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Introduction

In this paper we continue our work on finitary representations of infinitary derivations which we have started
in [Bu91] and resumed in [Bu97]. On the basis of [Bu92] we develop a finitary ordinal analysis of the
axiom system KPi of Kripke-Platek set theory with an inaccessible universe. As a main result we obtain
the following theorem: If KPit Vz(“2=HF” — Vz€zyez ¢(z,y)) with ¢(x,y) € Ao, then there exists a
<--primitive recursive function F : w — w (in the sense of [Tak87], p.117) with |<|| < Ya(er+1) such that
VnewVre€L, ELp,) ¢(x,y) holds. Here “2=HF” is a set-theoretic formula saying “z is the set of all
hereditarily finite sets”.

One goal of this line of work (from which we still are very far away) is to develop some kind of “semantics” for
Arai’s purely combinatorial proof-theoretic analysis of very strong impredicative theories (cf. [Ar96], [Ar97a],
[Ar97b]), and to find connections to Rathjen’s work [Ra91], [Ra94], [Ra95].

In §1 we introduce the language of Lgrg of ramified set theory and the infinitary proof system RS, essentially
as in [Bu92]. One technical modification is the following:

B(a) ifb=x € Ls: B(x)]

T ifb=1Lg

where T is not considered as a formula, but we define T A A := A. This has the advantage that now
Jdzelg A(x) ~ V(A(t))ie7, while in [Bu92] we had Jzelg A(x) ~ \/(t & Lo A A(t))teTs -

For RS-terms a, b with lev(a) < lev(b) we set: a€b = {

At the end of §1 we introduce the main concept of this paper namely the notion of a notation system for
RS -derivations, and we define what it means that such a notation system is controlled by an operator H.

In §2 we introduce a notation system RS° which besides others contains notations for RS>-derivations
of all KPi-axioms (relativized to L;). Tn §3 we extend RS° to a notation system RS™ which in addition
contains notations for RS*°-derivations of all sequents ¢|1", - (;5!;1 where ¢1 V...V ¢, is a logically valid Lag-
formula. In §4 we introduce the collapsing functions ¢, : On — & and the operators ., : P(On) — P(On)
essentially as in [Bu92] but with the difference that in the present paper the so-called normalform condition
“¢ e C(&9Y:€)” is integrated in the definition of 4. This facilitates the development of a primitive recursive
ordinal notation system on the basis of the ¢,’s. The details of such a development can be found for example
in [J484] or [Bu86]. We also show how the relation “a € H,(X)” (for a finite set X of ordinal notations)
can characterized primitive recursively. In §5 we introduce a family (H)~econ, of notation systems for RS™-
derivations extending RS*. H, contains notations for RS>-derivations which are H.-controlled and arise
from RS*-derivations representable in RS by application of the cut-elimination and collapsing procedures
described in (the proofs of 3.14, 3.16, 3.17, 4.8 of) [Bu92]. §6 is concerned with the last part of the proof of
the above stated theorem. We define a function (h,n) — f(h,n) such that if h € H;s denotes a cutfree RS>-
derivation of Vz€L, Fy€L, ¢(z,y) then VnewVre€L, Iy€L s n) ¢(2,y) holds. The function f is defined by
recursion on the ordinal o(h) of h, and a routine consideration shows that (under a canonical arithmetization)
the function n — f(h,n) for fixed h is <-primitive recursive with a primitive recursive well ordering < of
order type ||<|| = o(h) < Ya(ery1).

Remark: Two recent papers related to the present one are [Bla97] and [Tu98].



§1 The language Lgs of ramified set theory and the infinitary proof system RS™

Let £ denote the usual first order language of set theory whose only nonlogical symbol is the binary predicate
constant €. The language La4 is obtained from £ by adding the unary predicate constant Ad. The language
Lrs of ramified set theory is obtained from Lpgq by adding a certain class T of individual constants, the
so-called set terms or RS-terms. The definition of 7 will be given below. Before that we introduce some
technical notions and abbreviations. In this context we use the letters u, v to denote both, individual variables

and RS-terms. Individual variables are indicated by w, x,y, z.

The formulas of Lpq are generated from literals xz€y, Ad(z), -(z€y), -Ad(z) by means of A,V,V,3.

Inductive definition of RS-formulas

1. uewv,=(uew),Ad(u) , -Ad(u) are RS-formulas (literals).

2. If A, B are RS-formulas then so are AAB and AVB.

3. If Ais an RS-formula and z ¢ FV(u) (which means that u is not the variable z),
then Vz(z€u — A) and Jz(x€u A A) are RS-formulas.

The negation —A of an RS- or Lag-formula A is defined via de Morgan’s laws.
Ag :={¢: ¢ is an RS-formula of the language Laq } = {¢ : ¢ is an RS-formula containing no RS-terms }

Syntactic variables:
A, B,C, D, F for RS-formulas,
o, 1, x for Lag-formulas,

u, v for elements of 7 U Var.

Finite sequences of variables are abbreviated by #,7,... . The set of free (bound, resp.) variables of A is

denoted by FV(4) (BV(4), resp.). If FV(A4) = 0 then A is called an RS-sentence.

Abbreviations

A— B:=-AV B,

VeevB :=Vz(z € v — B) (z #Zv)
zevB:=Jx(z €vAB) (z#w)
u Cov:=Veeu(r €v),

uCvAv Cu,

U=v:

u v :=-(u€v),

u#v:=-(u=v),

tran(u) := VxeuVyex (y € u),

infin(u) := Jz€u (x C z) AVeeuVyeuIzeu (z € z Ay € 2).

Notation
[u # v] denotes u # v or v # u. (Example: By ¥ F [u # v],~A(u), A(v) we express that ¥ derives the
sequents u # v, —A(u), A(v) and v # u, - A(u), A(v).)



Definition of ¢" (w.l.0.g. u & BV(9))

1. o% := ¢ if ¢ is a literal,

OAG)" 1= gt A,

Vzevp) ;= Vecvgpt, (rcvg)t := Jrcvp®,

Vag)t := Vreup?, if ¢ is not of the form z€v — 9,
Jzg)* := Jrcug", if ¢ is not of the form z€v A .

2.
3. (
4
(

Definition (RS-terms and their levels)

1. For every ordinal a the constant L, is an RS-term of level a.

2. If ¢ is an Lpg-formula with z € FV(¢) C {z,y1,...,yn}, and if aq,...,a, are RS-terms of levels < «
(where a > 0), then
[ € Ly : ¢L“(az,a1,...,an)]
is an RS-term of level a.
We denote the class of all RS-terms by 7, and the class of all RS-terms of level less than « by 7.
In the following RS-terms are denoted by the letters a, b, c, s, t.
Note that an RS-term has no free variables.

Definition (Definition of k(f) and lev(6))

If 6 is an RS-term or RS-formula we set
k(0) := {a € On : Ly occurs in 8} and lev(d) := max(k(#) U {0}).
Here all occurrences of L,, i.e. also those inside of subterms of 6 are counted.

For technical reasons we also define k(0) := k(1) :=0, lev(0) :=lev(1l) := 0.

Remark

For each t € T we have level of t =lev(t). Hence T, ={t € T :lev(t) < a}.
Abbreviation: T; := Tiev(a) » k() < a & VE € k(B)(€ < a)

Definition

For RS-terms a, b with lev(a) < lev(b) we set:

a€b = {E(a) g Z i I[_J:BE Lo : B(x)] and a%b = —l(aéb), where =T := L

T, L are not RS-formulas! We define T - A:=TAA:=1VA:=A.
Definition
Qo :=0, Q, := X, for 6 > 0. — Abbreviation: Q := ;.

We assume the existence of a weakly inaccessible cardinal, i.e. a regular fixpoint of ¢ — 2, and set
I := min{k : k regular & Q,, = k} , Ri={k:w<k<T&kregular} = {I}U{Qpy1:0 < T}

For each ordinal  we set at : =, where ¢ is determined by Q, < a < Q,41

In the following k,m, T always denote elements of R.



Definition
To each RS-sentence A we assign a certain (possibly infinitary) conjunction A\ (A,),cs or disjunction \/(A,).cs

of RS-sentences and we indicate this assignment by writing A ~ A(4,).cs , A~V (A,).es , resp.
1. Ad(a) i~ \/(t=a)ies, —Ad(a):~ At #a)es withJ:={L,:k€R &k <lev(a)}

2. a€bi~ \/(tEbALt =a)er, , a @b~ N(t€D =t # a)er,

3. Jzeb A(x) =~ \/(téb NAM))ter, , Yreb A(x) i~ /\(téb — A(t))teT,

4. (Ao V Ay) i~ V(A)eqoar >, (Ao A A1) = A(A)iegony

We now define a rank-function for RS-sentences in such a way that

Vie (tk(A,) < rk(A)) whenever A =~ {(4,),c.

Definition (the rank of RS-sentences and RS-terms)
The rank rk(f) of an RS-sentence or RS-term 6 is defined by recursion on the number of symbols occurring
in 6 as follows:
rk(Ly) = w-a
rk([z € L, : A(z)]) := max{w-a + 1,rk(A(Ly)) + 2}
rk(Ad(a )) = rk(-Ad(a)) :=rk(a) + 5
rk(a € b) :=rk(a ¢ b) := max{rk(a) + 6,1k(b) + 1}
rk(Jzeb A(x)) := rk(Vzeb A(z)) := max{rk(b),rk(A(Lo)) + 2}
rk(A A B) :=rk(AV B) := max{rk(4),rk(B)} + 1

A

Lemma 1.1

Let A~ \/(4,),esor A~ A(A,),cs. Then the following holds.
a) rk(A) =w-lev(A) + n, for some n € w

b) rk(A4,) <rk(A), forall L€ J

c) k(A,) Ck(A)Uk(w), forall L € J
d) rk(4)=w-a = A =3zel, B(z) or A =Vzel, B(x)
e) rk(A) =rk(—-A4)

Proof: cf. [Bu92]

Inductive Definition of the sets X(x) of RS-sentences

1. If A is an RS-sentence with k(A) C &, then A € (k).

2. If A, B € X(k), then AAB € X(k) and AVB € X(k).

3. If A =QzecaB(x) with B(Lyg) € ¥(x) and lev(a) < &, then A € E(k).
4. If A = 3Jzel, B(z) with B(Lg) € X(k), then A € X(k).

(k) :={-A: AeX(k)}

Remark: Y(k)NII(k) = {A: FV(A4) =0 & k(4) C &}



Definition of A(“*) (w.lo.g. u g BV(A))
1. Atwr) .= Aif A is a literal,

2. (Ao B)wr) = AR o Bk

3. (QzevA)wr) = QeevAWr) |if v #L,,
4. (QrelL, A)WH) = QreuA™r),

Definition A5 .= {A(LBM if <k
A otherwise

Inferences and derivations
Finite sets of RS-formulas are called sequents.

Syntactic variables for sequents are I', T, A.

In the following we mostly write Ay, ..., A, for {4,..., A,}, and A,T,T" for {A} UT UT", etc.

k(T) == Uaer k(4)

In the sequel certain formal expressions Z will be declared as inferences (or inference symbols).

For each inference 7 the following data will be defined

a set |Z| (the arity of 7),

— a sequent A(Z) (the elements of A(Z) are called principal formulas of T),

— a family of sequents (A,(Z)),¢|z| (the elements of A,(Z) are called minor formulas of T),
— a set Eig(Z) which is either empty or a singleton {y} with y & FV(A(Z));

in the latter case y is called the eigenvariable of T,

— a finite set k(Z) C On.

Inductive definition of derivations

If 7 is an inference, and (d,),¢|z| is a family of derivations such that Eig(Z) N FV(T') = (), and
T:=A(T)U | (End(d,) \ A,(T)) is finite,
LE|T]
then d:=7(d,),cz is a derivation with End(d) :=T', depth(d) := sup{depth(d,) +1:¢ € |Z|}.
End(d) is called the endsequent of d.

An inference 7 is called finitary if |Z| = {0, ...,n—1} € w.

A derivation d is called finitary if all its inferences are finitary.

NOTATION

.. AL (ed) . .
1. By writing  (Z) — QA [ly! ] we declare 7 as an inference symbol with
T = 7, AT) = A, A(T) = A,, and Fig(T) = 0 | Fig(T) = {y}, resp..
2. If |Z| = {0, ...,n} we write (Z) Ao AlA"‘ An nstead of (7) AA—(LE‘])



If |Z) = 0 we write (Z) A instead of (7) N

3. Inference symbols Z with |Z| = () will be called azioms or atomic derivations.
4. If |Z| = {0, ...,n—1} we write d = Zdy...d, 1 instead of d =7(d,),¢|z-

Remark

If d = 7(d,) |z is a derivation with A(Z) C T and (V¢ € |Z]) End(d,) C T UA,(Z) , then End(d) CT.

Definition

For all finitary derivations d we define k(d) C On and k.(d) C On as follows:
k(Zdo...dn 1) :=k(Z) U ;e k(di) ,  ke(Zdp...dn—1) := (k(Z) \ k(A(Z))) U U<, ke(ds).

Lemma 1.2

If d is a finitary derivation such that Vi € |Z|[k(A;(Z)) C k(Z) Uk(A(Z))] holds for each inference occurring
in d, then k(d) C k(End(d)) U k.(d).

Proof:

Let d = Tdp...dn—1. Then k(d) = k(Z) UJ,.,, k(d;) IS k(Z) UU;cp, k(End(d;)) U, ., ke(di) €

k(A(Z)) VU, <, k(End(di) \ Ai(Z)) U (k(Z) \ k(A(Z))) UU;cp ke(di) = k(End(d)) Uk (d).

Definition
A proof system is a class of inference symbols.
A proof system & is called finitary if all its inferences are finitary.

A derivation d is called an &-derivation if all inferences occurring in d belong to &.
The infinitary proof system RS™

formulas: RS-sentences

inferences:
AL (ed .
(N Al e m N4 e
V%) Afio Jif A~ \/(A,),es and 19 € J
c C k(C) if 7 = Cutc

(Cute) — k(Z) := < k(A)Uk(o) ifZ=V4

1 k(A(Z)) otherwise
(Rep) %



DEFINITION
Assume that the following entities are given:

A nonempty set D of finitary derivations d with FV(End(d)) = (), and mappings

0:D — On,

deg : D — On,

tp : D — RS™ (the class of RS*™-inferences)

[]:{(d,t) :de D& eltp(d)|} = D, we write d[i] for [|(d, ).

Abbreviation: D> dF) T : <= deD&End(d) CT & o(d) = a & deg(d) < p.
(D,0,deg,tp, []) is called a notation system for RS -derivations if D > d 5 T' implies:
(a) A(tp(d)) C T,

(b) D> d[i] -5 T, A (tp(d)) with a, <a (v € [tp(d)]),

(c) tp(d) = Cute = 1k(C) < p,

(@ tp(d) = V4§ = k(o) <.

We say that the notation system (D, o,deg,tp,[]) is controlled by the operator H : P(On) — P(On)
if for each d € D the following holds

(e) k(tp(d)) U{o(d)} € H(k(d)),

(f) k(d[e]) C H(k(d) Uk(r)), for all ¢ € [tp(d)|.

Remark

Let (D,o,deg,tp,[]) be a notation system for RS*-derivations.

For each d € D we define its interpretation d* by recursion on o(d): d* := tp(d) (d[L]OO)Le\tp(d)\ .

One easily verifies that d*° is an RS®-derivation with

End(d*®) C End(d) , depth(d*®) < o(d) , and rk(C') < deg(d) for each Cutc occurring in d*.

§2 The notation system RS’
RS will contain notations for RS®-derivations of all KPi-axioms relativized to Lj.

The axiom system KPi

(Ext) VaeVyVzz =y — (x€z = y€z)] and VaVylzr =y — (Ad(z) — Ad(y))]

(Found) V2ZVxo [Vz(Vyex éd(y,Z) — é(x,2)) = ¢(x0,7)]

(Pair) VaVy3z(zez A yez)

(Union) Vz3zVyez(y C z)

(¢-Sep) VZVwIyVzey(zew A ¢(z,2)) AVzew(p(z,Z) = z€y)] (¢ € Ap)

(Infin)  Vz3winfin(w) (Note that FV(Jw infin(w)) = (); the quantifier V2 has technical reasons.)
(¢-Col) VZVwVzewIyd(x,y,Z) = Jw VecwIyew, ¢(z,y,Z)] (¢ € Ay)

(Ad1) Vz[Ad(z) — tran(z)]



(Ad2) Vz[Ad(z) — ¢"], if ¢ is an axiom (Pair),(Union),(Infin),(Ag-Sep),(Ag-Col)
(Lim) Vz3y(Ad(y) A z€y)

Definition of AX?°

Let AX° be the set of all finite sequences of RS-sentences falling under one of the schemata (1)-(17).

(1) (Vzrg(ag, - ag—1,7))
if ag, ..., ap—1 € Ty, and Vzq...Vzid(x0, ..., ) is one of the KPi-axioms (Ext), (Found), (Pair), (Union),
(Ap-Sep), (Adl1), (Ad2) with A € Lim or (Infin), (Ap-Col) with A € R.

(2) Vzel;Iyelr(Ad(y) Az € y)

(3) a=q,

(4) acCa,

(5) bCLg, iflev(d) <a,

(6) Vzea(r Cly), iflev(a)<a+l,

(7) Vzeb(zr€aAF(zx)), ifb=[xelsg:z€anF(z)],

(8) Vz€a(F(z) »z€b), ifb=[relg:xz€anF(z),

(9) —Ad(a),tran(a),tran(a),

(10) -Ad(a),v*,¢*, if ¢ is an axiom (Pair),(Union),(Infin),(Ag-Sep),(Ay-Col)
(11) Fzel, (Vyex A(y) A —A(x)),Veea A(x), iflev(a) < a,

(12) [s1 # t1], ooy [Sn # tn], ~A(5), A(1), if in A(Z) each of the variables & occurs at most once.
(13) [s1 # t1], -y [Sn—1 # tn—1],a & tn, 2 B(S1, ..., Sp—1,a), A(t1, ..., tn),

if A(Z) =3Jyexy, B(z1,...,Tn-1,Yy), and in A(F) each of the variables Z occurs at most once.
(14) [s1 # t1],a & ta,a # 81,11 € to,
(15) Vzel, Juel, (Jycu (z € y) N A(w)) with
A(u) :=Veeu Vyer (y#£y) V B(u,z)) and B(u,z) := Izocu (xg € x AVyez (y C x0))
(16) A(an) witha, :=[z€lpt1:xz=LoV...Vz =L,]
(17) Vyelo (y#y).-
Remarks
ad (12)-(14): Remember that [s; # t;] denotes s; # t; or t; # s;.
ad (12): If the number of free occurrences of z in A(x) is < n, then
(s#t, ..., s#t,—A(s), A(t)) is an instance of (12).
—
ad (15),(16): Later we will use the formula “v=HF” := tran(v) A Jz€v (x C z) A (Pair)” A (Union)? A
(¢-Sep)? AVzev Juew (FJyeu (z € y) A A(u)) with ¢(z,21,22) ‘=T €21 V& = 29

in order to express “v is the set of all hereditarily finite sets”.
Definition of o(II) for IT € AX°
Let II = (Al, ,An)

W@ .\ if IT = ((a@)?) is of kind (1)(Found)
o(Il) := q wrk(Ve€ad(@) 4y lev(a) if IT = (F,Vz€aA) is of kind (11)

wkAD g Hytk(An) otherwise



Definition of deg(II) for 1T € AX°

w-A if IT = (¢) is of kind (1)(Ad1) or (1)(Ad2)
deg(IT) == { @ (lev(a)+1) if I = (=Ad(a),C(a)) is of kind (9) or (10)
) w? if TI is of kind (15) or (16)
0 otherwise

Definition
For each IT = (F}, ..., F},) € AX® of kind (j), we introduce an inference AX;IT with
IAGTT] := 0, A(AGTD) := {F1,..., Fin} 5 k(AXGTD) == k(A(AXGTD)) = U2, k(F).

Definition of the finitary proof system RS’
formulas: RS-sentences (as for RS™)

inferences: AXGTI, and A 4 4, » Vi » Cuto, Reffy (as in RS™).

Definition of the notation system RS” = (Dy, 0, deg, tp, [))

Dy := set of all RS%-derivations
o(I0) it 7= AT
o(Zdy...dp—1) := ¢ max{o(dp),lev(ip)}+1 ifZ=\4%
max{o(dp), ...,0(dn,—1)}+1 otherwise

deg(1I) if 7= AT
deg(Zdp...dp—1) := ¢ max{rk(C)+1,deg(dp),deg(d1)} if T = Cutc
max{deg(dp), ..., deg(dn_1)} otherwise

Definition of tp(d) and d]i]

tp(AX;TI) := A 4, where A is the leftmost A-formula in TI,

e.g. tp(Axy(aCa)) = A ,c,, tP(AXi4(s17t1, afts, aFs1, ti€t2)) = A g,
(AGIT)[e] will be defined below!

If d = Tdy...d, (with 7 # AXjTI) then tp(d) := 7 and d[i] := d;.

Definition

For X C On let H°(X) be the closure of X U {0, 1} under #, A\z.w-z, Az.w®, and \z.z".

Theorem 2.1

RS? is a notation system for RS®-derivations, and is controlled by #°.

Proof:
Assume Dy > d ) T. We have to prove propositions (a),...,(f) in definition of “notation system for RS™-

derivations” from §2. This is done by induction on the build up of d.

For d = Jdy...d, (with J # Ax;II) all propositions are trivial or immediate consequences of the TH.
It remains to prove (a),...,(f) for d = AX(IL. Let T = (F1, ..., Fip).

We have 7 :=tp(d) = A\ with B~ A(B,).cs € {F1,..., Fn}.

(a) A(Z) = {B} C{F1, ..., F} = A(ATI) = End(d) C T

(b) Dy > d[i] l—(,;(d[L]) T, A,(Z) are easily verified by inspection of the below definition of (AxII)[¢].

9



For o(d[1]) < a we only have to check that o(I') < o(II) for each axiom Ax;II' occurring in d[i], and that
lev(t) < o(TI) for each \/*, occurring in d[z]. Then o(d[1]) < o(IT) = o(d) < a, since o(IT) € Lim.

In almost all cases the relation o(Il'),lev(t) < o(II) follows immediately from

() AV, A ot A~ N\, ;A = 1k(A,),lev(e) < rk(A) for all + € J.

(c),(d) are trivial, since Z # Cutc and Z # /5.

(8) k(Z) = k(B) € Uy, k(Fi) = k(d), and since for each RS-sentence F' we have rk(F) = w -lev(F) +n €
HO(k(F)), we also get o(d) € HO(k(d)).

(f) Note that for every RS -inference J we have Vi € | 7|(k(Ai(J)) C k(7).

Hence by L.1.2 k(d[t]) C k(End(d[])) U ke(d[t]).

Further k(End(d[:])) (&) k(End(d)) Uk(B,) C k(End(d)) U k(r) = k(d) Uk(s).

Therefore it only remains to check that k.(d[]) C H°(k(d) Uk(r)), i.e., that k() C H°(k(IT) Uk(t)) for each
Cuty or \/?4 occurring in d[t]. (Note that k(d) = {J,,, k(F3).)

DEFINITION of (AII)[1] for ¢ € [tp(Ax;II)]

To facilitate the verification of (b) in the proof of Theorem 2.1 we will present RS’-derivations in a more tra-
ditional manner, namely as proof figures where each node carries a sequence of formulas Ay, ..., A,, and some
information indicating the inference by which Ay, ..., A, has been “derived” from the sequences immediately

above A1, ..., A,.

Example: Let d = Axj(a C a).

12 : tda, t€a Bit=t
tZa,tca Nt =1

By writing  d[t] := _ 3t
téa,t €a
t€a—>tea
/0 1 t PR ° *(, .
we actually mean d[t] := \/téa%tea\/téa%tea\/t@/\téaAt:tAxu(tga,tEa)Ax3 (t=t),ifa Z L,,

and d[t] := \/'. , Ax(t = 1) , if a = L. Note that (t€L, — t€a) = t€a and (t€L, A t=t) = t=t.

At the same time this representation shows that End(d[t]) C {téa —teal.

Another example:

6 : tran(L,) 12 : Ly#a, Ly #a, —tran(L,), tran(a)
L.#a,tran(a)

denotes the RS’-derivation e := Cutgran(L,)Axg(tran(Ly))Ax]y (Le#a, Ly #a, mtran(Ly ), tran(a))

with End(e) = {L.#a, tran(a)} and o(e) = wk(beFa) g rk(bea) g yri(tran(le)) g rk(tran(a)) 41

The proof figure Cut

Now we start with the definition of (Ax;TI)[4].

(1)
(General) If d = Ax] (Vz€Ly Vy€eLy A(z,y)) then d[a] := Ax] (Vy€Ly A(a,y)) for a € Ty.

10



(Extl) d=Axj(VzeéLx(a=b— (a € z = b€ 2))) with a,b € Ty:

dl] 12:a#b,a&Zc,bEc

~ V* for ¢ € 7T,
a=b—>(a€c—obEc) oresix

(Ext2) d:= Ax](Vy€eLy (a =y — (Ad(a) — Ad(y))) with a € Ty:

_12:a#b,-Ad(a),Ad(D)

N =55 (Ada) = Ad®D) for & € 7a

d[b] :

(Pair) d = Axj(VyeLr3zelLr(a € zAy € 2)) with a € Ty:

3:a=a 3:b=10
—V —V
a€c 3:a=a bece 3:b=0
[e) /\ ¢} /\
d[b] =~ aGc/\azaEla becAbzbElb
a€Ec bec
N
ac€cANbee

Jzely (@€ zAb € 2)
with ¢ := [z€L, : z=a V 2=b], v := max{lev(a),lev(b) }+1 = max(k(a) U k(b))+1

_6:Vyea(y C Liey(a))

Uni d = Ax} (VzeLy 3zl Yye C 2)): dla] :~
(Union) d = Axj(VrelLy 3zely Ve (y € 2)): dla] s o =t

E”-lev(a)

4:Lg Clg

Jrel, (x Cax)  ° 1 : (Pair)te

Jzel, (z C z) A (Pair)te
JwelLy infin(w)

(Infin) d = Ax](Vzel, JweLy infin(w)) with w < A: d[t] :~ A

L,

(Found) d = Axj(Vzo€Ly (G — A(xzg))) with G = VzeL, (Vyerx A(y) — A(z)):

11: =G, Yy€a A(y) 12: =A(a), A(a)
—G, Vyca A(y)A—A(a), A(a)

-G, A(a)

G — A(a)

d[a] :~ Ja for a € Ty

*

rk(Vyea A(y)) < tk(G) < rk(Vzoely (G—A(z0))) and lev(a) < A =
o(Ax}, (=G, Yy€a A(y))) = wkWe AW £y Jev(a) < wk(TroELN (G=A@0)) ).\ = o(d)

(Ap-Sep) d = Axi(YweL, JyeLy [Vzey (z € w A F(z)) AVzew (F(z) = x € y)]) with k(F) C X
7:Vzeb(z € a N F(z)) 8:Vz€a(F(x) >z €D)

dla] = Voeb(z € aA F(z)) AVz€a (F(z) — z € b)
JyeLyVaey (x € a A F(z)) AVzea (F(z) > x € )

withb=[x€lg:z€anF(x)}, f:=max{k(a) Uk(F)}+1.

Then k(b) = {8} Uk(a) Uk(F) C HO(k(d) Uk(a)), and lev(b) = § < A < o(II).

_9or10:-Ad(a),C(a),C(a)

(Ad1),(Ad2) d = Ax;(VzeLy [Ad(z) — C(z)]): dla] :~ 3 5 0 v
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(Ap-Col) d = Axj(VueLy [VzeuTyely A(z,y) — JweLy Veeu Jyew A(z,y)]) with A € R:
12 : =Vz€a yely Az, y),Veca yely A(z,y)

dla] := —VzeaIyely A(z,y), IweL,Vrea Iyew A(z,y)

Vzeadyely A(z,y) — JwelLy Vrcaycw Az, y)

Ref

*

(2) d=Ax5(VzelrIyel; (Ad(y) Az € y)):
3:L. =Lk 3:a=a
AdlL,) " ael,
Ad(L) Aa €L,
JyeLr (Ad(y) Aa € y)

Jda
A with & :=lev(a)™.

d[a] :~

K

(8) d=Ax3(a=a): di] :=Axj(a Ca).

12 : tda, t€a Bit=t
tda,t€a At =1t

(4) d=Axj(a Ca): dt] = S |
téa,t €a
téa —t€a
3:t=1 o
(5) d=Axi(bCL,) with lev(b) < a: dt] :~# t€Lq
teb—te L,
. . 5:5C L,
(6) d=Axz(Vz€a(x CLy)) with lev(a) < a+1: db] i —w———
bea — b C L,

(7) d=Ax;(Vzeb(z € aNF(z))) withb=[z € Lg: 2 € a A F(2)]:
12: =(t € aAF(t)), t € aAF(t)
t€b — t € anF(t)

v*

d[t] :=

(8) d =Axg(Vz€a (F(z) >z €b)) withb=[z €Lg: 2z € an F(x)]:
12 : tda, t€a 3:t=t
t&’a;tEa/\t =t 3
téa,t € a 12: =F(t), F(t) A
dft] :~ tda, ~F(t),t € anF(t) 3:t=t
tda, ~F(t),tEbAL =t
tda,~F(t),t € b
t€a — (F(t) = t € b)

A

3t

*

(9) d = Ax3(—=Ad(a),tran(a),tran(a)):

6 : tran(Ly) 12 : Ly#a, L #a, —tran(L,), tran(a)
L. #a,tran(a)

rk(Lx#a) < rk(-Ad(a)) & rk(tran(L,)) < rk(tran(a)) =

o(Lx#a,Ly#a, ~tran(L,),tran(a)) < o(—Ad(a),tran(a), tran(a))

d[Ly] i~ Cut for k < lev(a)
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Lo 12:Lofa o Laba, 0t g0
u

(10) d = Axjy(—=Ad(a), v *): d[Ls] :~ L Za. 0" t
4:Lp C Lo
Jzel, (z C z) 0 1: (Pair)t
or dLy] = Jzel,, (x C z) A (Pair)t~ L
P ¢ 12 : Ly#a, ~", ¢ Cut
Lo#a, "

if ¢ is the axiom (Infin), i.e., ¥ = Jw(Jzcw (z C x) A (Pair)¥)

(11) d = Ax},(=G,Vz€a A(z)) with G :=VzeL, (Vyex A(y) — A(z)) and lev(a) < a:
11 : =G, Yyet A(y) 12: =A(t), A(t)

-G, Vyet A(y)A—A(t), At)

-G, A(t)
-G, t€a — A(t)

rk(Vyet A(y)) < rk(Vzea A(z)) & lev(t) < lev(a) =
o(AX}, (=G, Vy€et A(y))) = wkVVELAW) iy lev (t) < wk(Ve€e A@) ) lev(a) = o(d) and
o(Axy (A1), A())) = 1) .2 < o(d)

dt forteT,

d[t] :=

(12) d=Axis([s1 # ta], oos [0 7 ta], ~A(3), AD)):
We distinguish cases according to the shape of A. It suffices to consider the three cases A = z1€xs,
A = Ad(z1), A =3Jy€xy B(xy,y) with [s; # t;] = s; # t;. The remaining cases are treated similarly.
d= AXI2(81 75 t1, 89 7£ ta, S1 ¢ Sa,t1 € t2)2
12:a852,a%52 14: 81 #t1,a & ta,a # s1,t1 etg/\
] [¢)
8175751,&682/\& ¢t2,a¢052,a7é31,t16t2 T forae7;2
S1 ;é tl,HIESQ (l‘ g tg),a€52,a ;é 81,t1 € to v
S1 ;é t1, 82 ;é ta,a€S2 = a ;é S1,t1 € ta

dla] :~

d = Ax},(a # b,—Ad(a),Ad(D)):
12:a#b,ﬂ(LN§a),LN§bv 12:a # b,—(a C Ly),b C Ly
a#bL,#a L, Ch a#b,LK#a,bgLn/\
a#bL,#aL,=0b
a #b,L, # a,Ad(b)

d[Ly] := for k < lev(a).

L,

Let ¢ € {a,b} such that rk(c) = max{rk(a),rk(b)}.
rk(a C L) < rk(Ad(a)) <rk(Ad(c)) & rk(b C L) (2) rk(Ad(c)) =

wrk(ang)#wrk(bgL,c) < wrk(Ad(e)) < wrk(Ad(a))#wrk(Ad(b))
():

1. lev(a) <lev(b) = rk(b C L,) < rk(Ad(b))
2. lev(b) < lev(a) = tk(b) <w- (lev(b) +1)

rk(Ad(c))

<
<w-lev(a) <rtk(a) = k(b C L) <rk(a C L) <rk(Ad(a))
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d = Ax]5(81 # t1, 82 # ta,—A(s1, 82), A(t1, t2)) with A(z1,z2) = Jy€xs B(x1,y):
12: aé32,aé52 13: 81 #t1,a & ta,B(s1,a), A(t1, t2) A
s1 £ t1,a€s2 Na & t2,a&;s%—-B(sl,a),A(tl,tg) o
s1 # t1,3x€ss (¢ & tog),a€52,—|B(31,a),A(t1,t2) v
$1 # t1, 82 # t2,a€82 = ~B(s1,a), A(t1,t2)

d[a] :~

(13) d=Axi;(s1 #t1,a & ta,—=B(s1,a), A(t1,t2)) with A(z1,z2) = Jy€xs B(z1,y):
12:8 #t1,b# a,..;,b;é a,ﬁB(sl,a),B(tol,b) 12 : bZts, bets .
s1 # tl,bgtgo,b # a,—B(s1,a),bEtaAB(t1,b) W
s1 #tl,l:¢t2,b#a,—'B(sl,a),A(tl,tg) v
s1 # t1,b€ty — b # a,—~B(s1,a), A(t1, t2)

d[b] =~

(14) d= AXI4(81 7£ ti,a ¢ ta, a 75 s1,t1 € t2)2

12:81 #t1,b#a,~(a Cs1),bCty 12:s1 #t1,b#a,~(s1 Ca),t1 Cb
slaétl,b#a,a#sl,bgtl slyétl,b;éa,a#sl,tlgb
S1 #tl,byéa,a;ésl,b:tl 122b¢t2,b€t2
db] :~ A

o o
S1 ;é tl,bgtg,b;& a,a ;é 81,b€t2/\b =1
S1 #tlabgt%b#aaa#slatl € to
S1 ;é tl,bét2 — b# CL,CL;é S1,t1 € to

3b
V*

(15) d = A} (VzeL, Fuel, (Jyeu (z € y) A A(u))):

3:L,=L, 3:c=c
Vv* —Je
L=V vi,=L, ceL,
Li=LoV..VL,=L) AceL,
Jyeay (c € y) Axig : Alay)
Jy€an (c € y) A Alay) .
Juel, Fycu(c€y) A A()) ~ "

d[c] = L, with n :=lev(c) + 1

A

(16) d = Axig(A(an)):
Remember that a, =[x € Lpy1 iz =L V...V =L,] and A(a,) = Vzea, (£(z) V B(an, x)) with

E(x) = Vyex (y#y), Blan, ) = Iro€an (z0 € z AVy€ex (y C x0)).

d dn
12: t#Lo, ~E(Lo), E() 17:E(Lo) (o ] l

d[t] R~ t#l_o,g(t) t;éLl,B(an,t) ..... t;éLn,B(an,t) A* (t c 7;l+1)
t#Lo A . A AL, £(2), Ban, t)
(t=Lo V...V t=L,) — )V B(an, 1)

3: Ll == Ll d?rl dgrq

\%
.~ Li=Llo V...V Li=L, t#Lip,Liet  t#Lia,Vyet(y CLy)
t# Li+1aB(anat)

dit1 A* (i <n)

L,
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3: Ll:L,
d?+1 ~12:t # L, L €Ly, L€t Ly € Ly
t 75 Liv1,L; €t

L,
Cut,

120t #F L, VyeLi (y C L), Vyet(y C L) 6:Vyeli (y C L)

o t#Liy1,Vyet (y C L) !

(17) d = Axi7(Vy€Lo (y # y)): [tp(d)] = To = 0.

§3 The notation system RS™

Now we extend RS® to a notation system RS' which also contains notations for RS*°-derivations of all

sequents gi)ll", e gi)';f where ¢1 V ...V ¢, is a logically valid £aq-formula.

Inductive definition of RS)-formulas

1. If u,v € Ty U Var then u € v, u € v, Ad(u), -Ad(u) are RSy-formulas.

2. If A, B are RSy)-formulas then so are AAB, AVB, Vzely A, dz€lL, A.

3. If Ais an RSy-formula and x # u € Ty U Var then Vz€u A and Jzc€u A are RS)-formulas.

In the following A, B,C, D always denote RS-formulas!

Definition of rky(A)

1. rko(A) :=rko(—A4) := 0 if A atomic,

2. tko(A Y B) := max{rko(4),rko(B)} + 1,

3. tko(Jz€ad) := rko(4)+2.

Lemma 3.1 rk(A) < I +rko(A) for each RS;-sentence A.

Proof:

1. A atomic: Then lev(A) < I and thus rk(A4) = w-lev(A) +n < I.

2. rk(AAB) Ig max{I +rko(A),I +rko(B)}+1 = I + max{rko(A),rko(B)}+1 = I + rko(AAB).
3. rk(Vzea A(x)) = max{rk(a),rk(A(Lo)) + 2} Ig I+ rko(A(Lp)) +2 =1 + rko(Vz€a A(x)).
(Note that a € Tr U {L;} and therefore rk(a) < I.)

Definition of the finitary proof system RS’

The proof system RS' consists of the following inferences:
(AX£A,A) -4, A

(Ax\l.;xeuA) —Vzelr(z€u — A),VeeuA ifu e TrUVar,u#zx

(AxgxeuA) —Jzelr(zeun A), Izcud ifueTrUVar,u#zx

Ao Ay k Ay,
Aonn) “ri Vhowa) Ty
Az (y) v Ay(v) .
y eI eV
( VIGL[A) V:UGLIA Y- ( ElzGLIA) EL’IZGLIA ifv € 7—1 U Var
(Cute) %
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k(C) if 7 = Cute
k(Z) :== < k(A) Uk(o) if T =3} with 1o € T7 ,
k(A(2)) otherwise

Notation: For the rest of this section d, d; denote RS*-derivations.

Definition of o(d) and deg(d)
(AxﬁA 1) = o(AxQxEuA) = wltto(A)+2  (Tdy...d,,) := max{o(dy), ...,o(dp)} + 1

| max{I+rko(C), deg(dp),deg(d;)} if T = Cute
deg(Zdo...dn 1) := { SUp;,, deg(d;) otherwise
Definition of FV(d)
FV(Zdo...dp—1) :== FV(Z) U U, ., (FV(d;) \ Eig(Z)) with

_ [FV(A@)UFV(v) ifZ=73" if 7= A%
FV(T) = {FVEAEI;; ) otherwisg and - Fig(7) == {{y} otherw{;é

Remark: Eig(Z) NFV(Z) = 0.

Definition: A derivation d is called closed if FV(d) = .

Substitution

Definition of d(z/t)

Tdy...dy, if Big(Z) = {z
(Ido...dn—l)(Z/t)={ (g/t)do(z/t) dp—1(2/t) othef;\gvis)e {}

where

AxI g 4(z/t) == AxL, ( )AL (E) > AXIQxEuA(Z/t) = AX(Qreun). (1) »
Vi(2/t) = Vi, Tzt =351

Aa(z/t) == Naa > Vi(z/t) = VA,(t) , Cute(2/t) := Cutc ) -
Lemma 3.2

If d is an RS'-derivation and ¢ € 77 then d(z/t) is an RS*-derivation with

End(d(z/t)) C End(d)(t) , deg(d(z/t)) = deg(d) , o(d(z/t)) = o(d) , k(d(z/t)) € k(d) Uk(®)-

Proof: straightforward.

Lemma 3.3

a) FV(End(d)) C FV(d),

b) FV(d(z/t)) = FV(d) \ {z} ,if t € T1.

Proof: Let d = Zdy...d,,_1

a) End(d) = A(Z) U, ., (End(d;) \ As(Z)) and FV(End(d)) N Eig(Z) = 0 (*).
FV(A(Z)) CFV(Z) CFV(d).

FV(End(d;) \ Ai(Z)) C) FV(End( ) \ Eig(7) é{ FV(d;) \ Eig(Z) C FV(d).

b) Abb.: 7' :=Z(z/t), d' := d(z/t).

1. Eig(Z) = {z}: Then d’ = d and » ¢ FV(d). Hence FV(d') = FV(d) = FV(d) \ {z}.
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2. Otherwise: Then d' =7'dy...d},_,, and by IH FV(d}) = FV(d;) \ {z}.
Moreover one easily verifies that FV(Z') = FV(Z) \ {z}.

Hence FV(d') = FV(T') UU.(FV(d’.) \ Eig(7)) &

(FV(D)\ {z)) UU; ((FV(di) \ {2}) \ Eig(T)) =

(FV(Z) UU;(FV(dy) \Elg( )) \{z} =FV(d)\ {z}.

Lemma 3.4

a) Every RS'-derivation d can be transformed into an RS'-derivation d' with
End(d’) C End(d), deg(d') = deg(d), o(d') = o(d), and FV(d) = FV(End(d)).

b) If d = Zdy...d,, 1 is closed and Eig(Z) = §) then dy, ...,d,_1 are closed.

c) If d=Zdy is closed and Eig(Z) = {z} then dy(z/t) is closed for each t € T;.

Proof:

a) Definition of d' by recursion on the cardinality of FV(d):

If FV(d) \ FV(End(d)) = 0 then d' := d, and the claim follows by L.3.3a.

Now assume that € FV(d)\FV(End(d)). Then for d; := d(z/Lo) we have End(d;) C End(d),(Lo) = End(d),
deg(dy) = deg(d), o(d1) = o(d), and (by L.3.3b) FV(d;) = FV(d) \ {z}. Hence the claim follows by TH.

b) FV(d;) C FV(d) U Eig(Z7).

©) FV(do) S FV(d) U {} = {a} 2" FV(do(/t)) = FV(do) \ {} = 0.

Definition of the notation system RS™
RS™ := (D*,0,deg,tp, []) extends the system RS°:
Dt := Dy UDy, where Dy := set of all RS®-derivations, D; := set of all closed RS!-derivations.
Note that Dy N D; := 0, and that every RS"-derivation is closed !
For d € Dy, the entities o(d), deg(d), tp(d), d[t] have been defined in §2 (Definition of RS);
for d € Dy, o(d) and deg(d) are defined above.
So it remains to define tp(d) and d[i] for d € D;:
If A~ A(4,).es then
tP(AXﬁA a) = tP(AXA ~a) = /A, and (AX£A7A)[L] = (AX{4 = Ve AAXI5 (24, A,)
12: bEa bga 3: b—b
bEaAb = b, b&’a
bea, b¢a 12 : = A(b), A(b) A
beaA-Ab),bda, A(D)
beah-Ab),bea — AD)
Jxelr(rea A -A), bEa — A(b)

If d = Axlyeoq then tp(d) :== Aypeoa »  d[b] &

*

b

13 : ba,—A(b), Jz€aA
bea — —A(b),Jx€aA

If d = AxScoq then tp(d) := Aypcl,(seasma) » Al ™

If d =VY,c,ado then tp(d) := Ay,er, 45 dlt] := do(y/t).
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If d = 35, ¢, 4 do then tp(d) == /5, , 4, d[0] := do.
Ifd=TZdy...dn with T = A\, rn, or L= ViovAl or T = Cut¢ then tp(d) := 7 and d[i] := d;.

Theorem 3.5

RS™ is a notation system for RS*°-derivations, and is controlled by H°.

Proof:

Since in §2 we have already proved that RS is a notation system controlled by #°, it remains to verify
conditions (a),...,(f) for d € D;. Most of that is easy or trivial.

Some hints:

Assume d = Jdy...dp—1 € D;.

(b) We show that o(d[:]) < o(d):

1. d=Ax 4 4 with A~ A\(A)ies: o(d]t]) = max{w™ ) - 2 lev(1)} + 1 < wltro(+2 = o(q).

2. d = Ax{,c, 4 with a € Tr: o(d[b]) < max{wrk(hé“) -2, wk(0=b) L9 (yrk(AB) . 2} 4 ¢y < WTHTke(A)+2 = o(().
3. d=Ax,c, 4 with a € Tz o(d[b]) < wkbEN) gryrk(A®) g yrk(B3read) 4y < THrko(A)+2 = o(q).

4. Otherwise: o(d[i]) = o(d;) < max{o(dp), ...,0(dn—1)} + 1 = o(d).

c) tp

(d) tp(d) = V5 = 1€ T1U{0,1} = k(1) <I < o(d).

(e) 1. If d = Ax} then k(tp(d)) C k(End(d)) = k(d). Otherwise we have k(tp(d)) = k() C k(d).
2. o(d) = w't™ +n € HO(k(d)).

(d) = Cute = J =Cute = tk(C) < I +1ko(C) < deg(d).

(f) If d[¢] = d, then k(d[¢]) C k(d) by definition. Otherwise the claim follows as in the proof of Theorem 2.1.
(Actually for d € D; we have k(d[t]) C k(d) Uk(r).)

Theorem 3.6

If the sequent {¢1, ..., ¢, } is logically valid then there is an RS*-derivation d with End(d) C {¢],...,¢L} ,
FV(d) = FV(End(d)) , k(d) C {0,I}.

Proof:

Let PL be the Tait-style sequent calculus for 1st order predicate logic (without identity) in the language
{€,Ad}. Given a PL-derivation of T' we define an RS'-derivation d with End(d) C T/ and k(d) C {I}.

Let us consider the (V)- and (3)-rule:

1. Let Vz¢ € T, and dy be an RS'-derivation with End(dy) C T'Y, ¢L(y) and y ¢ FV(T).
1.1. ¢ =€z — ¢ : Then (Vap)! =Vaezp!. Let d := Cutyyer, o1 (Ve ¢Id0)Ax\ImEz e
1.2. otherwise: Then (Va¢)! = Vzel; ¢!, and we set d := VY, .|, 4rdo.

2. Let 3z¢ € T, and dy be an RS'-derivation with End(dp) C T, ¢L(y).

2.1. ¢ =x€2 At : Then (Jwg)! = Jwezp!. Let d := Cutsuer, o1 (Tt ordo) Axd,cs yr-
2.2. otherwise: Then (Jz¢)’ = wel; ¢, and we set d := I, 4rdo.
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By Lemma 3.4 from d we obtain an RS'-derivation d’ with End(d') C End(d) , FV(d') = FV(End(d')) and
K(d') C k(d) U {0} C {0, T}.

Remark: For each RS*-derivation d we have o(d) < w!** and deg(d) < I 4 w.

84 The collapsing functions

Definition (The Veblen hierarchy ¢)

¢o = ordering function of {w? : B € On & V¢ < ape(wP) = w?)}
Corollary (Basic properties of ¢)

(1) @o(B) =w’ , 1(B) =es

(02) &n<@a(B) = &+n<palB)

(03) Bo<B = valBo) <palB)

(pd) ap <o = Pay(palB)) = palB)

Definition

Po :=id, Pa = QPag©-.-0Pq,,if @ =w* 4+ ... +w*™ withag>...>a,

For a < 3 let 8+« the unique ordinal £ such that a + & = 3.

Lemma 4.1

a) fo < B = @a(bo) < Pa(B),

b) Gats = Pa © @5,

Q) Bra = Prea 0 Pros i < B < 7.

Proof of b): Let @ = w® + ... + w®, f = w0 + ... + WP with ap > ... > a, and By > ... > Bn. Then

a+ B =w 4. w4 WP with B < n+l, Vi < k(a; > Bo) and Vi(k <i <n = a; < o).

PN (¢.3) ~
Hence $a(5(0)) = Pag--Pan P08 (0) 2 Page-Par_s P80 Pm () = Pats(0).

As before we use k, 7, T to denote elements of R.

¢ denotes the function (a, ) — ¢q(8), and Q denotes the function £ — Q.
DEFINITION (The collapsing functions 1))

By transfinite recursion on « we define ordinals ¢« and sets C(«, 8) C On as follows
Y= min{B s k € Cla, B) & Cla, B) Nk C B}

C(a, B) := the closure of 8 U {0, I} under the functions + , ¢ , Q , ¥|a,

where dom(ila) = {(1,€) : € < a & 7 € R & £ € C(€, o€} and $a(m,€) = thrE.
(Note that by I.H. ¢,£ is already defined for all £ < a, 7 € R.)

We then set ¢, : On — On, ¥, (a) := Y.

Abbreviation: Cy(a) = C(a, ¥xa).

Lemma 4.2

a) B<7m = card(C(a,pB)) <7
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b) C(a,B) =U,<s C(a,n), for each limit ordinal 3
c) k€ C(a,k)

d) Cu(@) Nk = Yua

Proof: cf. [Bu92]

Lemma 4.3

%a <k & d’na g Cn(a)

5
~—

b) ap < a& apg € Cy(ag) = Yrag < Yy

c) Yra € {Qy 0 <Qe}U{0} & VEn < Pualpe(n) < Pua)
d) 9, €C(a,8) = o€ C(a,p)

e) wiH. F#wt € Cla,B) = {&, &} CCO(a, B)

f) k=011 = Uy <VYpa < Qpi1

g) Qya =7ra

h) Q, <7< Q1 &y€el(a,B) = o€ C(a,B)

i) ap <a = Yyap < Yga& Culang) C Ck(a)

Proof: cf. [Bu92]. There is only one difference: In [Bu92] part b) of the lemma reads “ap < a & ag €
Cu(a) = tYpap < 1.’ which there is an immediate consequence of 4.2d and 4.3a above. In the present
version we also need 4.3i for proving 4.3b:

ap < a & ag € Cy(ao) HIEDET 0 < a & ap € O, (o) & ag,k € Cyx(a) Hag-2d Yo € Cyu(a) Nk = Yga.

Lemma 4.4

a) Yoo = Y, 1 & a; € Cyg, () for i = 0,1 = ko = k1 & g = .

b) £ € Cx(§) & Yua <Pr € Ch(a) = < a & me Cyla).

Proof:

a) follows from L.4.3b,f,g.

b) From ¢,a < & € Cx(a) it follows (by L.4.3c) that ¢-{ = ¢.n with n € Cr-(n) & n < a & 1,7 € Cy(a).
By £ € C(€) and a) we obtain # =7 & £ =5 and thus £ < a & &, 7 € Ok ().

Definition (The operators #.,)
Hy(X) :={Cx(a) : X CCka) &y<a&reR} (X COn)
where by convention H(X) := On if =3k, a(X C Cy(a)).

Lemma 4.5

(H1) Yo, ..., ap(w* #...#w € Hy(X) & {a1,...,an} C H, (X)),
(H2) X CH ( ),

(H3) X' CH,(X) = Hy(X') CHy(X),

(H4) H~(X) is closed under #,\z.w-z, ¢, Q, (£ = &M )ecr,

(H5) { <y & me My (X) &€ CR(E) = ¢né € Hqy(X),

(H6) Q, <a < Qo1 & aeHy(X) = Q5,Qq1 € Hy(X),
H7) vy <0 = H,(X) CHs(X)
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Inductive definition of the set OT of ordinal terms
(OT1) 0,1 € OT.

(0T2) w,..,w* € OT (n>1) & a, <...<ay = w* +...+w* € OT.
(OT3) o, € OT & a0, 8 < pa(B) = pa(B) € OT.

(OT4) 0 e OT & 0 < Q, = 2, € OT.
(OT5)

OT5) a, k € OT & a € C(a) = Y € OT.

Remark From 4.3c and 4.4a it follows that the above inductive definition is deterministic, i.e., every
element v € OT can be generated in only one way by the rules (OT1)—(OT5). Consequently this definition
associates with every v € OT a unique term nf(y) (in the alphabet {0,1,+,p,Q,¥}), the normal form
of v. In the sequel v and nf(y) are identified and called ordinal terms. Lemma 4.6 below is crucial for
a primitive characterization of the set OT of ordinal terms. A primitive recursive characterization of the
relation “a < 87 for ordinal terms «, 8 € OT is easily obtained by means of Lemma 4.3b,c,f,g (for details cf.
e.g. [Ja84] or [Bu86]). Finally, Lemma 4.8b shows that the relation “y € Hs(X)” (for v, € OT and finite

X C OT) is primitive recursive.

Definition of G,.a for a € OT
G.0:=G.,I:=10
Go(&#n) =G EU...UGn

Grpe(n) =G EUG, if &,n < pe(n)
Gl 1= Gt if £ < Qe

G.m fr<k=1I
G € = {{S}UG,@UGNW ifk=mork <, if&eC(§).
0 otherwise

Lemma 4.6 v € OT = (y€ Cx(a) & GxyCa)

Proof: Let v = ¢£ with £ € C(€). Soy <7 < I.

lL.a<k=ILve(Crla) &y <yYraer<ypras e Cla).
k=m yECk(a) @Yl <ipasé<as i<al&é meCyla).
k<& yECO(a) & l<a&ké,me Cyla).

Otherwise: Then 7 # k & ;£ < k < I which yields ;£ < ¥,a.

Ll

Definition of Y («)

Y (0) ==Y (I) := {0,1},
Y(&#n) =Y () UY(n),
Y(pe(n) ==Y (§) UY(n) if §,n < pe(n),
Y () == {Q%];(U)Y(ﬁi)/(iz)O <£ ? Q, ;
m)U ifr < .
Vo0 = { g lopovi wnrr TEE0HO
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Lemma 4.7y OT & k<7 <I& [k, 7[NY () =0 = Gxy =Gy

Proof by induction on the definition of Gvy: Let v = ¢£ with £ € C(&).

1. # < k = I: impossible.

2. K = 7: impossible, since 7 € Y () if 7 < I.

3. k < Y& We have G,y ={{} UG UGkT E {E} UG EUG,m. Tt remains to prove 7= or 7 < ¥;€.
3.1. m # 7 & 7w < I: Then ¢,& <7 would imply 7 < 7, and thus = € [k, 7[NY (7). Contradiction.

3.2. 7 <w =1: Then ¢¢ < 7 would imply ¢¢ € [k, 7[NY (7). Contradiction.

4. 7 # k& P& <k < I: Then € < k <7 < I and thus 7 # 7. Hence G,y =0 = G,v.

Lemma 4.8

Let X C OT finite, Y, x := Y (7) UlUgex Y(§) Yj,X =Y, xU{pT:peY, xnI},

Go(X) = Ugex Gaé , m(6,, X) 1= max({8} U G (X)) + 1.

a) Vk € YJX(G,W Cm(4,k,X)) = V7r(G-y Cm(d, 7, X)).

b) vy € Hs(X) < Vke Yj,X(Gny C m(4, K, X)).

Proof:

a) Let 7 ¢ Y.y and & := max{x’ € Y.'x : &' < 7} (note that Y."y is finite!). Then [r,7[NY; x = 0 and
therefore Gy = Gy C m(d,k, X) = m(4, 7, X).

b) v € Hs(X) <= Va > V(X C Cyx(a) = v € Cyx(a)) < ViVa > i(Gx(X) Ca= G,y Ca) <
Ve(Gey Cm(d, k5, X)) < VK € YJ’X(GW Cm(d,k, X))

85 The notation systems Hj

In this section we introduce a family (H.),co, of notation systems (for RS®-derivations) extending RS™.
H,, contains notations for RS*°-derivations which are #.-controlled (in the sense of [Bu92]) and arise from
RS*-derivations representable in RS™ by application of the cut-elimination and collapsing procedures de-
scribed in (the proofs of 3.14, 3.16, 3.17, 4.8 of) [Bu92]. From now on A, B, C, D always denote RS-sentences.

Definition K := {Q, : 0 < I} with Q, := {80 +1 i)ftlfll&v%islz

We introduce the following new inferences:

Re) 5 () ¢ R,

(E7) % if p <o and [p,o[NR = 0,

c
(BZ") iz if €€ B(x) UTI(k) and B < s,

(Col‘é’”) %

k(Re) :==0, k(E)) := {0}, k(Bg’“) = {8}, k(Col™) := {p, K, v}

if ue K &y, pu,k € Cr(y+1)
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Inductive Definition of a set D* of derivations
1. Dt C D* , ie., every RS’-derivation and every closed RS'-derivation belongs to D*.
2. hg,h1 € D* = R(jhghl, Egho, Bg’nhg, CO“;’NhO € D*.

In the following h, h; always denote elements of D*.

Now we are going to define o(h), deg(h), tp(h), h[i] by recursion on the build up of h. For h € DT these
items have already been defined in §1,82. So it remains to consider Rohohy , EZho , Bg’”ho , Colt"" hy.

Definition of o(h) and deg(h)

o(Rehohy) := o(ho)#o(hy) , deg(Rchohy) := max{rk(C), deg(hg), deg(h1)}
O(E] o) = G-, (0(ho)) . deg(Eho) =

O(B%Hh()) := 0(ho) ) deg(BB "he) = deg(ho)

o(Col"hg) 1= (v + whtolho)y deg(Colt""ho) == 1, (v + whto(ho)),

Definition of tp(h) and h[t] (v € |tp(h)])
1. h=Rchoh: with rk(C) ¢ R:

Since rk(C') € R, we have (C' € A(tp(h;)) or =C € A(tp(h;)) = tp(h;) # Reff).
1.1. C & A(tp(ho)): tp(h) :=tp(ho), h[t] := Reho[t]hy.
1.2. =C & A(tp(h1)): tp(h) := tp(h1), h[t] := Rehohi[d].
1.3. C € A(tp(ho)) and —C € A(tp(h1)):
1.3.1. C =~ A(C))es: Then tp(ho) = Ap» and tp(hi) = V2 with 9 € J.

tp(h) := Cutc, , h[0] := Reholio]hy, h[1] := Rohohy[0].

1.3.2. C ~V/(C,),es : analogous to 1.3.1.

2. h=EJhy:

2.1. tp(ho) = Cute with p <v:=r1k(C) < 0o: tp(h) := Rep, h[0] := E RcE; ho[0]E] ho[1],
2.2. otherwise: tp(h) :=tp(ho), hlt] := E] holt].

3. h=B%"hy with C € %(k) UTI(x) and 8 < k:

3.1.  C ¢ Altp(ho)): tp(h) := tp(ho) and h[1] := BE"holi].

3.2. C e A(tp(ho)):

tp(ho) = A¢ with C ~ A(C)),cs : tp(h) == Apan and A1) := BE B holi]
te(ho) = V¢ with 0= V(Cies = tp(h) = Vil and h(0] = BB ho[0],

tp(ho) = Reft, with C' = 3zeL, A®*) : tp(h) := \/C(ﬁ ., and h[0] := BB " ho|0]
with g := min{o(ho[0]), 8}.

4. h=Col""hy:
4.1.  tp(ho) = Cute with k¥ <1k(C) < p and rk(C) = 7 € R: tp(h) := Rep.
W.lo.g.: C =3JzelA(x) € E(n)

a; :=o(holi]), Yo := v+ wHt, v ==y + W, B = (), 0 1= r(m1)
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ul ::{ﬁ,, ifﬂzﬂy+1<1

o ifr=1 ho[0] ho[1]
ot B
Ko B7r T TRA,T B%ﬂ- Col™
h[0] := Colf;l’ Eu’ Reos,m (BE Col“ hO[O])(CO|“ B2 holl]) = &~
Reem
EZ:
Colfy‘l’N

4.2.  tp(hg) = Cute with k < rk(C) < p and rk(C) € R:
Let m:=rk(C)™.
Since rk(C) < p < I+1 and rk(C) # I, we have 7 < I and thus 7 = Q, 11 for some v.

a; :=o(holi]), Yo := 7 + w0, 4y 1=y + whT o= max{¢x(10), Yr (1)}, B =,

'y' = maX{’Yo,’Yl}- ho [0] hO[l]

Coll™ Coll™

tp(h) := Rep and h[0] := Colﬁ,””EZ, R (Colt ™ ho[0]) (Colt ™ ho[1]) = Re
E

Col, "

4.3. Otherwise: tp(h) := tp(ho), h[t] := Col"ho[t].

Abbreviation: Cg(d) 1=, Cr(0) [= Ck(8) N Cr(d)]

Inductive Definition of H;

0. he Dt = h e Hs.

1. ho,h1 € Hs & tk(C) ¢ R = Rghohi € H;.

2. hpeHs & p<o&p,c[NR =0 & deg(hy) <o = E,ho € Hj.

3. ho €Hs; & < k& C e N(r)UIM(k) & (C ¢ T(k) = o(hg) < f) = BZL"ho € Hp.

ho € Hy & p € K & k(ho) U {1, 5,7} C C*(y+1

4. ho € Hy & p (ho) U {n, &,7} C CY(v+1) . Col*hy € Hj.
End(ho) C £(k) & deg(ho) < p & v + wrtolho) < §

Corollary § < ¢' = H; C Hy.

Lemma 5.1 h € Hs = o(h) € Hs(k(h)).

Proof by induction on the build up of h:
0. h e Dt "5 o(h) € HO(k(R)) C Hs(k(h)).

L. IH = o(h;) € Hs(k(h:)) = o(h) = o(ho)#o(h1) € Hs(k(h)).
2. o(hy) € Ha(k(ho)) = 0(k) = Gy (0(ho)) € H(k(ho) U {}) = H((R).
3. o(h) = o(ho) € Hs(k(ho)) C Hs(k(h)).

4. o(ho) € Hy(k(ho)) C Cu(r41) & {7} C Culy+1) &y <5 =

v+ whtoho) e Hs(k(ho) U {i, k,7}) = Hs(k(h)) & v + whtoho) € O (4 + whtolho)y =
o(h) = by (7 + whtoro)y € Hs(k(h)), since y 4 whtolho) < §.
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Theorem 5.2

(Hs,0,deg, tp,[]) is a notation system for RS*°-derivation, and it is controlled by Hs.
This means that Hs > hF) T' (and Z := tp(h)) implies

a) A(Z) C

b) Hs 3 h[L] Foo T, A (Z) with a, <a (1 €Z]),

c) Z = Cute = 1k(C) < p,

d)Z =V = k() <a,

k() U{a} € Hs(k(h)),
k(h[t]) C Hs(k(h) Uk(e)) for each ¢ € |Z].

e

(
(
(
(
(
(f

)
)
Proof by induction on the build up of h:

The proof is very long, since we have treated all cases and carried out all details. Large parts of the proof

are just routine verifications.

Assume H; > h I—f; r.

We abbreviate Hs > h' F I' by B K5 T,

0. h € D*: The claim follows from Theorem 3.5 and the fact that H°(X) C Hs(X) for all X C On, § € On.

1. h = Rehohy with rk(C) € R:
Then hg H—f[‘, C and hy )T, =C with a = B4y and rk(C) < p.

1.1. C & A(tp(ho)): Then Z = tp(ho) and h[t] = Roho[i]hy.

(8) A(T) = Aftp(ho)) C End(ho) \ {C'} C End(h).

(b) By IH ho[l]-5:T, C, A,(T) with 8, < B. Hence h[t] -5 #7T, A, (T) with B, #v < B#7y = «.

(c) Z =Cuts = tp(ho) = Cuty & rk(A4) < p.

() T=V4 = tP(ho) " 2 K(to) < o(ho) < o(h).

(e) k(Z) = k(tp(ho)) < Hs(k (ho)) C Hs(k(h))-

(£) K(R[1]) = k(ho[1]) U k(h1) € Hs(k(ho) UK(1)) U k(hr) € Hs(k(ho) Uk(hn) Uk(1)) = Ha(k(h) UK(1)):

1.3.1. C =~ N(C))ies & tp(ho) = N & tp(h1) = V2%

Then 7 = Cute,, and h[0] = Reholio]ha, h[1] = Rehohy[0].

(a) A(Z) = 0.

(b) By IH ho[io] H—g”’ I,C,C,, and h[0]H,°T, ~C,=C,, with 3,, < and 7o < 7.
Hence h[0] Hf‘o#”r, C,C,, with B,,#y < a, and h[1]#-5#1°T, <C,, with f#7o < a.
(c) rk(C,y) < 1k(C) <

(6) k(Z) = k(C,y) € K(C) Uk(1n) = k(tp(h1)) € Hs(k(h1)) C Hs(k(h)).

(f) k(h[0]) = k(ho[to]) U k(h1) E Hs(k(ho) Uk(to)) Uk(hy).

Hence k(h[0]) C Hs(k(ho) Uk(h1)) = Hs(k(h)), since k(zo) C k(tp(h1)) C Hs(k(h1)).
In the same way we get k(h[1]) C Hs(k(h)).
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2. h =Ej hg: Then p' < p, and w.l.o.g. we may assume p' = p .
So we have p < g, [p,o["R =0, and hg Hﬁr with @ = @52, (8).
2.1. tp(hg) = Cute with p < v :=r1k(C) < 0: Then 7 = Rep and h[0] = E}RcE] ho[0]E] ho[1].
(a) A(Z) = 0. (c),(d) trivial. (e) k(Z) = 0.
(b) Let C© :=C, CW) := ~C. TH = ho[i]+-5T,C" with 8; < 8 (i =0,1) =>
EZholi] i1, ¢ (i = 0,1) = ROEZho[0]ESho[1] 4T = h[0] -5 =T
with n := (ﬁg;,,(ﬁo) #@a’*u(ﬁl) and @V*p(n) < @V*p(@a*u(ﬁ))) = (ﬁcr*p(ﬂ) = Q.
H
() k(h[0]) = k(ho[O]) Uk(ho[1]) U{r,a} C Hs(k(ho) U {o}) U{r} =Hs(k(h)) U{r}.
By IH(e) we have k(C) = k(tp(ho)) C Hs(k(ho)) and therefore v = rk(C) € Hs(k(ho))-

2.2. otherwise: 7 = tp(h) = tp(ho), h[t] = EJho[t].

(a) A(Z) = Altp(ho) C T

(b) TH = ho[ 3T, A, (T) with B, < 8 = ESho[ili2** ®'T, A(T) with Boep(8.) < Boep(B) = a.
(¢) T = Cute = tp(ho) = Cuto & 1k(C) & [p, 0] B 1K(C) < o & 1K(C) & [p,0[ = T(C) < p.
d)T=V"9=> tp(ho) 0 B k) < B<a

(e) k(Z) = k(tp(ho)) C Ha( ( 0)) € Hs(k(h)).

(f) k(h[t]) = k(holt]) U {o} C Hs(k(ho) Uk(r) U{a}) = Hs(k(h) Uk(z)).

3. h=B%"ho with f < k & C € £(k)UII(k) & (C ¢ T(k) = B < a): Then hoH-ST,C and C3" €T
31.C¢ A(tp(ho)): Then Z = tp(ho) and h[i] = BZ"ho[4].

a) A(Z )cr C&CEAI) = AZ)CT

b) TH = ho[]] 0T, C, A(Z) with a, < @ = h[)] = B ho[]] 0T, A,(Z) with o, < a.

c) Z = Cuty = tp(ho) = Cuty = rk(A4) < p.

d) Z=V4§ = tolho) =V & k(i) <

H

k(Z) =k(tp(ho)) € H ( ( 0)) C Hs(k(h)).

K(hI1)) = k(ho[t]) U{B} © Hs(k(ho) UK(2) U {8}) = Hs(k(h) UK(1)).
3.2. C € A(tp(ho)):

(a) A(Z) = {CP} CT. (c) T # Cuta.

3.2.1. tp(ho) = Ao with C ~ A(C)).e:

Then 7 = A g and CG%) = ACE9), 0 with J' = {;fﬁ i)ftl{e?sz;e'

(b) TH = ho[]#2T,C,C, with a, <a = B holi]+%T,C, = h[i] = BE"BY ™ o)) 5T, C\7",
i.e., A 5T, A (T).

(d) Z#V%.

() K(T) = K(C(P)) € {BYUK(C) = {8} Uk(tp(ho)) © Hs({B} Uk(ho)) = Ha(k(h).
(1) k(AL = K(holi]) U {B} € Hs(k(ho) U {8} UK(1)) = Hs (k(h) UK(1)).

—

e

(
(
(
(
(
(f

)
)
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3.2.2. tp(ho) = V& with C' ~ \/(C,).es:
Then Z = \/*%,.., and OB ~ \/(CPM)), 0 with J' = {IB ft}{erzwz;ne.
First of all we have to show that 1y € T if J = T:

tp(ho) = V2 & J =T "5 k(i) <a & C ¢ T(k) = k() <a < = 1€ T
(b) cf. 3.2.1.
(d) tp(ho) = Vi "5 k(

(e) K(tp(h)) = k(C) Uk(in) C Klio) U {8} UK(C) = {8} Uk(tp(ho) © Hs({8} UK(ho)) = Hs(k(R).
(f) k(h[0]) = k(ho[0]) U {B} ¢ Hs(k(ho) U{B}) = Hs(k(h)).

3.2.3. tp(hg) = Ref’y with C' = 32€L,A**) | A€ B(k) , k € k(A): Then C ¢ II(k) and thus 3 < a.

By TH ho[0]H-5°T, C, A with ag < @ < B. Now T = \/&s..) and h[0] = BG> "B ho[0] with a = L.
Further C(%%) = 3zeLg A=) ~ \/(AL9), o7

Hence 7 = \/{.s.x) is indeed an RS™®-inference, and Ag(Z) = {4} = {4l

(b) Since C¥%) € T, we get BYho[0]#-5°T, A, and then h[0] = BE*BL ho[0] 30 T, Aleo:r),

(d) lev(a) = ap < a.

Proposition: ag € Hs(k(ho)). [Proof: ho[0]H-2°T, C, A =2 oy € Hs(k(ho[0])) IHg(f) Hs (k(ho))]
(&) k(T) = k(C39)) Uk(a) C k(C) U {8, a0} = k(tp(ho)) U {Bran} € Hs(k(ho) U {5}) = Ha(k(h)).

TH(f)+Pro

() K(h[0]) = K(ho[0)) U{an, B} ©  Hs(k(ho) U {B}) = Ha(k(h).

4. h = Col¥"hg and o = thx(y + w"*®) < p with H, 3 ho F§ T and (w.l.o.g.) T C ¥(k)

and pu € K & k(h) = k(ho)U{u, k,v} C Ck(y+1) & v + whtd < 6.

4.1. tp(ho) = Cute with k <1k(C) < p and rk(C) =7 € Rt

W.lo.g.: C =3zel A(zx) € ¥(n)

By IH (%) H, 3 ho[0] F3° T, C' and H,, 3 ho[1] F* T, ~C' with ag,a; < @.

By definition Z = tp(h) = Rep and h[0] = Col”,"EZ, Rs.m (BE™ Col ™ ho[0]) (Col™"BE X o [1])
with g 1=y + Wk, 4y 1= g + W, B = Yr(0), 0 1= Pr(1),

and p' = {ﬁv ifm=Q, <I (obviously ' < o, u' € K and [p/,o[NR = 0) .

o ifr=1
Consequences
(0) Vo' > [ Hy (k(R)) C Cr(v'+1)]
(1) a0, en € Hy (k(ho)) holi] € HL, 5" s € 7, (k(hofil)) | © Hy (k(ho))]
(2) 70,71 € Hy(k(h)) [, 1, a0, . € Ho (k(R))]
(3) 0, <y +whtd <6 [ag, a1 < @]
(4) v0,m € Cx(v+1) C Cr (%) [ag, a1 € Hyy(k(ho )ILQ w(r+1) & pyy € CL(y+1)]
(5) m =rk(C) € Hy(k(ho)) k(C) = k(tp(ho)) Q( H ( (ho))]
(6) B € Hyy(k(h)) & o € Hy, (k(R)) [v0, 71,7 € Hy(k(R)) & i e Cr(7:)]
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(7) 1" € My (k(R)) [m,0 € Hyy (k(h))]

(a) A(Z) = 0. (c) tp(h) # Cuta. (d) tp(h) # V4. (e) k(Z) = 0.

(£) k(R[0]) = k(hol0]) U k(ho[L ]) U{w',k,0,8,1,m,9,%, 1}
k(ho[0]) U k(ho[1]) U {p, &, 7} CH v(k(ho) U {n, k,7}) = Hy (k(R)).

By (1)-(7) we have 1/, 0, 8,7, 70,11 € H, (k(h)).

(b) From (x) we successively obtain

(i) Hy, 3 do := Col®Tho[0] F5 T, C and HL, > dy := B Zho[1] F§ T, ~C 5.

(i) H,, 3 BZ"do 5 T',C(%™ and H,, 3 Coltd; 7 T',~C %™

(i) F,, 3 € := Reqsm (B do)(Colt™dy) FE#7 T

(iv) Hy, 3 Eje b T with a* := @,y (B#0)

(v) Hs > h[0] = Col” "EZ e 1 T with 5 := th (31 +w"'+27)

ad (i): By IH k(ho[0]) C k(ho) , and by (5) we have 7 € H.,(k(ho)) C C(y+1).

Hence k(ho[0]) U {u, 7,7} € C*(y+1) and T, C' C %(n)

Y< & <& -C=Veel, A& k(4) <7

ad (ii): k(d1) = {8} U k(ho[1]) < {8} Uy (k(ho)) (8 Hao (k(R)) C CR(y0+1) C Cr(v0+1)

Now k(dy) U {u, 7,70} (2)§(5) C*(yo+1) & T,-CB™ C S(n) & 0 = (1) with 4, = 79 + whtor,

ad (iii): # < o and tk(CP™) < o, since k(CP™) = {B} U (k(C) \ {7}) C Cr(n) N7 =2r(y1) =0

Further rk(C'?™)) ¢ R, since 3 ¢ R.

ad (iv): ¢/ < o and [/, o[NR = 0.

ad (v): k(Ee) U{p', 5,71} Ck(h[0]) (é_)%l(k(h)) C Cr(m+1).

v Wk T <y k< G, since ) <o <7< p&a* <o.

It remains to prove: n < a.
For this it suffices to prove: v + w” T < v 4+ wht® and v + wh' T € Cp (7 + wh 7).
The first follows from w* 7" < wk and ; = v + wh e + wrter with g, < @.

The second is obtained as follows:

k(h) € Cu(v+1) C Cr(m+1) = Moy (k(B)) C Cu(m+1) DL 0% 4 € Cp(i+1).

4.2. tp(hg) = Cute with k < rk(C) < p and rk(C) ¢ R:
Let m := rk(C)*. Since rk(C) < p < I+1 and rk(C) # I, we have 7 < I and thus 7 = Q4 for some v.

= o(ho[i]), Y0 1= 7 + wh T2, 4 := v+ wFTM o= max{r(10), Vr (1)}, 1 = Qy, 7' 1= max{yo, 71}
tp(h) = Rep and h[0] = Col‘;i*“EZ, R (Colt ™ ho[0]) (Colt ™ ho[1])

Proof of (a)-(f) is similar as in case 4.1.
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4.3. Otherwise: Then tp(ho) = A, or /'y or Ref)y or Cute with tk(C) & [k, p.
In each case Z = tp(ho) and h[i] = Col5"holt].

HS 1: Vi € |Z|(k(r) C Ci(y+1)).
IH(a
Proof: Let Z = A ,. (Otherwise |Z| C {0,1}.) Since A e( : I' C ¥(k), there is a § € k(A) N & such that
IH(e)
Vi € |Z|(lev(s) < B). Since k(A) = k(tp(ho)) C H(k(ho)), it follows that g € Ci(y+1) N k. Hence

Vi € |Z](k(¢) C Ci(y+1)), since Ck(y+1) Nk is an ordinal.

H
(a) A(Z) = A(tp(ho)) C T.
(b) By IH H, > ho[t] by T, A, (Z) with a, < & (v € |Z]). (Note that tp(ho) = Z.)

TH(F) HS1 (a),(+

For each ¢ € |Z| = |tp(ho)| we also have k(ho[t]) C H~(k(ho) Uk(r)) C Ci(y+1), A(Z) C X(k),
Y4 whte <y 4wkt < 6. Hence Hy 3 hfe] = Col"ho[i] F T, A, () with 1, := ¢, (y + wite).
(+) to(ho) = Cute "= 1k(C) < p = tk(C) <k = C,~C € ().
It remains to prove n, < a.

We have av "€ 2, (k(ho[l]))  © o (k(ho) UK()) € Cu(y+1) and iy € Cu(y+1). Hence 7 + whte:
Cy (7 + whte), Together with a, < & this yields 1, = (7 + wht?) < (v + wWHTY) = a.

(c) Assume Z = Cute. Then tp(hy) = Cute with rk(C) & [k,u[. By IH(c) that rk(C) < p and thus
rk(C) < k. By IH(e) k(C) = k(tp(ho)) C H~(k(ho)) C C:(y+1) and thus

rk(C) € Ci(y+1) Nk C Cu(y+1) Nk =1hu(y+1) < a < p.

(d) Assume 7 = \/*}. Then tp(ho) = /4, and by TH(a) we have A € ' C (k). Hence k(i9) C k. Further

k(o) C k(tp(ho)) © 2 (k(ho)) C Cu(v+1). Hence k(1o) C Cr(1+1) N & = thu(7+1) < av

(6) K(Z) = k(tp(ho)) & Hy(k(ho)) C Ha(k(h)).
(F) K(hL) = {07} UK(oli]) € Hs ({117} U k(o) U (1)) = oy (k(R) U (1)),
Theorem 5.3

If KPi F Vz(“2=HF” — ¢*) with FV(¢) = 0, then there exists an h € Hy (for some § < ery1) such that
hES ¢te with 8 < ¢qa(ery1). (The formula “2=HF” is defined on page 8.)

Proof:
Then there is a conjunction x of KPi-axioms and an RS'-derivation d; of =(x’ A “2=HF”), ¢* with
o(dy) < w!*¥, deg(d;) < I+w, k(dy) C {0,I} and FV(d;) C {2} (cf. Theorem 3.6).

Further we have an RS%-derivation dy of x A “L,=HF” with o(dp) < w't¥, deg(dp) < I, and k(do) C {0,w, I'}.
(dp is build up by A-inferences from \/IQOIGLN (mCz)AXZ(LO C Lp) and atomic RS%-derivations of the following
kinds: Ax}(¢*) (A € {w,T}) , Ax;(yT) , Axg(tran(Ly)) , Axj5(Vz€EL, FueL, (3ycu (z € y) A A(u))).)

Let C := x! A “L,=HF”, and choose 0 < m < w such that max{rk(C), deg(dy), deg(d;)} < I+m.

(0) do 92, X' A “Lo=HF” and dy (z/L.) 3!, ~(x* A “Lo=HF"), ¢k with ag,a1 < er41

(1) ho := Redo di(2/Ly) '_?iim gt
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(2) h' == Effho F§,y ¢t with & := @1 (@o#ar) = w1 (ao#tar) < er4
(3) B = Coll19n o gl with o = Yo (w 1Y) < Yolerit)

(4) h:= EJh" +5 ¢t with 8 := 3,(0) < ¥a(ers1)

ad (1): do,dy(2/L,) € Ho & tk(C) € R = ho € Hy
ad (2): ho € Ho & [I+1,I+m[NR = 0 & deg(ho) < I+m = h' € Hy

ad (3): k(') = {I+m} Uk(ho) = {T+m,w} Uk(do) Uk(d1) C {0,w, I, I+m} C C(1)

W' € Ho & I+1 € K & k(W) U{I+1,0,0} C C5(1) & End(R) C {¢*+} C S(Q) & deg(h') = [+1 =
B = Coll™H9h! € Hj with § := w!T1+o(h)

ad (4): b € Hs & deg(h") <o < Q = h € Hs.

§6 Bounding provable I19-sentences
Definition
20 = 0, 2m+1 = 22’“

{Lg ifn=0

Sn = [ € Lig1 i x=sp, V ... Vx=s,,] ifn=2" 4. . 4+ 2™ with ng > ... > ng and [ := lev(sy,)

Lemma 6.1

a) s, is an RS-term with lev(s,) < w,

b) lev(s,) <m & n < 2,,.

Proof:

a) It suffices to prove: n < m = lev(s,) < lev(sy).

Induction on n: 1. n = 0: trivial.

2. n=2" 4., . 4+2" withn >ng >...>n,: Then m =2™° + ... 4+ 2™ with mg > ... > my and ng < myg.
Hence lev(s,) = lev(sp,)+1 %{ lev(sm,)+1 = lev(sy,).

b) Let m > 0, since for m = 0 the claim is trivial.

1. n=0: lev(sg) = lev(Ly) = 0.

2. n=2" 4 ... 4 2™%: lev(s,) < m & lev(s,,) < m—1 & ng < 2m_1n< 2,

Definition 7 := {s, :lev(s,) <m} ={s, :n < 2,}

Definition of = A by recursion on rk(A)

'= PR {VLEJ(': AL) if A~ /\(AL)LGJ
e (EA) fA=V(A)es

Abbreviation: =T & FAeT(EA)

Lemma 6.2
a) ': -A & l?é A
b) If (D,o,deg,tp,[]) is a notation system for RS°°-derivations such that Vd € D(tp(d) # Ref’),
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then |= End(d) holds for each d € D.
c) FEs#t,0A(s), A()
Proof:
a) Induction on rk(A4):
Wlog A~ AA)er F-A4 & eJ(F-4,) & el (FEA) & A
b) Induction on o(d): Let (a),...,(e) refer to the conditions in the definition of “notation system” in §1.
1. tp(d) = A\, with A ~ A(A,).cs: Then by (b) Ve € J(End(d[:]) C End(d), A, ) and therefore by (e) and
IH V. € J(=End(d), A,). Hence |= End(d), since by (a) A € End(d).
2. tp(d) = \V/§ or Cutc or Rep: analogous to 1.
¢) Let RS be the subsystem of RS® (from §2) consisting of the inferences Ax; (M) (5 € {12,13,14}) and
Aagna, s V'Y. One easily verifies that for every RS-derivation d we have:
—tp(d) # Ref} (and also tp(d) # Cutc and tp(d) # Rep),
— for each ¢ € [tp(d)]|, d[/] is again an RS"-derivation.

Now by Theorem 2.1 and b) above we get |= End(d) for each RS?-derivation d. Hence |= s # t,~A(s), A(t).

Lemma 6.3

For every a € T, there is an n < w such that = a=s, and lev(s,) < lev(a).
Proof by induction on lev(a): Let a = [z € Ly, : A(z)].
I. Assume 0 # {l < 2., : E A(s1)}. Let ng > ... > ny such that {ng,...,nx} ={l <2, : E A(s)}

Let n:=2" 4 .. 42" . Thens, =[x € Ly, : =Sy, V ... V&=5p,].

np < 2 = 1 < 241 Ly = lev(s,) < m =lev(a).
Abb.: s; 1=y,
[13 |: Sn g a 7’:

Note that s, Ca~ A\(t =50V ...Vt =35, =t € a)er,,, andt € ax=\(A(s) A s=t)scT,-

': A(sl) (7’ € {Oaak}) = ': t 7& SiaA(Si) Nsi=t (7’ € {07---7k}7t € Tm1) =
Et#s,t€a(i€{0,. .k} tETn) > Et=soV..Vi=s; >t€a(t€Tn) = Es,Ca.

“=aCs, ™

Note that a C s, ~ A(A(t) =t € sp)ieT,, and t € s, = V((s=80 V ... V 8=5k) A s = t)seT,,,, -

Let ¢ € T, such that = A(t). We have to prove |=t € s,,.

By IH there is an [ such that |=t =s; and lev(s;) < lev(t) < m, i.e. | < 2.

By Lemma 6.2 and the assumption = A(t) we get = A(s;) and thus [ € {ng,...,nt}. So we have =t =s;
for some i € {0,...,k}. This yields = (s;=so V ... V s;=si) A s; =t and then =t € s,,, since s; € T, -

IT. Assume {l < 2,, : |E A(s;)} = 0: Then we prove = a=Ly.

“l=Lo Ca”: trivial.

“EaClyp”: Wehavea C Ly ~ AN(A(t) >t € Lo)teT, and t € Lo ~ \/(s = t)seTs -
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Let t € Tp,. By IH there is an [ such that =t = s; and lev(s;) < lev(t) < m, i.e. I < 2,,. Then = —A(s)),
and by Lemma 6.2 we obtain |= ~A(t) and then |= A(t) — ¢ € Lo.

Lemma 6.4

If A~ A(A).eT, and = A, for all « € 7%, then |= A.

Proof: There is a formula C(z) such that 4; := C(t) for all ¢t € T,,. We have to prove = C(t) for all t € Ty,.
Let t € Tp,. By 6.3 there is a t* € T with |= ¢ = ¢*. By assumption we have |= C(t*). Hence = C(t) by

Lemma 6.2c.

Definition of f(h,n) for h € Hs and n € w
T i J="Tn
Ty £ J="T,
J it g =1{0,1}"
f  otherwise

f(R[0], n) if tp(h) = Rep

f(h,n) := max{f(h[0],n),lev(wo)+1} if tp(h) = V% and lev(y) < w
max{ f(h[il,n) : ¢ € [A]"} i tp(h) = Ay
0 otherwise

For A ~ A(A4,).cs we set |A|" :=

Here we understand that max (@) = 0.

Definition
A™F results from A by replacing every Vz€L,, by Vz€L, , and every z€L,, by Jz€l, .
[k = {A™k . A € T}

RS, := set of all RS, -sentences (cf. §3)

Lemma 6.5

h € Hs & End(h) C RS, & deg(h) =0 & f(h,n) <k = |= End(h)™F.

Proof:

Let h € Hs & End(h) C RS, & deg(h) =0 & f(h,n) < k.

Then for each ¢ € |tp(h)| we have h[i] € Hs & End(h[i]) C RS, & deg(h[t]) = 0 & o(h[i]) < o(h).
Hence the TH applies to each h[] (v € |tp(h)]).

Again by Theorem 5.2 one of the following cases holds:

tp(h) = \/'{ with lev(ig) < w, tp(h) = A 4 with |tp(h)| = T and a < w, tp(h) = A4 a4, tP(h) = Rep.
We only treat the first two cases. — Abbreviation: I' := End(h).

1. tp(h) = V') with A ~\/(A,),es and lev(zp) < w: Then k > max{f(h[0],n),lev(s)+1}.

By 5.2b End(h[0]) C T, A4,,, and therefore by TH |= T™*, Afo’k. This implies = I'"™F since A € T' (by 5.2a)
and A™F ~ \/(A™F),c 5 with 1o € J'. The latter follows from lev(ip) < k & 1o € J.

2.1. tp(h) = A4, with A ~ A(A¢)ieT,.: Then f(h[t],n) <k forallte T}.

By 5.2b and TH |= ™A™ for all t € Ty

Since A € T and A™* ~ A(AP"),c7, this yields = I'™* by Lemma 6.4.
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2.2. tp(h) = A4, with A ~ A(A¢)te7,: Then f(h[t],n) < k for allt € 7,
By 5.2b and IH |= ™k A™F for all t € 7%,
Since A € T and A™F ~ \(A4)ieT, this yields = T™F A"k by Lemma 6.4.

Theorem 6.6

If KPi F Vz(“2=HF” — Vz€zIycz ¢(z,y)) with ¢(z,y) € Ay, then there exists an h € Hs (for some
§ < ery1) such that o(h) < o(ery1) and |=Voely, Jy€lsp,y,) o(x,y) for all n € w.

Proof:

By Theorem 5.3 we have an h € Hs with o(h) < ¥q(er+1), End(h) = {VzeL, JyeL,, é(x,y)}, and deg(h) = 0.
By Lemma 6.5 this yields = Vz€L, y€L s n) ¢(7,y).

Remark

Assuming a canonical arithmetization of ordinals @ € Cq(er41) and of finitary derivations (notations) h € Hs
the function f is <-primitive recursive in the sense of [Tak87], p.117, where < is a primitive recursive well-
ordering of ordertype tq(er+1). For fixed h as in 6.6 the function n — f(h,n) is <[a-primitive recursive
with a := o(h) < Ya(ers1).
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