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§1 Syntax und semantics of 1st-order predicate logic

Mathematical logic is the study of the type of reasoning done in mathematics. The conspicuous feature of
mathematics, as opposed to other sciences, is the use of proofs instead of observations. In course of time
it has turned out that almost all mathematical proofs can be represented in comparatively simple formal
language, the language of 1st-order predicate logic. Mathematical statements are modeled in this language
by so-called formulas, which are finite strings of basic symbols formed according to certain grammatical
rules. We start from a fixed set of logical symbols which will be supplemented by a set £ of nonlogical (or
mathematical) symbols where £ depends on the respective branch of mathematics we are going to formalize.
Such a set £ will be briefly called a language.

Basic logical symbols:

1. Object or individual variables: vg, vy, va,. ..

2. 1 (falsehood), = (negation), A (conjunction), V (disjunction), — (implication)

3. V (universal quantifier), 3 (existential quantifier)

4. ~ (equality symbol)

Definition

A language is a set £ of symbols (different from the logical symbols) such that every p € L is either introduced
as a function symbol or as a relation symbol. Further for each p € £ an arity (i.e., number of argument places)
#(p) € IN is fixed, where #(p) > 1 for relation symbols p. If #(p) = n we say that p is an n-ary symbol.

The 0-ary function symbols are also called (individual) constants.

An L-Struktur) is a pair M = (M, (p™)per) consiting of a nonempty set M (the universe of M) and a
family (p™),er such that:

(i) pM C M™,if p is an n-ary relations symbol,

(i) pM:M™ — M, if pis an n-ary function symbol with n > 1,

(iii) pM € M, if p is a constant.

The universe of an L-structure M is denoted by |M]|.

If the elements of a language £ are given in a certain order, say £ = {po,p1,-..}, then L-structures are

usually presented in the form (M, pt, pi™, .. .).

Every L-structure M assigns a certain meaning to the symbols of £; moreover it fixes the range of the
quantifiers: with respect to M the meaning of Yz [Jz, resp.] will be declared as “for all elements a of | M|
holds” [“there exists an element a of | M| such that”, resp.].

We are now going to define the L-formulas, i.e., those strings of basic symbols which represent propositions.
Before that we have to define the £-terms; these are strings which occur as parts of formulas and, given an
L-structure M, represent elements of | M| (the universe of M).

The set of all L-terms (as well as the set of L-formulas and many other sets in this course) is introduced by
a so-called inductive definition. This definition principle is of extreme importance in mathematical logic and
computer science. An inductive definition of a set @) is given by certain rules R, ..., R,, which regulate the
ways in which elements of ) are to be generated. This always includes the silent agreement, that @ should
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consist ezactly of those objects which can generated by a finite number of successive applications of (some
of the rules) Ry, ..., R,. Equivalent to this explication is to characterize @) as the least set X which is closed
under Rq, ..., Ry.

Inductive definition of £-terms
1. Every variable v; is an L-term;
2. if f € L is an n-ary functions symbol (n > 0), and if ¢y, ...,t, are L-terms,

then the string ft; ...t¢, is an £-Term too.

Remark:

Rule 2. includes the following agreement (for n = 0): “Every constant ¢ € £ is an £-Term”.

Definition (Atomic formulas): Strings of the kind L or = st or Rty...t,, where s,t,t1,...,t, are L-terms

and R € L is an n-ary relation symbol, are called atomic L-formulas or prime formulas of L.

Inductive definition of £-formulas
1. Each atomic L-formula is an £-formula;
2. if A and B are L-formulas, then —=A, AAB, VAB, and —AB are L-formulas;

3. if Ais an L-formula and z is a variable, then Yz A and 3x A are L-formulas.

Notation: Usually we write (s & t), (AA B), (A — B), etc. for = st, ANAB, — AB, etc. (infix notation)

Example:

L = {697 ®7 07 17 '<}7

where @, ® are 2-ary function symbols, 0,1 are constants, and < is a 2-ary relation symbol.
Some L-terms: ®voDvivg , DDVav1V2 , DRV RUoUs , RUoPV1 V2.

Some L-formulas: YvgVuVus A & GugBuiva®PBvgvive & BRugv1 Qugva Qg DV vs

Yug—— & v90Tv; & Quov1l , —Rvgu — <01 U2 —RU2U3<V3V4.

Using infiz notation and applying the “usual” rules for saving parentheses these terms and formulas become:
v2 D (v1 B wg), (V2 B v1) Dz, (Vo ®v1) D (Vo R v2), Vo ® (V1 B va),

YuoVu1Vua (v @ (11 ® ve) & (vo D 1) Bua A (Vg ® 1) ® (Vg ®v2) X vy Q (V1 B v2)),
VU[)("(UO ~ 0) — E'Ul(’l}o RV~ 1)),

vo v = (v < vy = (V2 R vz = vz < Vy)).

For obviuos reasons this £ is often called “the language of ordered fields”.
The ordered field of real numbers (IR, +r, XR,0, 1, <Rr) is an £L-structure; but by no means every £-structure
is an ordered field, consider e.g. (N, +n, X, 0,1, <IN)-

Abbreviations:
VARS := {UO,Ul,Ug, . },
TER, := set of all £L-terms;

For, := set of all £L-Formulas.

Definition
Now we also assign an arity #(p) to each logical symbol p:
#(vi) =0, #(L) =0, #() := 1, #(V) := #(3) := #(=) := #(N) = #(V) == #(=) := 2.

Terms and formulas are called expressions.



Remark

If w is an L-expression, then exactly one of the following cases holds

(i) u € VARS

(i) v =QzA with Q € {V,3}, 2 € VARS, A € FOR,

(i) w = puy..up with p € LU {~,~,A,V, =}, n = #(p) and uniquely determined L-expressions uy, ..., ty,.
The uniqueness of uy, ..., u, in (iii) is a consequence of the following lemma.

Lemma 1.1 (Unique readability)

If uy,...,upn, w,...,w, are expressions such that uy...u, = wy...w,,, then m =n and u; = w; fori =1, ..., n.

Proof by induction on the length of wy...u,:
We have ui = piy...0g, wi = pw...w0 with #(p) = k. Then obviously @1 ...0gu2...ty = W1 ... WgW3-.. W, -
By L.H. from this we get m = n, 4; = w; for j = 1,...,k, and u; = w; for i = 2,...,n. Hence u; = w; for

1=1,...,n.

We will use the following syntactical variables:
x,y, z for variables (vg,v1, ...), f, fi for function symbols, R, R; for relation symbols, £ for formal languages,
M for (L-)structures, &, n for (M-)assignments, s,t for terms, A, B,C,D for formulas, T',¥ for sets of

formulas, u for expressions, p for symbols from LU {~, L, =, A, V, =}

Definition

An M-assignment (or M-environment) is a mapping n : VARS — |[M]|.

An L-Interpretation is a pair T = (M, n) consisting of an £-Structure M and an M-assignment 7).

Definition of the value [[t]]{;/t of an £-Terms ¢ with respect to an L-Interpretation (M, n)

(The definition proceeds by recursion on the build-up of ¢ and makes essential use of lemma 1.1.)
L[]y = n(2)

2. [fta ] = FMA0D)Y - [t

Example: Let £ := {®,®,0,1}, M := (N, 4w, XN, 0,1), and n(v;) := i + 3.

[e@vov1@uva ]yt = @M ([@vovi ]!, [vova]y®) = @M (@M (n(v0), n(v1)), @M (1(v0), n(v2))) =
aM(eM(3,4), @M (3,5)) = @M(12,15) = 27.

Definition

If 77 is an M-assignment, a € |[M|, and z € VARS, then the modified M-assignment n? is defined as follows:
" a ifx=y

Nz (y) =

n(y) otherwise’
The numbers 0,1 are also used as truth values, namely 1 for “true” and 0 for “false”.

Definition of the truth value [[A]]Q/‘ of an L-formula A with respect to an L-interpretation (M, n)
(The definition proceeds by recursion on the build-up of A.)

1 [s~ (M = {1 if [s]y" =[],
K 0 otherwise

2. [Rty..t,JM = {1 if ([l .-, [ta]y") € RM
" 0 otherwise
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[ATM = {1 if [l =0
K 0 otherwise

b Ganpm {1 AR = L [ =
" 0 otherwise

5. [AvBIM = {o if [AJM =0 and [B]2 =0
K 1 otherwise

6¢A%WM:{OEMW=1mMm%=O
K 1 otherwise

Ve AM = {(1) if [A[) = 1 for all a € | M|

EN{

otherwise

8. [AwAM := { 1 if [[A]]Qg =1 for at least one a € | M|

0 otherwise
Example: Let M = (IN, +, X, 0, 1) as before.
[Vz(=(z = 0) = Iy(z @y ~ 1))]],7M =1
[(z~0) = Fyroy~1))) =1foralaeN
(if [~(z ~ 0)]5d =1, then [Fy(z 0y~ D] =1) foralla e N =
(iff [=(z ~ 0)]yd =1, then [z @y ~ 1]](:’;); =1 for some b € IN) foralla € N <=
(if a#0, dann (a xw b =1 for some b € IN)) for all a € N <
For all a € IN \ {0} there exists a b € IN such that a x b = 1.

In the following we assume a fixed language £ and briefly speak of terms, formulas, interpretations, etc.,
instead of L-terms, L-formulas, L-interpretations, etc.

Definition

Let (M,n) be an interpretation.

M Al : e [AJM =1 {A is valid (or holds) in (M,n) or

(M, n) satisfies A or (M,n) is a model of A
M £ A <= not M | Ap] (< [A])' =0).

Let T be a set of formulas.

We say that (M, n) is a model of T' (in symbols M = T'[n)), if (M, n) is a model of each A € T.

A is a (logical) consequence of T' (in symbols T' = A), if A is valid in each model of T":

TEA: = VYMMETH = ME Al

A is (logically) valid (in symbols |= A), if A is valid in each interpretation.
Remark: EA < 0EA.

A (set of) formula(s) X is satisfiable, if it has at least one model, i.e.,

if there exists an interpreation (M,n) such that M | X|[n].

Two formulas A, B are (logically) equivalent, if [[A]]nM = [[B]]nM for each interpretation (M, n).
Remark. Let A<+ B:=(A — B)A(B — A). Then we have: A, B equivalent < | A < B.



Remark
For each interpretation (M, n) the following holds:
M (s=t)n] <= [s])" = [

M (Rtr..ta)[n] <= ([l [ta])) € RM

ME (AN = MIEAD]

M= (AAB)n] <= M| Aln] and M |= B[n]

M= (AVB) <= M= Al or M |= Bln]

ME (A-B)[n <= M = Aln] implies M = B[n] (i.e., if M = A[n], then M E B[n])
M E (VzA)n] <= M E An?] for all a € | M|

ME (3zA)n] <= M E Ap?] for some a € | M|

Remark

A function ® : {0,1}" — {0,1} is called ¢ruth function oder boolean function.

The boolean functions W_, Wx, W, W_, are defined as follows

W_(a) :=1—a , Wa(a,b) := min{a,b} , Wy (a,b) := max{a,b} , W, (a,b) := max{1l — a,b}.
In addition we set W, := 0, and finally

pMi=W,,if pe {L,~,AV,=};

: M
pM(ay,...,a,) = 1 if (ar, ‘j"a”) €p , if p € L is an n-ary relation symbol;
0 otherwise

%M b — 1 ifazb )
(a,) {0 otherwise

Then the definitions of [[t]]nM and [[A]]nM can be condensed as follows:

L [a]y" = n(2)
2. [purun ]yt = pM([waly's - [unly®) (0 € LU{R, LAV, =, 0= #(p))
3. [[VxA]]nM = minae‘M‘[[A]]% , [3zA nM = maxaE|M|[[A]]%

Definition of the sets of variables FV(u), BV (u)

1. FV(z):={z} and BV(x) := 0.

2. FV(pui...up) :=FV(u1)U...UFV(u,) and BV(pui...un) := BV(ui) U...UBV(uy).

3. FV(QzA) :=FV(A4)\ {z} and BV(QzA) :=BV(A) U {z} (Q e {V,3}).

The elements of FV(u) (BV(u), resp.) are called the free (bound, resp.) variables of u. If FV(u) = ), then

u is called closed; a closed formula is called a sentence.
Abbreviation: vars(u) := FV(u) UBV(u)
Remark: vars(u) is the set of all variables occurring in u. FV(u) and BV(u) need not be disjunct. If u is

a quantifier-free expression, then BV (u) = @) and vars(u) = FV (u).



Lemma 1.2 (Coincidence Lemma)

[ul )t = [[u]]?/t, if n(xz) = &(z) for all z € FV(u).

Proof by induction on the build-up of u: For brevity we omit the * in [-J/1.

1. w € VARS: Then u € FV(u) und [u], = n(u) = {(u) = [u]e.

2. u = puj...un: Then [u], = p™([wi]ys - [unln) IgpM([[ul]]g, o [unle) = [pur--unle = [ulle.

3. u = QzA: For each y € FV(A) we have y = xz or  # y € FV(u) and thus n%(y) = a = &(y)
or ng(y) = n(y) = &(y) = & (y). By LH. from this we get [A],. = [A]e (for all a € |[M|), and thus
[uln = QaenmlAlnz = Quem[Ales = [u]e-

Remark

As Lemma 1.2 shows the value [[u]]nM of a closed expression does not depend on n; therefore one usually
writes [u]™ instead of [[u]]nM

Correspondingly for closed formulas A and sets of closed formulas " we set:

Misamodel of A : &= ME A : < [AM =1;

Misamodel of T : &= MET :<= [A][M =1forall A€T.

Substitution

Definition of u(z/t)

L y(z/t) = {Z fﬂfejw?fl’se L 2. (pug.un)(@/t) == pui(z/t) .. un(z/t) ,

3. (QuA)(z/t) == {SZj(x/t) i)ft}xlefwljs\g(QyA)

Notation: Instead of u(z/t) we also write u,(t).

Informally said, u(x/t) results from u by replacing each free occurrence of = by ¢.

Definition of subst(u, z,t)

1. subst(y, z,t) holds for each y.

2. subst(puy ...un,x,t) & subst(ui,z,t) & ... & subst(un,,x,t).

3. subst(QuA,z,t) :& = & FV(QyA) or (y & FV(t) & subst(4,z,t) ).

Informally said, subst(u, z,t) holds iff by the substitution u — wu(z/t) no variable y € FV(t) gets into the

range of a quantifier Qy. If subst(u, z,t) holds we say that “t is substitutable (or free) for x in u”.
Remark: FV()NBV(u) =0 = subst(u,z,t).
Lemma 1.3 (Substitution Lemma)
subst(u, z,t) = [[ux(t)]]nM = [[u]]ﬁf with b := [[t]]nM
Proof by induction on the build-up of u:
Lou=m [u()]y =[tly =b=[u],;.
2. w € VARS \ {z}: [uz ()], = [ully = n(u) = [u]z.
V.
3. u=pui..un: [u(@/], = [pui(/t) .. .un(x/O)]y = P ([ (@/)]ys - - [unlz/],) =



= pM([[ul]]ng yoros [unllne) = [pus . oun]pp.

4. u=QyA and x € FV(u): [u,(t)], = [ul, bL? Tullye -

5. u=QyA and z € FV(u): Then z #y & y ¢ FV(t) & subst(4,z,t).
Since y ¢ FV(t), we have [t]y. = [t], = b for arbitrary a (x).

Tue ()5 = [QuA (0] = Quenrl A ()] " Quenl Aling s "2’ Quen[ Alyg = [ulle-

[Here Queps stands for mingeps or max,enr, respectively.]

~— ~—

TH+subst(A,z,t)+(x

Corollary.  subst(A,z,t) & b= [t])' = (M| A, (H)] <= ME A@RL]).
Counterezample: A =Vy(z =y),t=y.

M A (D = MEYy(y = y)nl.

MEAR] = ME@E~=yn)iforalaec|M| < b=aforallac|M|.
An Example from Analysis:

f03($2 +y)dz = [32° + ayly =9+ 3y

[ (@ + a)de = [22® + 123 = 9+ 2, but (9 + 3y),(¢) =9+ 3

Lemma 1.4

(a) z ¢ FV(u) = subst(u,z,t) & u,(t) = u.

(b) FV(u,(t)) C (FV(u) \ {z}) UFV(¢), where “=" holds, if z € FV(u) & subst(u, z, t).
(©z7#y = (QuA):(t) = QyA.(1).

(d) subst(u,z,x) & uy.(z) = u.

() y € FV(u) & subst(u,z,y) = u,(y)y(t) = uy(t) and (subst(u,(y),y,t) < subst(u,z,t)).
() x £y &y g FV(t) & subst(u,y,s) = uy(s)z(t) = ua(t)y(s2(2)).

Proof by induction on the build-up of u:

(a) 1. u = y: subst(u,z,t) holds by definition. From = ¢ FV(u) we get y # x and thus u,(t) = u.

2. u = puy...u,: The claim follows immediately from the I.H.

3. u = QyA: The claim holds by definition.

(b),(d),(e) Exercises.

(c) Assume = € FV(QyA) (otherwise the assertion holds by definition). Since z # y, we then also have
z ¢ FV(A) and thus — by (a) — QuA.(t) = QA = (QyA).(¢).

() 1. y & FV(u): By (b) we have FV(u,(t)) C (FV(u) \ {z}) UFV(t), and so also y & FV(u,(t)) which
yields wy (8)z (t) = uz(t) = ua(t)y(s2(2)).

2. y e FV(u) & = ¢ FV(uy(s)): Sincey € FV(u) & subst(u, y, s), by (b) we have FV(u,(s)) = (FV(u)\{y}U
FV(s). Hence fromy # = & FV(u,(s)) we get x € FV(u)UFV (s), and thus uy(s)g (t) = uy(s) = ug(¢)y(s4(¢)).
3. Assume y € FV(u) & x € FV(uy(s)):

3.1. uw € VARS: Then u = y and consequently w,(s)s(t) = s2(t) = uy(s2(2)) "z Uz (t)y (52 (t)).

3.2. u = QzA: Since y € FV(u), we have z # y and u,(s) = QzA,(s). Using £ € FV(uy(s)) we further get
z # x and uy(s),(t) = QzA4,(s):(t). From z # z,y it follows by (c) that uy(t),(s2(t)) = QzA(t)y(s4(2)).
From subst(u,y, s) & y € FV(u) we get subst(A,y, s) and therefore, 4,(s).(t) = Az(t)y(s2(¢)) by LH.



§2 The completeness theorem of 1st-order predicate logic
In this section we assume that —, A, V, 3 are defined in terms of 1, —, V:
-A:=A— 1, AANB:=-(A - -B), AVB:= A — =B, 3zA := =Vz-A.
Further we assume that some arbitrary language £ is fixed.

The calculus K¢, v 1,

Logical axioms:

All formulas of the form Vz;...Vz,, F, where m > 0 and F' is one of the following:

(=1 A—> A

(=2) A— (B— A)

(=+3) (C—-(A—B))—-((C—A)—(C—B))
(=»4) =——A — A, where A is atomic

(V1) VzA — A, (t) with subst(A,z,t)

(V2) Vz(A — B) = (VzA — VzB)

(V3) A —VzxA with z € FV(A)

(G1) tw~t

(G2) z=~y—(A— A.(y)) , where A is atomic.

The inference rule “modus ponens”

(mp) A,A—-B+FB

Definitions

AX := set of all logical axioms(of the calculus K¢, v 1}).

A derivation of A from T' (in the calculus K¢, v 1) is a finite sequence of formulas (4;);<p, such that the
following holds:

() An=4,

(ii) For each k < n we have Ay € AXUT oder A; = A; — Ay, for some i,j < k.

'k A:& Ais derivable (or provable) from T' :& there exists a derivation of A from T.

FA & Ais derivable (or provable) :& 0+ A.

Proposition

(a)ToFA&T FA—-B = ILZul' B

(b)) ToF A&ToCT = [k A

(¢) THA = there exists a finite subset Iy C I" such that [’y - A.
(d) — (Az(s) = A,(t)), for atomic A.

Proof of(d): Choose z,y & FV(s,t) with  # y and y ¢ FV(A4). Then VaVy(z ~ y = (A — A,(y))) is an
axiom. From this we obtain s & ¢t — (A, (s) = Az(y)y(t)) by (V1) and (mp). But A, (y),(t) = A (2).



Remark

Let T be a set of formulas. The set of all formulas which are derivable from T is the smallest set X such that
AXUT C X and X is closed under “modus ponens”, i.e., whenever A € X and A—B € X then also B € X.
Hence, for proving that a set X contains all formulas derivable from I' it suffices to prove that AXUT C X

and X is closed under “modus ponens”. (Induction on derivations).

Theorem 2.1 (Soundness Theorem)

'rAd = TEA

Proof:
HS 1: If A is one of the formulas listed under (— 1), ..., (G2), then |= A.
Proof: For (— 1),...,(— 4),(G1) the assertion is trivial.
Now let (M, n) be an arbitrary L-interpretation.
(V1): Let a := [¢] and assume [VzAJM = 1. Then [ A, (]2 =" [A]M = 1.
(V2): Assume [Vz(4 — B)]]nM = [[VxA]]nM = 1. Then [A — B]]x =1= [[A]]% for all a € |[M|.
M _ 3 M _
Hence [B];2 =1 for all a € [M|, i.e. [VaB];" = 1.
(V3): From [AJ}M =1 and z ¢ FV(A) we obtain by L.1.2 [A]}4 =1 for all a € M|, i.e. [VzAJM =1.
L.1.3
(G2): Let b :=n(y) and assume [z = y]]ﬁ/‘ = 1. Then 5’ = n and thus [[Am(y)]]nM = [[A]]ﬁg = [[A]]nM

HS 2: If A is a logical axiom, then = A.

Proof: Let A =Vz;..Vz,, F, where F does not start with V. Let M be an arbitrary L£-structure.

By induction on m we prove M = A[n] for each M-assignment 7.

1. m = 0: HS1.

2. m > 0: Then also B := Vz,...V2, F' is a logical axiom and by I.H. we have M = B[n2 | for all 5 and all
a € |M|. Hence M |= (Vz1B)[n], i.e. M |= An], for all .

The theorem now follows from HS 2 by induction on the length of the derivation of A from T'.

Theorem 2.2 (Deduction Theorem)
rv{C}+B = T'+C—B.

Proof by induction on derivations:

1. Be AXUT: Then (B, B— (C = B), C — B) is a derivation of C — B from I'.

2. B =C" Then C' — B is a logical axiom.

3. TU{C}FAandTU{C} A —> B:

In this case we have ' FC — (A — B) and ' C — A by L.H.

From this we obtain I' - C' — B by (— 3) and (mp). A

Corollary



Lemma 2.3

(a) TFA& 2 ¢ FV(I) = Tk VzA.

(b) y € FV(A) &subst(A,z,y) = FVyAd,(y) — VzA.

(c) THA,(y) &y ¢ FV(T',VzA) &subst(A,z,y) = T+ VzA.

Proof:

(a) Induction on derivations:

1. AeT: Then 2 € FV(A), and A — VzA is a logical axiom.

2. A € AX: Then also VzA € AX.

3.TFC&TFC = A: LH. = TF V20 & T F Vz(C — A) 2 Tk vzA.

(b) From the premise by L.1.4e,d we obtain A, (y),(z) = A,(z) = A and subst(A,(y),y,x).

Therefore VyA,(y) — A is an axiom (V1), and we have {VyA,(y)} F A.

From this the assertion follows by (a), L.1.4b and Theorem 2.2.

(¢c) For y = x the claim follows by L.1.4d and (a). Now let y # x. Then from the premise by (a) we obtain
M'FVyAd,(y) & y € FV(A) & subst(A, z,y). Hence I' - VzA by (b). A

Lemma 2.4
If the constant ¢ does not occur in T, then:
(a) TF Az(¢) = T FVzA, if ¢ does not occur in A.

(b)y T'F L = there exists a derivation of L from I', in which ¢ does not occur.

Proof:

(a) For any formula B and variable z let B(c/z) denote the result of replacing in B all occurrences of ¢ by z.
HS: If B is a logical axiom and z ¢ vars(B), then also B(c/z) is a logical axiom.

Not let H = (B;),_, be a derivation of A.(c) from I’ with ¢ not occurring in A. W.olg. T is finite.

i<
We choose a variable z not occurring in H,I', A. From HS it follows that (Bi(c/z))Kn is a derivation of
A, (c)(c/z) from T'. Further A,(c)(c/z) = Ax(z). Hence T' + A,(z) and z & vars(T', A). By L.2.3c from this
we get ' - VzA. (Note that z ¢ BV(A) implies subst(A, z, z).)

(b) If H = (B;),_, is a derivation of L from I and z is a variable not occurring in H, then (Bj(c/z))._, is

i<
a derivation of L from I' in which ¢ does not occur.

Lemma 2.5

(a) F——A4A— A

(b)y TU{-A}F L = TF A,

(c) THFL = TFA,

(d) F3z(x~s),ifx € FV(s).

Proof:

(a) Proof by induction on the build-up of A:

For atomic A the formula -——A — A is a logical axiom. — Assume now - -—B — B.

10



A A-B VB

B -B B -B
1 1
-(A=B) -=(A—B) -VzB --VzB
L 1
ﬁ --B — B ﬁ --B — B
B B
A-B ViB

) TU{-~A L Z T4 @ rra

©TFL = Tu{-A}-1L R rra

(d) Assume z & FV(s). Then Vz—(z ~ s) — —(s & s) is an axiom (V1), and thus Vz—(z ~ s) F =(s =~ s)
holds. Using (G1) and (mp) we then obtain Yz—(z =~ s) - L and finally (by Theorem 2.2) the assertion

F =Vz—(z =~ s). A

Definition. I is consistent :< T/ L.

Theorem 2.6

Let T be the set of all Terms and Ty := {t € T : FV(t) = 0}.
Further let ¥ be a consistent set of formulas, such that:

(i) A¢Y = ZU{A}F 1,

(ii) VzA e X = —A4,(t) € X, for some t € Ty.

We define:

~:={(s,t): (s=t)eX} , t:={seT:s~t}

M= ({t:t €T}, (pPM)pecr), where

P if p is a constant

pMoi= L {((#1, ... t0), pt1.tn)  t1, .t € T} if pis an n-ary fuction symbol (n > 1)
{(t,- -t

&:VARS = M|, 2 — 7.

) :pty..t, € L} if p is a relation symbol

Then M is an L-structure and the following holds for all ¢ and A:
(a) [t =1,

(by MEA[] & AeX.

Proof:

HS1

a)YHFA o AeX.

b)) ABeY & A¢gXYorBeX

c)VzAeX & A,(t) € forall t € Ty.

d) s ~t& A,(s) € T & A atomic = A,(t) € X.

e

f

~ is an equivalence relation on T.

(
(
(
(
(e)
(f) For each s € T there exists a t € Tg such that 5 =¢.

11



Proof:

(a) “<”: trivial.

=7 EFALAES 9 YFA&YXU{A}F L = X+ L. Contradiction.

(b A BeX & AeY = YFB = BeX.

BeX = SU{A}FB = Sk A B.

A¢s @ sua)rL ¥ Su{A)FB = SFAS B

(@) Vede s W sk A,(f) for all t € T,

A(H) ES(VEETY) "% ~A,(1) g (VteTy) @ wvedgs Y suf-vea}r L 2 S+ vza.
(d) From s &t € £ & A, (s) € ¥ one obtains ¥ + A, (t) by Prop.(d) above.

(e) (Gl):>§]|—t%t(:a>)t~t. s~t&Shsms "B tnsen o tas

d
s~t&r~s => s~t&rasey (:>) reteY = r~t

(f) Let s € T. We choose a variable z ¢ FV(s). By (a) and L.2.5d we have 3z(x ~ s) € ¥. By (ii) this
yields the existence of a t € Ty such that == (¢t ~ s) € ¥. By (a) and (— 4) we then obtain t = s € ¥, i.e.

t ~ s and thus ¥ = 3, since ~ is an equivalence relation.

HS 2: For each n-ary function symbol f and n-ary relation symbol R we have:

(@) fM oM™ = M, FM L T) = Fhd,

(b) Rt1..t, €T & (t1,...,t,) € RM.

Proof:

(a) Let 5, =%; (i = 1,...,n). We have to prove: fsi...sp, = ft1...tn, i.6. (fs1...50 & ft1...t,) € B.

By HS1(a) we have (fs1...5p =~ f$1...8,) € X.

From this together with s ~ #1,...,s, ~ t,, and HS1(d) we successively obtain (fs1...s, & ft152...8,) € X,
(f81...8n = ftit283...8n) € X, ... ,(f81...80 & fl1...t,) € X, hence fs1...8, = ft1..tp

(b) “=": By definition.
“e”: Assume (f1,...,t,) € RM. Then there are si,...,s, with Rs;...s, € S and 5 =1#; (i = 1,...,n). As
above we conclude by HS1(d) Rt1s2...s, € X, Rt1t283...8, € X, ..., Rty...t, € ¥, i.e., Rt1...t, =1 = Rsy...

Proof of 2.6(a) by induction on ¢:

1. [[1‘]]2/[ =¢(z) =T.

2. [ftrtal = FMIGIM, - T6I2D B PME, T "2 Tty

Proof of 2.6(b) by induction on A:

1. MELand L €3,

2 ME(sat)e] & [sIM =M @5-T o s~t o snter

3. M (Rty...t)[€] & ([1M, ... [ta]2 eRM @ @, Ty e RMTEY Ry 4 e s
4L MEMA-BE] & MEAaoMEB[E A¢gsaBes " (45 B) e,
5. By (a) and Lemma 1.3 (Corollary) we get:

M (VeA)e] B M= Al forall € Ty @B M= A, (1)[¢] for all # € Ty &
& A (t)eSforalte Ty "2° Vede 3.

12



Definition
A set of formulas ¥ which satisfies the assumptions (i),(ii) of Theorem 2.6, is called a complete Henkin theory.

The interpretation (M, &) defined in 2.6 is called the canonical term model of X.

Satz 2.7 (Completeness Theorem)

Every consistent set of formulas is satisfiable.

Corollary

(a) T'consistent < I'satisfiable.

b)'FA & T EA

(¢c) T E A = there exists a finite Tg C T such that 'y |= A.

Proof of the corollary:

(a) “«<”: Assume M = T'[n]. By the soundness theorem we then have (' F A = M [ A[n]), for each
formula A. Hence T' I/ L.

(b) “<”: T A Z® py {—A} consistent = I' U {—A} satisfiable = T" j£ A.

(¢) This follows from (b) and the fact that every derivation is finite.

Proof of the Theorem:
Let T be a consistent set of formulas.
First the proof is carried through under the following additional assumptions:

— L countable,

— L contains infinitely many constants cg, ¢1, ¢o, . . ., which do not occur in T'.
Let Ag, Ay, As, ... be an enumeration of all L-formulas.
Definition:
20 =T
Y i %, U {4} F L

5 ) E,U{A4,} ifX, U{4,} VL& A, #-VzB

Y B, U A, By (k) if S, U{A, /L& A, =-VzB

where &k := min{i : ¢; does not occur in any formula from ¥, U {B}}

Y= Upenw Zn-
HS 1: 5, 1 L.

Proof by induction on n:

1. n = 0: trivial.

2.n—=-n+1l:

2.1. ¥,41 = ¥,: Immediately by IH.

2.2. Y11 =%, U{A,} with B, U{A,} I/ L: trivial.

2.3. ¥pt1 = X, U{VeB, B, (cx)} with £, U{=VzB} I/ L and ¢ not in ¥, U {B}:
Sy U{~VaB, - By(cx)} - L 22 %, U{~VzB}F By(cx) 228 %,U{~VaB} V2B =
= ¥, U{=VzB}F L. Contradiction.

Since ¥ L implies ¥, - L for some n, the consistency of ¥ follows from HS1.

13



We now prove that ¥ is a complete Henkin theory.

(i) If A € ¥ then, for some n, A = A, € ¥,,11 and therefore ¥, U {A,} F L; hence TU{A} - L.
(i) If -VaB = A,, € ¥ then ¥, U {A,} I/ L (since ¥ I/ 1) and thus =B, (¢;) € ¥ for some k € IN.

By Theorem 2.6 there exists a model (M, §) of £. Since I' C X, (M, &) is also a model of T'.

Now we discharge the second additional assumption and prove the theorem for arbitrary countable L.

The proof for uncountable £ will be given later.

Let co,¢1,C2,... be a countably infinite sequence of new constants, and let £’ := £ U {¢p,c1,¢2,...}. Then
also £' is countable, and we can carry out the above construction with £’ in place of £. For that we have
still to prove that I' is consistent with respect to the extended language £, i.e., that there is no £'-derivation

of L from I'. To this end we set Ly := LU {cop,...,ck—1} and Hj := set of all Li-derivations of L from I.

By 2.4b (with Ly in place of £) we obtain: (*) Hyi1 Z0 = Hyi # 0.

Now if H were an L'-derivation of L from I', then we would have H € Hy,, for some ko. Together with (*)

this would yield Ho # 0, contradicting the assumption that I' is consistent w.r.t. L.

As we have proved above (with £ in place of L), there exists an £'-Modell (M’ £) of T. Let M be the
L-structure which one obtains by restricting M’ to £. Then (M, ) |= T, since I is a set of L-formulas.

Theorem 2.8 (Compactness Theorem)

If every finite subset of I is satisfiable, then I' is satisfiable.

Proof:

I not satisfiable = ' |= L Corollary (9

there exists a finite I'g C T such that 'y | L = Ty not satisfiable.
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§3 Elements of model theory

Definition

For each set of formulas T let L(T") denote the set of all function and relation symbols occurring in T.

Definition

Assume that £ C L', M is an L-structure and M’ an L'-structure:

M’ is an expansion of M & M is a reduct of M' :& |M| =|M'| and pM" = pM for all p € L.
ML denotes the uniquely determined £-reduct of M'.

Remark. If M’ is an expansion of the L-structure M, and { an M-assignment, then [[u]]?" = [u]; I
holds for each L-expression u. Therefore the statements “I" = A” and “T" satisfiable” do not depend on the
language £ which appears in the corresponding definitions (provided £ D L(I'U {A})). Due to Theorem 2.7

the same holds for “I' - A” and “I" consistent”.

Definition. In the sequel by an aziom system we always mean a set of closed formulas (sentences).

Definition. A structure M is called finite (infinite, countable) if its universe | M| has this property.

Theorem 3.1 (Lowenheim-Skolem)

Every countable, satisfiable set of formulas I has a countable model.

Proof:

Let Lo :=L(T) and £ := Lo U{c; : ¢ € IN} where ¢, c1, ... are new constants. Then £ is countable and, as
shown in the proof of 2.7, T can be extended to a complete Henkin theory ¥ (in £). In the proof of 2.6 it
was shown that ¥ has a model (M, ¢) with |M| = {t: ¢ € T} where T is the set of all L-terms. Since L is

countable, also T and | M| are countable. Hence ¥ (and also I' C ¥) has a countable model.

Theorem 3.2

If the axiom system ¥ has models of cardinality > n for each n € IN then X also has an infinite model.
Proof:

Let £:=L(E) and T':= XU {-(v;i = v;) : i,j € N with i < j}.

HS: Every finite subset of T ist satisfiable.

Proof: Let A C T be finite. Then there exists an n such that A C X U {=(v; ®v;): i <j<n}.

By assumption there exists a model M of ¥ with pairwise distinct elements ag, ..., a, € |[M|. Let n be an

Me-assignment with n(ve) = ag, -..,7(vn) = an. Then (M,n) is a model of A.

From HS and Theorem 2.8 it follows that T is satisfiable. Let (M, &) be a model of . Then M is a model

of ¥, and i — &(v;) is a one-one mapping from IN into |M|; so M is infinite.

Definitions

— FoRr} denotes the set of all L-sentences.

— An axiom system T is called a Theory, if it is deductively closed, i.e.,if T ={A € FOR%(T) : TH A}
— If T'isa theory and X C T with T'= {4 € FOR%(T) : ¥+ A}, then X is called an aziom system of T.
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— An axiom system ¥ is complete, if ¥ F A or ¥ F = A holds for each L(X)-sentence A.
— For each L-structure M let Th(M) := {4 € FOorRY. : M |= A} (the theory of M).
— Modg(E) := {M : M is L-structure and M |= X} (X an axiom system with L(X) C £)
— The L-structures M, M’ are elementary equivalent (in symbols M = M'), if Th(M) = Th(M').
— The L-structures M, M’ are isomorphic (in symbols M = M),
if there exists an isomorphism 7 from M onto M'.
An isomorphism m : M — M’ is a bijective mapping 7 : M| — |M'| such that
1) 7(fM(ay,...,an)) = fM (x(ar), ..., 7(a,)) (feLl,#(f)=n>0,a,..a, € M|
(i) (a1, ...,an) € RM & (7(a1), ..., 7(an)) € RM (ReL, #(R)=n>1,a1,....,a, € |M])

Lemma 3.3
(a) Th(M) is a complete theory.
(b) If ¥ is an axiom system with L(X) C £, then
{A€For}: S+ A} = {Th(M) : M € Mod(%)} is a theory.
(c) M=M" = ME ThM)
(d) If L is countable, then for every L-structure M there is countable structure M’ so that M = M'.
Proof:
(a) T(M)FA = MEA = A€ Th(M). Th(M) complete: obvious.
b)LFA & SEA e MEANWMMEMod:(R)) & AT :=N{Th(M): M € Mod(2)}.
THFA = Th(M)F A (YM € Mod,(E)) = A€ Th(M) (YM € Modg (X)) = AeT.
(c) “=7: Th(M) = Th(M') = M | Th(M').
“=”: M= Th(M') = Th(M') C Th(M) (x).
A€Th(M) = -AgTh(M) ¥ -4 ¢ Th(M') = A€ Th(M).
(d) Th(M) satsifiable and countable & there is a countable M’ so that M’ E Th(M).

Theorem 3.4

Let T be a theory und £ = L(T'). The following propositions are equivalent:

(i) T is complete.

(i) VM € Mod,(T) : Th(M) =T.

(iii) VM, M" € Mod,(T) : M = M.

Proof:

(i)=(@i): MET = TCThM). A€ ThiM) => -A¢gTh(M) = -A¢T = AcT.

(it)=>(iii): trivial.

(iii)=(i): Let A € FOR% and A ¢ T. Then T I/ A, i.e., there exists a model Mg of T'U {—~A}.

From (iii) we obtain M = My (VM € Mod,(T)) and thus M | =A (VM € Mod.(T)), i.e., T F —A.

Theorem 3.5
Let 7 : M — M’ be an isomorphism, and £ an M-assignment. Then for each £-term ¢ and each £-Formel
A the following holds: (a) w([t]}) = [ (b) M A[{] = M' = Alrod].

7o

For closed t, A we have (a) m([{]") =[] , D) MEA < M = A.
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Corollary,. M2=2M' = M=M"

Proof by induction on the build up of ¢, A:

Abb.: ¢ :=mo&.

(a) 1. 7([#]}) = m(¢(@)) = [T

2. w([FY) = m(FUDIL) = £ (r(020) D 7 ([A0) = LFa

b) L [s~i]M =1« [[s]]g =[] « 7r([[s]]g = m([¢]}) ) @ [sIZ" = [0 & [sm it =1
2. TR = R = R () & R (1) = TR

3. [A—=DB]" = max{1- [[A]]5 ,[[B]]é"’} = max{1- [[A]]g, ’[[B]]E’ V= [[A—)B]]g, .

4. M E (VzA)[¢] & M E A[¢Z] for all a € |[M]| g m EAro&i foralac | M| &}

o M EArod)f')forallac|M| & M EAl(roé)]forallbe | M| & M = A

Notation:
Let FV(u) C {z1,...,2n} (21, ..., 2, pairwise distinct), and a4, ..., a, € |[M|:

uMlzi /a1, ...,z )an) = [[u]]?", where £ is an M-assignment with &(z;) = a; fori =1,...,n
M Alzi/ay, . 2nfan] & AMzi/ay, ... 20fa,] = 1.

M

If 1, ..., 2, are known from the context one briefly writes u*[a1,...,a,] or M = Alay, ..., ay], respectively.

With the just introduced notation Theorem 3.5 can be written as follows:

(a) 7(tM[ay, ..., an]) = t"'[w(ar), ..., w(an)], (b) M = Alay, ...,an] <= M' E Alr(ar),...,m(an)].

Theorem 3.6
For each infinite structure M there exists an elementary equivalent structure My,

which is not isomorphic to M.

Proof:

Let K be the power set of |[M|. To each a € K we assign a new constant ¢,. Let £' := LU {c, : a € K}
and X' := Th(M) U {=(ca = ¢g) : o, € K & a # B}. Each finite subset A C ¥’ is satisﬁable- if
A C Th(M) U {=(ca = c5) : a, B € {a1,...,a, }} choose an L'-expansion M’ of M so that ¢ ;é cM for
1 <i,j <n with a; # aj; then M’ |= A. Hence, according to the Compactness Th. there is a model M of
Y. Let My := M{|L (the L-reduct of M}). M} =¥ = M] = Th(M) = M; E Th(M) = M= M,.
M = —(ca = cg) = céwl # cgwl. Therefore the mapping F : K — |[My]|, a céwl is one-one. If there

were an isomorphism 7 : M; — M, we so had a one-one mapping from K into |M| which is impossible.

Remark

According to Theorem 3.6 no infinite structure can be characterized uniquely (up to isomorphism) by an
axiom system in 1st order predicate logic. But, for example, the structure (IN,0,S) (with S(n) = n+1)
of natural numbers is uniquely determined (up to isomorphism) by the Peano axioms. This seems like a
contradiction to the previous remark, but it isn’t, since the system of Peano axioms does not belong to 1st
order predicate logic. The induction axiom VX(0 € X AVz(r € X = Sz € X) - Vz(x € X)) with
the quantifier VX ranging over all subsets of IN is a 2nd order formula. A structure, which is elementary
equivalent but not isomorphic to (IN,0, S), is called a nonstandard model of the natural numbers. In such a

nonstandard model the principle of complete induction does not hold for every set X C IN.
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Lemma 3.7

There are countable nonstandard models of the natural numbers.

Proof:

Let N := (IN,0,5) und T := Th(N) U {=(vo = 0), =(vo = S0), =(vo =~ SS0),...}.

Obviously every finite subset of T' and so T itself is satisfiable; hence there exists an interpretation (N7, &)
with N7 = T'[¢] and N; countable. Now N = N7, since A; = Th(N).

Assumption: There is an isomorphism 7 : N” — N.
Then 7(n) = 7(N(S...S0)) = N1(S...50) # &(vg), for each n € IN. So m would not be surjective.

n

Remark

The structure (IR, 0,1, +,, <) of real numbers is up to isomorphism the sole complete ordered field. The
completeness axiom VX () # X bounded — Jy(y = sup(X))) is (as well as the induction axiom) a 2nd
order formula. A structure which is elementary equivalent but not isomorphic to (IR,0,1,+,-, <), is called
a nonstandard model of the real numbers. In a nonstandard model of the real numbers not every bounded
set X # () has a supremum (but every such set which is definable by a formula of the language {0,1, +, -, <}

has a supremum).

Lemma 3.8

For each archimedean ordered field there is an elementary equivalent ordered field which is not archimedean.

Corollary. If a sentence A of the language {0, 1, +, -, <} holds in every nonarchimedean field, then A holds

in every ordered field.

Proof:

n

Let K be an archimedean ordered field. T' := Th(K) U{n < vg : 1 <n € IN}, where (n := m)
Obviously every finite subset of ' is satisfiable, and so I is satisfiable. Assume M [ I'[¢]. Then M = K, so
M is an ordered field. From M |= (n < vg)[¢] it follows thatt 1M - n <M &(vg) for all n € IN, hence M is
nonarchimedean.

Proof of the Corollary: Let K be an archimedean ordered field. Then there exists a nonarchimedean ordered

field M with X = M. From M = A we obtain K |= A.

Definition
A class S of L-structures is (finitely) axiomatizable,

if there is a (finite) axiom system ¥ such that S = Mod.(%).

Proposition
(a) S finitely axiomatizable <= There is an L-sentence A such that S = Modz({A4}).
(b) If there are structures M, Mo with M = Mo & M € S & My ¢ S, then S is not axiomatizable.
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Lemma 3.9
Let S be a class of L-structures and ¥ an axiom system.
(a) S is finitely axiomatizable if, and only if, S and its complement S are axiomatizable.
(b) If Mod,(X) is finitely axiomatizable,
then there exists a finite subset A C ¥ such that Mod,(X) = Mod(A).

Proof:

(a) “=7: For S = Mod,({A}) we have: M €S & MK A & ME -A.

“”: Let S = Mod,(31) and S = Mod,(2s). Then ¥; UYs is not satisfiable; hence there is a finite A C 34
so that A U % is not satisfiable. M €S = MEA = MES, = M¢gS = MeS.

(b) Let Mod,(X) = Modz({A}). Then ¥ |= A, and consequently there is a finite A C ¥ with A E A.
Hence: MEY == MEA = MEA = MEZX

Complete theories
I. The theory DO of dense linear orders without endpoints

Let DO be the deductive closure of the following axiom system:

() Ve-(z < ) AVaVyVz(z <y Ay <z oz < z) AVaVy(z < yVaz =~y Vy < x)
(2) VaVy(z <y — Jz(z <zAz<y))

(3) VazIy(z < y) AVzIy(y < ).

Lemma 3.10
Every countable model of DO is isomorphic to the structure (Q, <) of rational numbers.

Proof:
Let M = (M, <) be a countable model of DO, and let M = {b, : n € N} and Q = {a,, : n € IN}.

Definition of order preserving functions F;,, C Q x M by recursion on n:

1. Fo :={(ao,bo)}-

2. Definition of Fj,41:

2.1. n=2m. If a,, € dom(F,,) then F, ;1 := F,.

Otherwise let Fy 11 := F, U {(am,br)} with k:= min{i: F, U {(am,b;)} order preserving}.
Since M is a model of DO, such a b, always exists.

22. n=2m+ 1. If b, € ran(F,) then F, ;1 := F,.

Otherwise let Fy41 := F, U {(ak, by)} with k:= min{i: F, U {(a;,bn)} order preserving}.

Obviously F' := |J,,cy F is an isomorphism from (Q, <) onto M.

Theorem 3.11. The theory DO is complete, and DO= Th(Q, <).

Proof:

By Theorem 3.4 if suffices to prove that every model of DO is elementary equivalent to (Q, <). So let M be
a model of DO. By L.3.3d there exists a countable structure My which is elementary equivalent to M. By
L.3.10 M, isomorphic to (Q, <); hence M = M, = (Q, <).
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II. The theory of algebraically closed fields with fixed charakteristic

The class of all algebraically closed fields of charakteristic p (p prime number or p = 0) can be axiomatized
the axiom system consisting of all field axioms and the sentences Vxo...Va,(x, # 0 — Jy(zy, - y™ + Tp_1 -
n=lg >1 d1+4+..4+1=0 bzw. (i =0)1+..+1£0(01< IN).
y" T+ i+ m) (n>1)and 1+ ... + zw. (incasep=0)1+..+1#0(1 <nelN)

p n
Let ACF, be the deductive closure of this axiomen system. It can be shown that the theory ACF, is complete.

From this we obtain (e.g.): If a sentence A of the language {+, -,0, 1} holds in the field C of complex numbers,

then it holds in every algebraically closed field of characteristic 0.

On the proof of the completeness of ACF,,.

Theorem 3.6*
If k is and infinite cardinal > card(L), then for every inifinite L-structure M there exists an elementary

equivalent L-structure M of cardinality k.

Proof will follow in a later chapter.

Definition

Let & be a cardinal. An axiom system ¥ is called k-categorical, if every two models of ¥ of cardinality « are
isomorphic.

Theorem 3.12 (Vaught’s Test)

Let k be an infinite cardinal. If ¥ is a k-categorical axiom system with card(X) <  and if ¥ has only infinite
models, then ¥ is complete.

Proof:

Let £ := L(X) and M,N € Mod,(X). Then M, AN are infinite and & > card(L). By 3.6* there are
L-structures My, N7 of cardinality & such that M = M; and N = N;. Hence M;,N; E ¥ and thus
M =2 N;. By Theorem 3.5 we now obtain M = N.

Satz 3.13. Every two uncountable algebraically closed fields having the same cardinality and the same
characteristic are isomorphic. For each prime number p there exists an algebraically closed field with char-

acteristic p.
Lemma 3.14 Every algebraically closed field is infinite.

Proof: If K = {a4,...,a,}, then the polynomial (z —a;)-...-(x — a,) + 1 has no root in K.

From 3.6*, 3.13, 3.14 it follows that ACF, is R;-categorical. By 3.12 from this it follows that ACF, is complete.
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Remark.
If the axiom system ¥ is decidable and complete, then also its deductive closure Tx; := {4 € FOR%(E) D
A} is decidable.

“Proof”: Abb.: £ := L(X). Assume that ¥ is consistent (otherwise ¥ = FOR2). The set of all derivations
H in L can be effectively enumerated. Let Hgy, Hy, Hs, ... be such an enumeration, and let, for each i € IN,
A; be the endformula of H;. Tt is decidable whether H; is a derivation of A; from ¥. Now for an arbitrary
L-sentence B by the following procedure it can be decided whether ¥ + B or not: search through the
sequence of derivations Hy, Hy, ... until you find a derivation H,, of A, from ¥ with 4, € {B,~B}; since

is complete, this situation will always be attained, and we have: ¥ - B & A, = B.

Definition (Substructure)

Let My, M be L-structures.

My is a substructure of M (in symbols Moy C M), if | Mg| C | M| and further
(i) Mo = cM for each constant ¢ € L,

(ii) fMo = fMJ|My|" for each n-ary function symbol f € £ (n > 1),

(iii) RMo = RM N |M,|™ for each n-ary relation symbol R € L.

An (isomorphic) embedding from M, into M is a one-one mapping 7 : |[My| — | M| with
(a) T(fMo(ar,...,an)) = fM(m(ar), ..., m(an)) (feL,n>0,a1,..a, € Mo
(®) (a1,...,a,) € RM & (w(ay),...,m(an)) € RM (ReEL,n>1, ay,....,a, € |M)|)

Lemma 3.15
A mapping 7 : |[Mp| = | M| is an isomorphic embedding from M in M’ iff it is an isomorphism from M,

onto a substructure of M.

21



¢4 Recursive functions

Inductive Definition of sets PR" of n-ary function symbols

(PR 1) C} € PR" (n,k >0), S€PR!, I? € PR" (1 <i<n).

(PR2) he PR™ & g1, ..., gm € PR" & m,n > 1 = (ohg;...gm) € PR".
(PR 3) g € PR" & h € PR""? = (Rgh) € PR""".

Abbreviation: PR := J,. PR", 0:=Cj . Remark: PR? = {C} : k € IN}.

Definition of the standard structure N for the language PR

W=

(CHNV(@ ) =k,

SM(a) := a+1

(I?)N(al,...,an) = a;,

(ohgy...gm) (@) := BN (g (@), . .., oo (@),
(Rgh)N(@,0) := g™ (a),

(Rgh)N (@,b+1) := kN (@, b, (Rgh)N (@, b))

Definition
A function F : IN" — N is called primitive recursive, if F = fV for some f € PR™.
A relation R C IN" is called primitive recursive, if its characteristic function

n 1 ifdeR g primiti i
1r:IN" -5 IN,15(@) := { 0 othorwige S primitive recursive.

Definition of an n-ary function symbol Az ...x,.t € PR" for each PR-term ¢ and pairwise distinct variables
T1y ey Ty (0> 1) with FV(2) C {zy,...,2,}:

1. \zy..x,.C} == C}

2. Azq..xpzy =17

3. ATy ...Tp Bty .ty = (0hg1...gm) With g; := Azq..2p.1;

Lemma 4.1

Azy..zn )N (ay, ..., a,) = tN 21 /a1, ..., 20/ an] .

Proof by induction on the build up of ¢:

Abb.: tN[d] == tN[z1 /a1, ... 2y [ an].

L (\2.CN(@) = (Cp)V(a ) = (CHM(a).

2. (A\E.a)N(@) = A7)V (@) = l’zN[]

3. Let t = hty...t,, and g; := /\1‘1 noli.

AEDN (@) = (ohgr...gm)™ (@) = hN(91 (@), ... gy (@) = WV (0 [a], ...t [a]) = tV[a].

Convention

We use a, b, ¢,i, 7, k,l,m,n as syntactic variables for natural numbers, and s, ¢ for PR-terms.

We will not always distinguish between a function symbol and its interpretation in A: For example, if
f € PR™ then the function fV : IN™ — IN will also be denoted by f. Correspodingly PR (PR™) also denotes

22



the set of all (n-ary) primitive recursive functions. So, PR, is the least set of functions, which contains the

basic functions Cy, S, I and is closed under the operations o (composition) and R (primitive recursion,).

Corollary. (PR is closed under explicit definitions)
If t is a PR-term with FV(t) C {21,...,2,}, and f : N" — N is defined by f(ay,...,a,) := tN[ay, ..., ay]

then f is primitive recursive. (Proof: Lemma 4.1.)

Definition of some special function symbols (primitive recursive functions, resp.):
plus := (RI}(Azy2.52)), pd := (ROAyz.y), = := (RI}\zyz.pdz), times:= (RCjAzyz.pluszz).
For f € PR™™ we set (3 f) := (RCoAz1 .70y 2.(plus 2 f21...2,%)).

For the just defined functions the following holds:
plus(a,b) = a+b, times(a,b) =a-b, pd(a) = { g— 1 gtﬁe?woise’ =(a,0) = {8_ ’ i)ftﬁe%wbise'
1<

From now on we write +, - for plus, times.

Remark.
A relation R C IN" is primitive recursive iff there is an f € PR™ with R = {@ € IN": f(a) = 0}.

(Proof: 1= f(@) = {(1) gt}fléfgvijeo)

Abbreviations:

s<t:=(Ss~t=0),

Vo <tA:=Ve(r <t— A), Jz <tA:= Ve <t-A (if c FV(t))
Ve <tA:=Ve < StA, Jz <tA: =3z <StA (if z ¢ FV(2))

Obviously N = (s < t)[@] & sV[d] < tV]a].

Inductive Definition of Ag-formulas (of the language PR)

1. Each atomic PR-formula (i.e. equation s ~ t) is a Ag-formula.

2. If A, B are Ag-formulas, then =4, AA B, AV B, A — B are Ap-formulas.

3. If Ais a Ap-formula, and ¢ a PR-term with 2 ¢ FV(t), then Vo < tA and 3z < tA are Ap-formulas.

Lemma 4.2

If Ais a Ap-formula with FV(A) C {z1, ...,z },

then the relation {(a1,...,an) € N": N = A[z1 /a4, ..., zn/ay]} is primitive recursive.

Proof:

By induction on the build up of A we define a PR-term r4 with FV(rq) = FV(A) and N =74 = 0 < A.
Tonst = (5=1) + (t=8) , 74 :=S0=-74 , TANB :=TA+TB ,TAVB :=TA'TB , TALB ‘= ' AVB ,

ryy<tB = (O AZy.rg)Tt, where FV(Vy<tB) = {Z} , 7T3g<tB = I'-va<i-B-

Corollary
The set of primitive recursive relations is closed under N, U, \, bounded quantification, and substitution of

prim. rec. functions.
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Lemma 4.3

If f1,..., fre1 € PR™, and if Ry, ..., Ry € IN" are pairwise disjoint primitive recursive relations, then also the

following function f: IN™ — IN is primitive recursive:

fi1(@) ifae Ry
M@ =9 @ iaemr

fr+1(@) otherwise
Proof:

Let Ryt 1= nN” \ (R1 Uu...u Rk) f= Af(fl(f) ‘1p, (f) + ...+ fk+1(f) . ].RkJrl (f))

Definition (bounded p-operator)

if 3i < b(g(d, i)

For g : N — IN let (fig) : N"™!' — IN, (7ig)(@,b) := {Zmn{z +9(d,7) = 0} otherwise.

Lemma 4.4

Let g : IN"™ — IN be primitive recursive. Then the following holds:

(a) (mg) is primitive recursive.

(b) If there exists an h € PR" with Va € IN"3i < h(@)(g(d,i) =0),
then the function @ — min{i : ¢(@,i) = 0} is primitive recursive.

Proof:

(a) By 4.2 and 4.3 the following function p : IN"*' — IN is primitive recursive:

S N Je ifg(d,e) =0&Vi<e(gldi) #0)
p(d,c) := {0, otherwise.
ey < [ (Sp)@b) i 3 < bg(d,i) = 0)
Further we have: (fig)(d,b) { otherwise,

(b) min{i : ¢(@,i)
Definition (The primitive recursive pairing function 7 : IN* — IN)

m(a,b) := b+ Zi<a+b(i +1)=b+(>.S)(a+Db)
Lemma 4.5

(a) 7 : IN> = IN is bijective.  (b) a,b < 7(a,b) and (0 < a = b < 7(a,b)).

Proof:

(a) 0=x(0,00 2=#(0,1) 5=#(0,2) 9=7(0,3)
1=#(1,0) 4=a(1,1) 8=7(1,2) .
3=7(2,0) 7=7(2,1)

6 =7(3,0)

Obviously the above scheme defines a bijection # from IN? onto IN; and the following holds:
#(a,b) = #(a+b,0)+b, and 7(a+b,0) =number of all equations in previous diagonals = 1+2+
Consequently 7 = 7.

(b) is obvious.

Definition (The inverse functions 7, my of 7)

mi(a) == min{i: 3j < ala =7 (i,5)]}, m=2(a):=min{j: a = w(mi(a),j)}
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Lemma 4.6

(a) The functions 7, w2 are primitive recursive.

(b) 7(mi(a),m2(a)) = a

(c) mi(m(ar,a2)) =a; (i=1,2)

Proof:

(a) By Lemma 4.5 we have 3i < a3j < a(a =n(4,5)) and 3j < a(a = w(m1(a), j)).
From this we obtain the assertion by Lemma 4.4.

(b) and (c) follow from Lemma 4.5a and the definition of 7, 7.

Remark. If f € PR' then also its iteration (a,k) — f*(a) defined by f°(a) := a, f**'(a) := f(f*(a)) is
primitive recursive. Note that f*+'(a) = f*(f(a)). We also write f(*) for f*.

Definition (Coding of finite sequences of natural numbers)

cons(a, b) := m(a,b) + 1,

hd(a) := 7 (a+1),

tl(a) := w2 (a=1),

(a); := hd(tl*(a)) (obviously (a); = 0 for 1h(a) < i),

Ih(a) := min{k : t1*(a) = 0} = (r)(a, a + 1), where 7(a, k) := t1¥(a).

The functions cons, tl, hd, lh, (a,%) — (a); are primitive recursive.

Lemma 4.7

(a) lh(cons(a,b)) =1h(b) + 1

(b) (cons(a, b))0 = a & Vi < Ih(b)[ (cons(a, b))i+1 = (b);]

(c)i<lh(a) = (a);<a

Proof:

Let n := lh(b) and ¢ := cons(a,b). Then a = hd(c) and t1"" (¢) = t1°(b), especially b = tl(c).

(a) We have t1"*" (c) = t1"(b) = 0 & Vi < n(tI"' (¢) = t1(b) # 0) & t1°(c) = ¢ # 0; hence Ih(c) = n + 1.
(b) (¢)o = hd(t1°(c)) = a and, for i < n, (¢)iy1 = hd(t1”'(¢)) = hd(t1*(b)) = (b);.

(¢) i <lh(a) = (a); = m (tl(a)=1) < tli(a)=1 < tl'(a) < a.

Lemma 4.8

lh(c) =lh(c¢') & Vi < lh(e)((c); = (¢)i) = ec=¢.

Proof:

Fall 1: lh(¢) =0. Thenc=0="¢"

Fall 2: Th(¢) = k+ 1. Then ¢,¢’ > 0 and there are a,b,a’, b’ with ¢ = cons(a, b), ¢’ = cons(a’,d’). By Lemma
4.7 and the assumption we now obtain lh(b) =k =1h(b') & a = (¢)o = ()0 = a' & Vi < k((b); = (¢)iy1 =
()ir1 = (b);). By LH. this yields b = ¥', and thus ¢ = ¢'.

Definition of {ag,...,an—1)
() :==0, (ag,...,an) := cons(ag, (a1, ..., an))

Obviously for each fixed n € IN the function (ag, ...,an) — (ao, ..., a,) is primitive recursive.
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Lemma 4.9
(a) Ih({ag, ...,an—1)) =n
(b)yi<n = ((ao,...,an,1>)i =a;

(¢) a={(a)o, -, (@)n—1) mit n := lh(a).
Proof: Lemmata 4.7, 4.8.

Lemma 4.10

The function a * b := ((a)o, .-+, (@)in(a)-1, (D)o, -+, (D)in(p)—1) is primitive recursive.
Proof: Let h(a,b,0) := b, h(a,b,i+1) := cons((a)in(a)=(i+1), h(a, b, i)).

For i <1h(a) we then have h(a,b,i) = ((@)in(a)—i> - (@)in(a)—15 (D)o, -, (D)in(p)—1)
and thus h(a,b,1h(a)) = a * b.

[h(a,b,0) = b= ((b)o, - (B)in(s)—1)- h(a,b,i+1) = cons((a)m(a)~(i+1), (a, b, 7))
= cons((@)in(a)~(i+1)> ((@n(a)—i> -+ (@1n(a)y—15 (0)0s -+ (D)in(s)—1))]

Definition

For f :IN"*' 5 IN let f : N"*' = IN, f (@,b) := (f(@,0),...,f(@b—1)).

1

=

Remark: fePR"" — f e PR""!.
Proof: 7(67 0) =0, 7(67 b+1)= 7(67 b) * (f(a@,b)).
Lemma 4.11 (Course-of-value recursion)

For each h € PR™"? the function f defined recursively by f(@,b) := h(a,b, f (@,b))

is primitive recursive too.
Proof:
f(@0)=0,f(@b+1)=7(@b) « (@b, f(ab) , f(@b) = (f(@b+1)),

Corollary 4.12
Let H C IN""2 be primitive recursive, and let Q C IN"*! 5o that:

V(@ b) € N"[Q(d,0) & H(@b,1o(@,b))]-

Then @ is primitive recursive.

Proof: Obviously 1¢(@,b) = 1g(d@,b,14(a,b)).

Remark . For @ C IN"*! the following holds: Vi < 1h(b)[Q(d, (b);) & (Io(d, b))(b), =1].
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Recursively enumerable relations

Definition
A relation Q C IN" is recursively enumerable (r.e. for short), if there is primitive recursive relation R C IN"**
such that @ = {@ € IN" : 3bR(a,b)}.

Remark. ( primitive recursive = (@) recursively enumerable.

Lemma 4.12

A nonempty set Q C IN is recursively enumerable iff there exists an f € PR' with Q = f(IN).

Proof:
“<”: If f € PR! then R := {(a,i) € N?: f(i) = a} is prim. rec., and f(IN) = {a : JiR(a,i)}.
“=": Let ap € @ = {a € IN: FbR(a,b)} with primitive recursive R.
oL = [m(e) if R(mi(c), m2(c))
Definition: f:IN — N, f(c) := {ao otherwise .
Then f € PR' and f(IN) C Q. Remains to prove Q C f(IN):

a€® = R(a,b) for some b€ N = R(m (c),m=2(c)) with ¢:=n(a,b) = a=m(c) = f(c).
Inductive Definition of Y-formulas
1. Each Ap-formula is a ¥-formula.

2. If A, B are Y-formulas, then also AA B, AV B, 3z A are Y-formulas.
3. If Ais a X-formula, and ¢ a PR-term with ¢ FV(t), then Vz < tA is a X-formula.

A Y-formula is called a X1 -formula if it is of the shape dxC with C € Ay.

Lemma 4.13
A relation ) C IN" is recursive enumerable if, and only if, it can be defined by a Y-formula, i.e., if there
exists a X-formula A such that FV(4) C {v1,...,v,} and Q = {(a1, ...,a,) € N" : N Alay, ..., a,]}
Proof:
From Lemma 4.2 it follows that a relation is r.e. iff it can be defined by a ¥;-formula. By induction on the
build up we now define for each Y-formula A a ¥1-Formel A’ so that FV(4) = FV(4") and N E A « A'.
This proves the Lemma.
1. For A€ Aglet A' :=3zA with z g FV(A).
2. Let A’ =324 and B' = Elyé. Then

(AV B) :=32(4,(2) V By(2)), (AAB) :=32(A.(m2) A By(m22)), (A :=3z4,,(mz2,mz),

(Vo <tA) :=32Vv < t3z < 2 A, where z ¢ vars(A) Uvars(B), z ¢ vars(A)(Uvars(t)), respectively.
Definition
1. A function f : IN" — IN is recursive iff the relation

Graph(f) := {(@,b) € N"*' : f(@) = b} is recursively enumerable.

2. A relation R C IN" is recursive, if its characteristic function 1 is recursive.

Lemma 4.14

A relation @ C IN" is recursive iff ) and its complement IN" \ @) are recursively enumerable.
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Proof:

1. Assume that  and IN" \ Q are r.e.

[1g(@) =b & (@eQAb=1)V(@eN"\QAbD=0)] 218 Graph(1g) r.e. = 1g recursive.

2. Assume that @ is recursive. Then G := Graph(1g) is r.e., and we have [@ € @ & (d,1) € G] and
[6eIN"\Q < (d@,0) € G]. Hence @ and IN™ \ @ are r.e.

Corollary

f :IN"™ — N recursive = Graph(f) recursive.

Proof: Let G := Graph(f).

f recursive = G r.e. & N"™\ G ={(@b): Ji((@i) € GAi#b)} = G, N\ G re.

Lemma 4.15

The set of all recursive functions is the least set of functions R = J, ey R" such that:

(R1) C;, S, I eR,

(R2) he R™ & g1y.eesgm € R* & m,n >1 = (ohg;...gm) € R,
(R3) g€ R" & h € R™! = (Rgh) € R"*,

(R4) g e R & V@ € N"3i[g(d,i) =0]&n>1 = (ug) € R,

where (pg)(@) := min{i € IN : ¢(a@,i) = 0}.
Especially every primitive recursive function is recursive.
Proof:
Let R be the least set of functions satisfying (R1)—(R4), and let R’ be the set of all recursive functions.
I. R”" CR: Let f:IN" — IN and Graph(f) r.e
Then there exists an h € PR"** with (f(d@) = b < i h(d,b,i) = 0). Hence
f(@) = m (min{j : h(@, m (j),m2(j)) = 0}) and thus f = (omi (ug)), where g(d, j) := h(d@, 71 (j), m2(5))-
L. RCR"
Here it suffices to prove that the closure conditions (R1)—-(R4) hold for R’ (in place of R).
But this follows by Lemma 4.13 from the following equivalences:
(ohg1...gm)(@) =b < Fby ... T [h(b1, ..., bm) = DA g1(B) = b1 A ... A g (@) = by
(Rgh)(@,k) = b & 3elg(@) = (ho A b= (s AVi < k(h(@,i,(c)i) = (c)is1)]
(ng)(@) =b & g(a,b) =0AVi < bIclc #0Ag(d,i) = cl.

Church’s Thesis

A function f: IN" — IN (relation @ C IN") is computable (decidable) in the intuitive sense iff it is recursive.

28



5 Godel’s 1st Incompleteness Theorem

We start with an arithmetization of syntax.

Definition

A primitive recursively represented language is a pair (£, SN)

consisting of a 1st order language £ and a one-one mapping SN : £ — IN such that:
— For each n-ary functions symbol f € £ we have SN(f) = (n,1,i) with i € IN.

— For each n-ary relation symbol p € £ we have SN (p) = (n,2,i) with i > 1.

— The set SN (L) := {SN(p) : p € L} is primitive recursive.

(SN (p) is called the symbol number of p.

Convention

In the sequel (£, SN) denotes a fixed primitive recursively represented language.

If nothing else is said, function- and relation symbols are elements of L.

The notions “term”, “formula” etc. always refer to £. — Abb.: (a); ; := ((a););.
Definition

SN (v;) :=(0,0,7), SN(—) :=(2,0,0), SN(V) := (2,0,1), SN(L) :=(0,2,0), SN(=) := (2,2,0).
Definition of the Géddel number 'u' of an expression u

;1 := (SN (v;)), "put...un,’:= (SN(p), "1, ..., Tu, "y, WxAl:= (SNV), Tz TAT)

Remark uw!'=Tu'1 = u =1

Definition
Agyoz (1, .y tn) denotes the formula resulting from A when every free occurrence of z; is replaced by the

term t;, simultaneously for i = 1,...,n. If 21, ..., z,, are known from the context we briefly write A(ty, ..., ¢,).

A formula A is called n-ary, if FV(A) C {v1,...,v,}. In this case A(t1, ..., tn) 1= Ay, vn (t1, s tn)-

PRIM := set of all atomic (or prime) formulas

FoRr := set of all formulas

FoRr" := set of all n-ary formulas.

Definition

If X is a set of expressions then "X 1:={Tu'!: u € X}.

A set X of expressions is called primitive recursive (recursive, recursive enumerable, resp.)

if the set "X 1 has this property.

FV1:={("z","u") : uis an expression and z € FV(u)}

Tsubst!:= {(TA",T27,7t1) : t € TER, € VARS, A € FOR, subst(4,z,t)}

Lemma 5.1

The relations "'VARS', TTER!, TPRIM ', [FORT, [FV1, TFOR™ ', fsubst! are primitive recursive.

Proof:

The assertion follows by Lemmata 4.2, 4.11 from the following equivalences:
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1. a € 'VARS! & a = ((0,0, (a)o,2))
2. a € 'TER! & a € 'VARS'V [(a)o = (lh(a)=1,1,(a)o2) € SN(L) AVi < Ih(a)=1((a);+1 € 'TER')]
& a € 'VARSW [(a)o = (lh(a)=1,1, (a)o2) € SN(L)AVi < lh(a)=1( (%(a))(a)i

3.a€ PRIM! &
Ih(a) > 0AVi <1h(a)=1((a)i+1 € "TERT) A (a)o = (lh(a)=1,2,(a)o2) € SN(L) U {SN(=~),SN(L)}

4. a € 'FOR! &

a € 'PRIMTV

[lh(a) =3 A (a)g = SN(—) A (a)1 € 'TFORTA (a)z € TFORT]V

[lh(a) =3 A (a)g = SN(V) A (a); € "'VARST A (a)2 € "TFOR']

5. (j,a) € FV! &

(a € 'VARS'Aj=a)V

[a € TFORTUTTER! A Fi < lh(a)=1((4, (a)ir1) € TFVT) A ((a)o = SN(V) = j # (a)1)]
6. a € 'FOR"! & a € 'FOR'AVi < a((i,a) € FV! - 1< (i)g2 < n)

7. (a,j,¢) € Tsubst! &

a € 'TFORTAj € 'VARSTAc € TTERT A

(a € "PRIMTV

[(a)o = SN(—) A ((a)1,],¢) € "subst? A ((a)2,],c) € "subst!]V

[(a)o =SN(V) A ((j,a) € FV! = ((a)1,¢) € 'FVIA((a)2,4,¢) € 'subst!)]).

Definition (Sub : N* — IN)

C2 ifa=e¢
Sub(a,c1,c2) 1= { a if a = (SN(¥), c1, (a)2)
((a)o,Sub((a)1,c1,¢2),-..,Sub((a)in(a)—1,c1,c2)) otherwise.

Lemma 5.2

(a) If u € TERUFOR, x € VARS, t € TER, then Sub(Tu1,Tz1,Tt7) = Tu,(¢) 1.
(b) The function Sub is primitive recursive.

Proof:

(a) Induction on the build up of u: Abb.: ¢(u) := Sub(Tul, 'z, 1)
Lu=z ¢(u)="Tt"="Tu, ().

2 u=y£a o) =(SN@E) =y = ua(t)".

3. u=puj.u, withpe LU{~, L, =} é(u) = (SN(p), d(u1),...,d(uy,))
(SN (p), Tur (z/t) 1, ..., "up(x/t) "y = Tpus (z/t) .. un(a:/t)1 = Tu(z/t)1.

4 u=VyA with y £z 6(u) = (SN(¥), 6(y), (A)) "B (SN(¥V), Ty, Au(0)1) = Wy A, (1) = (1)
5. u=VrA: ¢(u) =Tul = Tu, (¢).

(b) Define a prim. rec. function g by g(a,d,0) := ((a)o), g(a,d,k + 1) := g(a,d,m) * ((d)(a),,,)-

LH.

Then g(aa d7 k) = <(a)0a (d)(a)1 P (d)(a)k> and SUb(aa C1, 02) = f(cla C2, a) where

_ Co ifa=¢
fler,e2,a) := h(cr, e, a, f(c1,c2,a)) with h(cr,c2,a,d) =< a if a = (SN(Y),c1,(a)2)
g(a,d,lh(a)=1) otherwise.
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[ Sub(a,cy,ce) = f(e1,co,a) is proved by induction on a. In the case “otherwise” we compute:
Sub(ci, ¢a,a) = ((@)o, f(e1,¢0, (@), - fler, 2, (@miy-1)) =
((a)oa (?(Cla C2, a))(a)l PO (?(cla C2, a))(fl)lh(a)_1> = g(aaf(cla C2, a)a lh(a)_l) = h(cla C2, aa?(aa C1, 02))' ]

Definition

For each axiom system ® let Prfg := {(TAV, (4o, ...,TAp ")) : (Ao, ..., An) is a derivation of A from @ }.

Theorem 5.3

If the axiom system @ is primitive recursive (recursive, r.e., resp.) then Prfs has this property too.

Proof:
Prfg(a,c) &
Ih(c) > 1A a = (c)in(e)-1 AVk <Th(c)[(c)x € T@TUTAXTV Ti,j < k((c); = (SN (=), (¢)i, (¢)))]

It remains to prove that AX is primitive recursive.

HS 1: The set AXq of all logical axioms not starting with V is primitive recursive.
Proof: Abb.: (a—=b) := (SN(—), a, b).

Obviously the following holds: k € AXg < k € TFOrR' and one of the cases 1.-9. applies.
Jda < k[ k = (a—>a)]

Jda,b < k[k = (a=>(b>a)) ]

Ja,b,c < k[ k = ((c=>(a=>b)) > ((e=a)=(c=>d))) ]

Ja < k[k = (((a=>TLN)ST1L N Sa) Aa € 'PRIMT]

Ja,i,c < k[ k = ((SN(V), i, a)=Sub(a,i,c)) A (a,i,c) € Tsubst!)]

Ja,b,i < k[ k = ((SN(V),1, (a=b))=>((SN(V), i,a)3(SN(V),,b))) ]

Ja,i < k[k = (a=>(SN(¥),i,a)) A (i,a) € TFVT]

Jde < k[k = (SN (=), ¢,c)]

Jda,c,d < k[a € 'TPRIM' A ¢,d € TVARST A k = ((SN (=), ¢, d)=>(a—Sub(a, ¢, d)))].

© ® N> ok WD

HS 2: AX is primitive recursive.
Proof: a € TAX1 & a € TAXp1V (Ih(a) = 3 A (a)g = SN (V) A (a)1 € TVARST A (a)s € TAXT).

Theorem 5.4
If @ is a recursively enumerable axiom system,

then the set {A: ® - A} of all logical consequences from ® is also recursively enumerable.

Proof:
a€{lAV: &+ A} & there exists a derivation (A, ..., A,) from ® with a ="4,,7 & FPrfy(a,b).

Lemma 5.5

Let T be a theory with primitive recursively represented language L(T).
Then the following statements are equivalent:

(i) T is recursively enumerable.

(if) T has a primitive recursive axiom system.
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(iii) T has a recursive axiom system.

(iv) T has a recursively enumerable axiom system.

Definition: Such a theory is called recursively axiomatizable.

Proof: w.lo.g. L(T) = L.

(i)=(ii): Let f € PR! with [T = f(IN).

Def.: A, := the formula with "A," = f(n), By := Ao, Bnt1 := Bu ANApi1; @ :={B,: neN}

1. @ is an axiom system for T": obvious.

2. ® ist prim. rec.: As one easily sees, the function n — 'B,,1is prim. rec., and n < 'B,, ! holds for all n € IN.
From the latter we conclude: a € '®' & In < a(a = "B, ).

(if)=-(iii) and (iii)=-(iv): trivial.

(iv)=(i): Theorem 5.4 + “For® is prim. rec.” + T = {A € For? : & - A}.

Satz 5.6

Each recursively axiomatizable, complete theory T is recursive.

Proof: w.lo.g. L(T) = L.

If T is inconsistent, then T = For®. If T is consistent then a ¢ T < (a g "FOR V(SN (=),a, L) € IT7),

and the assertion follows by Lemmata 5.5, 4.14.

Definition
Let M be an L-structure. A relation R C |M|™ is definable in M, if there is an n-ary formula A, such that
R = {(ala "7an) € |M|n : M |: A[ah "'7an]}‘

Convention.  In the following we assume that £ contains at least the function symbols 0 and S.

Definition of the terms n (n € IN): 0:=0, n+1:=Sn. (These terms are called numerals.)

Remark
If M is an L-structure with |[M| = IN, oM = o, sM (a) = a + 1, then for each n-ary formula A and all
ai,...,an € IN the following holds: M = Alay,...,a,] & M E A(ay, ..., an)-

Definition of the function s € PR?: s(a,k) := Sub(a, v, 1, k1).

Theorem 5.7 (Tarski)

Let M be an £-Struktur with |[M] =N, 0" =0, S™(a) = a + 1.

Assume that every primitive recursive relation (thence also every r.e. relation) is definable in M.

Then "Th(M) " is not definable in M and therefore Th(M) is not r.e. and not recursively axiomatizable (cf.
Lemma 5.5).

Proof:

Preliminary remark:

If X is a set and H a function with dom(H) = X, then Q :={z € X : z ¢ H(z)} & H(X).
(Proof: If Q = H(xo) then xo € H(xp) & x0 € Q < 1o & H(x0).)
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Now let H : "For'! — P(IN), H(TA") :={k € IN: M |= A(k)} and Q := {k € "For'": k ¢ H(k)}.
Then we have Q ¢ H('"For'), i.e., Q is not definable in M.

HS1: k€ Q & ke 'For'TAs(k, k) g "Th(M).
Proof: Assume k = A1 € TFOR' ! (otherwise the claim is trivial).
ke e kg H('AY) & M}E Ak) & Alk) € Th(M) < Sub(TAT, T, 1, TET) & "TTh(M)
HS 2: "Th(M)1 definable in M = @ definable in M.
Proof: Assumption: D is a 1-ary formula with "Th(M)'={k € IN: M | D(k)}.
From the assumption that every primitive recursive relation is definable in M it follows that there exists a
2-ary formula A with M |= A(k,b) < k€ 'For'! & s(k, k) = b.
Hence: k € Q&' k € 'For' & s(k, k) ¢ 'Th(M)’
& there exists a b with k € TFor' 1 & s(k,k) =b & b & 'Th(M)
& there exists a b with M |= A(k,b) and b ¢ "Th(M)?
& M E C(k), where C := Jy(A(vi,y) A =D(y)).

Since @ is not definable in M, HS2 yields that "Th(M)" is not definable in M.

Remark.

Let A,C be as in the proof of HS 2, but with D now an arbitrary 1-ary formula.
Let further k :="C'". Then 'C(k)' = Sub(k, v, 1,'k") =s(k, k) and

M = C(k) & there exists a b with M = A(k,b) A—D(b) & M |=-D(s(k,k)).

For G := C(k) we therefore have: M | G < -D('G1).

Definition (Representability)

Let ® be an axiom system with 0,S € L(®). An (n+1)-ary formula A represents the function f : IN" — IN
in @, if the following holds for all ay,...,a,,b € IN:

(1) f(ar,...,an) =b = @+ A(ai,...,an,b) AVy(A(ai, ..., an,y) > bry).

(2) f(ar,...,an) #b = @+ -A(ay, ..., an, b).

(Remark: If ® F —(b = ¢) holds for all b,¢ € IN with b # ¢, then (2) is a consequence of (1).)

An n-ary formula A represents the relation R C IN" in @, if the following holds for all ay, ..., a, € IN:
(1) (a1,...,an) € R = @+ A(ay, ..., an)-
(2) (a1,...,an) € R = @+ -A(ay,...,a,).

f:IN" - IN (R C IN", resp.) is representable in ®, if there is an L(®)-formula A such that
A represents f (R, resp.) in ®.

R C IN" is weakly representable in ®, if there is an n-ary L(®)-formula A such that
R={(a1,....,a,) €EN" : ® F A(ay,...,an)}.

Theorem 5.8 (Fixpoint Lemma)
If the primitive recursive function a — s(a, a) is representable @,

then for every 1-ary L(®)-formula D one can construct an L(®)-sentence G so that ® - G < D(G).

33



Proof:

Let A be a 2-ary L(®)-formula which represents the function a + s(a,a) in ®, and let

C = 3y(A(v1,y) A D(y)). — Then for all k € N we have @+ C'(k) > D(s(k, k)).

[ Proof: Let b :=s(k, k).

Then ® + A(k,b) AVy(A(k,y) — b=1y), and from this we obtain ® + Jy(A(k,y) A D(y)) + D(b). ]
Morover, for k :='C'", G := C(k) we have s(k, k) ='C(k)' ='G". Hence ® - G <> D('G").

Theorem 5.9

Every consistent theory 7', in which all recursive functions are representable,

is undecidable (i.e., not recursive).

Proof:

Assumption: T recursive.

Then the characteristic function 17 and thus the 1-ary relation "T'' are representable in T
Therefor there is a 1-ary L(T)-formula D so that the following holds for each sentence A:

(1) AeT = THD(AY), (20 A¢T = TH-D(TAY).

By the Fixpoint Lemma there is an L(T")-sentence G with (3) T+ G + -D(G]).

Now, from (1),(2),(3) we obtain (G€T = T+ L) and (G €T = G €T); hence T+ L. Contradiction.

Definition

An axiom system ® with 0,S € L(®) is called w-consistent, if the following holds for each 1-ary L(®)-formula
A:

O+ -A(n), foralln e N = &/ JzxA(x).

Remark: “w-consistent” implies “consistent”.

Satz 5.10 (Godel’s 1. Incompleteness Theorem)

(Version A) Every consistent, recursively axiomatizable theory T', in which all recursive functions are repre-
sentable, is incomplete.

(Version B) For each w-consistent, recursive axiom system ®, in which all recursive functions are repre-
sentable, one can construct an L(®)-sentence G, so that & /G and @ I/ -G.

Proof:

(A) The claim follows from theorems 5.6, 5.9.

(B) w.l.o.g.: £ =L(®). According to Theorem 5.3 and the assumption that all recursive functions (thence

all recursive relations) are representable in ®, we can construct a 2-ary L-formula P such that:

(1) (a,b) € Prfsg = ®F+ P(a,b),

(2) (a,b) & Prfe = @+ —P(a,b).

From the Fixpoint Lemma we obtain an £-sentence G such that:

(3) @+ G+ —32P('G,y).
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Assumption: ¢ - G.

Now by (1) there exists a b with ® - P(!G1,b). From this we get ® - I2P(!G1, 2) and then, by (3), ® F -G.
Contradiction.

Therefore we have ® I/ G. By (2) from this we get ® - =P('G',b) for all b € IN.

From (3) and the w-consistency of ® we further obtain ® I/ -G.

35



6 Representability

Inductive Definition of sets REK" of n-ary functions

1. C}, 17 € REK", S € REK', +,-, 1. € REK’.
2. he REK" & g1, .., gm € REK™ & m,n > 1 —> (ohg...gm) € REK".
3. g € REK"™ & V@ € N"Ji[g(d,i) = 0] & n > 1 = (ug) € REK".

Abbreviation: REK := |, oy REK"

We will now prove that REK is closed under primitive recursion and thus (by Lemma 4.15) coincides with
the set of all recursive functions.

Abbreviation: Resty (i) := remainder of a divided by b(i+1)+1

Lemma 6.1

The functions 7, 7,72, — and (a,b,i) — Resty (i) are in REK.

Proof:

Loa(a,b) =b+>, ,p(i+1)=b+3(a+b)(a+b+1)=b+H((a+b) (a+b+1)),

where H(c) :=min{i : ¢ < 2i} = min{i : 1.(24,¢) = 0}.

From this we get m € REK, since REK is closed under explicit definitions and the p-operator.

2. Let J(¢) :=min{i:2¢ < (i+1)- (i +2)}. Then J € REK and

(1) J(e)- (J(c)+ 1) <2c < (J(c)+ 1) (J(ec) +2).

On the other side:

(2) (a+b)-(a+b+1)<(a+b)-(a+b+1)+20< (a+b+1)-(a+b+2).

Assume now that ¢ = w(a,b), hence 2¢ = (a+b) - (a+b+1) + 2b. From (1),(2) we get J(¢) = a + b and thus
ma(c) =b=c=H(J(c)(J(c) + 1)) and 71 (c) = a = J(c)=m2(c).

3. a~b=min{c:a < b+c}.

4. Resty (i) = a = f(a,b,i) - (b(i + 1)+ 1), where f(a,b,i) :==min{k: a < (k+ 1)(b(i + 1) + 1)}.

Lemma 6.2

For arbitrary k,my, ..., mj € IN there exist a,b € IN such that Resty (i) = m; for i =0, ..., k.

Proof:

Let s := max{k, mg,...,mi} + 1, b:=sl, b;:=b(i+ 1)+ 1. Then m; < b;, for i =0, ..., k.

HS 1: ¢ <5 <k = b;,b; are relatively prime.

Proof: Let p be a prime number with p|b; and p|b;. Then p|(b; — b;), i.e., p|(j —9)b. From j —i < s and
b = s! we get (j —7)|b, hence p|b. Together with p|(b(j + 1) + 1) this yields p = 1.

HS2: 0<a<a <bg-.. by = 3i<k(Rest(i) # Rest] (i)).

Proof by contradiction: Assume r; := Restj (i) = Rest,;‘l (i) fori =0, ..., k.

Then a = bin; +ri&a’ = bnl +r; &r; < b; with n; < n}. Hence a' —a = (n; — n})b;, i.e., bi|(a’ — a) for

i=0,...,k. By HS 1 from this we get by - ... - bg|(a’ — a) which contradicts a’ — a < bg - ... - b.
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By HS 2 the mapping a — (Rest; (0), ..., Resty (k)) is a one-one mapping from {a € IN: a < by - ... - by, } into
{j:7 <bo} x..x{j:j<bi}. Since both sets have the same (finite) cardinality, this mapping is also onto
(surjective). Therefore there exists an a € IN with (Resty (0), ..., Resty (k) = (mo, ..., my).

Satz 6.3
The set REK is closed under primitive recursion and therefore coincides with the set of all recursive functions
(cf. Lemma 4.15).

Proof:

Let g € REK", h € REK"™ and f = (Rgh).

Definitions

Ble,i) = Rest () (i),

l|a — b] := (a=b) + (b=a),

Go(@,b,c) := min{i : (b=1) - (1=|h(a,i,B(c,i)) — B(e,i + 1)|) = 0},

G(d,b,c) = |g(@) — B(c,0)] + (b=Go(d,b,c)).

Then the following holds:

(1) G € REK

(2) b=Go(d,b,c) =0 & Vi < b(h(d,i,B(c,i)) = B(c,i+1))

(3) Va € N"Vb3c(G(a,b,c) = 0)

Proof of (3): Let @ and b be given. By 6.2 there is a ¢ € IN with 3(c,i) = Rest7.(*) (i) = f(d,i) fiir i = 0, ..., .
By (2) we obtain G(a, b, c) = 0.

(4) f(@,b) = B(min{i : G(a,b,i) = 0},b)

Proof: Let ¢ := min{i: G(a,b,i) = 0}. Then G(a,b,c) = 0 and thus (by (2) )
g(@) = B(c,0) AVi < b(h(a,i, (e, 1)) = Ble,i + 1)), ie., f(a@,b) = B(e,b).

The axiom system Q

Q1
Q2
Q3
Q4

Va =(Sz =0) AVaVy(Sz =Sy — xz=y)

Vo(z + 0=12) AVaVy(z + Sy =S(z + y))
Vr(z-0=0) AVaVy(z-Sy=(z-y) + z))
V.

(
(
(
( z(z ~ 0V Jy(z =~ Sy)).

)
)
)
)

Abbreviation: s <t := Jz(Sz+s = t).

Obviously Q is consistent.

Lemma 6.4 For all a,b, k € IN:
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(f) QFSz+a~z+Sa,
() QFz<k—> z=0V..Vrxk-1
(h) QFz~0V...VexEkVE<z.

Proof:

Abbreviation: F B & QF B, AF B & QU{A}F B.

Preliminary remark: Due to (Q4) we have (x) - A4,(0) & F A,(Sy) &y ¢ FV(4) =+ A.
(a) Induction on b:

1.b=0:+Fa+0 Qz a

2. b= +:I—g+b%g+5m(%)5(g+m)%Sa+mz_b.

(b) is proved in the same way as (a).
(c)a<b = (c+1l)+a=b =;|—Sc+a b =F3zSz+a=b).

(d) Induction on a. Let b=m + 1.

l.a=0: (Q1) =+ (ONSm) = F —(a=D).

2 a=k+1l:k<m Y -(krm) ¥ Sk~ Sm).

(e) Induction on b: 1. b=0: Then alsoa=0. Sz+0~0FSz~0F L.
Hence FV2(Sz+0~0— 1), ie., F=(0<0).
2.b=n+landa=0:Sz+b~0FS(Sz+n)~0F L.
3.b=n+landa=m+1: Then m<nand by IHFSz+na~m — L.
Hence Sz+b~atS(Sz+n)~SmtSz+n~mht L.

(f) Induction on a: 1. F Sz+ 0~ Sz ~ S(z + 0) =~ z + S0.
2. I—Sz-l-n+1%Sz+5@z5(5z+n)I¥S(z+n+1) ~ z+ Sn+l.

(g) Induction on k:

FSz+0xS2#0 =F0<0— L
1. k=0: = Fzx<0— L.
FSz+Sy~SGSz+y)#0 =FSy<0— L

2. k>0:

(DFSzmkANz~0—> 0= k-1,

(2)FSz~kANz~Sy —>Sy+0~k—1,
B)FSz24+0~kA(z~0VIY(z~Sy)) > 0<k=1VOr k-1, [by (1),(2)]

D FSz4+40rk—-0<k-1VO0rk-1 [by(3) d(Q )]
(GYFO<k—0=0V..vO~xk—1  [by (4) and IH]
(6)Sz+Sy%kl—Sz+yzﬂllyy%OV...VyzHI-Sy%lV...VSy%k—l,
(MFSy<k—>Sy~0V..VSy=~ k-1, [by (6)]

B Fr<k—zrm~0V..Vr=xk-1, [by (7),(5),(%)].

(h) Induction on k:

1. By (Q4) and (Q2) we have F 2 ~ 0V 32(Sz + 0~ z),ie, Fz~0V0<z
2. k — k+1:
(1)S0+k~ztx=~k+l, [by (a)]
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f)
2)SSy+k~zFSy+k+l~ztkk+l <z,

(2)

B)FSz+k~zr—ax~k+lVEt]l <z, [by (2) and (x)]

M) rk<sa~kHlVEtl<z,  [by (3)]
G)Fz~0V..VezxEkVr~k+lVE+]l <z, [by IH and (4)].

Theorem 6.5

Every recursive function (and thus every recursive relation) is representable in Q.

Proof:

Abb.: FA & QF A

By induction on the definition of REK we prove that every function f € REK is representable in Q. (Note that
by 6.4d we have - —(a & b) for a # b, and need not to show condition (2) in the definition of “representable”.)
1. The functions Cj, S, I? are represented by the formulas v,+1 & 0, v2 & Sv1, Vpy1 ~ v;.

2. The function 1. is represented by the formula A := (v1 < va Al & v3) V (=(vy < v2) AQ = v3).

Proof: 1.(a1,a:) =1 = a1 <ay [6.4c]=Fa; <ay =F A(ay,a2,1) A (A(ag,a2,y) = 1~ y).

1.(ai,a2) =0 = az <ay [6.4e]=F —(a1 < az) = F A(ai,a2,0) A (A(ar,a2,y) > 0= y).

3. Let f = (ohgi.--gm) with ¢1,...,9m € REK"™ and h € REK™. By LH. there are (n+1)-ary formulas
By, ..., By, and an (m + 1)-ary formula C such that:

(i) h(bi,..c;bm) =b = F C(by, ... b, b) AVY(C(b1, ..., b, y) = bR y),

(i) gi(@) = b; = F B;(d, b;) AVy(Bi(d,y) = bi~y) (i =1,...,m).

Def.: A :=3y1...3ym[C W1, -y Ym, V1) A B1(V1, ot Uy Y1) A coe A By (01,5 0o, Uny Yim) |-

Now let f(@) = b. Then h(by,...,by) = b with b; := g;(@) (i = 1,...,m).

By (i),(ii) we obtain - C(by, ..., bm,b) A B1(@,b1) A ... A B, (@, b_m) and then F A(d,b).

By (i),(ii) we also have:

F(Bi(@,y1) = b = y1) Ao A(Bn (@, ym) — _m% m) A (C(bi, .o b .
From this together with - b; ~y1 A ... Abm X ym AC(Y1, 3 Ym,y) — C(b1,...,bm,y) , we obtain

F Bi(@,y1) A ... A B (@, Y ) AC (Y1, Y, ¥) — by, and then

F 31 Fym[ BL(@ y1) A o A Bin(@ ym) AC (Y1, -y Yms )] = DRy

4. Let f = (ug) with g € REK™" and Va3i[g(@,i) = 0]. By LH. there is an (n+2)-ary formula B such that:
9(@,i) =c =+ B(d,i,c) A\Vy(B(d,i,y) = c~y).

Definition: A := B(v1, ..., vp, u,0) AVz < udy(=(y =~ 0) A B(v1, ..., Un, 2,y)) , where u := vp11.

Assume now f(@) = k. Then ¢(d, k) = 0 und ¢; := g(a,7) > 0 for all i < k.

We obtain:

(1) - B(@,k,y) >y ~0

(2) F B(@,i,y) = ~(y=0),fori =0,...k—1 [(Q1)]

(3) + =B(a,i,0), for i =0,...k—1 [(2)]

(4) F B(@,u,0) » ~(u i), furi=0,....,k—1 [(3)]
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(5) F=3y(=(0~y) A B(@, k,y)) [(1)]

(6) F Ve <udy(=(y = 0) A B(@ ) = (b <u) [(5)]
(7) F A@,u) = —(um0)A ... ( HE=1) A=k <u) [(4),(6)]
(8) F A(@,u) > k~u [(7),6 4h]

Further:

(9) F B(d,k,0)

(10) F =(¢; = 0) A B(@,i,¢;), for i =0,...,k—1

(1) Fixz— y(-(y~0)AB(@,x y)), fort=0,..,k—1
(I2)FO~rzV..VEk—1lrz — Jy(-(y =~ 0) A B(@,z,vy)),
(13) Vo < B3y(~(y O A B@,y))  [(12), 6.4¢]
Definition

Let Lqr :==L(Q) = {0,S,+, -}. The formulas of the language L,, are called arithmetical formulas.
Let NV be the standard model of Q.
A relation R C IN" is called arithmetical, if it is definable in N,

Theorem 6.6

Every recursively enumerable relation is arithmetical.

Proof:

Let Q C IN be recursively enumerable. Then there is a (primitive) recursive relation R C IN* with Q =
{a € N : 3 (a,b) € R}. By 6.5 there is an arithmetical formula A with [(a,b) € R = QF A(a,b)] and
[(a,b) ¢ R = Q F —A(a,b)]. Since N' E Q, from this we get R = {(a,b) : N |= A(a,b)} and then
Q={a: N E Ay}

Theorem 6.7 (Tarski)

'Th(N) ' is not arithmetical.

Corollary (Godel)

Th(N) ist not recursively enumerable and consequently not recursively axiomatizable.

Proof: 5.7 and 6.6.

Theorem 6.8 Every consistent theory 7" with Q C T is undecidable.
Proof: 5.9 and 6.6.

Remark (Go6del’s 1st Incompleteness Theorem)

b2

In Theorem 5.10 the premise “all recursive functions are representable in T' (®, resp.)” can be replaced by

“QCT (®F Q,resp.)”. From 5.10(A) we obtain

Every consistent, recursively enumerable theory 7" with Q C T is incomplete.

Theorem 6.10 (Undecidability of 1st-order predicate logic)

The set of all logically valid £,r-sentences is undecidable (not recursive).
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Proof:

Let P be the set of all logically valid £,.-sentences and Cn(Q) the set of all £,,-sentences which are logically
consequences of Q. By 6.8 Cn(Q) is not recursive. On the other side we have: a € 'Cn(Q)'! &
(SN(=),"AQ1,a) € TP, where A Q:= (Q1) A...A(Q4). Hence P cannot be recursive either.

Theorem 6.11 (Rossers refinement of Gédel’s 1st incompleteness theorem)
Let ® be a consistent, recursive axiom system such that ® - Q. Then one can define a true arithmetic

sentence G such that ® I/ G and ® I/ =G.
Proof:

By 5.3 Prfg is recursive, and by 6.6 we have a 2-ary arithmetical formula B satisfying;:

(1) (a,b) € Prfs = QF B(a,b),

(2) (a,b) ¢ Prfs = Q'+ —=B(a,b).

Def.: (a,b) € Rfts =& ((SN(—=),a,'L1),b) € Prfs.

With Prfg also Rftg is recursive. Therefore we have a 2-ary arithmetical formula B* such that:

(1) (a,b) € Rfts = QF B*(a,b),

(2) (a,b) € Rftsg = QF —B*(a,b).

By the Fixpointlemma we obtain an arithmetical sentence G such that
(3) QFG + Fy(B(G,y) AVz<y-B*('G1, 2)).

Assumption: ¢ - G.

Then there exists a b € IN with ('G1,b) € Prfg. Since ® is consistent, ('G1,n) & Rfte holds for all n € IN.
By (1),(2’) from this we obtain Q - B('G',b) and Q - =B*('G',n) for all n.

Further we get:

QF B(IG1,b) AV2<b-B*('G1,2),

QF Iy (B(G!,y) AVz<y-B*({G],2)),
QF -G,

® I -G, Contradiction.

Hence ® I/ G. From this we get N = =3y (B('G,y) AVz < y=B*(G',2)) and then by (3') N |= G.

Assumption: ® F —=G.

Then there exists a b € IN with ('G',b) € Rftg. Since ® is consistent, we have ('G',n) & Prfg for all n € IN.
By (2),(1’) from this we get Q F B*(G1,b) and Q F =B('G',n) for all n.

Further we obtain:

QFb<y—3z<yB*('G1,2)]Aly <b— -B(G',y)],

QFVy(=B(G!,y) Vv 3z <yB*(IG1,2)),

QF - (B(GL,y) AVz <y=B* (G, 2)),

Q + @G. Contradiction.

41



7 The axiom system ZF of Zermelo-Fraenkel set theory

The language of ZF consists of a single binary relation symbol e. The azioms of ZF are

(Extensionality) VzoVz (Vy(yezo ¢ yexy) = x9 = x1)

(Pair) VaoVr yVz(zey <> z =29 V 2z = 21)

(Union) VedyVz(zey < Fv(vex A zev))

(Powerset) VeIyVz(zey <> Yo(vez » vex))

(Infinity) JwE@Bz[zrew A -Fy(yex)| AVx[zew — Jy(yew AVz(zey <> zex V z = 1))])
(Foundation) Ve(Fy(yex) —» ylyex A ~Fz(zex A zey)])

(Replacement)  Vz1...Vz, (VaVyoVyi [e(z, yo, 2) A p(z,y1,2) = yo = y1] —

= YuIuwVylyew < Jz(zeu A p(z,y, 2))]), for each (n+2)-ary { e }-formula ¢ (n > 0).

We are now going do develop a considerable amount of set theory on the basis of ZF, in other words we will

derive logical consequences from ZF. But we will do this semantically by working in an arbitrary ZF-model.

Assumption. Let (V,€") be a model of ZF.

In the sequel we use a,b,c,d,e, f,g,h,u,w,z,y, z as syntactic variables for objects from V.

Definition

A collection X of objects from V is called a class, if there are an (n+1)-ary {e }-formula ¢ and objects

ai,.,an, € V such that X = {z : (V,€") & ¢lai,...,an,7]}. (Since z ranges over objects from V,

“{x :...}" has the same meaning as “{z € V : ...}".)
We use A,B,C,D,E,F,G,H, R as syntactic variables for classes.

For each a € V we define the class E(a) := {z : v€"a}.

Since (V,€") = (Extensionality), we have: E(a) = E(b) = a=b.

Therefore in the sequel every a € V' will be identified with its “extension” E(a).
Then for a,b € V we have: b€ a < be¥a. Hence we can write (V, €) for (V,€").

CONVENTION:

From now on, by a set we always mean an object from V.

Remark:
1. Since a is identified with E(a), every set is a class.

2. Not every class is a set.

Proof of 2.: R:={x: = ¢ x} is a class, and Va€V(a € R + a & a) holds.
Now if R would be a set, then we would have R € R <+ R ¢ R.

Remark
§:={x:x #£=x}is aclass. If A, B are classes then AUB, AN B, A\ B,
UA:={z: ycAlz ey}, NA:={z: VycA(z €y)}, P(A) :={z: « C A} are classes.
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From the assumption (V, €) |= (Pair) A (Union) A (Powerset) we get:
Lemma 7.1
) VaVb({a,b} € V),
Va(Ja € V),
a(P(a) € V),
VYaVb(aUb = | J{a,b} € V),
Vay ... Va,({ai,....,an} € V).

(a

(b
() V
(
(

\/\/

d

~—

e

~

Definition. (a,b) := {{a}, {a,b}} (ordered pair of a and b)

Lemma 7.2

(a) (a,b) € V,

(b) (a1,b1) = (a2,b2) = a1 = ax A by = bo.

Proof:

(a) follows from 7.1.

(b) Let ¢ := (a1, b1) = (az, ba).

Case 1: a1 = b1, {{a1}} =c = {{az},{az,02}} = {a1} ={a2} ={a2,b2} = a1 = a2 =bo.
Case 2: as = by. Analoguous to case 1.

Case 3: a1 # by & az #by. {a1},{a1,b1} € c = {{a=},{a2,b2}} & {a1} # {a2,b2} & {a1,b1} # {ax} =
{a1} = {az} & {a1,b1} = {a2,b2} = a1 =aa & by = bs.

Definition
AxB:={@,y:z€ANy€e B} :={z: Jxy(z =@, y) Az € ANy € B)}.
A relation is a class of ordered pairs, i.e., a subclass of V x V.

A function is a relation F' such that Vz,y,z(x,y) € F A (x,2) € F — y = 2) holds.

Abbreviations

Let R be a class.

Rel(R) :& R is arelation (i.e. RCV x V)
Fun(R) :& R is a function

Rzy :& xRy & (z,y) €R

dom(R) := {z : Jy Rzy} (domain of R)

ran(R) := {y : 3z Rxy} (range of R)
R|A:={(@,y) € R: x € A} (restriction of R to A)
R[A] :={y: Jz€ ARzy} (image of A under R)
QoR:={(,y) : Fz2(RxzAQzy)} (composition of Q@ and R)
R=':={w,r) : Rry} (inverse of R)

If Fis a function and z € dom(F'), then F(z) denotes the uniquely determined y such that (x,y) € F,
(i.e. the value of F' at x).

F:A— B :& Fun(F) Adom(F) = AAran(F) C B (F is a function from A to B)

b*:={feV: fra—b}

43



A function F is called injective, if Vxg, 21 € dom(F)(F(xo) = F(z1) = 2o = 21).
Corollary

1. If A, B,R,Q are classes then A x B,dom(R),ran(R), R|4, R[A],Q o R, R~" are classes.
2. If F,G are functions, and A C dom(F) N dom(G), then:

(a) Fun(F|A) & dom(F|A) = A & ran(F|A) = F[A] & Ve e A(F(z) = (F|A)(x)),

(b) ran(F) = F[dom(F)] & F = F|dom(F)

(c) Vz€eA(F(z) =G(z)) = FIA=G|A

(d) dom(F) =dom(G) = A& VeeA(F(z) =G(z)) = F=G

)
)

Lemma 7.3 (Consequences from (V, €) = (Replacement) )
(a) If F'is a function and a € V, then Fla] € V.
(b)IfCisaclassand a € V,then {zx €a: z € C} € V.
(c)CCA&LAcV = CeV.

(d)A#0 = NAeV.

Proof:

(a) Obviously (zg,z1) =y & Ju,vey(Vz(z €y < z=uVz =0v)AVz(z Eu+ z = 29)Vz(2 = 2o Vz = 31)),
and (z,y) € F < 32(2 € F Az = (z,y)). Therefore, since F' is a class, there are an (n+2)-ary formula ¢
and sets ¢y, ..., ¢, such that Va,y((@,y) € F & (V,€) E ¢lz,y,c1,...,¢,]). Since F is a function, we
also have (V,€) = VaVyoVy1(p(z,v0,2) A o(z,y1,2) = yo = y1)[Z/F. Now by (Replacement) we obtain
(V,€) EIwVy(yew < Fz(xeunp(x,y, 2)))u/a,Z/é. Hence {y : Jz(z € an(x,y) € F)} € V,ie. Fla] € V.
(b) Obviously, F := {(z,z): € C} is a function. Therefore (by 7.3a) F[a] € V. Further we have

y € Fla] & Jz€a(x,y) € F) & Axcadzo(zo € C A (z,y) = (T0,%0)) & yE€aAy€C.
(c)CCA=C={zrecA:2ze€C}. (d)Letac A Then(NACacV.

Lemma 7.4

(a) a,b,r €V = aUb,aUb,a\b,a x b,b*,dom(r),ran(r),r[a],r|a,r L, aor € V.
(b) Rel(R) & dom(R) € V & ran(R) eV = Re V.

(c) Fun(F) = Fla€eV.

(d) Fun(F) & dom(F) eV = FeV.

Beweis:

a)l. aUb=\J{a,b},anbCa,a\bCa.

2.z€a&kyedb = {z},{z,y} € P(aUb) = @,y = {{z}, {z,y}} € P(P(aUD)).
Hence a x b C P(P(aUDb)).

3. 0% C P(a x b).

4. @,y er = {z,yt e Jr = z,y € JUr. Hence dom(r),ran(r),r[a] CJUr.
5. rla Cr, r~' Cran(r) x dom(r), aor C dom(r) x ran(a).

(b),(c),(d) Rel(R) = R C dom(R) x ran(R). Fla C a x F[a]. F = F|dom(F).
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8 Ordinal numbers

Definition
1. A relation R is transitive iff Va,y, z(Rxy A Ryz — Rxz).
2. zp :={y: Ryz} (z € V, R relation)
3. YyRx(....) :=Vy(yRx — ....), yRz(....) := Jy(yRx A ....)
Lemma 8.1
For each relation R the following are equivalent:
() Existence of a minimal element:
C # 0 — 3xeCVyRx(y ¢ C), for each class C.
(II) Induction over R:
Ve(VyRx(y € C) =z € C) — Vz(x € C), for each class C.
Definition
Let R be a relation.
R wellfounded & Yu(u # 0 — Az cuVyRz(y € v)) & Vz(zg € V).

Remark

Every wellfounded relation ist irreflexive. [ Rzz = {2} # 0 A -Jze{z}VyRz(y & {2})]

Lemma 8.2

If R is a wellfounded relation then (I) and (II) hold for R.

Proof of (I): Let us assume that R is transitive. (The proof for arbitrary R will be given later.)

Assume u € C. Case 1: VyRu(y ¢ C). Then we are done.

Case 2: JyRu(y € C). Dann a := ugNC # . Since R is wellfounded, there is a ¢ € a such that YyRe(y € a).
From cRu and the transitivity of R we obtain Vy(yRc — yRu). Hence ¢ € C and YyRc(y & C).

Theorem 8.3 (Recursion along wellfounded relations)
Let R be wellfounded and G : A x V' — V. Then there exists a unique function F' : A — V such that
F(z) = G(z,F|zg) for all z € A.

Proof: Let us assume that R is transitive. (The proof for arbitrary R will be given later.)

Let C :={f: Fun(f) Adom(f) C AAVzedom(f)(ANnzr Cdom(f)A f(z) =G(z, flzr))} and F :=JC.

(1) fi,f2 € C & z € dom(f1) Ndom(f2) = fi(z) = fa(z).

Proof by induction over R: Let € dom(f;) N dom(f2). Then ANxzgr C dom(f;) N dom(f>) and by I.H.
Yye ANzr(fily) = f2(y)), i.e. filzr = folzr. Since fi, fo € C, we obtain fi(z) = fa(z).

(2) Fun(F) & dom(F) = Y{dom(f) : f € C} & VfeC(f = F|dom(f)).
Proof by (1). (obvious)

(3) Vzedom(F)(ANzgr C dom(F) & F(x) = G(z, F|xg))
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Proof: Let z € dom(F'). Then z € dom(f) C dom(F) for some f € C. Hence ANxp C dom(F).
By (2) we have F(z) = f(z) = G(z, f|zr) = G(z, F|zR).

(4) A =dom(F)

Proof: The inclusion dom(F') C A is trivial. A C dom(F) is proved by induction over R.

Let z € A, and a := ANzr C dom(F) (I.V.). To be shown: z € dom(F').

Since R is wellfounded, we have —~Rzx, thence z € a. Let f := FlaU {(z,G(z, F|zg))}.

We prove f € C, from which we get = € dom(F).

Since z & a, we have Fun(f). Obviously dom(f) C A. Since a C dom(F'), we also have a C dom(f).
Assume now y € dom(f):

1. y € a: Then ANyr C a (since R transitive) and f(y) = F(y) = G(y, Flyr) = G(y, flyr)-

2. y = z: In this case ANzg Ca and f(z) = G(z, Flzgr) = G(z, flzR).

Uniqueness: Assume F; : A — V with F;(z) = G(z, F;|zg) for allz € A (i =0,1).
Then by induction over R one obtains Vo € A(Fy(z) = Fi(x)).

Definition
1. RC A x A is called a linear ordering on A, if the following holds:
(i) Ve ~Rzx, (ii) Va,y,z(Rzy A Ryx — Rzz), (iii) Vo,y€ A(Ryx V z = y V Rxy).

2. A linear ordering R on A is called a wellordering on A, if R is wellfounded.
3. A is called wellordered (linearly ordered) by R, if RN (A x A) is a wellordering (linear ordering) on A.

4. If A€V and R is a wellordering on A, then (A4, R) is called a wellordered set oder briefly a wellordering.

Remark: If A is wellordered by R, then:
(a) Every nonempty class C' C A has a (unique) least element ming(C).

(b) Every subclass B C A is also wellordered by R.

Proof of (a): Let @ := RN (A x A). By Lemma 8.2 there exists an a € C such that C N {z : Qza} = 0.
Hence Yy € C(—~Rya) and further Yy € C(y = a V Ray), i.e. a = ming(C).

Definition
1. A class A is called transitive iff Vz e A(z C A).
2. An ordinal (number) is a transitive set, which is wellordered by the relation €.

3. On := {x: z is an ordinal number }

In the following the letters «, 8,7, 9, &,n, ¢ always denote ordinals.
We also write a < ffora € f,and a < ffora € fVa=p.

Lemma 8.4
(a) a€ On = a COn (dh. On is transitive).
b)a<f & aCp.
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Proof:

(a) Let € a. Then 2 C « and thus z is wellordered by €. It remains to prove that z is transitive. Let
y €x & z €y. Since x € a und « transitive, we obtain z,y, 2 € a. Hence z € z, since « is linearly ordered
by €.

(b) “=” From « € 8 € On it follows that a C 3.

“<” Let  C B and a # 3. Then § # 3\ « C 5. Consequently there exists a ¢ € §\ a with cN (8\ @) =0
(i.e. ¢is €-minimal). We now prove o = ¢ and thus a € 3.

1. Let z € a. Since ¢ € «, we cannot have ¢ = z V ¢ € 2. Therefore from ¢,z € 3 it follows that z € c.

2. Let z € ¢. Then z € 3, and together with ¢ N (8 \ &) = 0 we obtain z € a.

Theorem 8.5

(a) On is wellordered by €.

(b) On g V.

Proof:

(a) 1. Let @ € On. If a € a, then Iz €a(z € ) and o would not be wellordered by €. Hence a ¢ a.

2. Since every v € On is transitive, we have: a, 8,y € On& a € &€y = a €.

3. Let a, 8 € On. Obviously v := anN g € On. By 1. we have v € v, and therefore vy € a Vv & 3. By 8.4
from vy C aAy C 3 weobtain (y € aVy=a)A(y € Vv =p0). Hence v = aV~y = 8 and therefore
aCpBVECa. By84thismeansa <gVE<a.

4. Let () # u C On, and take some «a € u. To prove: Iyeu(uny =0). If una = @, we are done. Otherwise
there exists a vy € uNa withuNanNy=0. From v € a we get Y C a and then uNy=unNan~vy =0.

(b) By 8.4a and 8.5a On is transitive and wellordered by €. If On € V', then On would be an ordinal, i.e.
On € On contradicting (a).

Corollary

(a) Every nonempty class C' of ordinals contains a least element min(C).

(b) Va(Véea(l € C) - a € C) = Yala € C), for each class C.

(c) For each G : OnxV — V there exists a unique F' : On — V with F(a) = G(a, F|a), for all a € On.
Proof of (b):

(b) Let Cy :={z: x € On -z € C} and R :={({,n) € OnxOn : n € {}. By 8.5 and 8.2 we then have
Ve(VyRxz(y € C1) > x € Cy) = Va(x € C1), i.e. VeeOn(Vyex(y € C) -z € C) - Ve €On(x € C).

Lemma 8.6
If A C On is transitive, then (A €V = A€ On)and (A¢V = A=0n).

Proof:
Let A C On be transitive. By 8.5a A is wellordered by €; hence (A € V = A € On).
If A¢V, then we have: « €On = A€ a = cA(f¢a) = FcA(a<B) = a € A.

47



Lemma 8.7

(a) For each nonempty class A C On we have (] A = min(A), i.e. A€ A&VFeA(NA<LP).

(b) For each set A C On we have |JA € On and |J A = sup(A) (:= min{z € On : Yy A(y < x)}).

(c) For each class A C On the following holds: A € V & JaeOnVze Az < a).

Proof:

(a) Let o := min(A). We then have Vi€ A(a C ) and a € A. This yields « C( A C a.

(b) Let A C On and A € V. Then (J A is a transitive set of ordinals; hence |JA € On by Lemma 8.6. By
definition of |J A and 8.4b we also have Vx € On(|JA <z & VyeA(y < z)),ie. [JA =min{z € On :Vye
A(y < )}

(©) “>" AeV & JAdeOnandVreA(x <|JA).

‘=" VeeAlz<a) == ACaU{a} = AcV.

Definition

Let R be a wellordering on A.

An ordering functions of (A, R) is a function F, such that:

(i) dom(F') € On or dom(F') = On,

(ii) ran(F) = A,

(iii) Va, B€dom(F) (8 < a — F(B)RF(«v)).

Theorem 8.8

If R is a wellordering on A, then there exists a unique ordering function F' of (A, R).
It is F(a) = ming{z € A: Fla] Czgr} for all a € dom(F).

Further we have (A € V = dom(F) € On) und (A ¢ V = dom(F) = On).
dom(F) is called the ordertype of (A, R).

Proof:
Uniqueness: Let F be an ordering function of (A4, R).

(1) @ € dom(F) = F(a) =ming{z € A: Fla] C zr}.

Proof by transfinite induction on a: Let @ € dom(F'). By (iii) in the above definition we have F[a] C F(a)g.
Now let € A such that F[a] C xg. Since ran(F) = A, there exists a § € dom(F') such that F(8) = x.
Then V¢ € a(F(§)RF(B)) which by (iii) yields V€€ a(¢ < ). Hence a < f and F(a) < F(8) = x.

Now assume that Fj, F» are ordering functions of A. Then w.l.o.g. dom(F;) C dom(F5), using (1) by
induction on a we obtain Fj(a) = F»(«) for all & € dom(Fy). It remains to prove dom(Fy) C dom(F}):
a € dom(F) = Fy(a) € A = Fy(a) = Fi(B) = F»(B) for some 3 € dom(F;) = a=p € dom(F}).
Existence:

Definition (by transfinite recursion):

om0 = (pnts €4 RS o) bl <o

D :={a € On: dz€ A(Fi[a] C zg} is a transitive class of ordinals [ € a € D = F,[5] C Fi[a] C zg];
hence D € On or D = On.
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Claim: F' := F1|D is ordering function of (4, R).

Obviously dom(F) = D, ran(F) C A and Vo, € D(S < a — F(B)RF(«)).

Remains to prove: z € A = z € ran(F).

Proof by R-induction: Let z € A. Then by LH. zg C ran(F). Now F~l[zg] = {3 € D : F(B) € zgr}
is transitive [y € 8 & F(B)Rx = F(y)RF(B)Rx]. Since F is injective, we have F~'[zg] € V; hence
a = F~'[zg] € On. Since zr C ran(F), it follows that F[a] = zz. From this we obtain Vy € A(yRx =
Fla] € yr) and so x = ming{y € A : Fla] Cygr} = F(a).

Corollary
If A is a proper class (i.e., A € V) and R a wellordering on A, then there is a unique bijection F': On — A
with Ve, 8(8 < a < F(B8)RF()).

Definitions

0:=0, #':=xU{z}, wi={u:0€uAVreu(x €u)}
a is a successor ordinal, if 6(a = 5').

a is a limit ordinal, if o # 0 and —=35(a = 3').

Lim := class of limit ordinals.

Theorem 8.9

(a) 0 is the least ordinal and Ya(a' = min{3: « < 8} € On).

(b)yaeLim & 0<aAVB(f<a—f <a).

(c) w is the least limit ordinal.

(d) For every class C: 0 € CAVzew(z € C =2’ € C) » Vrecw(z € C). (complete induction)
(e) For agp € V and G : B — B there exists a unique function F' : w — B

such that F(0) = ap and F(z') = G(F(x)), for all z € w.

Proof:

From the axiom of infinity it follows that the class J := {u: 0 € u AVz€u(z' € u)} is nonempty. Hence:
) w=NJeV&0ew&Vrecw(s €w).

(a) By (x) we have 0 € V. Moreover 0 C On and 0 transitive; Hence 0 € On by 8.6. That 0 is the least
ordinal, follows by 8.4b. Obviously @' = aU {a} is a transitive subset of On; hence o' € On by 8.6. By 8.4
we also get VB(a < 8 & o < f),ie. o =min{f:a < f}.

(b) follows from VB(S8 < a > ' < ).

(c)Let a:={zr€w: € OnAz Cw}. From0 € On AVa(a' € On) and (x) it follows that a € J and so
wCa,ie Vrew(x € On Az Cw). Hence w is a transitive set of ordinals, which by 8.6a implies w € On.

From w € On, (b), (x) we obtain w € Lim. From (b) we also get Lim C J and thus Vz € Lim(w C z).
(d) From the premise and from w € V' it follows that v :=wNC € J and then w Cu C C.

if z =0V -F VAU d
(e) Let Gl rwx Voo V7 Gl(xaf) = {g)(f(Ux)) lotlaljerwise un(f) v ¢ Om(f) By Theorem 8.3

there is a unique function F' : w — V such that Vz e w(F(z) = G1(z, F|z)). It follows that F'(0) = ap and
F(z') =G (2, F|z') = G((F|z")(Uz")) = G(F(z)) for all z € w. (Note that YzeOn(U(z') = z).)
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Axiom of Choice, Zorn’s Lemma, and the Wellordering Theorem

Definition
1. Fis called a choice function for A :& Fun(F) & Vze A(x #0 = x € dom(F) & F(z) € 1)

2. A relation R is called a partial ordering, if R is irreflexive and transitive.

3. A set c is called an R-chain, if Vo,y€c(Rzy V x =y V Ryx).
Theorem 8.10

The following statements are equivalent:

(AC) Va3f(f is a choice function for a) (Axiom of Choice)
(WO) Va3r(r is a wellordering on a) (Wellordering Theorem)
(ZL) For each nonempty, partially ordered set (a,r) the following holds: (Zorn’s Lemma,)

If every r-chain ¢ C a has an upper bound in a, then a has a maximal element.

[L.e., Ve C a(c is an r-chain — 3b € aVz € ¢((z,b) € r Vo =b)) = Ip€a-Tx€a((p,z) € r) ]
Proof:
(AC) = (ZL): Let (a,r) be a nonempty, partially ordered set such that every r-chain ¢ C a has an upper
bound in a. By (AC) there is a function G : V' — V such that Vz€P(a)(z # 0 — G(z) € z). By transfinite
recursion we define F' : On — V with F(§) = G({z € a : F[{] C z,}) for all £ € On. (Remember the
abbreviation z, := {y: (y,x) € r}.) Let D:={&: {x € a: F[§] C x,} # 0}.
Then we have:
(1) D transitive,
(2) F[D] C a,
(3) Vn,£€D(n <& = F(n)rF(€)).

By (2) and (3), F[D] € V and F|D injective, hence D € V. By (1) it follows that D € On. From D € On\ D
we conclude {z € a: F[D] C z,} = 0. By (3) F[D] is an r-chain. Let p € a be an upper bound of F[D].

Since r is transitive, we then have =3z €a((p, z) € r).

(ZL) = (AC): Let a € V. We set W := {f : Fun(f) A dom(f) C a AVzedom(f)(f(z) € )}. W is a set,
since W C P(a x |Ja). Therefore we can apply (ZL) to (W, C ). Obviously every C-chain ¢ C W has an
upper bound in W, namely [ Jc. Hence there exists a C-maximal element fo € W.

Assumption: There is an z € a \ {0} with « ¢ dom(fy). Let y € z. Then f := foU{(z,y)} € W and fo C f.

Contradiction. Therefore a \ {0} C dom(fo), and fo is a choice function for a.

(AC) = (WO): Let a € V. By (AC) there exists a G : V — V such that VzeP(a)(z # 0 — G(z) € z). By
transfinite recursion we define F': On — V such that F(¢) = G(a \ F[{]). Let D :={¢: a\ F[¢] # 0}.
Then the following holds:

(1) D transitive,

Proof: (€ DAL e =D#a\F[] Ca\F[f].

(2) F[D] C a and F|D injective,

Proof: £ € D = a\ Flg] € P(a) \ {0} = F(¢) = G(a\ FI¢]) € a\ FIE].
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(3) D € On,

Proof: D COn =dom(F) & F[D]Ca = DCOn& DeV = DeOn.

(4) a C F[D].

Proof: DeOn=DeOn\D={¢:a\F[{]=0}=a\F[D]=0=aC F[D].

So, F|D is a bijection from the ordinal D onto a. Hence r := {(F(n),F(§)) : &m € DAn < €} is a

wellordering on a.

(WO) = (AC): Let a € V. By (WO) there exists a wellordering r on | a.

Then f:a\{#} — Ua, f(z):=min,(z) is a choice function for a.

We are now going to show that in the proofs of Lemma 8.2 and Theorem 8.3 the assumption “R transitive”

is not needed.

Definition (transitive closure of a relation R)

R* :={w,») : AfIn > 0R(f,n,y, )} where

R(f,n,y,z) :& Fun(f) Adom(f)=n'€wA f(0) =z A f(n) =y AVi <n(f(i")Rf(i))
Lemma 8.11

For every relation R we have:

(a) R C R™ and R" is transitive.

(b) RCQCV xV &Q transitive = Rt C Q.

(c) ReV = RteV.

(d)

Proof:

Ve(zp € V) = Va(zp+ € V).

(a) R C R™ is trivial. — Assume now yR"z. By induction on n we prove: R(f,n,z,y) = zRTz.

1. n =0: Then z = y.

2. n — n': Assume R(f,n',z,y) and let u := f(n). Then R(f|n',n,u,y) and by L.H. uRTz. So we have
R(g, m,u,z) for some g,m. Together with zRu this yields R(g,,m/, z,z) for ¢g; := gU {(m’, 2)}.

(b) By induction on n one proves: R(f,n,y,z) &n >0 = y,z) € Q.

(c) Let R € V. Then also a := dom(R) Uran(R) and a X a are sets. Further a x a is a transitive relation
with R C a x a. Therefore by (b) RT C a x a which yields Rt € V.

(d) Let a € V. Definition of h: w — V: h(0) := {a}, h(n') :=J{zr: = € h(n)}.

By induction on n we obtain R(f,n,y,a) = y € h(n), and thus ag+ C U, ., h(n) = Jran(h) € V.

new
Proof of 8.2 for arbitrary wellfounded R.
Claim: Every nonempty class C' has an R-minimal element.

Assume u € C. Case 1: ug N C = (. Then we are done.
Case 2: upNC # 0. Then a := ug+ NC # (). Since R is wellfounded, there exists a ¢ € a such that

crNa=10. From ¢ € ugr+ we get cg Cugr+. Hence c€ C and cg NC CegNa = 0.
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Lemma 8.12

If R is wellfounded then R* is wellfounded.

Proof:

By 8.1 (and 8.11d) it suffices to prove the induction principle for R*.

Assume (1) Vz(zg+ C C — z € C). To prove: Va(z € C).

Let C := {x: zp+ C C}. Then by (1) we have (2) C C C. Further: (3) Vo(zg CC — z € O).
[Proof of (3): zp C U%) tr CCAVy€zp(ypr CO) = 25+ CC = 2 € C]

R wellfounded *"22® vaz € 0) 2 va(z € 0).

Proof of 8.3 for arbitrary wellfounded R.
Claim: For G : A x V — V there exists a unique F' : A —» V with F(z) = G(z, F|zg) for all z € A.

We define G' : A xV = V, G'(z, f) := G(z, flrr). By 8.12 and 8.11 R* is wellfounded and transitive.
Therefore, by 8.3 (for transitive relations), there exists a unique F : A — V with F(z) = G'(z, F|zg+) for
all z € A. But G'(z, F|lzg+) = G(z, F|zg).

Since the relation € is wellfounded (due to the axiom of foundation) we obtain from 8.2 and 8.3:
(€é-induction) Vz(z CC -z € C) — Vz(z € C)
(e-recursion) For G :V — V there exists a unique F': V — V such that F(z) = G(F|z) for all 2.

9 Cardinal numbers

Abbreviations:

F:A+— B & F:A— Binjective & F[A] = B,
a~b s Af(f:a+—b),

a=b:s 3f(f:a—binjective).

Lemma 9.1

For each set a the following statements are equivalent:

(i) 3Ir(r is wellordering of a ),

(i) Jda € On(a ~a),

(iii) Ja € Ondf(f:a—=ak fla] =a),

(iv) da € On(a < a).

Proof:

(i)=(ii): 8.8. (ii)=-(iii): trivial. (iii)=(iv): g(z) := min{€ € a: f(§) = x}.
(iv)=(@1): r:={w,z) €axa: g(y) < g(x)} where g: a = « injective.

Lemma 9.2

(a) a = a,
b)asb&b<c = a=<e
(c)aCb = a=xb,
(

d) ~ is an equivalence relation on V.
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Theorem 9.3 (Cantor-Bernstein)
a<b&b=<a = an~b.
Proof:
W.lo.g.: b Ca. Let f:a— b be injective. We define:
h:w— P(a), h(0) :=a\b, h(n') := f[h(n)], a:=ran(h) =, c, h(n).
) _ [flx) ifzea
g:a—a g(@): {:L' otherwise’
(1) Vzea(g(z) € a)
Proof: z € h(n) = g(z) = f(z) € h(n') C a.
(2) gla] € b
Proof: x €4 = g(x) = f(z) €b. z€a\a= g(z) =z €a\h(0)=0.
(3) g injective
Proof by case distinction: If z € G and y & a, then g(z) € @ and g(y) =y & a, hence g(z) # g(y). The other
cases are trivial.
(4) gla] = b
Proof: Let y € b. If y & a, then g(y) = y. Assume now that y € a, i.e. y € h(n) for some n € w. Then
n > 0, since y € b. Hence n = k' and y = f(z) with x € h(k) C a. This yields y = g(z).

Theorem 9.4 P(a) £ a.

Proof:
Obviously a < P(a). Therefore by 9.3 (P(a) < a = P(a) ~ a). But P(a) ~ a cannot hold, since if
f:a—=Pla),thenu:={x€a: z ¢ f(z)} € P(a)\ fla].

Definition

An ordinal number « is called a cardinal (number), if =38 < a(a ~ ).

Card := class of all cardinal numbers.

laf := {min{f €EOn:a~¢ ifA(a~§)

unde fined otherwise

Remark
If |a| is defined (i.e. A¢(a ~ &)), then |a| is a cardinal number, the cardinality of a. In the following we write

|a| € Card to express that |a| is defined. Obviously Va(|a| € Card & |a| < ).

Lemma 9.5.

(a) a € Card & =3I <ala XE).
If |a| € Card then

(b) la|] =min{{ € On: a <&},

(©) an~b e la| = b,

(@) b=<a e b <,

(e) |Fla]| < |al, for each function F.
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Proof:
) “<” trivial. “=” {<a&ka <€ LS ~ ¢ = a <& Contradiction.

a
b)é<la] & ol 26 = aze

(

(

(c) trivial.
(d) “<” trivial. “=” a~lal & b<a = b=<|a E |b| € Card & b < |a| (k) 6] < |al.

(e) By 9.1 there exists a wellordering r of a. We define: h: Fla] — a, h(y) := min,{z € a: F(z) = y}.
Obviously h is injective and so Fla] < a, which yields |F[a]| < |a| by (d).

Lemma 9.6

If k € Card and k* = min{u € Card : k < p}, then the following holds for all @ € On:

(a) |la| <k = a<k,

(b) |a| >k = a>kT,

(€) loj=k = k<a<k™.

Proof:

(a) o] <k = =(k 2a) = a<k.

M) la| >k = a>|al >kt.

() k=lal <a. |af <kT @ <kt

Definition a™:={{€O0n: (< a}

Theorem 9.7 ot =min{x € Card: a < k}.

Proof:

Let W :={(b,r): b C a Ar is wellordering of b}. Obviously W C P(a) x P(a x a) and therefore W € V.
Definition: ot : W — On, ot((b,r)) := the order type of (b,7) (cf. Theorem 8.8).

Then ot = {ot(z) : « € W} and thus a* € V. [Proof of a* C {ot(z) 12 € W}: f: ¢ Da & b= f[¢] & r =
{flx), fly) :z <y <& = (byr) € W & £ = ot((h,r)). ] Since a™ C On is transitive, it follows that
a™ € On. Further we have at £ « and V€€ at (€ < a); hence Vé € at(at £ §), i.e. aT € Card. From
a < a it follows that a < a™. If a < k € Card, then V&> k(€ £ o) and thus VE<a™t (£ < k), i.e. aT < k.
Definition

By 9.7, Card \ w is unbounded in On and therefore Card \ w ¢ V.

Let @ — X, (a € On) be the ordering function of the class Card \ w.
(Especially Xy = w.)

Notation. a+1l:=a',1:=0,2:=1, ...

Lemma 9.8

(a) The class Card is closed, i.e. Yu(l) # u C Card = sup(u) € Card).

(b) w< k € Card = k € Lim.
(c) Va(a < N,) & Va € Lim(R, = supg, R¢).
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Proof:
(a) Let v := sup(u) and f : v — « injective. Then V¢ €u(€ < ). Since u C Card, we obtain V€ €u(€ < a)
and then vy = sup(u) < a.

0 ifx =
(b) Let w < f+1. Definition: f:8+1 — 3, f(x) := {x.|_1 ifre g
z otherwise.

Obviously f is injective, and therefore S+1 is not a cardinal.

(c) cf. L11.1d and L.11.2.

Definition

a is finite & |a| <w (i.e. Ikew(a ~ k));

a is D-finite (D for Dedekind) :< —3f(f:a — a injective and fla] # a);

a (D-)infinite :& a not (D-)finite.

Remark. a,b finite = a U b and a x b finite. [Proof by induction on |b|. ]

Lemma 9.9
(a) b=<a& afinite = b finite

(b) a Cw = (afinite & Frcw(a C x))
(¢) w is the least infinite cardinal number.
(d) a D-infinite & w <a
(
(
(

e) a finite = a D-finite

)
f) wCCard

g) (AC) = (a D-finite < a finite)

Proof:

(a) follows from 9.5d.

(b)“=" Induction on |a|. “<” follows from (a).

(¢) Assumption: w finite. By (b) we then have w C k for some k € w; hence k € k. Contradiction.

So w is infinite, and therefore =Ja cw(a ~ w), i.e. w € Card.

(d) “=” Let f:a — a be injective with f[a] # a. We choose an zo € a\ f[a] and define g : w — a, ¢(0) :=
zg, g(n+1) := f(g(n)). By complete induction we obtain Vn € wVi€en(g(n) # g(7)), i-e. g is injective.

“<” Let g : w — a be injective. Then f := {(g(i),g(i+1)) : i € w}U{(x,2z) : & € a\ glw]} is an injective
function from a into a with g(0) ¢ f[a]. Hence a is D-infinite.

(e) If a is D-infinite, then by (d) w < @, and by (c) and (a) it follows, that a is infinite.

(f) Let n € w, m < n and f:n — m injective. To prove: m = n. By (e) n is D-finite. Since f[n] C m C n,
we therefore have n = f[n] C m and thus m = n.

(g) “=” We prove: “a infinite = a D-infinite”.

Let h be a choice function for P(a) with ) € dom(h). By recursion over w we define g: w— V,

g(n) := h(a \ g[n]). Then Vn € w(g[n] finite) by 9.5e. Since by assumption a is infinite, we obtain Vn €

w(a \ g[n] # #). Hence g is an injective function from w into a, and by (d) a is D-infinite.
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