Axiomatic treatment of variable binding and substitution
Wilfried Buchholz
(Draft 12.12.04)

Function symbols: A (binary), a (binary), o (ternary);
Relation symbols: V (unary), FV (binary), red;

Object variables: p,q,7,s,t,u,v,w,x,y, 2, ......

Abbreviations.
teV:=V(t), x € FV(t) :=FV(z,t), t € Abst := Jz3r(V(z) At = Aar).

Terms are written in the form ft;...t, or f(t1,...,t,).

Axioms
(Al)arsgVAXxrgVAaarsZdzrA(ars=ar'ss sr=1r"As=s)A(x e VAXzr=Azr’' —r=1').
(A21)te V= (yeFV({E) < y=1t).
(A22)yeFV(ars) <>y € FV(r) vy € FV(s).
(A23)z eV = (yeFV(Aar) < y#ax Ay € FV(r)).
(A3) Induction:
VeeVF(x) AVrYs[ F(r) AF(s) — Fars) | AVt € Abst[Vr(3zeV (¢t = Azr) — F(r)) — F(t)] — VtF(1).
A teVAz=t—o(tzq) =

teVAT£t— o(t,z,q) =

r,yeVAy#Fx ANy g FV(g) = a(Ayr,z,q) = Ayo(r,z,q).

A45) z €V — o(Axr,x,t) = Aar.

(Ad.1)

(A4.2)

(A4.3) o(ars,z,q) =ao(r,z,q)o(s,z,q).

(A4.4)

(A4.5)

(A5) 2,y e V= (Azr = Ayr’ & y € FV(Azr) Ar = o(r,z,y)).

(A6) VtIy € V(y € FV(1)).

Convention. Informally, the variables x,y, z are considered to range over V. This means that in the following
we tacitly assume x € V,y € V,z € V, and read VazF(z), 3zF(x) as abbreviations for Vz(V(z) — F(z)),

Fz(V(z) A F(x)), resp.

Lemma 0.

t € Abst —» JaxTr(t = Aer Ax € FV(s1) A .. Az € FV(s,)).
Proof :

Let s:=atasjasy...as,_15,.

1. Ju(z ¢ FV(s)) [(AG)],

2. 2 €FV(s) 522 € FVE) Az € FV(s1)A... ANx € FV(s,) [(A2.2)]
3. ¢t € Abst — JyIr'(t = Ayr’) [Def]

4. 2 ¢ FV(@) At =Ayr’ — t=Ayr’ = Azo(r',y,z) [(AD)].



Lemma 1.

(a) 2 € FV(t) = (z € FV(a(t,x,8)) < (x £z Az € FV(t)) Vz € FV(s)).
(b) x €FV(t) = o(t,z,s) =t.

(¢c) o(t,z,z) =t.

(d) t € Abst — o(t,x,s) € Abst.

Proof :

(a) Induction: Assume t = Ayr Ay &€ FV(s) Ay # .

1. z € FV(r) [from xz € FV(¢) by (A2.3)]

2. ze FV(a(t,z,s)) e

z € FV(Ayo(r, z, s)) (%)

y#zNzeFV(o(r,z,s)) -

y#zAN[(x#2ANz2€FV(r))VzeFV(s) A

(x£zANy#2zNzeFV(r))VvzeFV(s) A3

(x#2zNz€FV(t)VzeFV(s).

(b) Induction: Assume t = Ayr Ay #x Ay & FV(s).

€ FV(Ayr) ANy #x — 2 ¢ FV(r) i o(r,z,s)=r (A4 o(t,z,s) = Ayo(r,z,s) = Ayr = t.
(c) Induction: Assume ¢ = Ayr Ay # x. Then also y € FV(x) by (A2.1).

(A4

o(t,z,x) = o(Ayr,z, ) 44) Ayo(r,x, ) u Ayr = t.

(d) t € Abst Lo Jy,r(t=Ayr ANz #£yAy & FV(s)) (Ai';l) Jy, r(o(t,z,s) = Ayo(r,z, s)).
Lemma 2.

(a) z#x A (x €FV() V2 €FV(q) — o(o(t 2, 5),1,q9) =o(o(t,z,q),2,0(s,7,9)).
(b) x ¢ FV(t) — o(o(t, z,2),2,q) = o(t, z,q).

(c) Azr = Ayr’ — o(r,x,s) =o(r,y, s).

Proof :

(a) Induction:

1.teV:

1.1. t=2: LHS (LD o(s,z,q) (ALD o(z,z,0(s,2,q)) (AL2) RHS.

1.2. t = z: Then z ¢ FV(q) and thus LHS (A1) o(t,z,q) (ALY q fdb o(q,z,0(s,2,q)) AL pHs.
13. t#zNt#x: LHS (AL o(t,z,q) (A1), (AL2) o(t,z,0(s,2,q)) “1? pHs.

2.t € Abst: Assume t =Ayr Ay £z Ay # 2 NyE€FV()ANy&€FV(g) ANy € FV(o(s,x,q)).
By (A2.3) from the premise and y # x we obtain x € FV(r) V z € FV(q).
LHS Y o(Ayo(r,z,s),z,q) (ALY Ayo(o(r,z,s),2,q) E Ayo(o(r,x,q),z,0(s,2,9)) (ALY
=o(Ayo(r,z,q),z,0(s,z,q)) (AL RHS.
(b) 1. z = z: L.1c.

@)

2. x# 2z o(o(t,z,x),x,q) = o(o(t,r,q),z 0(z,2,q)) L.1b,(Ad.1)

o(t, z,q).
(¢) 1. x =y: Aar = Azr’ it N o(r,z,s) =o(r', x,s).

2. x £y Arr = Ayr’ (A—>5) yE€EV(r)Ar =o(r,z,y) — o(r,y,s) =o(o(r,z,9),y,s) © o(r,z,s).



According to Lemma 2c in an definitional extension of the present axiom system we can introduce a new

function symbol 3 together with the aziom
(A7) z eV = B(Axr,s) =o(r,z,s).

Lemma 3.
(a) t =Axr < x € FV(t) At € Abst Ar = B(t, x).
(b) t € Abst A z € FV(S(t,s)) — 2z € FV(t)Vz e FV(s).

Proof :
(a) “=": t = Axr — B(t,x) (4D o(r,z,x) ey
7 g FV(E) ANt € Abst Ar = B(t,z) — Ty, (x FVE) At =Ayr’ Ar (A o(r',y,z)) AD 4 = Aar.

(b) zeFV(B(Aar,s)) = z€FV(o(r,z,s)) b (x # 2z A zeFV(r)) V zeFV(s) (A%3) z€FV(Azr) vV zeFV(s).

Lemma 4.

t € Abst — o (8(t,8),2,q) = B(a(t, z,q),0(s,2,q)).

Proof :

By Lemma 0 we can assume t = Aaxr Az #xz Az € FV(q). Now o(8(t,s),z2,q) (A7) o(o(r,z,s),2,q) b2

= o(o(r, 2, q), 7, 0(5,2,0) X Bwo(r, 2,q), (s, 2, ) "= Bla(t, 2, q), (5, 2, 0)).

Now we introduce a new binary relation symbol red together with the aziom
(A8) red(t,t') <>
t=t" Vv
I, s, 8" (t=ars At = B(r',s') Ared(r,r’) Ared(s,s') A7’ € Abst) V
dr, ', s, 5’(t =arsAt' =ar’'s’ Ared(r,r") Ared(s, 5/)) V
Ir,r' x(z € VAL=Xar At = Xar’ Ared(r,7')).

Lemma 5.

(a) red(t,t') Nz € FV(t') = z € FV(¢).

(b) red(t,t') Ared(q,q') — red(o(t,z,q),0(t',2,q")).

(c) red(Azr,t') — I’ (¥’ = Aar’ Ared(r,1')).

(d) red(t,t') Ared(s,s’) At € Abst — red(B(¢, s), B(t, s')).
Proof :

(d) t € Abst — Jx, r(t = Axr).

t = Xxr Ared(t,t') © I (" = Xar’ Ared(r,r')).

t=Xxr At = Xar’ Ared(r,r’) Ared(s, s') ®
B(t,s) =o(r,z,s) NB(t',s) =a(r',x,s') Nred(o(r, z,s),0(r,z,5")).
(b) Abb.: o(t) := o(t,z,q) and o' (t) .= o(t,z,q').

1. t =arsAt' = B(r',s") Ared(r,r') Ared(s,s’) Ar’ € Abst: o(t) L9 5

o(r') “e" Abst and red(a(r), o (') A red(c(s), ' (s)) by TH.

Further o(t) = ao(r)o(s) and o' (t') = B(o’ (1), 0’(s")). Hence red(o(t),o’(t')) by (AS8).

a(r)a(s)Aa(t) = B(a(r),a(s) A

3



2. t=Ayr At = Ayr’ Ared(r,r'):

By L.0 there exist z with z £ 2 A2 € FV() Az € FV (') A 2 € FV(q).

(A5) = t = Azo(r,y,2) ANt = Azo(r',y, 2).

t = Ayr = Xzo(r,y,z) Ared(r,r’) LK red(o(r,y, z),0(r",y, 2)).

t = Xzo(r,y,z) Ared(o(r,y, 2),0(r,y,2)) e red(a(o(r,y,2),2,q),0(a(r,y,2),x,q)) —
— red(Azo(o(r,y,2),x,q), A\z0(o (1, y, 2),z,q)).

t=MXzo(r,y,z) Nt = Xzo(r',y,z) N\e £z ANz € FV(q) —

— o(t,x,q) = Azo(o(r,y,2),z,q) No(t',x,q) = Xzo(o(r',y,2),2,q).

(a) 1. ze FV(B(r,s)) B 2 e FV(r") vz e FV(s) B 2 e FV(r) v 2 € FV(s) - z € FV(ars).
2. ze FV(Azr') 5 z#£xz Nz € FV(r) Bestanze FV(r) — z € FV(Axr).

(c) red(Azr,t') — Fp,p',y(Aar = Ayp At/ = Ayp’ Ared(p,p)).

Axr = Ayp At = Ayp’ Ared(p,p’) — x € FV(Ayp) At = Ayp’ Ared(p,p’) — x & FV();
t'=Ayp’ Ne ¢ FV({EH) =t/ = Azo(p', y, x);

red(p,p’) Ar = o(p,y,z) — red(r,o(p’,y, z)).

Theorem. red(t,t') Ared(t,t”) — 3t(red(t',t) A red(t”,t)).

Proof by induction on ¢:

1. t=arsAt =0, s) Ared(r,r') Ared(s,s’) Ar' € Abst:

1.1. ¢ = B(r",s") Ared(r, ") Ared(s, s”) Ar" € Abst:

By LH. there are 7, 5 such that red(r’, 7), red(r”,7), red(s’, §), red(s”, 3).
Hence by Lemma 5d red(8(r',s’), (7, §)) and red(B(r", s"), B(7, 3)).
1.2. t" =ar”s” Ared(r,r"") Ared(s, s”):

By LH. there are 7, § such that red(r’,7), red(r”,7), red(s’, §), red(s”, 3).
Hence by Lemma 5d red(8(r’,s"), (7, 3)) and red(ar”s”, B(7, 3)).

2. t=arsNt' =ar'ss At =ar’s”: immediate by I.H.

3.t =Axr, t' = Az’ Ared(r,r):

By Lemma 5c¢ we then have t” = Azr” with red(r,r”’), and the claim follows immediately by the I.H.

4. t € V: trivial.



