sin
e L is
ountable, also T and jMj are 
ountable. Hen
e � (and also � � �) has a 
ountable model.Theorem 3.2If the axiom system � has models of 
ardinality � n for ea
h n 2 IN then � also has an in�nite model.Proof:Let L := L(�) and � := � [ f:(vi � vj) : i; j 2 IN with i < jg.HS: Every �nite subset of � ist satis�able.Proof: Let � � � be �nite. Then there exists an n su
h that � � � [ f:(vi � vj) : i < j � ng.By assumption there exists a model M of � with pairwise distin
t elements a0; :::; an 2 jMj. Let � be anM-assignment with �(v0) = a0; :::; �(vn) = an. Then (M; �) is a model of �.From HS and Theorem 2.8 it follows that � is satis�able. Let (M; �) be a model of �. ThenM is a modelof �, and i 7! �(vi) is a one-one mapping from IN into jMj; soM is in�nite.De�nitions{ For0L denotes the set of all L-senten
es.{ An axiom system T is 
alled a Theory, if it is dedu
tively 
losed, i.e., if T = fA 2 For0L(T ) : T ` Ag.{ If T is a theory and � � T with T = fA 2 For0L(T ) : � ` Ag, then � is 
alled an axiom system of T .15



{ An axiom system � is 
omplete, if � ` A or � ` :A holds for ea
h L(�)-senten
e A.{ For ea
h L-stru
tureM let Th(M) := fA 2 For0L : M j= Ag (the theory ofM).{ ModL(�) := fM : M is L-stru
ture andM j= �g (� an axiom system with L(�) � L){ The L-stru
turesM;M0 are elementary equivalent (in symbolsM�M0), if Th(M) = Th(M0).{ The L-stru
turesM;M0 are isomorphi
 (in symbolsM�=M0),if there exists an isomorphism � fromM ontoM0.An isomorphism � :M!M0 is a bije
tive mapping � : jMj ! jM0j su
h that(i) �(fM(a1; :::; an)) = fM0(�(a1); :::; �(an)) (f 2 L; #(f) = n � 0; a1; :::; an 2 jMj)(ii) (a1; :::; an) 2 RM , (�(a1); :::; �(an)) 2 RM0 (R 2 L; #(R) = n � 1; a1; :::; an 2 jMj)Lemma 3.3(a) Th(M) is a 
omplete theory.(b) If � is an axiom system with L(�) � L, thenfA 2 For0L : � ` Ag = TfTh(M) : M2 ModL(�)g is a theory.(
) M�M0 () M j= Th(M0)(d) If L is 
ountable, then for every L-stru
tureM there is 
ountable stru
tureM0 so thatM�M0.Proof:(a) Th(M) ` A ) M j= A ) A 2 Th(M). Th(M) 
omplete: obvious.(b) � ` A , � j= A , M j= A (8M 2 ModL(�)) , A 2 T := TfTh(M) : M2 ModL(�)g:T ` A ) Th(M) ` A (8M 2 ModL(�)) ) A 2 Th(M) (8M 2 ModL(�)) ) A 2 T .(
) \)": Th(M) = Th(M0) ) M j= Th(M0).\(": M j= Th(M0) ) Th(M0) � Th(M) (�):A 2 Th(M) ) :A 62 Th(M) (�)) :A 62 Th(M0) ) A 2 Th(M0).(d) Th(M) satsi�able and 
ountable 3:1) there is a 
ountableM0 so thatM0 j= Th(M).Theorem 3.4Let T be a theory und L = L(T ). The following propositions are equivalent:(i) T is 
omplete.(ii) 8M 2 ModL(T ) : Th(M) = T .(iii) 8M;M0 2 ModL(T ) :M�M0.Proof:(i))(ii): M j= T ) T � Th(M). A 2 Th(M) ) :A 62 Th(M) ) :A 62 T ) A 2 T:(ii))(iii): trivial.(iii))(i): Let A 2 For0L and A 62 T . Then T 6` A, i.e., there exists a modelM0 of T [ f:Ag.From (iii) we obtainM�M0 (8M 2 ModL(T )) and thusM j= :A (8M 2 ModL(T )), i.e., T ` :A.Theorem 3.5Let � :M!M0 be an isomorphism, and � anM-assignment. Then for ea
h L-term t and ea
h L-FormelA the following holds: (a) �([[t℄℄M� ) = [[t℄℄M0�Æ� , (b)M j= A[�℄ () M0 j= A[� Æ �℄.For 
losed t, A we have (a) �([[t℄℄M) = [[t℄℄M0 , (b)M j= A () M0 j= A.16



Corollary. M�=M0 ) M�M0.Proof by indu
tion on the build up of t, A:Abb.: �0 := � Æ �.(a) 1. �([[x℄℄M� ) = �(�(x)) = [[x℄℄M0�0 .2. �([[ft℄℄M� ) = �(fM([[t℄℄M� )) = fM0(�([[t℄℄M� )) IH= fM0([[t℄℄M0�0 ) = [[ft℄℄M0�0 .(b) 1. [[s � t℄℄M� = 1 , [[s℄℄M� = [[t℄℄M� , �([[s℄℄M� ) = �([[t℄℄M� ) (a), [[s℄℄M0�0 = [[t℄℄M0�0 , [[s � t℄℄M0�0 = 1.2. [[Rt℄℄M� = RM([[t℄℄M� ) = RM0(�([[t℄℄M� )) (a)= RM0([[t℄M0�0 ) = [[Rt℄℄M0�0 .3. [[A!B℄℄M� = maxf1�[[A℄℄M� ; [[B℄℄M� g IH= maxf1�[[A℄℄M0�0 ; [[B℄℄M0�0 g = [[A!B℄℄M0�0 .4. M j= (8xA)[�℄ , M j= A[�ax℄ for all a 2 jMj IH, M0 j= A[� Æ �ax℄ for all a 2 jMj , g, M0 j= A[(� Æ �)�(a)x ℄ for all a 2 jMj , M0 j= A[(� Æ �)bx℄ for all b 2 jM0j , M0 j= A[�0℄.Notation:Let FV(u) � fx1; :::; xng (x1; :::; xn pairwise distin
t), and a1; :::; an 2 jMj:uM[x1=a1; :::; xn=an℄ := [[u℄℄M� , where � is anM-assignment with �(xi) = ai for i = 1; :::; n.M j= A[x1=a1; :::; xn=an℄ :, AM[x1=a1; :::; xn=an℄ = 1.If x1; :::; xn are known from the 
ontext one brie
y writes uM[a1; :::; an℄ orM j= A[a1; :::; an℄, respe
tively.With the just introdu
ed notation Theorem 3.5 
an be written as follows:(a) �(tM[a1; :::; an℄) = tM0 [�(a1); :::; �(an)℄, (b)M j= A[a1; :::; an℄ () M0 j= A[�(a1); :::; �(an)℄.Theorem 3.6For ea
h in�nite stru
tureM there exists an elementary equivalent stru
tureM1,whi
h is not isomorphi
 toM.Proof:Let K be the power set of jMj. To ea
h � 2 K we assign a new 
onstant 
�. Let L0 := L [ f
� : � 2 Kgand �0 := Th(M) [ f:(
� � 
�) : �; � 2 K & � 6= �g. Ea
h �nite subset � � �0 is satis�able: if� � Th(M) [ f:(
� � 
�) : �; � 2 f�1; :::; �ngg 
hoose an L0-expansionM0 ofM so that 
M0�i 6= 
M0�j for1 � i; j � n with �i 6= �j ; thenM0 j= �. Hen
e, a

ording to the Compa
tness Th. there is a modelM01 of�0. LetM1 :=M01jL (the L-redu
t ofM01). M01 j= �0 ) M01 j= Th(M) ) M1 j= Th(M) ) M�M1.M01 j= :(
� � 
�) ) 
M01� 6= 
M01� . Therefore the mapping F : K ! jM1j; � 7! 
M01� is one-one. If therewere an isomorphism � :M1 !M, we so had a one-one mapping from K into jMj whi
h is impossible.RemarkA

ording to Theorem 3.6 no in�nite stru
ture 
an be 
hara
terized uniquely (up to isomorphism) by anaxiom system in 1st order predi
ate logi
. But, for example, the stru
ture (IN; 0; S) (with S(n) = n+1)of natural numbers is uniquely determined (up to isomorphism) by the Peano axioms. This seems like a
ontradi
tion to the previous remark, but it isn't, sin
e the system of Peano axioms does not belong to 1storder predi
ate logi
. The indu
tion axiom 8X(0 2 X ^ 8x(x 2 X ! Sx 2 X) ! 8x(x 2 X)) withthe quanti�er 8X ranging over all subsets of IN is a 2nd order formula. A stru
ture, whi
h is elementaryequivalent but not isomorphi
 to (IN; 0; S), is 
alled a nonstandard model of the natural numbers. In su
h anonstandard model the prin
iple of 
omplete indu
tion does not hold for every set X � IN.17



Lemma 3.7There are 
ountable nonstandard models of the natural numbers.Proof:Let N := (IN; 0; S) und � := Th(N ) [ f:(v0 � 0);:(v0 � S0);:(v0 � SS0); : : :g.Obviously every �nite subset of � and so � itself is satis�able; hen
e there exists an interpretation (N1; �)with N1 j= �[�℄ and N1 
ountable. Now N � N1, sin
e N1 j= Th(N ).Assumption: There is an isomorphism � : N ! N1.Then �(n) = �(N (S:::S| {z }n 0)) = N1(S:::S0) 6= �(v0), for ea
h n 2 IN. So � would not be surje
tive.RemarkThe stru
ture (IR; 0; 1;+; �; <) of real numbers is up to isomorphism the sole 
omplete ordered �eld. The
ompleteness axiom 8X(; 6= X bounded ! 9y(y = sup(X))) is (as well as the indu
tion axiom) a 2ndorder formula. A stru
ture whi
h is elementary equivalent but not isomorphi
 to (IR; 0; 1;+; �; <), is 
alleda nonstandard model of the real numbers. In a nonstandard model of the real numbers not every boundedset X 6= ; has a supremum (but every su
h set whi
h is de�nable by a formula of the language f0; 1;+; �; <ghas a supremum).Lemma 3.8For ea
h ar
himedean ordered �eld there is an elementary equivalent ordered �eld whi
h is not ar
himedean.Corollary. If a senten
e A of the language f0; 1;+; �; <g holds in every nonar
himedean �eld, then A holdsin every ordered �eld.Proof:Let K be an ar
himedean ordered �eld. � := Th(K) [ fn < v0 : 1 � n 2 INg, where (n := nz }| {1 + :::+ 1).Obviously every �nite subset of � is satis�able, and so � is satis�able. AssumeM j= �[�℄. ThenM� K, soM is an ordered �eld. FromM j= (n < v0)[�℄ it follows thatt 1M � n <M �(v0) for all n 2 IN, hen
e M isnonar
himedean.Proof of the Corollary: Let K be an ar
himedean ordered �eld. Then there exists a nonar
himedean ordered�eldM with K �M. FromM j= A we obtain K j= A.De�nitionA 
lass S of L-stru
tures is (�nitely) axiomatizable,if there is a (�nite) axiom system � su
h that S = ModL(�).Proposition(a) S �nitely axiomatizable () There is an L-senten
e A su
h that S = ModL(fAg).(b) If there are stru
turesM;M0 withM�M0 &M2 S &M0 62 S, then S is not axiomatizable.
18



Lemma 3.9Let S be a 
lass of L-stru
tures and � an axiom system.(a) S is �nitely axiomatizable if, and only if, S and its 
omplement S are axiomatizable.(b) If ModL(�) is �nitely axiomatizable,then there exists a �nite subset � � � su
h that ModL(�) = ModL(�).Proof:(a) \)": For S = ModL(fAg) we have: M2 S , M 6j= A , M j= :A.\(": Let S = ModL(�1) and S = ModL(�2). Then �1[�2 is not satis�able; hen
e there is a �nite � � �1so that � [ �2 is not satis�able. M2 S ) M j= � ) M 6j= �2 ) M 62 S ) M 2 S.(b) Let ModL(�) = ModL(fAg). Then � j= A, and 
onsequently there is a �nite � � � with � j= A.Hen
e: M j= � ) M j= � ) M j= A ) M j= �.Complete theoriesI. The theory DO of dense linear orders without endpointsLet DO be the dedu
tive 
losure of the following axiom system:(1) 8x:(x < x) ^ 8x8y8z(x < y ^ y < z ! x < z) ^ 8x8y(x < y _ x � y _ y < x)(2) 8x8y(x < y ! 9z(x < z ^ z < y))(3) 8x9y(x < y) ^ 8x9y(y < x).Lemma 3.10Every 
ountable model of DO is isomorphi
 to the stru
ture (Q; <) of rational numbers.Proof:LetM = (M;�) be a 
ountable model of DO, and let M = fbn : n 2 INg and Q = fan : n 2 INg.De�nition of order preserving fun
tions Fn � Q �M by re
ursion on n:1. F0 := f(a0; b0)g.2. De�nition of Fn+1:2.1. n = 2m. If am 2 dom(Fn) then Fn+1 := Fn.Otherwise let Fn+1 := Fn [ f(am; bk)g with k := minfi : Fn [ f(am; bi)g order preservingg.Sin
eM is a model of DO, su
h a bk always exists.2.2. n = 2m+ 1. If bm 2 ran(Fn) then Fn+1 := Fn.Otherwise let Fn+1 := Fn [ f(ak; bm)g with k := minfi : Fn [ f(ai; bm)g order preservingg.Obviously F := Sn2IN Fn is an isomorphism from (Q; <) ontoM.Theorem 3.11. The theory DO is 
omplete, and DO= Th(Q; <).Proof:By Theorem 3.4 if suÆ
es to prove that every model of DO is elementary equivalent to (Q; <). So letM bea model of DO. By L.3.3d there exists a 
ountable stru
tureM0 whi
h is elementary equivalent toM. ByL.3.10M0 isomorphi
 to (Q; <); hen
eM�M0 � (Q; <).19



II. The theory of algebrai
ally 
losed �elds with �xed 
harakteristi
The 
lass of all algebrai
ally 
losed �elds of 
harakteristi
 p (p prime number or p = 0) 
an be axiomatizedthe axiom system 
onsisting of all �eld axioms and the senten
es 8x0:::8xn(xn 6= 0 ! 9y(xn � yn + xn�1 �yn�1 + :::+ x0)) (n � 1) and 1 + :::+ 1| {z }p = 0 bzw. (in 
ase p = 0) 1 + :::+ 1| {z }n 6= 0 (1 � n 2 IN).Let ACFp be the dedu
tive 
losure of this axiomen system. It 
an be shown that the theory ACFp is 
omplete.From this we obtain (e.g.): If a senten
e A of the language f+; �; 0; 1g holds in the �eld C of 
omplex numbers,then it holds in every algebrai
ally 
losed �eld of 
hara
teristi
 0.On the proof of the 
ompleteness of ACFp.Theorem 3:6�If � is and in�nite 
ardinal � 
ard(L), then for every ini�nite L-stru
ture M there exists an elementaryequivalent L-stru
tureM1 of 
ardinality �.Proof will follow in a later 
hapter.De�nitionLet � be a 
ardinal. An axiom system � is 
alled �-
ategori
al, if every two models of � of 
ardinality � areisomorphi
.Theorem 3.12 (Vaught's Test)Let � be an in�nite 
ardinal. If � is a �-
ategori
al axiom system with 
ard(�) � � and if � has only in�nitemodels, then � is 
omplete.Proof:Let L := L(�) and M;N 2 ModL(�). Then M;N are in�nite and � � 
ard(L). By 3:6� there areL-stru
tures M1;N1 of 
ardinality � su
h that M � M1 and N � N1. Hen
e M1;N1 j= � and thusM1 �= N1. By Theorem 3.5 we now obtainM� N .Satz 3.13. Every two un
ountable algebrai
ally 
losed �elds having the same 
ardinality and the same
hara
teristi
 are isomorphi
. For ea
h prime number p there exists an algebrai
ally 
losed �eld with 
har-a
teristi
 p.Lemma 3.14 Every algebrai
ally 
losed �eld is in�nite.Proof: If K = fa1; :::; ang, then the polynomial (x� a1) � : : : � (x� an) + 1 has no root in K.From 3:6�, 3.13, 3.14 it follows that ACFp is �1-
ategori
al. By 3.12 from this it follows that ACFp is 
omplete.
20



Remark.If the axiom system � is de
idable and 
omplete, then also its dedu
tive 
losure T� := fA 2 For0L(�) : � `Ag is de
idable.\Proof": Abb.: L := L(�). Assume that � is 
onsistent (otherwise � = For0L). The set of all derivationsH in L 
an be e�e
tively enumerated. Let H0; H1; H2; ::: be su
h an enumeration, and let, for ea
h i 2 IN,Ai be the endformula of Hi. It is de
idable whether Hi is a derivation of Ai from �. Now for an arbitraryL-senten
e B by the following pro
edure it 
an be de
ided whether � ` B or not: sear
h through thesequen
e of derivations H0; H1; ::: until you �nd a derivation Hn of An from � with An 2 fB;:Bg; sin
e �is 
omplete, this situation will always be attained, and we have: � ` B , An = B.De�nition (Substru
ture)LetM0;M be L-stru
tures.M0 is a substru
ture ofM (in symbolsM0 �M), if jM0j � jMj and further(i) 
M0 = 
M for ea
h 
onstant 
 2 L,(ii) fM0 = fM�jM0jn for ea
h n-ary fun
tion symbol f 2 L (n � 1),(iii) RM0 = RM \ jM0jn for ea
h n-ary relation symbol R 2 L.An (isomorphi
) embedding fromM0 intoM is a one-one mapping � : jM0j ! jMj with(a) �(fM0(a1; :::; an)) = fM(�(a1); :::; �(an)) (f 2 L; n � 0; a1; :::; an 2 jM0j)(b) (a1; :::; an) 2 RM0 , (�(a1); :::; �(an)) 2 RM (R 2 L; n � 1; a1; :::; an 2 jMj)Lemma 3.15A mapping � : jM0j ! jMj is an isomorphi
 embedding from M in M0 i� it is an isomorphism fromM0onto a substru
ture ofM.
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x4 Re
ursive fun
tionsIndu
tive De�nition of sets PRn of n-ary fun
tion symbols(PR 1) Cnk 2 PRn (n; k � 0), S 2 PR1, Ini 2 PRn (1 � i � n).(PR 2) h 2 PRm & g1; :::; gm 2 PRn & m;n � 1 =) (Æhg1:::gm) 2 PRn.(PR 3) g 2 PRn & h 2 PRn+2 =) (Rgh) 2 PRn+1.Abbreviation: PR := Sn2INPRn, 0 := C00 . Remark: PR0 = fC0k : k 2 INg.De�nition of the standard stru
ture N for the language PRjN j := IN,(Cnk )N (~a) := k,SN (a) := a+1,(Ini )N (a1; :::; an) := ai,(Æhg1:::gm)N (~a) := hN (gN1 (~a); : : : ; gNm (~a)),(Rgh)N (~a; 0) := gN (~a),(Rgh)N (~a; b+1) := hN (~a; b; (Rgh)N (~a; b)).De�nitionA fun
tion F : INn ! IN is 
alled primitive re
ursive, if F = fN for some f 2 PRn.A relation R � INn is 
alled primitive re
ursive, if its 
hara
teristi
 fun
tion1R : INn ! IN;1R(~a) := n 1 if ~a 2 R0 otherwise is primitive re
ursive.De�nition of an n-ary fun
tion symbol �x1:::xn:t 2 PRn for ea
h PR-term t and pairwise distin
t variablesx1; :::; xn (n � 1) with FV(t) � fx1; :::; xng:1. �x1:::xn:C0k := Cnk2. �x1:::xn:xi := Ini3. �x1:::xn:ht1:::tm := (Æhg1:::gm) with gi := �x1:::xn:tiLemma 4.1(�x1:::xn:t)N (a1; :::; an) = tN [x1=a1; :::; xn=an℄ .Proof by indu
tion on the build up of t:Abb.: tN [~a℄ := tN [x1=a1; :::; xn=an℄.1. (�~x:C0k)N (~a) = (Cnk )N (~a) = k = (C0k)N [~a℄.2. (�~x:xi)N (~a) = (Ini )N (~a) = ai = xNi [~a℄3. Let t = ht1:::tm and gi := �x1:::xn:ti.(�~x:t)N (~a) = (Æhg1:::gm)N (~a) = hN (gN1 (~a); :::; gNm (~a)) = hN (tN1 [~a℄; :::; tNm [~a℄) = tN [~a℄.ConventionWe use a; b; 
; i; j; k; l;m; n as synta
ti
 variables for natural numbers, and s; t for PR-terms.We will not always distinguish between a fun
tion symbol and its interpretation in N : For example, iff 2 PRn then the fun
tion fN : INn ! IN will also be denoted by f . Correspodingly PR (PRn) also denotes22



the set of all (n-ary) primitive re
ursive fun
tions. So, PR is the least set of fun
tions, whi
h 
ontains thebasi
 fun
tions Cnk ; S; Ini and is 
losed under the operations Æ (
omposition) and R (primitive re
ursion).Corollary. (PR is 
losed under expli
it de�nitions)If t is a PR-term with FV(t) � fx1; :::; xng, and f : INn ! IN is de�ned by f(a1; :::; an) := tN [a1; :::; an℄then f is primitive re
ursive. (Proof: Lemma 4.1.)De�nition of some spe
ial fun
tion symbols (primitive re
ursive fun
tions, resp.):plus := (R I11(�xyz:Sz)), pd := (R0�yz:y), �� := (RI11�xyz:pdz), times := (RC10�xyz:pluszx).For f 2 PRn+1 we set (P f) := (RCn0�x1:::xnyz:(plus zfx1:::xny)).For the just de�ned fun
tions the following holds:plus(a; b) = a+ b, times (a; b) = a � b, pd(a) = n 0 if a = 0a� 1 otherwise , �� (a; b) = n a� b if a � b0 otherwise .(P f)(~a; b) = Pi<b f(~a; i).From now on we write +, � for plus, times.Remark.A relation R � INn is primitive re
ursive i� there is an f 2 PRn with R = f~a 2 INn : f(~a) = 0g.(Proof: 1�� f(~a) = n 1 if f(~a) = 00 otherwise )Abbreviations:s < t := (Ss�� t � 0),8x < tA := 8x(x < t! A), 9x < tA := :8x < t:A (if x 62 FV(t))8x � tA := 8x < StA, 9x � tA := 9x < StA (if x 62 FV(t))Obviously N j= (s < t)[~a℄ , sN [~a℄ < tN [~a℄.Indu
tive De�nition of �0-formulas (of the language PR)1. Ea
h atomi
 PR-formula (i.e. equation s � t) is a �0-formula.2. If A;B are �0-formulas, then :A, A ^ B, A _ B, A! B are �0-formulas.3. If A is a �0-formula, and t a PR-term with x 62 FV(t), then 8x < tA and 9x < tA are �0-formulas.Lemma 4.2If A is a �0-formula with FV(A) � fx1; :::; xng,then the relation f(a1; :::; an) 2 INn : N j= A[x1=a1; :::; xn=an℄g is primitive re
ursive.Proof:By indu
tion on the build up of A we de�ne a PR-term rA with FV(rA) = FV(A) and N j= rA � 0$ A.rs�t := (s�� t) + (t�� s) , r:A := S0�� rA , rA^B := rA + rB , rA_B := rA � rB , rA!B := r:A_B ,r8y<tB := (P�~xy:rB)~xt, where FV(8y<tB) = f~xg , r9x<tB := r:8x<t:B.CorollaryThe set of primitive re
ursive relations is 
losed under \; [; n, bounded quanti�
ation, and substitution ofprim. re
. fun
tions. 23



Lemma 4.3If f1; :::; fk+1 2 PRn, and if R1; :::; Rk � INn are pairwise disjoint primitive re
ursive relations, then also thefollowing fun
tion f : INn ! IN is primitive re
ursive:f(~a) := 8>><>>: f1(~a) if ~a 2 R1: : : : : :fk(~a) if ~a 2 Rkfk+1(~a) otherwise .Proof:Let Rk+1 := INn n (R1 [ : : : [Rk). f := �~x:(f1(~x) � 1R1(~x) + : : :+ fk+1(~x) � 1Rk+1(~x)).De�nition (bounded �-operator)For g : INn+1 ! IN let (�g) : INn+1 ! IN; (�g)(~a; b) := nminfi : g(~a; i) = 0g if 9i < b(g(~a; i) = 0)b otherwise.Lemma 4.4Let g : INn+1 ! IN be primitive re
ursive. Then the following holds:(a) (�g) is primitive re
ursive.(b) If there exists an h 2 PRn with 8~a 2 INn9i < h(~a)( g(~a; i) = 0 ),then the fun
tion ~a 7! minfi : g(~a; i) = 0g is primitive re
ursive.Proof:(a) By 4.2 and 4.3 the following fun
tion p : INn+1 ! IN is primitive re
ursive:p(~a; 
) := n 
; if g(~a; 
) = 0 & 8i < 
(g(~a; i) 6= 0)0; otherwise.Further we have: (�g)(~a; b) = n (P p)(~a; b) if 9i < b(g(~a; i) = 0)b otherwise.(b) minfi : g(~a; i) = 0g = (�g)(~a; h(~a)).De�nition (The primitive re
ursive pairing fun
tion � : IN2 ! IN)�(a; b) := b+Pi<a+b(i+ 1) = b+ (P S)(a+ b)Lemma 4.5(a) � : IN2 ! IN is bije
tive. (b) a; b � �(a; b) and (0 < a) b < �(a; b)).Proof:(a) 0 = �̂(0; 0) 2 = �̂(0; 1) 5 = �̂(0; 2) 9 = �̂(0; 3) : : :1 = �̂(1; 0) 4 = �̂(1; 1) 8 = �̂(1; 2) : : : : : :3 = �̂(2; 0) 7 = �̂(2; 1) : : : : : : : : :6 = �̂(3; 0) : : : : : : : : : : : :: : : : : : : : : : : : : : :Obviously the above s
heme de�nes a bije
tion �̂ from IN2 onto IN; and the following holds:�̂(a; b) = �̂(a+b; 0)+b, and �̂(a+b; 0) =number of all equations in previous diagonals = 1+2+ : : :+(a+b).Consequently � = �̂.(b) is obvious.De�nition (The inverse fun
tions �1; �2 of �)�1(a) := minfi : 9j � a[a = �(i; j)℄g; �2(a) := minfj : a = �(�1(a); j)g.24



Lemma 4.6(a) The fun
tions �1; �2 are primitive re
ursive.(b) �(�1(a); �2(a)) = a(
) �i(�(a1; a2)) = ai (i = 1; 2)Proof:(a) By Lemma 4.5 we have 9i � a9j � a(a = �(i; j)) and 9j � a(a = �(�1(a); j)).From this we obtain the assertion by Lemma 4.4.(b) and (
) follow from Lemma 4.5a and the de�nition of �1; �2.Remark. If f 2 PR1 then also its iteration (a; k) 7! fk(a) de�ned by f0(a) := a, fk+1(a) := f(fk(a)) isprimitive re
ursive. Note that fk+1(a) = fk(f(a)). We also write f (k) for fk.De�nition (Coding of �nite sequen
es of natural numbers)
ons(a; b) := �(a; b) + 1,hd(a) := �1(a�� 1),tl(a) := �2(a�� 1),(a)i := hd(tli(a)) (obviously (a)i = 0 for lh(a) � i),lh(a) := minfk : tlk(a) = 0g = (��)(a; a+ 1), where �(a; k) := tlk(a).The fun
tions 
ons; tl; hd; lh; (a; i) 7! (a)i are primitive re
ursive.Lemma 4.7(a) lh(
ons(a; b)) = lh(b) + 1(b) �
ons(a; b)�0 = a & 8i < lh(b)[ �
ons(a; b)�i+1 = (b)i ℄(
) i < lh(a) ) (a)i < aProof:Let n := lh(b) and 
 := 
ons(a; b). Then a = hd(
) and tli+1(
) = tli(b), espe
ially b = tl(
).(a) We have tln+1(
) = tln(b) = 0 & 8i < n(tli+1(
) = tli(b) 6= 0) & tl0(
) = 
 6= 0; hen
e lh(
) = n+ 1.(b) (
)0 = hd(tl0(
)) = a and, for i < n, (
)i+1 = hd(tli+1(
)) = hd(tli(b)) = (b)i.(
) i < lh(a) ) (a)i = �1(tli(a)�� 1) � tli(a)�� 1 < tli(a) � a.Lemma 4.8lh(
) = lh(
0) & 8i < lh(
)((
)i = (
0)i) =) 
 = 
0.Proof:Fall 1: lh(
) = 0. Then 
 = 0 = 
0.Fall 2: lh(
) = k+1. Then 
; 
0 > 0 and there are a; b; a0; b0 with 
 = 
ons(a; b); 
0 = 
ons(a0; b0). By Lemma4.7 and the assumption we now obtain lh(b) = k = lh(b0) & a = (
)0 = (
0)0 = a0 & 8i < k((b)i = (
)i+1 =(
0)i+1 = (b0)i). By I.H. this yields b = b0, and thus 
 = 
0.De�nition of ha0; :::; an�1ihi := 0; ha0; :::; ani := 
ons(a0; ha1; :::; ani)Obviously for ea
h �xed n 2 IN the fun
tion (a0; :::; an) 7! ha0; :::; ani is primitive re
ursive.25



Lemma 4.9(a) lh(ha0; :::; an�1i) = n(b) i < n ) �ha0; :::; an�1i�i = ai(
) a = h(a)0; :::; (a)n�1i mit n := lh(a).Proof: Lemmata 4.7, 4.8.Lemma 4.10The fun
tion a � b := h(a)0; :::; (a)lh(a)�1; (b)0; :::; (b)lh(b)�1i is primitive re
ursive.Proof: Let h(a; b; 0) := b, h(a; b; i+1) := 
ons((a)lh(a)�� (i+1); h(a; b; i)).For i � lh(a) we then have h(a; b; i) = h(a)lh(a)�i; :::; (a)lh(a)�1; (b)0; :::; (b)lh(b)�1iand thus h(a; b; lh(a)) = a � b.[h(a; b; 0) = b = h(b)0; :::; (b)lh(b)�1i. h(a; b; i+1) = 
ons((a)lh(a)��(i+1); h(a; b; i)) I:H:== 
ons((a)lh(a)�� (i+1); h(a)lh(a)�i; :::; (a)lh(a)�1; (b)0; :::; (b)lh(b)�1i)℄De�nitionFor f : INn+1 ! IN let f : INn+1 ! IN; f (~a; b) := hf(~a; 0); : : : ; f(~a; b� 1)i.Remark: f 2 PRn+1 =) f 2 PRn+1.Proof: f (~a; 0) = 0; f (~a; b+ 1) = f (~a; b) � hf(~a; b)i.Lemma 4.11 (Course-of-value re
ursion)For ea
h h 2 PRn+2 the fun
tion f de�ned re
ursively by f(~a; b) := h(~a; b; f (~a; b))is primitive re
ursive too.Proof:f (~a; 0) = 0 , f (~a; b+ 1) = f (~a; b) � hh(~a; b; f (~a; b))i , f(~a; b) = �f (~a; b+ 1)�b.Corollary 4.12Let H � INn+2 be primitive re
ursive, and let Q � INn+1 so that:8(~a; b) 2 INn+1[Q(~a; b) , H(~a; b;1Q(~a; b)) ℄.Then Q is primitive re
ursive.Proof: Obviously 1Q(~a; b) = 1H(~a; b;1Q(~a; b)).Remark . For Q � INn+1 the following holds: 8i < lh(b)[Q(~a; (b)i) , �1Q(~a; b)�(b)i = 1 ℄.
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Re
ursively enumerable relationsDe�nitionA relation Q � INn is re
ursively enumerable (r.e. for short), if there is primitive re
ursive relation R � INn+1su
h that Q = f~a 2 INn : 9bR(~a; b)g.Remark. Q primitive re
ursive =) Q re
ursively enumerable.Lemma 4.12A nonempty set Q � IN is re
ursively enumerable i� there exists an f 2 PR1 with Q = f(IN).Proof:\(": If f 2 PR1 then R := f(a; i) 2 IN2 : f(i) = ag is prim. re
., and f(IN) = fa : 9iR(a; i)g.\)": Let a0 2 Q = fa 2 IN : 9bR(a; b)g with primitive re
ursive R.De�nition: f : IN! IN; f(
) := n�1(
) if R(�1(
); �2(
))a0 otherwise .Then f 2 PR1 and f(IN) � Q. Remains to prove Q � f(IN):a 2 Q ) R(a; b) for some b 2 IN ) R(�1(
); �2(
)) with 
 := �(a; b) ) a = �1(
) = f(
).Indu
tive De�nition of �-formulas1. Ea
h �0-formula is a �-formula.2. If A;B are �-formulas, then also A ^ B; A _ B; 9xA are �-formulas.3. If A is a �-formula, and t a PR-term with x 62 FV(t), then 8x < tA is a �-formula.A �-formula is 
alled a �1-formula if it is of the shape 9xC with C 2 �0.Lemma 4.13A relation Q � INn is re
ursive enumerable if, and only if, it 
an be de�ned by a �-formula, i.e., if thereexists a �-formula A su
h that FV(A) � fv1; :::; vng and Q = f(a1; :::; an) 2 INn : N j= A[a1; :::; an℄g.Proof:From Lemma 4.2 it follows that a relation is r.e. i� it 
an be de�ned by a �1-formula. By indu
tion on thebuild up we now de�ne for ea
h �-formula A a �1-Formel A0 so that FV(A) = FV(A0) and N j= A $ A0.This proves the Lemma.1. For A 2 �0 let A0 := 9zA with z 62 FV(A).2. Let A0 = 9x eA and B0 = 9y eB. Then(A _ B)0 := 9z( eAx(z) _ eBy(z)), (A ^ B)0 := 9z( eAx(�1z) ^ eBy(�2z)), (9vA)0 := 9z eAx;v(�1z; �2z),(8v < tA)0 := 9z8v < t9x < z eA, where z 62 vars( eA) [ vars( eB), z 62 vars( eA)([vars(t)), respe
tively.De�nition1. A fun
tion f : INn ! IN is re
ursive i� the relationGraph(f) := f(~a; b) 2 INn+1 : f(~a) = bg is re
ursively enumerable.2. A relation R � INn is re
ursive, if its 
hara
teristi
 fun
tion 1R is re
ursive.Lemma 4.14A relation Q � INn is re
ursive i� Q and its 
omplement INn nQ are re
ursively enumerable.27



Proof:1. Assume that Q and INn nQ are r.e.[1Q(~a) = b , (~a 2 Q ^ b = 1) _ (~a 2 INn nQ ^ b = 0) ℄ 4:13=) Graph(1Q) r.e. =) 1Q re
ursive.2. Assume that Q is re
ursive. Then G := Graph(1Q) is r.e., and we have [~a 2 Q , (~a; 1) 2 G ℄ and[~a 2 INn nQ , (~a; 0) 2 G ℄. Hen
e Q and INn nQ are r.e.Corollaryf : INn ! IN re
ursive =) Graph(f) re
ursive.Proof: Let G := Graph(f).f re
ursive ) G r.e. & INn+1 nG = f(~a; b) : 9i((~a; i) 2 G ^ i 6= b)g ) G; INn+1 nG r.e..Lemma 4.15The set of all re
ursive fun
tions is the least set of fun
tions R = Sn2INRn su
h that:(R1) Cnk ; S; Ini 2 R,(R2) h 2 Rm & g1; :::; gm 2 Rn & m;n � 1 ) (Æhg1:::gm) 2 Rn,(R3) g 2 Rn & h 2 Rn+1 ) (Rgh) 2 Rn+1,(R4) g 2 Rn+1 & 8~a 2 INn9i[g(~a; i) = 0℄ & n � 1 ) (�g) 2 Rn,where (�g)(~a) := minfi 2 IN : g(~a; i) = 0g.Espe
ially every primitive re
ursive fun
tion is re
ursive.Proof:Let R be the least set of fun
tions satisfying (R1){(R4), and let R0 be the set of all re
ursive fun
tions.I. R0 � R: Let f : INn ! IN and Graph(f) r.e.Then there exists an h 2 PRn+1 with (f(~a) = b, 9i h(~a; b; i) = 0). Hen
ef(~a) = �1(minfj : h(~a; �1(j); �2(j)) = 0g) and thus f = (Æ�1(�g)), where g(~a; j) := h(~a; �1(j); �2(j)).II. R � R0:Here it suÆ
es to prove that the 
losure 
onditions (R1){(R4) hold for R0 (in pla
e of R).But this follows by Lemma 4.13 from the following equivalen
es:(Æhg1:::gm)(~a) = b , 9b1 : : : 9bm[h(b1; :::; bm) = b ^ g1(~a) = b1 ^ : : : ^ gm(~a) = bm℄.(Rgh)(~a; k) = b , 9
[g(~a) = (
)0 ^ b = (
)k ^ 8i < k(h(~a; i; (
)i) = (
)i+1 )℄.(�g)(~a) = b , g(~a; b) = 0 ^ 8i < b9
[
 6= 0 ^ g(~a; i) = 
℄:Chur
h's ThesisA fun
tion f : INn ! IN (relation Q � INn) is 
omputable (de
idable) in the intuitive sense i� it is re
ursive.
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5 G�odel's 1st In
ompleteness TheoremWe start with an arithmetization of syntax.De�nitionA primitive re
ursively represented language is a pair (L; SN)
onsisting of a 1st order language L and a one-one mapping SN : L ! IN su
h that:{ For ea
h n-ary fun
tions symbol f 2 L we have SN(f) = hn; 1; ii with i 2 IN.{ For ea
h n-ary relation symbol p 2 L we have SN(p) = hn; 2; ii with i � 1.{ The set SN(L) := fSN(p) : p 2 Lg is primitive re
ursive.(SN(p) is 
alled the symbol number of p.ConventionIn the sequel (L; SN) denotes a �xed primitive re
ursively represented language.If nothing else is said, fun
tion- and relation symbols are elements of L.The notions \term", \formula" et
. always refer to L. { Abb.: (a)i;j := ((a)i)j .De�nitionSN(vi) := h0; 0; ii; SN(!) := h2; 0; 0i; SN(8) := h2; 0; 1i; SN(?) := h0; 2; 0i; SN(�) := h2; 2; 0i.De�nition of the G�odel number du e of an expression udvi e := hSN(vi)i; dpu1:::un e := hSN(p); du1 e; :::; dun ei; d8xA e := hSN(8); dx e; dA eiRemark du e = du0 e ) u = u0.De�nitionAx1;:::;xn(t1; :::; tn) denotes the formula resulting from A when every free o

urren
e of xi is repla
ed by theterm ti, simultaneously for i = 1; :::; n. If x1; :::; xn are known from the 
ontext we brie
y write A(t1; :::; tn).A formula A is 
alled n-ary, if FV(A) � fv1; :::; vng. In this 
ase A(t1; :::; tn) := Av1;:::;vn(t1; :::; tn).Prim := set of all atomi
 (or prime) formulasFor := set of all formulasForn := set of all n-ary formulas.De�nitionIf X is a set of expressions then dX e := fdu e : u 2 Xg.A set X of expressions is 
alled primitive re
ursive (re
ursive, re
ursive enumerable, resp.)if the set dX e has this property.dFV e := f(dx e; du e) : u is an expression and x 2 FV(u)gdsubst e := f(dA e; dx e; dt e) : t 2 Ter; x 2 Vars; A 2 For; subst(A; x; t)gLemma 5.1The relations dVars e; dTer e; dPrim e; dFor e; dFV e; dForn e; dsubst e are primitive re
ursive.Proof:The assertion follows by Lemmata 4.2, 4.11 from the following equivalen
es:29



1. a 2 dVars e , a = hh0; 0; (a)0;2ii2. a 2 dTer e , a 2 dVars e _ [ (a)0 = hlh(a)�� 1; 1; (a)0;2i 2 SN(L) ^ 8i < lh(a)�� 1((a)i+1 2 dTer e) ℄, a 2 dVars e_ [ (a)0 = hlh(a)�� 1; 1; (a)0;2i 2 SN(L)^8i < lh(a)�� 1( �1dTer e(a)�(a)i+1 = 1 ) ℄3. a 2 dPrim e ,lh(a) > 0 ^ 8i < lh(a)�� 1((a)i+1 2 dTer e) ^ (a)0 = hlh(a)�� 1; 2; (a)0;2i 2 SN(L) [ fSN(�); SN(?)g4. a 2 dFor e ,a 2 dPrim e _[ lh(a) = 3 ^ (a)0 = SN(!) ^ (a)1 2 dFor e ^ (a)2 2 dFor e ℄ _[ lh(a) = 3 ^ (a)0 = SN(8) ^ (a)1 2 dVars e ^ (a)2 2 dFor e ℄5. (j; a) 2 dFV e ,(a 2 dVars e ^ j = a) _[ a 2 dFor e [ dTer e ^ 9i < lh(a)�� 1((j; (a)i+1) 2 dFV e) ^ ((a)0 = SN(8)! j 6= (a)1) ℄6. a 2 dForn e , a 2 dFor e ^ 8i < a((i; a) 2 dFV e! 1 � (i)0;2 � n)7. (a; j; 
) 2 dsubst e ,a 2 dFor e ^ j 2 dVars e ^ 
 2 dTer e ^(a 2 dPrim e _[ (a)0 = SN(!) ^ ((a)1; j; 
) 2 dsubst e ^ ((a)2; j; 
) 2 dsubst e ℄ _[ (a)0 = SN(8) ^ ( (j; a) 2 dFV e! ((a)1; 
) 62 dFV e ^ ((a)2; j; 
) 2 dsubst e)℄).De�nition (Sub : IN3 ! IN)Sub(a; 
1; 
2) := ( 
2 if a = 
1a if a = hSN(8); 
1; (a)2ih(a)0; Sub((a)1; 
1; 
2); : : : ; Sub((a)lh(a)�1; 
1; 
2)i otherwise.Lemma 5.2(a) If u 2 Ter [ For; x 2 Vars; t 2 Ter, then Sub(du e; dx e; dt e) = dux(t) e.(b) The fun
tion Sub is primitive re
ursive.Proof:(a) Indu
tion on the build up of u: Abb.: �(u) := Sub(du e; dx e; dt e)1. u = x: �(u) = dt e = dux(t) e.2. u = y 6= x: �(u) = hSN(y)i = dy e = dux(t) e.3. u = pu1:::un with p 2 L [ f�;?;!g: �(u) = hSN(p); �(u1); : : : ; �(un)i I:H:=hSN(p); du1(x=t) e; : : : ; dun(x=t) ei = dpu1(x=t) : : : un(x=t) e = du(x=t) e.4. u = 8yA with y 6= x: �(u) = hSN(8); �(y); �(A)i I:H:= hSN(8); dy e; dAx(t) ei = d8yAx(t) e = dux(t) e.5. u = 8xA: �(u) = du e = dux(t) e.(b) De�ne a prim. re
. fun
tion g by g(a; d; 0) := h(a)0i; g(a; d; k + 1) := g(a; d;m) � h(d)(a)k+1 i.Then g(a; d; k) = h(a)0; (d)(a)1 ; : : : ; (d)(a)k i and Sub(a; 
1; 
2) = f(
1; 
2; a) wheref(
1; 
2; a) := h(
1; 
2; a; f(
1; 
2; a)) with h(
1; 
2; a; d) := ( 
2 if a = 
1a if a = hSN(8); 
1; (a)2ig(a; d; lh(a)�� 1) otherwise.30



[ Sub(a; 
1; 
2) = f(
1; 
2; a) is proved by indu
tion on a. In the 
ase \otherwise" we 
ompute:Sub(
1; 
2; a) IH= h(a)0; f(
1; 
2; (a)1); : : : ; f(
1; 
2; (a)lh(a)�1)i =h(a)0; �f(
1; 
2; a)�(a)1 ; : : : ; �f(
1; 
2; a)�(a)lh(a)�1 i = g(a; f(
1; 
2; a); lh(a)�� 1) = h(
1; 
2; a; f(a; 
1; 
2)): ℄De�nitionFor ea
h axiom system � let Prf� := f(dA e; hdA0 e; :::; dAn ei) : (A0; :::; An) is a derivation of A from � g.Theorem 5.3If the axiom system � is primitive re
ursive (re
ursive, r.e., resp.) then Prf� has this property too.Proof:Prf�(a; 
) ,lh(
) � 1 ^ a = (
)lh(
)��1 ^ 8k < lh(
)[(
)k 2 d� e [ dAX e _ 9i; j < k((
)j = hSN(!); (
)i; (
)ki)℄It remains to prove that AX is primitive re
ursive.HS 1: The set AX0 of all logi
al axioms not starting with 8 is primitive re
ursive.Proof: Abb.: (a _!b) := hSN(!); a; bi.Obviously the following holds: k 2 AX0 , k 2 dFor e and one of the 
ases 1.{9. applies.1. 9a < k[ k = (a _!a) ℄2. 9a; b < k[ k = (a _!(b _!a)) ℄3. 9a; b; 
 < k[ k = ((
 _!(a _!b)) _!((
 _!a) _!(
 _!b))) ℄4. 9a < k[ k = (((a _!d? e) _!d? e) _!a) ^ a 2 dPrim e ℄5. 9a; i; 
 < k[ k = (hSN(8); i; ai _!Sub(a; i; 
)) ^ (a; i; 
) 2 dsubst e) ℄6. 9a; b; i < k[ k = (hSN(8); i; (a _!b)i _!(hSN(8); i; ai _!hSN(8); i; bi)) ℄7. 9a; i < k[ k = (a _!hSN(8); i; ai) ^ (i; a) 62 dFV e ℄8. 9
 < k[ k = hSN(�); 
; 
i ℄9. 9a; 
; d < k[ a 2 dPrim e ^ 
; d 2 dVars e ^ k = (hSN(�); 
; di _!(a _!Sub(a; 
; d))) ℄.HS 2: AX is primitive re
ursive.Proof: a 2 dAX e , a 2 dAX0 e _ (lh(a) = 3 ^ (a)0 = SN(8) ^ (a)1 2 dVars e ^ (a)2 2 dAX e).Theorem 5.4If � is a re
ursively enumerable axiom system,then the set fA : � ` Ag of all logi
al 
onsequen
es from � is also re
ursively enumerable.Proof:a 2 fdA e : � ` Ag , there exists a derivation (A0; :::; An) from � with a = dAn e , 9bPrf�(a; b).Lemma 5.5Let T be a theory with primitive re
ursively represented language L(T ).Then the following statements are equivalent:(i) T is re
ursively enumerable.(ii) T has a primitive re
ursive axiom system. 31



(iii) T has a re
ursive axiom system.(iv) T has a re
ursively enumerable axiom system.De�nition: Su
h a theory is 
alled re
ursively axiomatizable.Proof: w.l.o.g. L(T ) = L.(i))(ii): Let f 2 PR1 with dT e = f(IN).Def.: An := the formula with dAn e = f(n), B0 := A0; Bn+1 := Bn ^ An+1; � := fBn : n 2 INg1. � is an axiom system for T : obvious.2. � ist prim. re
.: As one easily sees, the fun
tion n 7! dBn e is prim. re
., and n < dBn e holds for all n 2 IN.From the latter we 
on
lude: a 2 d� e, 9n < a(a = dBn e).(ii))(iii) and (iii))(iv): trivial.(iv))(i): Theorem 5.4 + \For0 is prim. re
." + T = fA 2 For0 : � ` Ag.Satz 5.6Ea
h re
ursively axiomatizable, 
omplete theory T is re
ursive.Proof: w.l.o.g. L(T ) = L.If T is in
onsistent, then T = For0. If T is 
onsistent then a 62 dT e , (a 62 dFor0 e_hSN(!); a; d? ei 2 dT e),and the assertion follows by Lemmata 5.5, 4.14.De�nitionLetM be an L-stru
ture. A relation R � jMjn is de�nable inM, if there is an n-ary formula A, su
h thatR = f(a1; ::; an) 2 jMjn :M j= A[a1; :::; an℄g.Convention. In the following we assume that L 
ontains at least the fun
tion symbols 0 and S.De�nition of the terms n (n 2 IN): 0 := 0; n+1 := Sn. (These terms are 
alled numerals.)RemarkIf M is an L-stru
ture with jMj = IN; 0M = 0; SM(a) = a + 1, then for ea
h n-ary formula A and alla1; :::; an 2 IN the following holds: M j= A[a1; :::; an℄ , M j= A(a1; :::; an).De�nition of the fun
tion s 2 PR2: s(a; k) := Sub(a; dv1 e; dk e).Theorem 5.7 (Tarski)LetM be an L-Struktur with jMj = IN; 0M = 0; SM(a) = a+ 1.Assume that every primitive re
ursive relation (then
e also every r.e. relation) is de�nable inM.Then dTh(M) e is not de�nable inM and therefore Th(M) is not r.e. and not re
ursively axiomatizable (
f.Lemma 5.5).Proof:Preliminary remark:If X is a set and H a fun
tion with dom(H) = X , then Q := fx 2 X : x 62 H(x)g 62 H(X).(Proof: If Q = H(x0) then x0 2 H(x0), x0 2 Q, x0 62 H(x0).)32



Now let H : dFor1 e! P(IN); H(dA e) := fk 2 IN : M j= A(k)g and Q := fk 2 dFor1 e : k 62 H(k)g.Then we have Q 62 H(dFor1 e), i.e., Q is not de�nable inM.HS 1: k 2 Q , k 2 dFor1 e ^ s(k; k) 62 dTh(M) e.Proof: Assume k = dA e 2 dFor1 e (otherwise the 
laim is trivial).k 2 Q , k 62 H(dA e) , M 6j= A(k) , A(k) 62 Th(M) , Sub(dA e; dv1 e; dk e) 62 dTh(M) eHS 2: dTh(M) e de�nable inM =) Q de�nable inM.Proof: Assumption: D is a 1-ary formula with dTh(M) e = fk 2 IN : M j= D(k)g.From the assumption that every primitive re
ursive relation is de�nable inM it follows that there exists a2-ary formula A with M j= A(k; b) , k 2 dFor1 e & s(k; k) = b.Hen
e: k 2 Q HS1, k 2 dFor1 e & s(k; k) 62 dTh(M) e, there exists a b with k 2 dFor1 e & s(k; k) = b & b 62 dTh(M) e, there exists a b withM j= A(k; b) and b 62 dTh(M) e, M j= C(k), where C := 9y(A(v1; y) ^ :D(y)).Sin
e Q is not de�nable inM, HS2 yields that dTh(M) e is not de�nable inM.Remark.Let A;C be as in the proof of HS 2, but with D now an arbitrary 1-ary formula.Let further k := dC e. Then dC(k) e = Sub(k; dv1 e; dk e) = s(k; k) andM j= C(k) , there exists a b withM j= A(k; b) ^ :D(b) , M j= :D(s(k; k)).For G := C(k) we therefore have: M j= G$ :D(dG e).De�nition (Representability)Let � be an axiom system with 0; S 2 L(�). An (n+1)-ary formula A represents the fun
tion f : INn ! INin �, if the following holds for all a1; :::; an; b 2 IN:(1) f(a1; :::; an) = b =) � ` A(a1; :::; an; b) ^ 8y(A(a1; :::; an; y)! b � y).(2) f(a1; :::; an) 6= b =) � ` :A(a1; :::; an; b).(Remark: If � ` :(b � 
) holds for all b; 
 2 IN with b 6= 
, then (2) is a 
onsequen
e of (1).)An n-ary formula A represents the relation R � INn in �, if the following holds for all a1; :::; an 2 IN:(1) (a1; :::; an) 2 R =) � ` A(a1; :::; an).(2) (a1; :::; an) 62 R =) � ` :A(a1; :::; an).f : INn ! IN (R � INn, resp.) is representable in �, if there is an L(�)-formula A su
h thatA represents f (R, resp.) in �.R � INn is weakly representable in �, if there is an n-ary L(�)-formula A su
h thatR = f(a1; :::; an) 2 INn : � ` A(a1; :::; an)g.Theorem 5.8 (Fixpoint Lemma)If the primitive re
ursive fun
tion a 7! s(a; a) is representable �,then for every 1-ary L(�)-formula D one 
an 
onstru
t an L(�)-senten
e G so that � ` G$ D(dG e).33



Proof:Let A be a 2-ary L(�)-formula whi
h represents the fun
tion a 7! s(a; a) in �, and letC := 9y(A(v1; y) ^D(y)). { Then for all k 2 IN we have � ` C(k)$ D(s(k; k)).[ Proof: Let b := s(k; k).Then � ` A(k; b) ^ 8y(A(k; y)! b = y), and from this we obtain � ` 9y(A(k; y) ^D(y))$ D(b). ℄Morover, for k := dC e, G := C(k) we have s(k; k) = dC(k) e = dG e. Hen
e � ` G$ D(dG e).Theorem 5.9Every 
onsistent theory T , in whi
h all re
ursive fun
tions are representable,is unde
idable (i.e., not re
ursive).Proof:Assumption: T re
ursive.Then the 
hara
teristi
 fun
tion 1dT e and thus the 1-ary relation dT e are representable in T .Therefor there is a 1-ary L(T )-formula D so that the following holds for ea
h senten
e A:(1) A 2 T ) T ` D(dA e), (2) A 62 T ) T ` :D(dA e).By the Fixpoint Lemma there is an L(T )-senten
e G with (3) T ` G$ :D(dG e).Now, from (1),(2),(3) we obtain (G 2 T ) T ` ?) and (G 62 T ) G 2 T ); hen
e T ` ?. Contradi
tion.De�nitionAn axiom system � with 0; S 2 L(�) is 
alled !-
onsistent, if the following holds for ea
h 1-ary L(�)-formulaA:� ` :A(n), for all n 2 IN ) � 6` 9xA(x).Remark: \!-
onsistent" implies \
onsistent".Satz 5.10 (G�odel's 1. In
ompleteness Theorem)(Version A) Every 
onsistent, re
ursively axiomatizable theory T , in whi
h all re
ursive fun
tions are repre-sentable, is in
omplete.(Version B) For ea
h !-
onsistent, re
ursive axiom system �, in whi
h all re
ursive fun
tions are repre-sentable, one 
an 
onstru
t an L(�)-senten
e G, so that � 6` G and � 6` :G.Proof:(A) The 
laim follows from theorems 5.6, 5.9.(B) w.l.o.g.: L = L(�). A

ording to Theorem 5.3 and the assumption that all re
ursive fun
tions (then
eall re
ursive relations) are representable in �, we 
an 
onstru
t a 2-ary L-formula P su
h that:(1) (a; b) 2 Prf� ) � ` P (a; b),(2) (a; b) 62 Prf� ) � ` :P (a; b).From the Fixpoint Lemma we obtain an L-senten
e G su
h that:(3) � ` G$ :9zP (dG e ; y). 34



Assumption: � ` G.Now by (1) there exists a b with � ` P (dG e ; b). From this we get � ` 9zP (dG e ; z) and then, by (3), � ` :G.Contradi
tion.Therefore we have � 6` G. By (2) from this we get � ` :P (dG e ; b) for all b 2 IN.From (3) and the !-
onsisten
y of � we further obtain � 6` :G.

35



6 RepresentabilityIndu
tive De�nition of sets Rekn of n-ary fun
tions1. Cnk ; Ini 2 Rekn; S 2 Rek1; +; �;1< 2 Rek2.2. h 2 Rekm & g1; :::; gm 2 Rekm & m;n � 1 =) (Æhg1:::gm) 2 Rekn.3. g 2 Rekn+1 & 8~a 2 INn9i[g(~a; i) = 0℄ & n � 1 =) (�g) 2 Rekn.Abbreviation: Rek := Sn2INReknWe will now prove that Rek is 
losed under primitive re
ursion and thus (by Lemma 4.15) 
oin
ides withthe set of all re
ursive fun
tions.Abbreviation: Restab (i) := remainder of a divided by b(i+1)+1Lemma 6.1The fun
tions �; �1; �2;�� and (a; b; i) 7! Restab (i) are in Rek.Proof:1. �(a; b) = b+Pi<a+b(i+ 1) = b+ 12 (a+ b)(a+ b+ 1) = b+H((a+ b) � (a+ b+ 1)),where H(
) := minfi : 
 � 2ig = minfi : 1<(2i; 
) = 0g.From this we get � 2 Rek, sin
e Rek is 
losed under expli
it de�nitions and the �-operator.2. Let J(
) := minfi : 2
 < (i+ 1) � (i+ 2)g. Then J 2 Rek and(1) J(
) � (J(
) + 1) � 2
 < (J(
) + 1) � (J(
) + 2).On the other side:(2) (a+ b) � (a+ b+ 1) � (a+ b) � (a+ b+ 1) + 2b < (a+ b+ 1) � (a+ b+ 2).Assume now that 
 = �(a; b), hen
e 2
 = (a+ b) � (a+ b+1)+2b. From (1),(2) we get J(
) = a+ b and thus�2(
) = b = 
�� H(J(
)(J(
) + 1)) and �1(
) = a = J(
)�� �2(
).3. a�� b = minf
 : a � b+ 
g.4. Restab (i) = a�� f(a; b; i) � (b(i+ 1) + 1), where f(a; b; i) := minfk : a < (k + 1)(b(i+ 1) + 1)g.Lemma 6.2For arbitrary k;m0; :::;mk 2 IN there exist a; b 2 IN su
h that Restab (i) = mi for i = 0; :::; k.Proof:Let s := maxfk;m0; :::;mkg+ 1; b := s!; bi := b(i+ 1) + 1. Then mi < bi, for i = 0; :::; k.HS 1: i < j � k ) bi; bj are relatively prime.Proof: Let p be a prime number with pjbi and pjbj . Then pj(bj � bi), i.e., pj(j � i)b. From j � i � s andb = s! we get (j � i)jb, hen
e pjb. Together with pj(b(j + 1) + 1) this yields p = 1.HS 2: 0 � a < a0 < b0 � ::: � bk ) 9i � k(Restab (i) 6= Resta0b (i)).Proof by 
ontradi
tion: Assume ri := Restab (i) = Resta0b (i) for i = 0; :::; k.Then a = bini + ri& a0 = bin0i + ri& ri < bi with ni < n0i. Hen
e a0 � a = (ni � n0i)bi, i.e., bij(a0 � a) fori = 0; :::; k. By HS 1 from this we get b0 � ::: � bkj(a0 � a) whi
h 
ontradi
ts a0 � a < b0 � ::: � bk.36



By HS 2 the mapping a 7! (Restab (0); :::;Restab (k)) is a one-one mapping from fa 2 IN : a < b0 � ::: � bkg intofj : j < b0g � :::� fj : j < bkg. Sin
e both sets have the same (�nite) 
ardinality, this mapping is also onto(surje
tive). Therefore there exists an a 2 IN with (Restab (0); :::;Restab (k)) = (m0; :::;mk).Satz 6.3The set Rek is 
losed under primitive re
ursion and therefore 
oin
ides with the set of all re
ursive fun
tions(
f. Lemma 4.15).Proof:Let g 2 Rekn; h 2 Rekn+2 and f = (Rgh).De�nitions�(
; i) := Rest�1(
)�2(
)(i),ja� bj := (a�� b) + (b�� a),G0(~a; b; 
) := minfi : (b�� i) � (1�� jh(~a; i; �(
; i))� �(
; i+ 1)j) = 0g,G(~a; b; 
) := jg(~a)� �(
; 0)j+ (b�� G0(~a; b; 
)).Then the following holds:(1) G 2 Rek(2) b�� G0(~a; b; 
) = 0 , 8i < b(h(~a; i; �(
; i)) = �(
; i+ 1))(3) 8~a 2 INn8b9
(G(~a; b; 
) = 0)Proof of (3): Let ~a and b be given. By 6.2 there is a 
 2 IN with �(
; i) = Rest�1(
)�2(
)(i) = f(~a; i) f�ur i = 0; :::; b.By (2) we obtain G(~a; b; 
) = 0.(4) f(~a; b) = �(minfi : G(~a; b; i) = 0g; b)Proof: Let 
 := minfi : G(~a; b; i) = 0g. Then G(~a; b; 
) = 0 and thus (by (2) )g(~a) = �(
; 0) ^ 8i < b(h(~a; i; �(
; i)) = �(
; i+ 1)), i.e., f(~a; b) = �(
; b).The axiom system Q(Q1) 8x:(Sx=0) ^ 8x8y(Sx= Sy ! x= y)(Q2) 8x(x+ 0= x) ^ 8x8y(x+ Sy= S(x+ y))(Q3) 8x(x � 0= 0) ^ 8x8y(x � Sy= (x � y) + x))(Q4) 8x(x � 0 _ 9y(x � Sy)).Abbreviation: s < t := 9z(Sz+s � t).Obviously Q is 
onsistent.Lemma 6.4 For all a; b; k 2 IN:(a) Q ` a+ b � a+b(b) Q ` a � b � a � b(
) a < b ) Q ` a < b,(d) a < b ) Q ` :(a= b),(e) a � b ) Q ` :(b < a), 37



(f) Q ` Sz + a � z + Sa,(g) Q ` x < k ! x � 0 _ ::: _ x � k�1,(h) Q ` x � 0 _ ::: _ x � k _ k < x.Proof:Abbreviation: ` B :, Q ` B , A ` B :, Q [ fAg ` B.Preliminary remark: Due to (Q4) we have (�) ` Ax(0) & ` Ax(Sy) & y 62 FV(A) ) ` A.(a) Indu
tion on b:1. b = 0: ` a+ 0 (Q2)� a.2. b = m+1: ` a+ b � a+ Sm (Q2)� S(a+m) IV� Sa+m � a+b.(b) is proved in the same way as (a).(
) a < b ) (
+1) + a = b a)) ` S
+ a � b ) ` 9z(Sz + a � b).(d) Indu
tion on a. Let b = m+ 1.1. a = 0: (Q1)) ` :(0 � Sm) ) ` :(a � b).2. a = k + 1: k < m IV) ` :(k � m) (Q1)) ` :(Sk � Sm).(e) Indu
tion on b: 1. b = 0: Then also a = 0. Sz + 0 � 0 ` Sz � 0 ` ?.Hen
e ` 8z(Sz + 0 � 0! ?), i.e., ` :(0 < 0).2. b = n+ 1 and a = 0: Sz + b � 0 ` S(Sz + n) � 0 ` ?.3. b = n+ 1 and a = m+ 1: Then m � n and by IH ` Sz + n � m! ?.Hen
e Sz + b � a ` S(Sz + n) � Sm ` Sz + n � m ` ?.(f) Indu
tion on a: 1. ` Sz + 0 � Sz � S(z + 0) � z + S0.2. ` Sz + n+1 � Sz + Sn � S(Sz + n) IV� S(z + n+1) � z + Sn+1.(g) Indu
tion on k:1. k = 0: ` Sz + 0 � Sz 6= 0 ) ` 0 < 0! ?` Sz + Sy � S(Sz + y) 6= 0 ) ` Sy < 0! ?) =) ` x < 0! ?.2. k > 0:(1) ` Sz � k ^ z � 0! 0 � k�1,(2) ` Sz � k ^ z � Sy ! Sy + 0 � k � 1,(3) ` Sz + 0 � k ^ (z � 0 _ 9y(z � Sy))! 0 < k�1 _ 0 � k�1, [by (1),(2)℄(4) ` Sz + 0 � k ! 0 < k�1 _ 0 � k�1 [by (3) and (Q1)℄(5) ` 0 < k ! 0 = 0 _ ::: _ 0 � k�1, [by (4) and IH℄(6) Sz + Sy � k ` Sz + y � k�1 IV̀ y � 0 _ ::: _ y � k�2 ` Sy � 1 _ ::: _ Sy � k�1,(7) ` Sy < k ! Sy � 0 _ ::: _ Sy � k�1, [by (6)℄(8) ` x < k ! x � 0 _ ::: _ x � k�1, [by (7),(5),(�)℄.(h) Indu
tion on k:1. By (Q4) and (Q2) we have ` x � 0 _ 9z(Sz + 0 � x), i.e., ` x � 0 _ 0 < x.2. k ! k+1:(1) S0+ k � x ` x � k+1, [by (a)℄ 38



(2) SSy + k � x f)̀ Sy + k+1 � x ` k+1 < x,(3) ` Sz + k � x! x � k+1 _ k+1 < x, [by (2) and (�)℄(4) ` k < x! x � k+1 _ k+1 < x, [by (3)℄(5) ` x � 0 _ ::: _ x � k _ x � k+1 _ k+1 < x, [by IH and (4)℄.Theorem 6.5Every re
ursive fun
tion (and thus every re
ursive relation) is representable in Q.Proof:Abb.: ` A :, Q ` A.By indu
tion on the de�nition of Rek we prove that every fun
tion f 2 Rek is representable in Q. (Note thatby 6.4d we have ` :(a � b) for a 6= b, and need not to show 
ondition (2) in the de�nition of \representable".)1. The fun
tions Cnk ; S; Ini are represented by the formulas vn+1 � 0; v2 � Sv1; vn+1 � vi.2. The fun
tion 1< is represented by the formula A := (v1 < v2 ^ 1 � v3) _ (:(v1 < v2) ^ 0 � v3).Proof: 1<(a1; a2) = 1 ) a1 < a2 [6:4
℄) ` a1 < a2 ) ` A(a1; a2; 1) ^ (A(a1; a2; y)! 1 � y).1<(a1; a2) = 0 ) a2 � a1 [6:4e℄) ` :(a1 < a2) ) ` A(a1; a2; 0) ^ (A(a1; a2; y)! 0 � y).3. Let f = (Æhg1:::gm) with g1; :::; gm 2 Rekn and h 2 Rekm. By I.H. there are (n+1)-ary formulasB1; :::; Bm and an (m+ 1)-ary formula C su
h that:(i) h(b1; :::; bm) = b ) ` C(b1; :::; bm; b) ^ 8y(C(b1; :::; bm; y)! b � y),(ii) gi(~a) = bi ) ` Bi(~a; bi) ^ 8y(Bi(~a; y)! bi � y) (i = 1; :::;m).Def.: A := 9y1:::9ym[C(y1; :::; ym; vn+1) ^ B1(v1; :::; vn; y1) ^ ::: ^ Bm(v1; :::; vn; ym) ℄.Now let f(~a) = b. Then h(b1; :::; bm) = b with bi := gi(~a) (i = 1; :::;m).By (i),(ii) we obtain ` C(b1; :::; bm; b) ^ B1(~a; b1) ^ ::: ^ Bm(~a; bm), and then ` A(~a; b).By (i),(ii) we also have:` (B1(~a; y1)! b1 � y1) ^ ::: ^ (Bm(~a; ym) ! bm � ym) ^ (C(b1; :::; bm; y)! b � y).From this together with ` b1 � y1 ^ ::: ^ bm � ym ^ C(y1; :::; ym; y) ! C(b1; :::; bm; y) , we obtain` B1(~a; y1) ^ ::: ^ Bm(~a; ym) ^ C(y1; :::; ym; y) ! b � y, and then` 9y1:::9ym[B1(~a; y1) ^ ::: ^ Bm(~a; ym) ^ C(y1; :::; ym; y) ℄ ! b � y.4. Let f = (�g) with g 2 Rekn+1 and 8~a9i[g(~a; i) = 0℄. By I.H. there is an (n+2)-ary formula B su
h that:g(~a; i) = 
 ) ` B(~a; i; 
) ^ 8y(B(~a; i; y)! 
 � y).De�nition: A := B(v1; :::; vn; u; 0) ^ 8x < u9y(:(y � 0) ^ B(v1; :::; vn; x; y)) , where u := vn+1.Assume now f(~a) = k. Then g(~a; k) = 0 und 
i := g(~a; i) > 0 for all i < k.We obtain:(1) ` B(~a; k; y)! y � 0(2) ` B(~a; i; y)! :(y � 0), for i = 0; :::; k � 1 [ (Q1) ℄(3) ` :B(~a; i; 0), for i = 0; :::; k � 1 [ (2) ℄(4) ` B(~a; u; 0)! :(u � i), f�ur i = 0; :::; k � 1 [(3)℄39



(5) ` :9y(:(0 � y) ^ B(~a; k; y)) [ (1) ℄(6) ` 8x < u9y(:(y � 0) ^B(~a; x; y))! :(k < u) [ (5) ℄(7) ` A(~a; u)! :(u � 0) ^ ::: ^ :(u � k�1) ^ :(k < u) [ (4),(6) ℄(8) ` A(~a; u)! k � u [ (7), 6.4h℄Further:(9) ` B(~a; k; 0)(10) ` :(
i � 0) ^ B(~a; i; 
i), for i = 0; :::; k � 1(11) ` i � x! 9y(:(y � 0) ^ B(~a; x; y)), for i = 0; :::; k � 1(12) ` 0 � x _ ::: _ k�1 � x! 9y(:(y � 0) ^ B(~a; x; y)),(13) 8x < k9y(:(y � 0) ^B(~a; x; y)) [(12), 6.4g℄De�nitionLet Lar := L(Q) = f0; S;+; �g. The formulas of the language Lar are 
alled arithmeti
al formulas.Let N be the standard model of Q.A relation R � INn is 
alled arithmeti
al, if it is de�nable in N .Theorem 6.6Every re
ursively enumerable relation is arithmeti
al.Proof:Let Q � IN be re
ursively enumerable. Then there is a (primitive) re
ursive relation R � IN2 with Q =fa 2 IN : 9b (a; b) 2 Rg. By 6.5 there is an arithmeti
al formula A with [ (a; b) 2 R ) Q ` A(a; b) ℄ and[ (a; b) 62 R ) Q ` :A(a; b) ℄. Sin
e N j= Q, from this we get R = f(a; b) : N j= A(a; b)g and thenQ = fa : N j= 9yA(a; y)g.Theorem 6.7 (Tarski)dTh(N ) e is not arithmeti
al.Corollary (G�odel)Th(N ) ist not re
ursively enumerable and 
onsequently not re
ursively axiomatizable.Proof: 5.7 and 6.6.Theorem 6.8 Every 
onsistent theory T with Q � T is unde
idable.Proof: 5.9 and 6.6.Remark (G�odel's 1st In
ompleteness Theorem)In Theorem 5.10 the premise \all re
ursive fun
tions are representable in T (�, resp.)" 
an be repla
ed by\Q � T (� ` Q, resp.)". From 5.10(A) we obtainEvery 
onsistent, re
ursively enumerable theory T with Q � T is in
omplete.Theorem 6.10 (Unde
idability of 1st-order predi
ate logi
)The set of all logi
ally valid Lar-senten
es is unde
idable (not re
ursive).40



Proof:Let P be the set of all logi
ally valid Lar-senten
es and Cn(Q) the set of all Lar-senten
es whi
h are logi
ally
onsequen
es of Q. By 6.8 Cn(Q) is not re
ursive. On the other side we have: a 2 dCn(Q) e ,hSN(!); dVQ e; ai 2 dP e , where VQ := (Q1) ^ : : : ^ (Q4). Hen
e P 
annot be re
ursive either.Theorem 6.11 (Rossers re�nement of G�odel's 1st in
ompleteness theorem)Let � be a 
onsistent, re
ursive axiom system su
h that � ` Q. Then one 
an de�ne a true arithmeti
senten
e G su
h that � 6` G and � 6` :G.Proof:By 5.3 Prf� is re
ursive, and by 6.6 we have a 2-ary arithmeti
al formula B satisfying:(1) (a; b) 2 Prf� ) Q ` B(a; b),(2) (a; b) 62 Prf� ) Q ` :B(a; b).Def.: (a; b) 2 Rft� :, (hSN(!); a; d? ei; b) 2 Prf�.With Prf� also Rft� is re
ursive. Therefore we have a 2-ary arithmeti
al formula B� su
h that:(1') (a; b) 2 Rft� ) Q ` B�(a; b),(2') (a; b) 62 Rft� ) Q ` :B�(a; b).By the Fixpointlemma we obtain an arithmeti
al senten
e G su
h that(3') Q ` G$ :9y(B(dG e ; y) ^ 8z<y:B�(dG e ; z)).Assumption: � ` G.Then there exists a b 2 IN with (dG e; b) 2 Prf�. Sin
e � is 
onsistent, (dG e; n) 62 Rft� holds for all n 2 IN.By (1),(2') from this we obtain Q ` B(dG e ; b) and Q ` :B�(dG e ; n) for all n.Further we get:Q ` B(dG e ; b) ^ 8z<b:B�(dG e ; z),Q ` 9y(B(dG e ; y) ^ 8z<y:B�(dG e ; z)),Q ` :G,� ` :G. Contradi
tion.Hen
e � 6` G. From this we get N j= :9y(B(dG e ; y) ^ 8z < y:B�(dG e ; z)) and then by (3') N j= G.Assumption: � ` :G.Then there exists a b 2 IN with (dG e; b) 2 Rft�. Sin
e � is 
onsistent, we have (dG e; n) 62 Prf� for all n 2 IN.By (2),(1') from this we get Q ` B�(dG e ; b) and Q ` :B(dG e ; n) for all n.Further we obtain:Q ` [b < y ! 9z < yB�(dG e ; z)℄ ^ [y � b! :B(dG e ; y)℄,Q ` 8y(:B(dG e ; y) _ 9z < yB�(dG e ; z)),Q ` :9y(B(dG e ; y) ^ 8z < y:B�(dG e ; z)),Q ` G. Contradi
tion. 41



7 The axiom system ZF of Zermelo-Fraenkel set theoryThe language of ZF 
onsists of a single binary relation symbol � . The axioms of ZF are(Extensionality) 8x08x1(8y(y � x0 $ y � x1)! x0 = x1)(Pair) 8x08x19y8z(z � y $ z = x0 _ z = x1)(Union) 8x9y8z(z � y $ 9v(v � x ^ z � v))(Powerset) 8x9y8z(z � y $ 8v(v � z ! v � x))(In�nity) 9w(9x[x �w ^ :9y(y � x)℄ ^ 8x[x �w ! 9y(y �w ^ 8z(z � y $ z � x _ z = x))℄)(Foundation) 8x(9y(y � x)! 9y[y � x ^ :9z(z � x ^ z � y)℄)(Repla
ement) 8z1:::8zn(8x8y08y1['(x; y0; ~z) ^ '(x; y1; ~z)! y0 = y1℄ !! 8u9w8y[y �w $ 9x(x � u ^ '(x; y; ~z))℄), for ea
h (n+2)-ary f � g-formula ' (n � 0).We are now going do develop a 
onsiderable amount of set theory on the basis of ZF, in other words we willderive logi
al 
onsequen
es from ZF. But we will do this semanti
ally by working in an arbitrary ZF-model.Assumption. Let (V; �V ) be a model of ZF.In the sequel we use a; b; 
; d; e; f; g; h; u; w; x; y; z as synta
ti
 variables for obje
ts from V .De�nitionA 
olle
tion X of obje
ts from V is 
alled a 
lass, if there are an (n+1)-ary f � g-formula ' and obje
tsa1; :::; an 2 V su
h that X = fx : (V; �V ) j= '[a1; :::; an; x℄g. (Sin
e x ranges over obje
ts from V ,\fx : ::::g" has the same meaning as \fx 2 V : ::::g".)We use A;B;C;D;E; F;G;H;R as synta
ti
 variables for 
lasses.For ea
h a 2 V we de�ne the 
lass E(a) := fx : x �V ag.Sin
e (V; �V ) j= (Extensionality), we have: E(a) = E(b) ) a = b.Therefore in the sequel every a 2 V will be identi�ed with its \extension" E(a).Then for a; b 2 V we have: b 2 a, b �V a. Hen
e we 
an write (V;2) for (V; �V ).CONVENTION:From now on, by a set we always mean an obje
t from V .Remark:1. Sin
e a is identi�ed with E(a), every set is a 
lass.2. Not every 
lass is a set.Proof of 2.: R := fx : x 62 xg is a 
lass, and 8a2V (a 2 R $ a 62 a) holds.Now if R would be a set, then we would have R 2 R $ R 62 R.Remark; := fx : x 6= xg is a 
lass. If A;B are 
lasses then A [ B; A \ B; A nB;SA := fx : 9y2A(x 2 y)g; TA := fx : 8y2A(x 2 y)g; P(A) := fx : x � Ag are 
lasses.42



From the assumption (V;2) j= (Pair) ^ (Union) ^ (Powerset) we get:Lemma 7.1(a) 8a8b(fa; bg 2 V ),(b) 8a(S a 2 V ),(
) 8a(P(a) 2 V ),(d) 8a8b(a [ b = Sfa; bg 2 V ),(e) 8a1 : : :8an( fa1; :::; ang 2 V ).De�nition. (a; b) := ffag; fa; bgg (ordered pair of a and b)Lemma 7.2(a) (a; b) 2 V ,(b) (a1; b1) = (a2; b2) =) a1 = a2 ^ b1 = b2.Proof:(a) follows from 7.1.(b) Let 
 := (a1; b1) = (a2; b2).Case 1: a1 = b1. ffa1gg = 
 = ffa2g; fa2; b2gg ) fa1g = fa2g = fa2; b2g ) a1 = a2 = b2.Case 2: a2 = b2. Analoguous to 
ase 1.Case 3: a1 6= b1 & a2 6= b2. fa1g; fa1; b1g 2 
 = ffa2g; fa2; b2gg & fa1g 6= fa2; b2g & fa1; b1g 6= fa2g =)fa1g = fa2g & fa1; b1g = fa2; b2g ) a1 = a2 & b1 = b2.De�nitionA�B := f(x; y) : x 2 A ^ y 2 Bg := fz : 9x9y(z = (x; y) ^ x 2 A ^ y 2 B)g:A relation is a 
lass of ordered pairs, i.e., a sub
lass of V � V .A fun
tion is a relation F su
h that 8x; y; z((x; y) 2 F ^ (x; z) 2 F ! y = z) holds.AbbreviationsLet R be a 
lass.Rel(R) :, R is a relation (i.e. R � V � V )Fun(R) :, R is a fun
tionRxy :, xRy :, (x; y) 2 Rdom(R) := fx : 9y Rxyg (domain of R)ran(R) := fy : 9xRxyg (range of R)RjA := f(x; y) 2 R : x 2 Ag (restri
tion of R to A)R[A℄ := fy : 9x2ARxyg (image of A under R)Q ÆR := f(x; y) : 9z(Rxz ^Qzy)g (
omposition of Q and R)R�1 := f(y; x) : Rxyg (inverse of R)If F is a fun
tion and x 2 dom(F ), then F (x) denotes the uniquely determined y su
h that (x; y) 2 F ,(i.e. the value of F at x).F : A! B :, Fun(F ) ^ dom(F ) = A ^ ran(F ) � B (F is a fun
tion from A to B)ba := ff 2 V : f : a! bg 43



A fun
tion F is 
alled inje
tive, if 8x0; x12dom(F )(F (x0) = F (x1)! x0 = x1).Corollary1. If A;B;R;Q are 
lasses then A�B; dom(R); ran(R); RjA; R[A℄; Q ÆR;R�1 are 
lasses.2. If F;G are fun
tions, and A � dom(F ) \ dom(G), then:(a) Fun(F jA) & dom(F jA) = A & ran(F jA) = F [A℄ & 8x2A(F (x) = (F jA)(x)),(b) ran(F ) = F [dom(F )℄ & F = F jdom(F )(
) 8x2A(F (x) = G(x)) ) F jA = GjA(d) dom(F ) = dom(G) = A & 8x2A(F (x) = G(x)) ) F = GLemma 7.3 (Consequen
es from (V;2) j=(Repla
ement) )(a) If F is a fun
tion and a 2 V , then F [a℄ 2 V .(b) If C is a 
lass and a 2 V , then fx 2 a : x 2 Cg 2 V .(
) C � A & A 2 V ) C 2 V .(d) A 6= ; ) TA 2 V .Proof:(a) Obviously (x0; x1) = y , 9u; v2y(8z(z 2 y $ z = u_z = v)^8z(z 2 u$ z = x0)8z(z = x0_z = x1)),and (x; y) 2 F $ 9z(z 2 F ^ z = (x; y)). Therefore, sin
e F is a 
lass, there are an (n+2)-ary formula 'and sets 
1; :::; 
n su
h that 8x; y( (x; y) 2 F , (V;2) j= '[x; y; 
1; :::; 
n℄ ). Sin
e F is a fun
tion, wealso have (V;2) j= 8x8y08y1('(x; y0; ~z) ^ '(x; y1; ~z) ! y0 = y1)[~z=~
℄. Now by (Repla
ement) we obtain(V;2) j= 9w8y(y �w $ 9x(x � u^'(x; y; ~z)))[u=a; ~z=~
℄. Hen
e fy : 9x(x 2 a^(x; y) 2 F )g 2 V , i.e. F [a℄ 2 V .(b) Obviously, F := f(x; x) : x 2 Cg is a fun
tion. Therefore (by 7.3a) F [a℄ 2 V . Further we havey 2 F [a℄ , 9x2a((x; y) 2 F ) , 9x2a9x0(x0 2 C ^ (x; y) = (x0; x0)) , y 2 a ^ y 2 C.(
) C � A ) C = fx 2 A : x 2 Cg. (d) Let a 2 A. Then TA � a 2 V .Lemma 7.4(a) a; b; r 2 V ) a [ b; a [ b; a n b; a� b; ba; dom(r); ran(r); r[a℄; rja; r�1 ; a Æ r 2 V .(b) Rel(R) & dom(R) 2 V & ran(R) 2 V ) R 2 V .(
) Fun(F ) ) F ja 2 V .(d) Fun(F ) & dom(F ) 2 V ) F 2 V .Beweis:a) 1. a [ b = Sfa; bg; a \ b � a; a n b � a.2. x 2 a & y 2 b ) fxg; fx; yg 2 P(a [ b) ) (x; y) = ffxg; fx; ygg 2 P(P(a [ b)).Hen
e a� b � P(P(a [ b)).3. ba � P(a� b).4. (x; y) 2 r ) fx; yg 2 S r ) x; y 2 SS r. Hen
e dom(r); ran(r); r[a℄ � SS r.5. rja � r; r�1 � ran(r) � dom(r); a Æ r � dom(r) � ran(a).(b),(
),(d) Rel(R) ) R � dom(R)� ran(R): F ja � a� F [a℄: F = F jdom(F ).44



8 Ordinal numbersDe�nition1. A relation R is transitive i� 8x; y; z(Rxy ^ Ryz ! Rxz).2. xR := fy : Ryxg (x 2 V; R relation)3. 8yRx(::::) := 8y(yRx! ::::), 9yRx(::::) := 9y(yRx ^ ::::)Lemma 8.1For ea
h relation R the following are equivalent:(I) Existen
e of a minimal element:C 6= ; ! 9x2C8yRx(y 62 C), for ea
h 
lass C.(II) Indu
tion over R:8x(8yRx(y 2 C) ! x 2 C) ! 8x(x 2 C), for ea
h 
lass C.De�nitionLet R be a relation.R wellfounded :, 8u(u 6= ; ! 9x2u8yRx(y 62 u)) & 8x(xR 2 V ).RemarkEvery wellfounded relation ist irre
exive. [ Rzz ) fzg 6= ; ^ :9x2fzg8yRx(y 62 fzg)℄Lemma 8.2If R is a wellfounded relation then (I) and (II) hold for R.Proof of (I): Let us assume that R is transitive. (The proof for arbitrary R will be given later.)Assume u 2 C. Case 1: 8yRu(y 62 C). Then we are done.Case 2: 9yRu(y 2 C). Dann a := uR\C 6= ;. Sin
e R is wellfounded, there is a 
 2 a su
h that 8yR
(y 62 a).From 
Ru and the transitivity of R we obtain 8y(yR
! yRu). Hen
e 
 2 C and 8yR
(y 62 C).Theorem 8.3 (Re
ursion along wellfounded relations)Let R be wellfounded and G : A � V ! V . Then there exists a unique fun
tion F : A ! V su
h thatF (x) = G(x; F jxR) for all x 2 A.Proof: Let us assume that R is transitive. (The proof for arbitrary R will be given later.)Let C := ff : Fun(f) ^ dom(f) � A ^ 8x2dom(f)(A \ xR � dom(f) ^ f(x) = G(x; f jxR))g and F := SC.(1) f1; f2 2 C & x 2 dom(f1) \ dom(f2) ) f1(x) = f2(x).Proof by indu
tion over R: Let x 2 dom(f1) \ dom(f2). Then A \ xR � dom(f1) \ dom(f2) and by I.H.8y2A \ xR(f1(y) = f2(y)), i.e. f1jxR = f2jxR. Sin
e f1; f2 2 C, we obtain f1(x) = f2(x).(2) Fun(F ) & dom(F ) = Sfdom(f) : f 2 Cg & 8f 2C(f = F jdom(f)).Proof by (1). (obvious)(3) 8x2dom(F )(A \ xR � dom(F ) & F (x) = G(x; F jxR))45



Proof: Let x 2 dom(F ). Then x 2 dom(f) � dom(F ) for some f 2 C. Hen
e A \ xR � dom(F ).By (2) we have F (x) = f(x) = G(x; f jxR) = G(x; F jxR).(4) A = dom(F )Proof: The in
lusion dom(F ) � A is trivial. A � dom(F ) is proved by indu
tion over R.Let x 2 A, and a := A \ xR � dom(F ) (I.V.). To be shown: x 2 dom(F ).Sin
e R is wellfounded, we have :Rxx, then
e x 62 a. Let f := F ja [ f(x;G(x; F jxR))g.We prove f 2 C, from whi
h we get x 2 dom(F ).Sin
e x 62 a, we have Fun(f). Obviously dom(f) � A. Sin
e a � dom(F ), we also have a � dom(f).Assume now y 2 dom(f):1. y 2 a: Then A \ yR � a (sin
e R transitive) and f(y) = F (y) = G(y; F jyR) = G(y; f jyR).2. y = x: In this 
ase A \ xR � a and f(x) = G(x; F jxR) = G(x; f jxR).Uniqueness: Assume Fi : A! V with Fi(x) = G(x; FijxR) for all x 2 A (i = 0; 1).Then by indu
tion over R one obtains 8x 2 A(F0(x) = F1(x)).De�nition1. R � A�A is 
alled a linear ordering on A, if the following holds:(i) 8x:Rxx, (ii) 8x; y; z(Rzy ^ Ryx! Rzx), (iii) 8x; y2A(Ryx _ x = y _ Rxy).2. A linear ordering R on A is 
alled a wellordering on A, if R is wellfounded.3. A is 
alled wellordered (linearly ordered) by R, if R \ (A�A) is a wellordering (linear ordering) on A.4. If A 2 V and R is a wellordering on A, then (A;R) is 
alled a wellordered set oder brie
y a wellordering.Remark: If A is wellordered by R, then:(a) Every nonempty 
lass C � A has a (unique) least element minR(C).(b) Every sub
lass B � A is also wellordered by R.Proof of (a): Let Q := R \ (A � A). By Lemma 8.2 there exists an a 2 C su
h that C \ fx : Qxag = ;.Hen
e 8y2C(:Rya) and further 8y2C(y = a _ Ray), i.e. a = minR(C).De�nition1. A 
lass A is 
alled transitive i� 8x2A(x � A).2. An ordinal (number) is a transitive set, whi
h is wellordered by the relation 2.3. On := fx : x is an ordinal number gIn the following the letters �; �; 
; Æ; �; �; � always denote ordinals.We also write � < � for � 2 �, and � � � for � 2 � _ � = �.Lemma 8.4(a) � 2 On ) � � On (d.h. On is transitive).(b) � � � , � � �. 46



Proof:(a) Let x 2 �. Then x � � and thus x is wellordered by 2. It remains to prove that x is transitive. Lety 2 x & z 2 y. Sin
e x 2 � und � transitive, we obtain x; y; z 2 �. Hen
e z 2 x, sin
e � is linearly orderedby 2.(b) \)" From � 2 � 2 On it follows that � � �.\(" Let � � � and � 6= �. Then ; 6= � n � � �. Consequently there exists a 
 2 � n � with 
 \ (� n �) = ;(i.e. 
 is 2-minimal). We now prove � = 
 and thus � 2 �.1. Let x 2 �. Sin
e 
 62 �, we 
annot have 
 = x _ 
 2 x. Therefore from 
; x 2 � it follows that x 2 
.2. Let x 2 
. Then x 2 �, and together with 
 \ (� n �) = ; we obtain x 2 �.Theorem 8.5(a) On is wellordered by 2.(b) On 62 V .Proof:(a) 1. Let � 2 On. If � 2 �, then 9x2�(x 2 x) and � would not be wellordered by 2. Hen
e � 62 �.2. Sin
e every 
 2 On is transitive, we have: �; �; 
 2 On & � 2 � & � 2 
 ) � 2 
.3. Let �; � 2 On. Obviously 
 := � \ � 2 On. By 1. we have 
 62 
, and therefore 
 62 � _ 
 62 �. By 8.4from 
 � � ^ 
 � � we obtain (
 2 � _ 
 = �) ^ (
 2 � _ 
 = �). Hen
e 
 = � _ 
 = � and therefore� � � _ � � �. By 8.4 this means � � � _ � � �.4. Let ; 6= u � On, and take some � 2 u. To prove: 9
2u(u\ 
 = ;). If u\� = ;, we are done. Otherwisethere exists a 
 2 u \ � with u \ � \ 
 = ;. From 
 2 � we get 
 � � and then u \ 
 = u \ � \ 
 = ;.(b) By 8.4a and 8.5a On is transitive and wellordered by 2. If On 2 V , then On would be an ordinal, i.e.On 2 On 
ontradi
ting (a).Corollary(a) Every nonempty 
lass C of ordinals 
ontains a least element min(C).(b) 8�(8�2�(� 2 C) ! � 2 C) ! 8�(� 2 C), for ea
h 
lass C.(
) For ea
h G : On�V ! V there exists a unique F : On! V with F (�) = G(�; F j�), for all � 2 On.Proof of (b):(b) Let C1 := fx : x 2 On! x 2 Cg and R := f(�; �) 2 On�On : � 2 �g. By 8.5 and 8.2 we then have8x(8yRx(y 2 C1)! x 2 C1)! 8x(x 2 C1), i.e. 8x2On(8y2x(y 2 C)! x 2 C)! 8x2On(x 2 C).Lemma 8.6If A � On is transitive, then (A 2 V ) A 2 On) and (A 62 V ) A = On).Proof:Let A � On be transitive. By 8.5a A is wellordered by 2; hen
e (A 2 V ) A 2 On).If A 62 V , then we have: � 2 On ) A 6� � ) 9�2A(� 62 �) ) 9�2A(� � �) ) � 2 A.
47



Lemma 8.7(a) For ea
h nonempty 
lass A � On we have TA = min(A), i.e. TA 2 A & 8�2A(TA � �).(b) For ea
h set A � On we have SA 2 On and SA = sup(A) (:= minfx 2 On : 8y2A(y � x)g):(
) For ea
h 
lass A � On the following holds: A 2 V , 9�2On8x2A(x � �).Proof:(a) Let � := min(A). We then have 8�2A(� � �) and � 2 A. This yields � � TA � �.(b) Let A � On and A 2 V . Then SA is a transitive set of ordinals; hen
e SA 2 On by Lemma 8.6. Byde�nition of SA and 8.4b we also have 8x 2 On(SA � x , 8y2A(y � x)), i.e. SA = minfx 2 On : 8y2A(y � x)g.(
) \)": A 2 V (b)) SA 2 On and 8x2A(x � SA).\(": 8x2A(x � �) ) A � � [ f�g ) A 2 V .De�nitionLet R be a wellordering on A.An ordering fun
tions of (A;R) is a fun
tion F , su
h that:(i) dom(F ) 2 On or dom(F ) = On,(ii) ran(F ) = A,(iii) 8�; �2dom(F )(� < �! F (�)RF (�)).Theorem 8.8If R is a wellordering on A, then there exists a unique ordering fun
tion F of (A;R).It is F (�) = minRfx 2 A : F [�℄ � xRg for all � 2 dom(F ).Further we have (A 2 V ) dom(F ) 2 On) und (A 62 V ) dom(F ) = On).dom(F ) is 
alled the ordertype of (A;R).Proof:Uniqueness: Let F be an ordering fun
tion of (A;R).(1) � 2 dom(F )) F (�) = minRfx 2 A : F [�℄ � xRg.Proof by trans�nite indu
tion on �: Let � 2 dom(F ). By (iii) in the above de�nition we have F [�℄ � F (�)R.Now let x 2 A su
h that F [�℄ � xR. Sin
e ran(F ) = A, there exists a � 2 dom(F ) su
h that F (�) = x.Then 8�2�(F (�)RF (�)) whi
h by (iii) yields 8�2�(� < �). Hen
e � � � and F (�) � F (�) = x.Now assume that F1; F2 are ordering fun
tions of A. Then w.l.o.g. dom(F1) � dom(F2), using (1) byindu
tion on � we obtain F1(�) = F2(�) for all � 2 dom(F1). It remains to prove dom(F2) � dom(F1):� 2 dom(F2) ) F2(�) 2 A ) F2(�) = F1(�) = F2(�) for some � 2 dom(F1) ) � = � 2 dom(F1).Existen
e:De�nition (by trans�nite re
ursion):F1 : On! V; F1(�) = nminRfx 2 A : F1[�℄ � xRg if 9x2A(F1[�℄ � xR)0 otherwise.D := f� 2 On : 9x2A(F1[�℄ � xRg is a transitive 
lass of ordinals [� 2 � 2 D ) F1[�℄ � F1[�℄ � xR℄;hen
e D 2 On or D = On. 48



Claim: F := F1jD is ordering fun
tion of (A;R).Obviously dom(F ) = D; ran(F ) � A and 8�; �2D(� < �! F (�)RF (�)).Remains to prove: x 2 A) x 2 ran(F ).Proof by R-indu
tion: Let x 2 A. Then by I.H. xR � ran(F ). Now F�1[xR℄ = f� 2 D : F (�) 2 xRgis transitive [
 2 � & F (�)Rx ) F (
)RF (�)Rx℄. Sin
e F is inje
tive, we have F�1[xR℄ 2 V ; hen
e� := F�1[xR℄ 2 On. Sin
e xR � ran(F ), it follows that F [�℄ = xR. From this we obtain 8y 2A(yRx )F [�℄ 6� yR) and so x = minRfy 2 A : F [�℄ � yRg = F (�).CorollaryIf A is a proper 
lass (i.e., A 62 V ) and R a wellordering on A, then there is a unique bije
tion F : On! Awith 8�; �(� < � $ F (�)RF (�)).De�nitions0 := ;, x0 := x [ fxg, ! := Tfu : 0 2 u ^ 8x2u(x0 2 u)g� is a su

essor ordinal, if 9�(� = �0).� is a limit ordinal, if � 6= 0 and :9�(� = �0).Lim := 
lass of limit ordinals.Theorem 8.9(a) 0 is the least ordinal and 8�(�0 = minf� : � < �g 2 On).(b) � 2 Lim , 0 < � ^ 8�(� < �! �0 < �).(
) ! is the least limit ordinal.(d) For every 
lass C: 0 2 C ^ 8x2!(x 2 C ! x0 2 C)! 8x2!(x 2 C). (
omplete indu
tion)(e) For a0 2 V and G : B ! B there exists a unique fun
tion F : ! ! Bsu
h that F (0) = a0 and F (x0) = G(F (x)), for all x 2 !.Proof:From the axiom of in�nity it follows that the 
lass J := fu : 0 2 u ^ 8x2u(x0 2 u)g is nonempty. Hen
e:(�) ! = T J 2 V & 0 2 ! & 8x2!(x0 2 !).(a) By (�) we have 0 2 V . Moreover 0 � On and 0 transitive; Hen
e 0 2 On by 8.6. That 0 is the leastordinal, follows by 8.4b. Obviously �0 = � [ f�g is a transitive subset of On; hen
e �0 2 On by 8.6. By 8.4we also get 8�(� < � , �0 � �), i.e. �0 = minf� : � < �g.(b) follows from 8�(� < �$ �0 � �).(
) Let a := fx 2 ! : x 2 On ^ x � !g. From 0 2 On ^ 8�(�0 2 On) and (�) it follows that a 2 J and so! � a, i.e. 8x2!(x 2 On ^ x � !). Hen
e ! is a transitive set of ordinals, whi
h by 8.6a implies ! 2 On.From ! 2 On, (b), (�) we obtain ! 2 Lim. From (b) we also get Lim � J and thus 8x2Lim(! � x).(d) From the premise and from ! 2 V it follows that u := ! \ C 2 J and then ! � u � C.(e) Let G1 : ! � V ! V; G1(x; f) := � a0 if x = 0 _ :Fun(f) _ [x 62 dom(f)G(f([x)) otherwise . By Theorem 8.3there is a unique fun
tion F : ! ! V su
h that 8x2!(F (x) = G1(x; F jx)). It follows that F (0) = a0 andF (x0) = G1(x0; F jx0) = G((F jx0)([x0)) = G(F (x)) for all x 2 !. (Note that 8x2On([(x0) = x).)49



Axiom of Choi
e, Zorn's Lemma, and the Wellordering TheoremDe�nition1. F is 
alled a 
hoi
e fun
tion for A :, Fun(F ) & 8x2A(x 6= ; ) x 2 dom(F ) & F (x) 2 x)2. A relation R is 
alled a partial ordering, if R is irre
exive and transitive.3. A set 
 is 
alled an R-
hain, if 8x; y2
(Rxy _ x = y _Ryx).Theorem 8.10The following statements are equivalent:(AC) 8a9f( f is a 
hoi
e fun
tion for a) (Axiom of Choi
e)(WO) 8a9r( r is a wellordering on a) (Wellordering Theorem)(ZL) For ea
h nonempty, partially ordered set (a; r) the following holds: (Zorn's Lemma)If every r-
hain 
 � a has an upper bound in a, then a has a maximal element.[I.e., 8
 � a(
 is an r-
hain ! 9b 2 a8x 2 
((x; b) 2 r _ x = b))) 9p2a:9x2a((p; x) 2 r) ℄Proof:(AC) ) (ZL): Let (a; r) be a nonempty, partially ordered set su
h that every r-
hain 
 � a has an upperbound in a. By (AC) there is a fun
tion G : V ! V su
h that 8x2P(a)(x 6= ; ! G(x) 2 x). By trans�nitere
ursion we de�ne F : On ! V with F (�) = G(fx 2 a : F [�℄ � xrg) for all � 2 On. (Remember theabbreviation xr := fy : (y; x) 2 rg.) Let D := f� : fx 2 a : F [�℄ � xrg 6= ;g.Then we have:(1) D transitive,(2) F [D℄ � a,(3) 8�; �2D(� < � ! F (�)rF (�)).By (2) and (3), F [D℄ 2 V and F jD inje
tive, hen
e D 2 V . By (1) it follows that D 2 On. From D 2 OnnDwe 
on
lude fx 2 a : F [D℄ � xrg = ;. By (3) F [D℄ is an r-
hain. Let p 2 a be an upper bound of F [D℄.Sin
e r is transitive, we then have :9x2a((p; x) 2 r).(ZL) ) (AC): Let a 2 V . We set W := ff : Fun(f) ^ dom(f) � a ^ 8x2dom(f)(f(x) 2 x)g. W is a set,sin
e W � P(a � S a). Therefore we 
an apply (ZL) to (W;( ). Obviously every (-
hain 
 � W has anupper bound in W , namely S 
. Hen
e there exists a (-maximal element f0 2W .Assumption: There is an x 2 a n f;g with x 62 dom(f0). Let y 2 x. Then f := f0 [ f(x; y)g 2 W and f0 ( f .Contradi
tion. Therefore a n f;g � dom(f0), and f0 is a 
hoi
e fun
tion for a.(AC) ) (WO): Let a 2 V . By (AC) there exists a G : V ! V su
h that 8x2P(a)(x 6= ; ! G(x) 2 x). Bytrans�nite re
ursion we de�ne F : On! V su
h that F (�) = G(a n F [�℄). Let D := f� : a n F [�℄ 6= ;g.Then the following holds:(1) D transitive,Proof: � 2 D ^ � 2 � ) ; 6= a n F [�℄ � a n F [�℄.(2) F [D℄ � a and F jD inje
tive,Proof: � 2 D ) a n F [�℄ 2 P(a) n f;g ) F (�) = G(a n F [�℄) 2 a n F [�℄.50



(3) D 2 On,Proof: D � On = dom(F ) & F [D℄ � a ) D � On & D 2 V ) D 2 On.(4) a � F [D℄.Proof: D 2 On) D 2 On nD = f� : a n F [�℄ = ;g ) a n F [D℄ = ; ) a � F [D℄.So, F jD is a bije
tion from the ordinal D onto a. Hen
e r := f(F (�); F (�)) : �; � 2 D ^ � < �g is awellordering on a.(WO) ) (AC): Let a 2 V . By (WO) there exists a wellordering r on S a.Then f : a n f;g ! [a; f(x) := minr(x) is a 
hoi
e fun
tion for a.We are now going to show that in the proofs of Lemma 8.2 and Theorem 8.3 the assumption \R transitive"is not needed.De�nition (transitive 
losure of a relation R)R+ := f(y; x) : 9f9n > 0R(f; n; y; x)g whereR(f; n; y; x) :, Fun(f) ^ dom(f) = n0 2 ! ^ f(0) = x ^ f(n) = y ^ 8i < n(f(i0)Rf(i))Lemma 8.11For every relation R we have:(a) R � R+ and R+ is transitive.(b) R � Q � V � V & Q transitive ) R+ � Q.(
) R 2 V ) R+ 2 V .(d) 8x(xR 2 V ) ) 8x(xR+ 2 V ).Proof:(a) R � R+ is trivial. | Assume now yR+x. By indu
tion on n we prove: R(f; n; z; y)) zR+x.1. n = 0: Then z = y.2. n ! n0: Assume R(f; n0; z; y) and let u := f(n). Then R(f jn0; n; u; y) and by I.H. uR+x. So we haveR(g;m; u; x) for some g;m. Together with zRu this yields R(g1;m0; z; x) for g1 := g [ f(m0; z)g.(b) By indu
tion on n one proves: R(f; n; y; x) & n > 0 ) (y; x) 2 Q.(
) Let R 2 V . Then also a := dom(R) [ ran(R) and a � a are sets. Further a � a is a transitive relationwith R � a� a. Therefore by (b) R+ � a� a whi
h yields R+ 2 V .(d) Let a 2 V . De�nition of h : ! ! V : h(0) := fag; h(n0) := SfxR : x 2 h(n)g.By indu
tion on n we obtain R(f; n; y; a)) y 2 h(n), and thus aR+ � Sn2! h(n) = S ran(h) 2 V .Proof of 8.2 for arbitrary wellfounded R.Claim: Every nonempty 
lass C has an R-minimal element.Assume u 2 C. Case 1: uR \ C = ;. Then we are done.Case 2: uR \ C 6= ;. Then a := uR+ \ C 6= ;. Sin
e R is wellfounded, there exists a 
 2 a su
h that
R \ a = ;. From 
 2 uR+ we get 
R � uR+ . Hen
e 
 2 C and 
R \ C � 
R \ a = ;.51



Lemma 8.12If R is wellfounded then R+ is wellfounded.Proof:By 8.1 (and 8.11d) it suÆ
es to prove the indu
tion prin
iple for R+.Assume (1) 8x(xR+ � C ! x 2 C). To prove: 8x(x 2 C).Let C := fx : xR+ � Cg. Then by (1) we have (2) C � C. Further: (3) 8x(xR � C ! x 2 C).[Proof of (3): xR � C (2)) xR � C ^ 8y2xR(yR+ � C) ) xR+ � C ) x 2 C .℄R wellfounded 8:1;8:2;(3)=) 8x(x 2 C) (2)=) 8x(x 2 C).Proof of 8.3 for arbitrary wellfounded R.Claim: For G : A� V ! V there exists a unique F : A! V with F (x) = G(x; F jxR) for all x 2 A.We de�ne G0 : A � V ! V; G0(x; f) := G(x; f jxR). By 8.12 and 8.11 R+ is wellfounded and transitive.Therefore, by 8.3 (for transitive relations), there exists a unique F : A ! V with F (x) = G0(x; F jxR+) forall x 2 A. But G0(x; F jxR+) = G(x; F jxR).Sin
e the relation 2 is wellfounded (due to the axiom of foundation) we obtain from 8.2 and 8.3:(2-indu
tion) 8x(x � C ! x 2 C)! 8x(x 2 C)(2-re
ursion) For G : V ! V there exists a unique F : V ! V su
h that F (x) = G(F jx) for all x.9 Cardinal numbersAbbreviations:F : A ! B :, F : A! B inje
tive & F [A℄ = B,a � b :, 9f( f : a ! b ),a � b :, 9f( f : a! b inje
tive).Lemma 9.1For ea
h set a the following statements are equivalent:(i) 9r( r is wellordering of a ),(ii) 9� 2 On(� � a ),(iii) 9� 2 On9f( f : �! a & f [�℄ = a ),(iv) 9� 2 On(a � �).Proof:(i))(ii): 8.8. (ii))(iii): trivial. (iii))(iv): g(x) := minf� 2 � : f(�) = xg.(iv))(i): r := f(y; x) 2 a� a : g(y) < g(x)g where g : a! � inje
tive.Lemma 9.2(a) a � a,(b) a � b & b � 
 ) a � 
,(
) a � b ) a � b,(d) � is an equivalen
e relation on V . 52



Theorem 9.3 (Cantor-Bernstein)a � b & b � a ) a � b.Proof:W.l.o.g.: b � a. Let f : a! b be inje
tive. We de�ne:h : ! ! P(a); h(0) := a n b; h(n0) := f [h(n)℄, â := S ran(h) = Sn2! h(n):g : a! a; g(x) := n f(x) if x 2 âx otherwise .(1) 8x2 â(g(x) 2 â)Proof: x 2 h(n)) g(x) = f(x) 2 h(n0) � â.(2) g[a℄ � bProof: x 2 â) g(x) = f(x) 2 b. x 2 a n â) g(x) = x 2 a n h(0) = b.(3) g inje
tiveProof by 
ase distin
tion: If x 2 â and y 62 â, then g(x) 2 â and g(y) = y 62 â, hen
e g(x) 6= g(y). The other
ases are trivial.(4) g[a℄ = bProof: Let y 2 b. If y 62 â, then g(y) = y. Assume now that y 2 â, i.e. y 2 h(n) for some n 2 !. Thenn > 0, sin
e y 2 b. Hen
e n = k0 and y = f(x) with x 2 h(k) � â. This yields y = g(x).Theorem 9.4 P(a) 6� a.Proof:Obviously a � P(a). Therefore by 9.3 (P(a) � a ) P(a) � a). But P(a) � a 
annot hold, sin
e iff : a! P(a), then u := fx 2 a : x 62 f(x)g 2 P(a) n f [a℄.De�nitionAn ordinal number � is 
alled a 
ardinal (number), if :9� < �(� � � ).Card := 
lass of all 
ardinal numbers.jaj := nminf� 2 On : a � �g if 9�(a � �)undefined otherwiseRemarkIf jaj is de�ned (i.e. 9�(a � �)), then jaj is a 
ardinal number, the 
ardinality of a. In the following we writejaj 2 Card to express that jaj is de�ned. Obviously 8�(j�j 2 Card & j�j � �).Lemma 9.5.(a) � 2 Card , :9� < �(� � � ).If jaj 2 Card then(b) jaj = minf� 2 On : a � �g,(
) a � b , jaj = jbj,(d) b � a , jbj � jaj,(e) jF [a℄j � jaj, for ea
h fun
tion F . 53



Proof:(a) \(" trivial. \)" � < �&� � � 9:3) � � � ) � � �. Contradi
tion.(b) � < jaj (a)) jaj 6� � ) a 6� �.(
) trivial.(d) \(" trivial. \)" a � jaj & b � a ) b � jaj 9:1) jbj 2 Card & b � jaj (b)) jbj � jaj.(e) By 9.1 there exists a wellordering r of a. We de�ne: h : F [a℄! a; h(y) := minrfx 2 a : F (x) = yg.Obviously h is inje
tive and so F [a℄ � a, whi
h yields jF [a℄j � jaj by (d).Lemma 9.6If � 2 Card and �+ = minf� 2 Card : � < �g, then the following holds for all � 2 On:(a) j�j < � ) � < �,(b) j�j > � ) � � �+,(
) j�j = � ) � � � < �+.Proof:(a) j�j < � ) :(� � �) ) � < �.(b) j�j > � ) � � j�j � �+.(
) � = j�j � �. j�j < �+ (a)) � < �+.De�nition �+ := f� 2 On : � � �gTheorem 9.7 �+ = minf� 2 Card : � < �g.Proof:Let W := f(b; r) : b � � ^ r is wellordering of bg. Obviously W � P(�)�P(�� �) and therefore W 2 V .De�nition: ot :W ! On; ot((b; r)) := the order type of (b; r) (
f. Theorem 8.8).Then �+ = fot(x) : x 2 Wg and thus �+ 2 V . [Proof of �+ � fot(x) : x 2Wg: f : � 1-1�!� & b := f [�℄ & r :=f(f(x); f(y)) : x < y < �g ) (b; r) 2 W & � = ot((b; r)). ℄ Sin
e �+ � On is transitive, it follows that�+ 2 On. Further we have �+ 6� � and 8� 2 �+(� � �); hen
e 8� 2 �+(�+ 6� �), i.e. �+ 2 Card. From� � � it follows that � < �+. If � < � 2 Card, then 8���(� 6� �) and thus 8�<�+(� < �), i.e. �+ � �.De�nitionBy 9.7, Card n ! is unbounded in On and therefore Card n ! 62 V .Let � 7! �� (� 2 On) be the ordering fun
tion of the 
lass Card n !.(Espe
ially �0 = !.)Notation. �+1 := �0, 1 := 00, 2 := 10, ...Lemma 9.8(a) The 
lass Card is 
losed, i.e. 8u(; 6= u � Card ) sup(u) 2 Card).(b) ! � � 2 Card ) � 2 Lim.(
) 8�(� � ��) & 8� 2 Lim(�� = sup�<� ��). 54



Proof:(a) Let 
 := sup(u) and f : 
 ! � inje
tive. Then 8�2u(� � �). Sin
e u � Card, we obtain 8�2u(� � �)and then 
 = sup(u) � �.(b) Let ! � �+1. De�nition: f : �+1! �; f(x) := � 0 if x = �x+1 if x 2 !x otherwise.Obviously f is inje
tive, and therefore �+1 is not a 
ardinal.(
) 
f. L11.1d and L.11.2.De�nitiona is �nite :, jaj < ! (i.e. 9k2!(a � k));a is D-�nite (D for Dedekind) :, :9f( f : a! a inje
tive and f [a℄ 6= a );a (D-)in�nite :, a not (D-)�nite.Remark. a; b �nite =) a [ b and a� b �nite. [Proof by indu
tion on jbj. ℄Lemma 9.9(a) b � a & a �nite ) b �nite(b) a � ! ) ( a �nite , 9x2!(a � x))(
) ! is the least in�nite 
ardinal number.(d) a D-in�nite , ! � a(e) a �nite ) a D-�nite(f) ! � Card(g) (AC) ) (a D-�nite , a �nite)Proof:(a) follows from 9.5d.(b)\)" Indu
tion on jaj. \(" follows from (a).(
) Assumption: ! �nite. By (b) we then have ! � k for some k 2 !; hen
e k 2 k. Contradi
tion.So ! is in�nite, and therefore :9�2!(� � !), i.e. ! 2 Card.(d) \)" Let f : a! a be inje
tive with f [a℄ 6= a. We 
hoose an x0 2 a n f [a℄ and de�ne g : ! ! a; g(0) :=x0; g(n+1) := f(g(n)). By 
omplete indu
tion we obtain 8n2!8i2n(g(n) 6= g(i)), i.e. g is inje
tive.\(" Let g : ! ! a be inje
tive. Then f := f(g(i); g(i+1)) : i 2 !g [ f(x; x) : x 2 a n g[!℄g is an inje
tivefun
tion from a into a with g(0) 62 f [a℄. Hen
e a is D-in�nite.(e) If a is D-in�nite, then by (d) ! � a, and by (
) and (a) it follows, that a is in�nite.(f) Let n 2 !; m � n and f : n! m inje
tive. To prove: m = n. By (e) n is D-�nite. Sin
e f [n℄ � m � n,we therefore have n = f [n℄ � m and thus m = n.(g) \)" We prove: \a in�nite ) a D-in�nite".Let h be a 
hoi
e fun
tion for P(a) with ; 2 dom(h). By re
ursion over ! we de�ne g : !! V;g(n) := h(a n g[n℄). Then 8n 2 !(g[n℄ �nite) by 9.5e. Sin
e by assumption a is in�nite, we obtain 8n 2!(a n g[n℄ 6= ;). Hen
e g is an inje
tive fun
tion from ! into a, and by (d) a is D-in�nite.55


