
Finitary treatment of operator 
ontrolled derivationsWilfried Bu
hholz (Universit�at M�un
hen)email: bu
hholz�rz.mathematik.uni-muen
hen.deMay 3, 1999Introdu
tionIn this paper we 
ontinue our work on �nitary representations of in�nitary derivations whi
h we have startedin [Bu91℄ and resumed in [Bu97℄. On the basis of [Bu92℄ we develop a �nitary ordinal analysis of theaxiom system KPi of Kripke-Platek set theory with an ina

essible universe. As a main result we obtainthe following theorem: If KPi ` 8z(\z=HF" ! 8x2z 9y2z �(x; y)) with �(x; y) 2 �0, then there exists a<�-primitive re
ursive fun
tion F : ! ! ! (in the sense of [Tak87℄, p.117) with k<�k <  
("I+1) su
h that8n2! 8x2Ln 9y2LF (n) �(x; y) holds. Here \z=HF" is a set-theoreti
 formula saying \z is the set of allhereditarily �nite sets".One goal of this line of work (from whi
h we still are very far away) is to develop some kind of \semanti
s" forArai's purely 
ombinatorial proof-theoreti
 analysis of very strong impredi
ative theories (
f. [Ar96℄, [Ar97a℄,[Ar97b℄), and to �nd 
onne
tions to Rathjen's work [Ra91℄, [Ra94℄, [Ra95℄.In x1 we introdu
e the language of LRS of rami�ed set theory and the in�nitary proof system RS1, essentiallyas in [Bu92℄. One te
hni
al modi�
ation is the following:For RS-terms a; b with lev(a) < lev(b) we set: a Æ2b :� �B(a) if b � [x 2 L� : B(x)℄> if b � L�where > is not 
onsidered as a formula, but we de�ne > ^ A :� A. This has the advantage that now9x2L� A(x) ' W(A(t))t2T� while in [Bu92℄ we had 9x2L� A(x) ' W(t 62 L0 ^A(t))t2T� .At the end of x1 we introdu
e the main 
on
ept of this paper namely the notion of a notation system forRS1-derivations, and we de�ne what it means that su
h a notation system is 
ontrolled by an operator H.In x2 we introdu
e a notation system RS0 whi
h besides others 
ontains notations for RS1-derivationsof all KPi-axioms (relativized to LI). In x3 we extend RS0 to a notation system RS+ whi
h in addition
ontains notations for RS1-derivations of all sequents �LI1 ; :::; �LIn where �1 _ :::_�n is a logi
ally valid LAd-formula. In x4 we introdu
e the 
ollapsing fun
tions  � : On ! � and the operators H
 : P(On) ! P(On)essentially as in [Bu92℄ but with the di�eren
e that in the present paper the so-
alled normalform 
ondition\� 2 C(�;  ��)" is integrated in the de�nition of  �. This fa
ilitates the development of a primitive re
ursiveordinal notation system on the basis of the  �'s. The details of su
h a development 
an be found for examplein [J�a84℄ or [Bu86℄. We also show how the relation \� 2 H
(X)" (for a �nite set X of ordinal notations)
an 
hara
terized primitive re
ursively. In x5 we introdu
e a family (H
)
2On of notation systems for RS1-derivations extending RS+. H
 
ontains notations for RS1-derivations whi
h are H
-
ontrolled and arisefrom RS1-derivations representable in RS+ by appli
ation of the 
ut-elimination and 
ollapsing pro
eduresdes
ribed in (the proofs of 3.14, 3.16, 3.17, 4.8 of) [Bu92℄. x6 is 
on
erned with the last part of the proof ofthe above stated theorem. We de�ne a fun
tion (h; n) 7! f(h; n) su
h that if h 2 HÆ denotes a 
utfree RS1-derivation of 8x2L! 9y2L! �(x; y) then 8n2! 8x2Ln 9y2Lf(h;n) �(x; y) holds. The fun
tion f is de�ned byre
ursion on the ordinal o(h) of h, and a routine 
onsideration shows that (under a 
anoni
al arithmetization)the fun
tion n 7! f(h; n) for �xed h is <�-primitive re
ursive with a primitive re
ursive well ordering <� oforder type k<�k = o(h) <  
("I+1).Remark: Two re
ent papers related to the present one are [Bla97℄ and [Tu98℄.1



x1 The language LRS of rami�ed set theory and the in�nitary proof system RS1Let L denote the usual �rst order language of set theory whose only nonlogi
al symbol is the binary predi
ate
onstant 2. The language LAd is obtained from L by adding the unary predi
ate 
onstant Ad. The languageLRS of rami�ed set theory is obtained from LAd by adding a 
ertain 
lass T of individual 
onstants, theso-
alled set terms or RS-terms. The de�nition of T will be given below. Before that we introdu
e somete
hni
al notions and abbreviations. In this 
ontext we use the letters u; v to denote both, individual variablesand RS-terms. Individual variables are indi
ated by w; x; y; z.The formulas of LAd are generated from literals x2y, Ad(x), :(x2y), :Ad(x) by means of ^;_;8; 9.Indu
tive de�nition of RS-formulas1. u 2 v , :(u 2 v) , Ad(u) , :Ad(u) are RS-formulas (literals).2. If A;B are RS-formulas then so are A^B and A_B.3. If A is an RS-formula and x 62 FV(u) (whi
h means that u is not the variable x),then 8x(x2u! A) and 9x(x2u ^ A) are RS-formulas.The negation :A of an RS- or LAd-formula A is de�ned via de Morgan's laws.�0 := f� : � is an RS-formula of the language LAd g = f� : � is an RS-formula 
ontaining no RS-terms gSynta
ti
 variables:A;B;C;D; F for RS-formulas,�;  ; � for LAd-formulas,u; v for elements of T [ Var.Finite sequen
es of variables are abbreviated by ~x; ~y; : : : . The set of free (bound, resp.) variables of A isdenoted by FV(A) (BV(A), resp.). If FV(A) = ; then A is 
alled an RS-senten
e.AbbreviationsA! B :� :A _ B,8x2v B :� 8x(x 2 v ! B) (x 6� v)9x2v B :� 9x(x 2 v ^ B) (x 6� v)u � v :� 8x2u (x 2 v),u = v :� u � v ^ v � u,u 62 v :� :(u 2 v),u 6= v :� :(u = v),tran(u) :� 8x2u8y2x (y 2 u),in�n(u) :� 9x2u (x � x) ^ 8x2u8y2u 9z2u (x 2 z ^ y 2 z).Notation[u 6= v℄ denotes u 6= v or v 6= u. (Example: By � ` [u 6= v℄;:A(u); A(v) we express that � derives thesequents u 6= v;:A(u); A(v) and v 6= u;:A(u); A(v).)2



De�nition of �u (w.l.o.g. u 62 BV(�))1. �u :� � if � is a literal,2. (�^ )u :� �u ^  u,3. (8x2v�)u :� 8x2v�u, (9x2v�)u :� 9x2v�u,4. (8x�)u :� 8x2u�u, if � is not of the form x2v !  ,(9x�)u :� 9x2u�u, if � is not of the form x2v ^  .De�nition (RS-terms and their levels)1. For every ordinal � the 
onstant L� is an RS-term of level �.2. If � is an LAd-formula with x 2 FV(�) � fx; y1; :::; yng, and if a1; : : : ; an are RS-terms of levels < �(where � > 0), then [x 2 L� : �L�(x; a1; : : : ; an)℄is an RS-term of level �.We denote the 
lass of all RS-terms by T , and the 
lass of all RS-terms of level less than � by T�.In the following RS-terms are denoted by the letters a; b; 
; s; t.Note that an RS-term has no free variables.De�nition (De�nition of k(�) and lev(�))If � is an RS-term or RS-formula we setk(�) := f� 2 On : L� o

urs in �g and lev(�) := max(k(�) [ f0g).Here all o

urren
es of L�, i.e. also those inside of subterms of � are 
ounted.For te
hni
al reasons we also de�ne k(0) := k(1) := ;, lev(0) := lev(1) := 0.RemarkFor ea
h t 2 T we have level of t = lev(t). Hen
e T� = ft 2 T : lev(t) < �g.Abbreviation: Ta := Tlev(a) , k(�) < � :, 8� 2 k(�)(� < �)De�nitionFor RS-terms a; b with lev(a) < lev(b) we set:a Æ2b :� �B(a) if b � [x 2 L� : B(x)℄> if b � L� and a 6 Æ2b :� :(a Æ2b), where :> :� ?>;? are not RS-formulas! We de�ne > ! A :� > ^ A :� ? _A :� A.De�nition
0 := 0, 
� := �� for � > 0. { Abbreviation: 
 := 
1.We assume the existen
e of a weakly ina

essible 
ardinal, i.e. a regular �xpoint of � 7! 
� , and setI := minf� : � regular & 
� = �g , R := f� : ! < � � I & � regularg = fIg [ f
�+1 : � < Ig.For ea
h ordinal � we set �+ := 
�+1 where � is determined by 
� � � < 
�+1In the following �; �; � always denote elements of R. 3



De�nitionTo ea
h RS-senten
e A we assign a 
ertain (possibly in�nitary) 
onjun
tionV(A�)�2J or disjun
tion W(A�)�2Jof RS-senten
es and we indi
ate this assignment by writing A ' V(A�)�2J , A ' W(A�)�2J , resp.1. Ad(a) :' W(t = a)t2J , :Ad(a) :' V(t 6= a)t2J with J := fL� : � 2 R & � � lev(a)g2. a 2 b :' W(t Æ2b ^ t = a)t2Tb , a 62 b :' V(t Æ2b! t 6= a)t2Tb3. 9x2b A(x) :' W(t Æ2b ^ A(t))t2Tb , 8x2b A(x) :' V(t Æ2b! A(t))t2Tb4. (A0 _ A1) :' W(A�)�2f0;1g , (A0 ^ A1) :' V(A�)�2f0;1gWe now de�ne a rank-fun
tion for RS-senten
es in su
h a way that8�2J (rk(A�) < rk(A)) whenever A ' _̂ (A�)�2J .De�nition (the rank of RS-senten
es and RS-terms)The rank rk(�) of an RS-senten
e or RS-term � is de�ned by re
ursion on the number of symbols o

urringin � as follows:1. rk(L�) := !��2. rk([x 2 L� : A(x)℄) := maxf!��+ 1; rk(A(L0)) + 2g3. rk(Ad(a)) := rk(:Ad(a)) := rk(a) + 54. rk(a 2 b) := rk(a 62 b) := maxfrk(a) + 6; rk(b) + 1g5. rk(9x2bA(x)) := rk(8x2bA(x)) := maxfrk(b); rk(A(L0)) + 2g6. rk(A ^ B) := rk(A _ B) := maxfrk(A); rk(B)g+ 1Lemma 1.1Let A ' W(A�)�2J or A ' V(A�)�2J . Then the following holds.a) rk(A) = ! � lev(A) + n, for some n 2 !b) rk(A�) < rk(A), for all � 2 J
) k(A�) � k(A) [ k(�), for all � 2 Jd) rk(A) = ! � � =) A � 9x2L�B(x) or A � 8x2L�B(x)e) rk(A) = rk(:A)Proof: 
f. [Bu92℄Indu
tive De�nition of the sets �(�) of RS-senten
es1. If A is an RS-senten
e with k(A) � �, then A 2 �(�).2. If A;B 2 �(�), then A^B 2 �(�) and A_B 2 �(�).3. If A � Qx2aB(x) with B(L0) 2 �(�) and lev(a) < �, then A 2 �(�).4. If A � 9x2L�B(x) with B(L0) 2 �(�), then A 2 �(�).�(�) := f:A : A 2 �(�)gRemark: �(�) \ �(�) = fA : FV(A) = ; & k(A) � �g4



De�nition of A(u;�) (w.l.o.g. u 62 BV(A))1. A(u;�) :� A if A is a literal,2. (A �B)(u;�) :� A(u;�) �B(u;�),3. (Qx2vA)(u;�) :� Qx2vA(u;�) , if v 6� L�,4. (Qx2L�A)(u;�) :� Qx2uA(u;�).De�nition A(�;�) := �A(L�;�) if � < �A otherwiseInferen
es and derivationsFinite sets of RS-formulas are 
alled sequents.Synta
ti
 variables for sequents are �;�0;�.In the following we mostly write A1; :::; An for fA1; :::; Ang, and A;�;�0 for fAg [ � [ �0, et
.k(�) := SA2� k(A)In the sequel 
ertain formal expressions I will be de
lared as inferen
es (or inferen
e symbols).For ea
h inferen
e I the following data will be de�ned{ a set jIj (the arity of I),{ a sequent �(I) (the elements of �(I) are 
alled prin
ipal formulas of I),{ a family of sequents (��(I))�2jIj (the elements of ��(I) are 
alled minor formulas of I),{ a set Eig(I) whi
h is either empty or a singleton fyg with y 62 FV(�(I));in the latter 
ase y is 
alled the eigenvariable of I,{ a �nite set k(I) � On.Indu
tive de�nition of derivationsIf I is an inferen
e, and (d�)�2jIj is a family of derivations su
h that Eig(I) \ FV(�) = ;, and� := �(I) [ [�2jIj(End(d�) n��(I)) is �nite,then d := I(d�)�2jIj is a derivation with End(d) := � , depth(d) := supfdepth(d�) + 1 : � 2 jIjg.End(d) is 
alled the endsequent of d.An inferen
e I is 
alled �nitary if jIj = f0; :::; n�1g 2 !.A derivation d is 
alled �nitary if all its inferen
es are �nitary.NOTATION1. By writing (I) : : :�� : : : (�2J)� [ !y! ℄ we de
lare I as an inferen
e symbol withjIj = J , �(I) = �, ��(I) = ��, and Eig(I) = ; [ Eig(I) = fyg, resp.℄.2. If jIj = f0; :::; ng we write (I) �0 �1 : : : �n� instead of (I) : : :�� : : : (�2J)� .5



If jIj = ; we write (I) � instead of (I) � .3. Inferen
e symbols I with jIj = ; will be 
alled axioms or atomi
 derivations.4. If jIj = f0; :::; n�1g we write d = Id0:::dn�1 instead of d = I(d�)�2jIj.RemarkIf d = I(d�)�2jIj is a derivation with �(I) � � and (8� 2 jIj)End(d�) � � [��(I) , then End(d) � �.De�nitionFor all �nitary derivations d we de�ne k(d) � On and k
(d) � On as follows:k(Id0:::dn�1) := k(I) [Si<n k(di) , k
(Id0:::dn�1) := (k(I) n k(�(I))) [Si<n k
(di).Lemma 1.2If d is a �nitary derivation su
h that 8i 2 jIj[ k(�i(I)) � k(I) [ k(�(I)) ℄ holds for ea
h inferen
e o

urringin d, then k(d) � k(End(d)) [ k
(d).Proof:Let d = Id0:::dn�1. Then k(d) = k(I) [Si<n k(di) IH� k(I) [Si<n k(End(di)) [Si<n k
(di) �k(�(I)) [Si<n k(End(di) n�i(I)) [ (k(I) n k(�(I))) [Si<n k
(di) = k(End(d)) [ k
(d).De�nitionA proof system is a 
lass of inferen
e symbols.A proof system S is 
alled �nitary if all its inferen
es are �nitary.A derivation d is 
alled an S-derivation if all inferen
es o

urring in d belong to S.The in�nitary proof system RS1formulas: RS-senten
esinferen
es:(VA) : : : A� : : : (�2J)A , if A ' V(A�)�2J(W�0A ) A�0A , if A ' W(A�)�2J and �0 2 J(CutC) C :C;(Ref�A) A9z2L�A(z;�) , if A 2 �(�) and � 2 k(A)(Rep) ;; k(I) := 8<: k(C) if I = CutCk(A) [ k(�0) if I = W�0Ak(�(I)) otherwise .

6



DEFINITIONAssume that the following entities are given:A nonempty set D of �nitary derivations d with FV(End(d)) = ;, and mappingso : D ! On,deg : D ! On,tp : D ! RS1 (the 
lass of RS1-inferen
es)[℄ : f(d; �) : d 2 D & � 2 jtp(d)jg ! D, we write d[�℄ for [℄(d; �).Abbreviation: D 3 d `�� � :() d 2 D & End(d) � � & o(d) = � & deg(d) � �.(D; o; deg; tp; [℄) is 
alled a notation system for RS1-derivations if D 3 d `�� � implies:(a) �(tp(d)) � �,(b) D 3 d[�℄ `��� �;��(tp(d)) with �� < � (� 2 jtp(d)j),(
) tp(d) = CutC ) rk(C) < �,(d) tp(d) = W�0A ) k(�0) < �.We say that the notation system (D; o; deg; tp; [℄) is 
ontrolled by the operator H : P(On)! P(On)if for ea
h d 2 D the following holds(e) k(tp(d)) [ fo(d)g � H(k(d)),(f) k(d[�℄) � H(k(d) [ k(�)), for all � 2 jtp(d)j.RemarkLet (D; o; deg; tp; [℄) be a notation system for RS1-derivations.For ea
h d 2 D we de�ne its interpretation d1 by re
ursion on o(d): d1 := tp(d)�d[�℄1��2jtp(d)j .One easily veri�es that d1 is an RS1-derivation withEnd(d1) � End(d) , depth(d1) � o(d) , and rk(C) < deg(d) for ea
h CutC o

urring in d1.x2 The notation system RS0RS0 will 
ontain notations for RS1-derivations of all KPi-axioms relativized to LI .The axiom system KPi(Ext) 8x8y8z[x = y ! (x2z ! y2z)℄ and 8x8y[x = y ! (Ad(x) ! Ad(y))℄(Found) 8~z 8x0 [8x(8y2x�(y; ~z ) ! �(x; ~z )) ! �(x0; ~z )℄(Pair) 8x8y9z(x2z ^ y2z)(Union) 8x9z8y2x(y � z)(�-Sep) 8~z 8w9y[8x2y(x2w ^ �(x; ~z)) ^ 8x2w(�(x; ~z )! x2y)℄ (� 2 �0)(In�n) 8x9w in�n(w) (Note that FV(9w in�n(w)) = ;; the quanti�er 8x has te
hni
al reasons.)(�-Col) 8~z 8w[8x2w9y�(x; y; ~z )! 9w18x2w9y2w1 �(x; y; ~z )℄ (� 2 �0)(Ad1) 8x[Ad(x)! tran(x)℄ 7



(Ad2) 8x[Ad(x)!  x℄, if  is an axiom (Pair),(Union),(In�n),(�0-Sep),(�0-Col)(Lim) 8x9y(Ad(y) ^ x2y)De�nition of AX 0Let AX 0 be the set of all �nite sequen
es of RS-senten
es falling under one of the s
hemata (1)-(17).(1) (8xk�(a0; :::; ak�1; xk))�if a0; :::; ak�1 2 T�, and 8x0:::8xk�(x0; :::; xk) is one of the KPi-axioms (Ext), (Found), (Pair), (Union),(�0-Sep), (Ad1), (Ad2) with � 2 Lim or (In�n), (�0-Col) with � 2 R.(2) 8x2LI9y2LI(Ad(y) ^ x 2 y)(3) a = a,(4) a � a,(5) b � L�, if lev(b) � �,(6) 8x2a (x � L�), if lev(a) � �+1,(7) 8x2b (x 2 a ^ F (x)) , if b � [x 2 L� : x 2 a ^ F (x)℄,(8) 8x2a (F (x)! x 2 b) , if b � [x 2 L� : x 2 a ^ F (x)℄,(9) :Ad(a); tran(a); tran(a),(10) :Ad(a);  a;  a, if  is an axiom (Pair),(Union),(In�n),(�0-Sep),(�0-Col)(11) 9x2L� (8y2xA(y) ^ :A(x));8x2aA(x), if lev(a) � �,(12) [s1 6= t1℄; :::; [sn 6= tn℄;:A(~s); A(~t), if in A(~x) ea
h of the variables ~x o

urs at most on
e.(13) [s1 6= t1℄; :::; [sn�1 6= tn�1℄; a 62 tn;:B(s1; :::; sn�1; a); A(t1; :::; tn),if A(~x) � 9y2xn B(x1; :::; xn�1; y), and in A(~x) ea
h of the variables ~x o

urs at most on
e.(14) [s1 6= t1℄; a 62 t2; a 6= s1; t1 2 t2,(15) 8x2L! 9u2L! (9y2u (x 2 y) ^ A(u)) withA(u) :� 8x2u (8y2x (y 6=y) _ B(u; x)) and B(u; x) :� 9x02u (x0 2 x ^ 8y2x (y � x0))(16) A(an) with an := [x 2 Ln+1 : x = L0 _ : : : _ x = Ln℄(17) 8y2L0 (y 6=y).Remarksad (12)-(14): Remember that [si 6= ti℄ denotes si 6= ti or ti 6= si.ad (12): If the number of free o

urren
es of x in A(x) is � n, then(s 6=t; :::; s 6=t| {z }n ;:A(s); A(t)) is an instan
e of (12).ad (15),(16): Later we will use the formula \v=HF" :� tran(v) ^ 9x2v (x � x) ^ (Pair)v ^ (Union)v ^(�-Sep)v ^ 8x2v 9u2v (9y2u (x 2 y) ^ A(u)) with �(x; z1; z2) :� x 2 z1 _ x = z2in order to express \v is the set of all hereditarily �nite sets".De�nition of o(�) for � 2 AX 0Let � = (A1; :::; An).o(�) := 8>><>>:!rk('(~a)�)#!�� if � = ('(~a)�) is of kind (1)(Found)!rk(8x2aA(x))#!�lev(a) if � = (F;8x2aA) is of kind (11)!rk(A1)# : : :#!rk(An) otherwise 8



De�nition of deg(�) for � 2 AX 0deg(�) :=8><>:! � � if � = (��) is of kind (1)(Ad1) or (1)(Ad2)! � (lev(a)+1) if � = (:Ad(a); C(a)) is of kind (9) or (10)!2 if � is of kind (15) or (16)0 otherwiseDe�nitionFor ea
h � = (F1; :::; Fm) 2 AX 0 of kind (j), we introdu
e an inferen
e Ax�j� withjAx�j�j := ; , �(Ax�j�) := fF1; :::; Fmg , k(Ax�j�) := k(�(Ax�j�)) = Smi=1 k(Fi).De�nition of the �nitary proof system RS0formulas: RS-senten
es (as for RS1)inferen
es: Ax�j�, and VA0^A1 , W�0A , CutC , Ref�A (as in RS1).De�nition of the notation system RS0 = (D0; o; deg; tp; [℄)D0 := set of all RS0-derivationso(Id0:::dn�1) :=8<: o(�) if I = Ax�j�maxfo(d0); lev(�0)g+1 if I = W�0Amaxfo(d0); :::; o(dn�1)g+1 otherwisedeg(Id0:::dn�1) :=8<: deg(�) if I = Ax�j�maxfrk(C)+1; deg(d0); deg(d1)g if I = CutCmaxfdeg(d0); :::; deg(dn�1)g otherwiseDe�nition of tp(d) and d[�℄tp(Ax�j�) := VA where A is the leftmost V-formula in �,e.g. tp(Ax�4(a�a))=Va�a, tp(Ax�14(s1 6=t1; a 62t2; a 6=s1; t12t2))=Va62t2(Ax�j�)[�℄ will be de�ned below!If d = Id0:::dn (with I 6= Ax�j�) then tp(d) := I and d[i℄ := di.De�nitionFor X � On let H0(X) be the 
losure of X [ f0; 1g under #, �x: !�x, �x: !x, and �x: x+.Theorem 2.1RS0 is a notation system for RS1-derivations, and is 
ontrolled by H0.Proof:Assume D0 3 d `�� �. We have to prove propositions (a),...,(f) in de�nition of \notation system for RS1-derivations" from x2. This is done by indu
tion on the build up of d.For d = J d0:::dn (with J 6= Ax�j�) all propositions are trivial or immediate 
onsequen
es of the IH.It remains to prove (a),...,(f) for d = Ax�j�. Let � = (F1; :::; Fm).We have I := tp(d) = VB with B ' V(B�)�2J 2 fF1; :::; Fmg.(a) �(I) = fBg � fF1; :::; Fmg = �(Ax�j�) = End(d) � �.(b) D0 3 d[�℄ `o(d[�℄)� �;��(I) are easily veri�ed by inspe
tion of the below de�nition of (Ax�j�)[�℄.9



For o(d[�℄) < � we only have to 
he
k that o(�0) < o(�) for ea
h axiom Ax�j�0 o

urring in d[�℄, and thatlev(t) < o(�) for ea
h WtA o

urring in d[�℄. Then o(d[�℄) < o(�) = o(d) � �, sin
e o(�) 2 Lim.In almost all 
ases the relation o(�0); lev(t) < o(�) follows immediately from(�) A ' W�2JA� or A ' V�2JA� =) rk(A�); lev(�) < rk(A) for all � 2 J .(
),(d) are trivial, sin
e I 6= CutC and I 6= W�0B .(g) k(I) = k(B) � Si<m k(Fi) = k(d), and sin
e for ea
h RS-senten
e F we have rk(F ) = ! � lev(F ) + n 2H0(k(F )), we also get o(d) 2 H0(k(d)).(f) Note that for every RS0-inferen
e J we have 8i 2 jJ j(k(�i(J )) � k(J )).Hen
e by L.1.2 k(d[�℄) � k(End(d[�℄)) [ k
(d[�℄).Further k(End(d[�℄)) (b)� k(End(d)) [ k(B�) � k(End(d)) [ k(�) = k(d) [ k(�).Therefore it only remains to 
he
k that k
(d[�℄) � H0(k(d) [ k(�)), i.e., that k(�) � H0(k(�) [ k(�)) for ea
hCut� or W�A o

urring in d[�℄. (Note that k(d) = Si<n k(Fi).)DEFINITION of (Ax�j�)[�℄ for � 2 jtp(Ax�j�)jTo fa
ilitate the veri�
ation of (b) in the proof of Theorem 2.1 we will present RS0-derivations in a more tra-ditional manner, namely as proof �gures where ea
h node 
arries a sequen
e of formulas A1; :::; An and someinformation indi
ating the inferen
e by whi
h A1; :::; An has been \derived" from the sequen
es immediatelyabove A1; :::; An.Example: Let d = Ax�4(a � a).By writing d[t℄ :� 12 : t6 Æ2a; t Æ2a 3 : t = t ^t6 Æ2a; t Æ2a ^ t = t 9tt6 Æ2a; t 2 a _�t Æ2a! t 2 awe a
tually mean d[t℄ := W0tÆ2a!t2aW1tÆ2a!t2aWtt2aVtÆ2a^t=tAx�12(t6 Æ2a; t Æ2a)Ax�3(t = t) , if a 6� L�,and d[t℄ := Wtt2aAx�3(t = t) , if a � L�. Note that (t Æ2L� ! t2a) � t2a and (t Æ2L� ^ t=t) � t=t.At the same time this representation shows that End(d[t℄) � ft Æ2a! t 2 ag.Another example:The proof �gure 6 : tran(L�) 12 : L� 6=a; L� 6=a;:tran(L�); tran(a) CutL� 6=a; tran(a)denotes the RS0-derivation e := Cuttran(L�)Ax�6(tran(L�))Ax�12(L� 6=a; L� 6=a;:tran(L�); tran(a))with End(e) = fL� 6=a; tran(a)g and o(e) = !rk(L� 6=a)#!rk(L� 6=a)#!rk(tran(L�))#!rk(tran(a))#1 .Now we start with the de�nition of (Ax�j�)[�℄.(1)(General) If d = Ax�1(8x2L� 8y2L� A(x; y)) then d[a℄ := Ax�1(8y2L�A(a; y)) for a 2 T�.10



(Ext1) d = Ax�1(8z2L� (a = b! (a 2 z ! b 2 z))) with a; b 2 T�:d[
℄ :� 12 : a 6= b; a 62 
; b 2 
 _�a = b! (a 2 
! b 2 
) for 
 2 T�(Ext2) d := Ax�1(8y2L� (a = y ! (Ad(a)! Ad(y))) with a 2 T�:d[b℄ :� 12 : a 6= b;:Ad(a);Ad(b) _�a = b! (Ad(a)! Ad(b)) for b 2 T�(Pair) d = Ax�1(8y2L� 9z2L� (a 2 z ^ y 2 z)) with a 2 T�:d[b℄ :� 3 : a = a _a Æ2
 3 : a = a ^a Æ2
 ^ a = a 9aa 2 
 3 : b = b _b Æ2
 3 : b = b ^b Æ2
 ^ b = b 9bb 2 
 ^a 2 
 ^ b 2 
 9
9z2L� (a 2 z ^ b 2 z)with 
 := [x2L
 : x=a _ x=b℄, 
 := maxflev(a); lev(b)g+1 = max(k(a) [ k(b))+1(Union) d = Ax�1(8x2L� 9z2L� 8y2x (y � z)): d[a℄ :� 6 : 8y2a (y � Llev(a)) 9Llev(a)9z2L� 8y2a (y � z)(In�n) d = Ax�1(8x2L� 9w2L� in�n(w)) with ! < �: d[t℄ :� 4 : L0 � L0 9L09x2L! (x � x) 1 : (Pair)L! ^9x2L! (x � x) ^ (Pair)L! 9L!9w2L� in�n(w)(Found) d = Ax�1(8x02L� (G! A(x0))) with G � 8x2L� (8y2xA(y) ! A(x)):d[a℄ :� 11 : :G; 8y2aA(y) 12 : :A(a); A(a) ^:G; 8y2aA(y)^:A(a); A(a) 9a:G;A(a) _�G ! A(a) for a 2 T�rk(8y2aA(y)) < rk(G) < rk(8x02L� (G!A(x0))) and lev(a) < � )o(Ax�11(:G; 8y2aA(y))) = !rk(8y2aA(y))#!�lev(a) < !rk(8x02L� (G!A(x0)))#!�� = o(d)(�0-Sep) d = Ax�1(8w2L� 9y2L� [8x2y (x 2 w ^ F (x)) ^ 8x2w (F (x)! x 2 y)℄) with k(F ) � �:d[a℄ :� 7 : 8x2b (x 2 a ^ F (x)) 8 : 8x2a (F (x)! x 2 b) ^8x2b (x 2 a ^ F (x)) ^ 8x2a (F (x)! x 2 b) 9b9y2L� 8x2y (x 2 a ^ F (x)) ^ 8x2a (F (x)! x 2 y)with b � [x 2 L� : x 2 a ^ F (x)g , � := maxfk(a) [ k(F )g+1.Then k(b) = f�g [ k(a) [ k(F ) � H0(k(d) [ k(a)), and lev(b) = � < � � o(�).(Ad1),(Ad2) d = Ax�1(8x2L� [Ad(x)! C(x)℄): d[a℄ :� 9 or 10 : :Ad(a); C(a); C(a) _�Ad(a)! C(a)11



(�0-Col) d = Ax�1(8u2L� [8x2u 9y2L�A(x; y)! 9w2L� 8x2u 9y2wA(x; y) ℄) with � 2 R:d[a℄ :� 12 : :8x2a 9y2L�A(x; y);8x2a 9y2L�A(x; y) Ref:8x2a 9y2L�A(x; y); 9w2L� 8x2a 9y2wA(x; y) _�8x2a 9y2L�A(x; y)! 9w2L� 8x2a 9y2wA(x; y)(2) d = Ax�2(8x2LI 9y2LI (Ad(y) ^ x 2 y)):d[a℄ :� 3 : L� = L� 9L�Ad(L�) 3 : a = a 9aa 2 L� ^Ad(L�) ^ a 2 L� 9L�9y2LI (Ad(y) ^ a 2 y) with � := lev(a)+.(3) d = Ax�3(a = a): d[i℄ := Ax�4(a � a).(4) d = Ax�4(a � a): d[t℄ :� 12 : t6 Æ2a; t Æ2a 3 : t = t ^t6 Æ2a; t Æ2a ^ t = t 9tt6 Æ2a; t 2 a _�t Æ2a! t 2 a(5) d = Ax�5(b � L�) with lev(b) � �: d[t℄ :� 3 : t = t 9tt 2 L� _t Æ2b! t 2 L�(6) d = Ax�6(8x2a (x � L�)) with lev(a) � �+1: d[b℄ :� 5 : b � L� _b Æ2a! b � L�(7) d = Ax�7(8x2b (x 2 a ^ F (x))) with b � [x 2 L� : x 2 a ^ F (x)℄:d[t℄ :� 12 : :(t 2 a^F (t)) ; t 2 a^F (t) _�t Æ2b! t 2 a^F (t)(8) d = Ax�8(8x2a (F (x)! x 2 b)) with b � [x 2 L� : x 2 a ^ F (x)℄:
d[t℄ :� 12 : t6 Æ2a; t Æ2a 3 : t = t ^t6 Æ2a; t Æ2a^t = t 9tt6 Æ2a; t 2 a 12 : :F (t); F (t) ^t6 Æ2a;:F (t); t 2 a^F (t) 3 : t = t ^t6 Æ2a;:F (t); t Æ2b^ t = t 9tt6 Æ2a;:F (t); t 2 b _�t Æ2a! (F (t)! t 2 b)(9) d = Ax�9(:Ad(a); tran(a); tran(a)):d[L�℄ :� 6 : tran(L�) 12 : L� 6=a; L� 6=a;:tran(L�); tran(a) CutL� 6=a; tran(a) for � � lev(a)rk(L� 6=a) < rk(:Ad(a)) & rk(tran(L�)) � rk(tran(a)) )o(L� 6=a; L� 6=a;:tran(L�); tran(a)) < o(:Ad(a); tran(a); tran(a))12



(10) d = Ax�10(:Ad(a);  a;  a): d[L�℄ :� 1 :  � 12 : L� 6=a; :::; L� 6=a;: �;  a CutL� 6=a;  aor d[L�℄ :� 4 : L0 � L0 9L09x2L! (x � x) 1 : (Pair)L! ^9x2L! (x � x) ^ (Pair)L! 9L! � 12 : L� 6=a;: �;  a CutL� 6=a;  aif  is the axiom (In�n), i.e.,  � 9w(9x2w (x � x) ^ (Pair)w)(11) d = Ax�11(:G;8x2aA(x)) with G :� 8x2L� (8y2xA(y) ! A(x)) and lev(a) � �:d[t℄ :� 11 : :G; 8y2t A(y) 12 : :A(t); A(t) ^:G; 8y2t A(y)^:A(t); A(t) 9t:G;A(t) _:G; t Æ2a! A(t) for t 2 Tark(8y2t A(y)) � rk(8x2aA(x)) & lev(t) < lev(a) )o(Ax�11(:G;8y2t A(y))) = !rk(8y2tA(y))#!�lev(t) < !rk(8x2aA(x))#!�lev(a) = o(d) ando(Ax�12(:A(t); A(t))) = !rk(A(t)) � 2 < o(d)(12) d = Ax�12([s1 6= t1℄; :::; [sn 6= tn℄;:A(~s); A(~t)):We distinguish 
ases a

ording to the shape of A. It suÆ
es to 
onsider the three 
ases A � x12x2,A � Ad(x1), A � 9y2x2 B(x1; y) with [si 6= ti℄ � si 6= ti. The remaining 
ases are treated similarly.d = Ax�12(s1 6= t1; s2 6= t2; s1 62 s2; t1 2 t2):d[a℄ :� 12 : a Æ2s2; a 6 Æ2s2 14 : s1 6= t1; a 62 t2; a 6= s1; t1 2 t2 ^s1 6= t1; a Æ2s2 ^ a 62 t2; a 6 Æ2s2; a 6= s1; t1 2 t2 9as1 6= t1; 9x2s2 (x 62 t2); a 6 Æ2s2; a 6= s1; t1 2 t2 _�s1 6= t1; s2 6= t2; a Æ2s2 ! a 6= s1; t1 2 t2 for a 2 Ts2d = Ax�12(a 6= b;:Ad(a);Ad(b)):d[L�℄ :� 12 : a 6= b;:(L� � a); L� � b _a 6= b; L� 6= a; L� � b 12 : a 6= b;:(a � L�); b � L� _a 6= b; L� 6= a; b � L� ^a 6= b; L� 6= a; L� = b 9L�a 6= b; L� 6= a;Ad(b) for � � lev(a).Let 
 2 fa; bg su
h that rk(
) = maxfrk(a); rk(b)g.rk(a � L�) < rk(Ad(a)) � rk(Ad(
)) & rk(b � L�) (�)< rk(Ad(
)) )!rk(a�L�)#!rk(b�L�) < !rk(Ad(
)) < !rk(Ad(a))#!rk(Ad(b))(�):1. lev(a) � lev(b) ) rk(b � L�) < rk(Ad(b)) � rk(Ad(
))2. lev(b) < lev(a) ) rk(b) < ! � (lev(b) + 1) � ! � lev(a) � rk(a) ) rk(b � L�) � rk(a � L�) < rk(Ad(a))13



d = Ax�12(s1 6= t1; s2 6= t2;:A(s1; s2); A(t1; t2)) with A(x1; x2) � 9y2x2B(x1; y):d[a℄ :� 12 : a Æ2s2; a 6 Æ2s2 13 : s1 6= t1; a 62 t2;:B(s1; a); A(t1; t2) ^s1 6= t1; a Æ2s2 ^ a 62 t2; a 6 Æ2s2;:B(s1; a); A(t1; t2) 9as1 6= t1; 9x2s2 (x 62 t2); a 6 Æ2s2;:B(s1; a); A(t1; t2) _�s1 6= t1; s2 6= t2; a Æ2s2 ! :B(s1; a); A(t1; t2)(13) d = Ax�13(s1 6= t1; a 62 t2;:B(s1; a); A(t1; t2)) with A(x1; x2) � 9y2x2B(x1; y):d[b℄ :� 12 : s1 6= t1; b 6= a; : : : ; b 6= a;:B(s1; a); B(t1; b) 12 : b6 Æ2t2; b Æ2t2 ^s1 6= t1; b6 Æ2t2; b 6= a;:B(s1; a); b Æ2t2^B(t1; b) 9bs1 6= t1; b6 Æ2t2; b 6= a;:B(s1; a); A(t1; t2) _�s1 6= t1; b Æ2t2 ! b 6= a;:B(s1; a); A(t1; t2)(14) d = Ax�14(s1 6= t1; a 62 t2; a 6= s1; t1 2 t2):d[b℄ :� 12 : s1 6= t1; b 6= a;:(a � s1); b � t1 _s1 6= t1; b 6= a; a 6= s1; b � t1 12 : s1 6= t1; b 6= a;:(s1 � a); t1 � b _s1 6= t1; b 6= a; a 6= s1; t1 � b ^s1 6= t1; b 6= a; a 6= s1; b = t1 12 : b6 Æ2t2; b Æ2t2 ^s1 6= t1; b6 Æ2t2; b 6= a; a 6= s1; b Æ2t2^b = t1 9bs1 6= t1; b6 Æ2t2; b 6= a; a 6= s1; t1 2 t2 _�s1 6= t1; b Æ2t2 ! b 6= a; a 6= s1; t1 2 t2(15) d = Ax�15(8x2L! 9u2L! (9y2u (x 2 y) ^A(u))):d[
℄ :� 3 : Ln=Ln _�Ln=L0 _ ::: _ Ln=Ln 3 : 
 = 
 9

 2 Ln ^(Ln=L0 _ ::: _ Ln=Ln) ^ 
 2 Ln 9Ln9y2an (
 2 y) Ax�16 : A(an) ^9y2an (
 2 y) ^ A(an) 9an9u2L! (9y2u (
 2 y) ^ A(u)) with n := lev(
) + 1
(16) d = Ax�16(A(an)):Remember that an � [x 2 Ln+1 : x = L0 _ : : : _ x = Ln℄ and A(an) � 8x2an (E(x) _ B(an; x)) withE(x) � 8y2x (y 6=y), B(an; x) � 9x02an (x0 2 x ^ 8y2x (y � x0)).d[t℄ :� 12 : t6=L0;:E(L0); E(t) 17 : E(L0) Cutt6=L0; E(t) d1t6=L1;B(an; t) ..... dnt6=Ln;B(an; t) ^�t6=L0 ^ ::: ^ t6=Ln; E(t);B(an; t) _�(t=L0 _ ::: _ t=Ln)! E(t) _ B(an; t) (t 2 Tn+1)
di+1 :� 3 : Li = Li _�Li=L0 _ ::: _ Li=Ln d0i+1t 6= Li+1; Li 2 t d1i+1t 6= Li+1;8y2t (y � Li) ^�t 6= Li+1; (Li=L0 _ ::: _ Li=Ln) ^ Li 2 t ^ 8x2t (x � Li) 9Lit 6= Li+1;B(an; t) (i < n)14



d0i+1 :� 12 : t 6= Li+1; Li 62 Li+1; Li 2 t 3 : Li=Li 9LiLi 2 Li+1 Cutt 6= Li+1; Li 2 td1i+1 :� 12 : t 6= Li+1;:8y2Li+1 (y � Li);8y2t (y � Li) 6 : 8y2Li+1 (y � Li) Cutt 6= Li+1;8y2t (y � Li)(17) d = Ax�17(8y2L0 (y 6= y)): jtp(d)j = T0 = ;.x3 The notation system RS+Now we extend RS0 to a notation system RS+ whi
h also 
ontains notations for RS1-derivations of allsequents �LI1 ; :::; �LIn where �1 _ ::: _ �n is a logi
ally valid LAd-formula.Indu
tive de�nition of RS�-formulas1. If u; v 2 T� [ Var then u 2 v, u 62 v, Ad(u), :Ad(u) are RS�-formulas.2. If A;B are RS�-formulas then so are A^B, A_B, 8x2L� A, 9x2L�A.3. If A is an RS�-formula and x 6= u 2 T� [ Var then 8x2uA and 9x2uA are RS�-formulas.In the following A;B;C;D always denote RSI-formulas!De�nition of rk0(A)1. rk0(A) := rk0(:A) := 0 if A atomi
,2. rk0(A _̂B) := maxfrk0(A); rk0(B)g+ 1,3. rk0(98x2aA) := rk0(A)+2.Lemma 3.1 rk(A) < I + rk0(A) for ea
h RSI -senten
e A.Proof:1. A atomi
: Then lev(A) < I and thus rk(A) = !�lev(A) + n < I .2. rk(A^B) IH< maxfI + rk0(A); I + rk0(B)g+1 = I +maxfrk0(A); rk0(B)g+1 = I + rk0(A^B).3. rk(8x2aA(x)) = maxfrk(a); rk(A(L0)) + 2g IH< I + rk0(A(L0)) + 2 = I + rk0(8x2aA(x)).(Note that a 2 TI [ fLIg and therefore rk(a) � I .)De�nition of the �nitary proof system RS1The proof system RS1 
onsists of the following inferen
es:(AxI:A;A) :A;A(AxI8x2uA) :8x2LI(x2u! A);8x2uA if u 2 TI [ Var, u 6= x(AxI9x2uA) :9x2LI(x2u ^ A) ; 9x2uA if u 2 TI [ Var, u 6= x(VA0^A1) A0 A1A0^A1 (WkA0_A1) AkA0_A1(8y8x2LIA) Ax(y)8x2LIA !y! (9v9x2LIA) Ax(v)9x2LIA if v 2 TI [ Var(CutC) C :C; 15



k(I) :=8<: k(C) if I = CutCk(A) [ k(�0) if I = 9�0A with �0 2 TIk(�(I)) otherwise ,Notation: For the rest of this se
tion d; di denote RS1-derivations.De�nition of o(d) and deg(d)o(AxI:A;A) := o(AxIQx2uA) := !I+rk0(A)+2 , o(Id0:::dn) := maxfo(d0); :::; o(dn)g+ 1deg(Id0:::dn�1) := �maxfI+rk0(C); deg(d0); deg(d1)g if I = CutCsupi<n deg(di) otherwiseDe�nition of FV(d)FV(Id0:::dn�1) := FV(I) [Si<n(FV(di) n Eig(I)) withFV(I) := �FV(�(I)) [ FV(v) if I = 9vAFV(�(I)) otherwise and Eig(I) := � fyg if I = VyA; otherwiseRemark: Eig(I) \ FV(I) = ;.De�nition: A derivation d is 
alled 
losed if FV(d) = ;.SubstitutionDe�nition of d(z=t)(Id0:::dn�1)(z=t) = � Id0:::dn�1 if Eig(I) = fzgI(z=t)d0(z=t):::dn�1(z=t) otherwisewhereAxI:A;A(z=t) := AxI:Az(t);Az(t) , AxIQx2uA(z=t) := AxI(Qx2uA)z(t) ,8yC(z=t) := 8yCz(t) , 9vC(z=t) := 9vz(t)Cz(t) ,VA(z=t) := VAz(t) , WkA(z=t) := WkAz(t) , CutC(z=t) := CutCz(t) .Lemma 3.2If d is an RS1-derivation and t 2 TI then d(z=t) is an RS1-derivation withEnd(d(z=t)) � End(d)z(t) , deg(d(z=t)) = deg(d) , o(d(z=t)) = o(d) , k(d(z=t)) � k(d) [ k(t).Proof: straightforward.Lemma 3.3a) FV(End(d)) � FV(d),b) FV(d(z=t)) = FV(d) n fzg , if t 2 TI .Proof: Let d = Id0:::dn�1.a) End(d) = �(I) [Si<n(End(di) n�i(I)) and FV(End(d)) \ Eig(I) = ; (�).FV(�(I)) � FV(I) � FV(d).FV(End(di) n�i(I)) (�)� FV(End(di)) n Eig(I) IH� FV(di) n Eig(I) � FV(d).b) Abb.: I 0 := I(z=t), d0 := d(z=t).1. Eig(I) = fzg: Then d0 = d and z 62 FV(d). Hen
e FV(d0) = FV(d) = FV(d) n fzg.16



2. Otherwise: Then d0 = I 0d00:::d0n�1, and by IH FV(d0i) = FV(di) n fzg.Moreover one easily veri�es that FV(I 0) = FV(I) n fzg.Hen
e FV(d0) = FV(I 0) [Si(FV(d0i) n Eig(I 0)) IH=(FV(I) n fzg) [Si �(FV(di) n fzg) nEig(I)� =�(FV(I) [Si(FV(di) n Eig(I))� n fzg = FV(d) n fzg.Lemma 3.4a) Every RS1-derivation d 
an be transformed into an RS1-derivation d0 withEnd(d0) � End(d), deg(d0) = deg(d), o(d0) = o(d), and FV(d) = FV(End(d)).b) If d = Id0:::dn�1 is 
losed and Eig(I) = ; then d0; :::; dn�1 are 
losed.
) If d = Id0 is 
losed and Eig(I) = fxg then d0(x=t) is 
losed for ea
h t 2 TI .Proof:a) De�nition of d0 by re
ursion on the 
ardinality of FV(d):If FV(d) n FV(End(d)) = ; then d0 := d, and the 
laim follows by L.3.3a.Now assume that x 2 FV(d)nFV(End(d)). Then for d1 := d(x=L0) we have End(d1) � End(d)x(L0) = End(d),deg(d1) = deg(d), o(d1) = o(d), and (by L.3.3b) FV(d1) = FV(d) n fxg. Hen
e the 
laim follows by IH.b) FV(di) � FV(d) [ Eig(I).
) FV(d0) � FV(d) [ fxg = fxg 3:3b) FV(d0(x=t)) = FV(d0) n fxg = ;.De�nition of the notation system RS+RS+ := (D+; o; deg; tp; [℄) extends the system RS0:D+ := D0 [ D1, where D0 := set of all RS0-derivations, D1 := set of all 
losed RS1-derivations.Note that D0 \ D1 := ;, and that every RS0-derivation is 
losed !For d 2 D0, the entities o(d), deg(d), tp(d), d[�℄ have been de�ned in x2 (De�nition of RS0);for d 2 D1, o(d) and deg(d) are de�ned above.So it remains to de�ne tp(d) and d[�℄ for d 2 D1:If A ' V(A�)�2J thentp(AxI:A;A) := tp(AxIA;:A) := VA and (AxI:A;A)[�℄ := (AxIA;:A)[�℄ := W�:AAx�13(:A�; A�)If d = AxI8x2aA then tp(d) := V8x2aA , d[b℄ :� 12 : b Æ2a; b6 Æ2a 3 : b = b ^b Æ2a ^ b = b; b6 Æ2a 9bb 2 a; b6 Æ2a 12 : :A(b); A(b) ^b 2 a ^ :A(b); b6 Æ2a;A(b) _�b 2 a ^ :A(b); b Æ2a! A(b) 9b9x2LI(x2a ^ :A); b Æ2a! A(b)If d = AxI9x2aA then tp(d) := V8x2LI(x2a!:A) , d[b℄ :� 13 : b62a;:A(b); 9x2aA _�b2a! :A(b); 9x2aAIf d = 8y8x2LIA d0 then tp(d) := V8x2LIA, d[t℄ := d0(y=t).17



If d = 9t9x2LIA d0 then tp(d) := Wt9x2LIA, d[0℄ := d0.If d = Id0:::dn with I = VA0^A1 or I = WkA0_A1 or I = CutC then tp(d) := I and d[i℄ := di.Theorem 3.5RS+ is a notation system for RS1-derivations, and is 
ontrolled by H0.Proof:Sin
e in x2 we have already proved that RS0 is a notation system 
ontrolled by H0, it remains to verify
onditions (a),...,(f) for d 2 D1. Most of that is easy or trivial.Some hints:Assume d = J d0:::dn�1 2 D1.(b) We show that o(d[�℄) < o(d):1. d = AxI:A;A with A ' V(A�)�2J : o(d[�℄) = maxf!rk(A�) � 2; lev(�)g+ 1 < !I+rk0(A)+2 = o(d).2. d = AxI8x2aA with a 2 TI : o(d[b℄) < maxf!rk(bÆ2a) � 2; !rk(b=b) � 2; !rk(A(b)) � 2g+ ! < !I+rk0(A)+2 = o(d).3. d = AxI9x2aA with a 2 TI : o(d[b℄) < !rk(b2a)#!rk(A(b))#!rk(9x2aA) + ! < !I+rk0(A)+2 = o(d).4. Otherwise: o(d[i℄) = o(di) < maxfo(d0); :::; o(dn�1)g+ 1 = o(d).(
) tp(d) = CutC ) J = CutC ) rk(C) < I + rk0(C) � deg(d).(d) tp(d) = W�B ) � 2 TI [ f0; 1g ) k(�) < I < o(d).(e) 1. If d = AxI� then k(tp(d)) � k(End(d)) = k(d). Otherwise we have k(tp(d)) = k(J ) � k(d).2. o(d) = !I+m + n 2 H0(k(d)).(f) If d[�℄ = d� then k(d[�℄) � k(d) by de�nition. Otherwise the 
laim follows as in the proof of Theorem 2.1.(A
tually for d 2 D1 we have k(d[�℄) � k(d) [ k(�).)Theorem 3.6If the sequent f�1; :::; �ng is logi
ally valid then there is an RS1-derivation d with End(d) � f�I1; :::; �Ing ,FV(d) = FV(End(d)) , k(d) � f0; Ig.Proof:Let PL be the Tait-style sequent 
al
ulus for 1st order predi
ate logi
 (without identity) in the languagef2;Adg. Given a PL-derivation of � we de�ne an RS1-derivation d with End(d) � �I and k(d) � fIg.Let us 
onsider the (8)- and (9)-rule:1. Let 8x� 2 �, and d0 be an RS1-derivation with End(d0) � �I ; �Ix(y) and y 62 FV(�).1.1. � � x2z !  : Then (8x�)I � 8x2z  I . Let d := Cut8x2LI �I (8y8x2LI �Id0)AxI8x2z  I .1.2. otherwise: Then (8x�)I � 8x2LI �I , and we set d := 8y8x2LI �Id0.2. Let 9x� 2 �, and d0 be an RS1-derivation with End(d0) � �I ; �Ix(y).2.1. � � x2z ^  : Then (9x�)I � 9x2z  I . Let d := Cut9x2LI �I (9y9x2LI �Id0)AxI9x2z  I .2.2. otherwise: Then (9x�)I � 9x2LI �I , and we set d := 9y9x2LI �Id0.18



By Lemma 3.4 from d we obtain an RS1-derivation d0 with End(d0) � End(d) , FV(d0) = FV(End(d0)) andk(d0) � k(d) [ f0g � f0; Ig.Remark: For ea
h RS1-derivation d we have o(d) < !I+! and deg(d) < I + !.x4 The 
ollapsing fun
tions  �De�nition (The Veblen hierar
hy ')'� := ordering fun
tion of f!� : � 2 On & 8� < �('�(!�) = !� )gCorollary (Basi
 properties of ')('.1) '0(�) = !� , '1(�) = "�('.2) �; � < '�(�) ) � + � < '�(�)('.3) �0 < � ) '�(�0) < '�(�)('.4) �0 < � ) '�0('�(�)) = '�(�)De�nitionb'0 := id , b'� := '�0 Æ ::: Æ '�n , if � = !�0 + :::+ !�n with �0 � : : : � �nFor � � � let ��� � the unique ordinal � su
h that �+ � = �.Lemma 4.1a) �0 < � ) b'�(�0) < b'�(�),b) b'�+� = b'� Æ b'� ,
) b'
��� = b'���� Æ b'
��� if � � � � 
.Proof of b): Let � = !�0 + ::: + !�n , � = !�0 + ::: + !�m with �0 � : : : � �n and �0 � : : : � �m. Then� + � = !�0 + ::: + !�k�1 + !�0 + ::: + !�m with k � n+1, 8i < k(�i � �0) and 8i(k � i � n ! �i < �0).Hen
e b'�(b'�(Æ)) = '�0 :::'�n'�0 :::'�m(Æ) (':3)= '�0 :::'�k�1'�0 :::'�m(Æ) = b'�+�(Æ).As before we use �; �; � to denote elements of R.' denotes the fun
tion (�; �) 7! '�(�), and 
 denotes the fun
tion � 7! 
�.DEFINITION (The 
ollapsing fun
tions  �)By trans�nite re
ursion on � we de�ne ordinals  �� and sets C(�; �) � On as follows �� := minf� : � 2 C(�; �) & C(�; �) \ � � �gC(�; �) := the 
losure of � [ f0; Ig under the fun
tions + , ' , 
 ,  j�,where dom( j�) := f(�; �) : � < � & � 2 R & � 2 C(�;  ��)g and  j�(�; �) :=  ��.(Note that by I.H.  �� is already de�ned for all � < �; � 2 R.)We then set  � : On �! On;  �(�) :=  ��.Abbreviation: C�(�) := C(�;  ��).Lemma 4.2a) � < � ) 
ard(C(�; �)) < � 19



b) C(�; �) = S�<� C(�; �), for ea
h limit ordinal �
) � 2 C(�; �)d) C�(�) \ � =  ��Proof: 
f. [Bu92℄Lemma 4.3a)  �� < � &  �� 62 C�(�)b) �0 < � & �0 2 C�(�0) )  ��0 <  ��
)  �� 62 f
� : � < 
�g [ f0g & 8�; � <  ��( '�(�) <  �� )d) 
� 2 C(�; �) ) � 2 C(�; �)e) !�0#:::#!�n 2 C(�; �) ) f�0; :::; �ng � C(�; �)f) � = 
�+1 ) 
� <  �� < 
�+1g) 
 I� =  I�h) 
� � 
 � 
�+1 & 
 2 C(�; �) ) � 2 C(�; �)i) �0 � � )  ��0 �  �� & C�(�0) � C�(�)Proof: 
f. [Bu92℄. There is only one di�eren
e: In [Bu92℄ part b) of the lemma reads \�0 < � & �0 2C�(�) )  ��0 <  ��" whi
h there is an immediate 
onsequen
e of 4.2d and 4.3a above. In the presentversion we also need 4.3i for proving 4.3b:�0 < � & �0 2 C�(�0) 4:3i+Def) �0 < � & �0 2 C�(�0) & �0; � 2 C�(�) 4:3a;4:2d)  ��0 2 C�(�) \ � =  ��.Lemma 4.4a)  �0�0 =  �1�1 & �i 2 C�i(�i) for i = 0; 1 =) �0 = �1 & �0 = �1.b) � 2 C�(�) &  �� �  �� 2 C�(�) =) � < � & �; � 2 C�(�).Proof:a) follows from L.4.3b,f,g.b) From  �� �  �� 2 C�(�) it follows (by L.4.3
) that  �� =  �� with � 2 C� (�) & � < � & �; � 2 C�(�).By � 2 C�(�) and a) we obtain � = � & � = � and thus � < � & �; � 2 C�(�).De�nition (The operators H
)H
(X) := TfC�(�) : X � C�(�) & 
 < � & � 2 Rg (X � On)where by 
onvention H
(X) := On if :9�; �(X � C�(�)).Lemma 4.5(H1) 8�1; :::; �n(!�1#:::#!�n 2 H
(X), f�1; :::; �ng � H
(X)),(H2) X � H
(X),(H3) X 0 � H
(X) ) H
(X 0) � H
(X),(H4) H
(X) is 
losed under #; �x: !�x; ';
; (� 7! �+)�<I ,(H5) � � 
 & �; � 2 H
(X) & � 2 C�(�) )  �� 2 H
(X),(H6) 
� � � � 
�+1 & � 2 H
(X) ) 
�;
�+1 2 H
(X),(H7) 
 < Æ ) H
(X) � HÆ(X) 20



Indu
tive de�nition of the set OT of ordinal terms(OT1) 0; I 2 OT.(OT2) !�0 ; :::; !�n 2 OT (n � 1) & �n � ::: � �0 =) !�0 + :::+ !�n 2 OT.(OT3) �; � 2 OT & �; � < '�(�) =) '�(�) 2 OT.(OT4) � 2 OT & � < 
� ) 
� 2 OT.(OT5) �; � 2 OT & � 2 C�(�) =)  �� 2 OT.Remark From 4.3
 and 4.4a it follows that the above indu
tive de�nition is deterministi
, i.e., everyelement 
 2 OT 
an be generated in only one way by the rules (OT1){(OT5). Consequently this de�nitionasso
iates with every 
 2 OT a unique term nf(
) (in the alphabet f0; I;+; ';
;  g), the normal formof 
. In the sequel 
 and nf(
) are identi�ed and 
alled ordinal terms. Lemma 4.6 below is 
ru
ial fora primitive 
hara
terization of the set OT of ordinal terms. A primitive re
ursive 
hara
terization of therelation \� < �" for ordinal terms �; � 2 OT is easily obtained by means of Lemma 4.3b,
,f,g (for details 
f.e.g. [J�a84℄ or [Bu86℄). Finally, Lemma 4.8b shows that the relation \
 2 HÆ(X)" (for 
; Æ 2 OT and �niteX � OT) is primitive re
ursive.De�nition of G�� for � 2 OTG�0 := G�I := ;G�(�#�) := G�� [ ::: [G��G�'�(�) := G�� [G��, if �; � < '�(�)G�
� := G��, if � < 
�G� �� :=8<:G�� if � < � = If�g [G�� [G�� if � = � or � <  ��; otherwise , if � 2 C�(�).Lemma 4.6 
 2 OT =) (
 2 C�(�) , G�
 � �)Proof: Let 
 =  �� with � 2 C�(�). So 
 < � � I .1. � < � = I : 
 2 CI(�) , 
 <  I�, � <  I�, � 2 CI (�).2. � = �: 
 2 C�(�),  �� <  ��, � < �, � < � & �; � 2 C�(�).3. � <  ��: 
 2 C�(�), � < � & �; � 2 C�(�).4. Otherwise: Then � 6= � &  �� < � < I whi
h yields  �� <  ��.De�nition of Y (�)Y (0) := Y (I) := f0; Ig,Y (�#�) := Y (�) [ Y (�),Y ('�(�)) := Y (�) [ Y (�) if �; � < '�(�),Y (
�) := f
�g [ Y (�) if 0 < � < 
�,Y ( ��) := �Y (�) [ Y (�) if � < If �(�)g [ Y (�) if � = I , if � 2 C�(�)21



Lemma 4.7 
 2 OT & � < � < I & [�; � [\Y (
) = ; ) G�
 = G�
Proof by indu
tion on the de�nition of G�
: Let 
 =  �� with � 2 C�(�).1. � < � = I : impossible.2. � = �: impossible, sin
e � 2 Y (
) if � < I .3. � <  ��: We have G�
 = f�g [G�� [G�� IH= f�g [G� � [G��. It remains to prove � = � or � <  ��.3.1. � 6= � & � < I : Then  �� � � would imply � < � , and thus � 2 [�; � [\Y (
). Contradi
tion.3.2. � < � = I : Then  �� � � would imply  �� 2 [�; � [\Y (
). Contradi
tion.4. � 6= � &  �� < � < I : Then  �� < � < � < I and thus � 6= � . Hen
e G�
 = ; = G�
.Lemma 4.8Let X � OT �nite, Y
;X := Y (
) [S�2X Y (�) , Y +
;X := Y
;X [ f�+ : � 2 Y
;X \ Ig ,G�(X) := S�2X G�� , m(Æ; �;X) := max(fÆg [G�(X)) + 1.a) 8� 2 Y +
;X�G�
 � m(Æ; �;X)� =) 8��G�
 � m(Æ; �;X)�.b) 
 2 HÆ(X) () 8� 2 Y +
;X�G�
 � m(Æ; �;X)�.Proof:a) Let � 62 Y +
;X and � := maxf�0 2 Y +
;X : �0 < �g (note that Y +
;X is �nite!). Then [�; � [\Y
;X = ; andtherefore G�
 = G�
 � m(Æ; �;X) = m(Æ; �;X).b) 
 2 HÆ(X) () 8� > Æ8�(X � C�(�) ) 
 2 C�(�)) () 8�8� > Æ(G�(X) � � ) G�
 � �) ()8�(G�
 � m(Æ; �;X)) () 8� 2 Y +
;X(G�
 � m(Æ; �;X))x5 The notation systems HÆIn this se
tion we introdu
e a family (H
)
2On of notation systems (for RS1-derivations) extending RS+.H
 
ontains notations for RS1-derivations whi
h are H
-
ontrolled (in the sense of [Bu92℄) and arise fromRS1-derivations representable in RS+ by appli
ation of the 
ut-elimination and 
ollapsing pro
edures de-s
ribed in (the proofs of 3.14, 3.16, 3.17, 4.8 of) [Bu92℄. From now on A;B;C;D always denote RS-senten
es.De�nition K := f
� : � � Ig with 
� := n
� + 1 if 
� 2 R
� otherwiseWe introdu
e the following new inferen
es:(RC) C :C; if rk(C) 62 R,(E�� ) ;; if � � � and [�; �[\R = ;,(B�;�C ) CC(�;�) if C 2 �(�) [ �(�) and � < �,(Col�;�
 ) ;; if � 2 K & 
; �; � 2 C��(
+1)k(RC) := ; , k(E�� ) := f�g , k(B�;�C ) := f�g , k(Col�;�
 ) := f�; �; 
g22



Indu
tive De�nition of a set D� of derivations1. D+ � D� , i.e., every RS0-derivation and every 
losed RS1-derivation belongs to D�.2. h0; h1 2 D� ) RCh0h1 ; E��h0 ; B�;�C h0 ; Col�;�
 h0 2 D�.In the following h; hi always denote elements of D�.Now we are going to de�ne o(h), deg(h), tp(h), h[�℄ by re
ursion on the build up of h. For h 2 D+ theseitems have already been de�ned in x1,x2. So it remains to 
onsider RCh0h1 ; E��h0 ; B�;�C h0 ; Col�;�
 h0.De�nition of o(h) and deg(h)o(RCh0h1) := o(h0)#o(h1) , deg(RCh0h1) := maxfrk(C); deg(h0); deg(h1)go(E��h0) := b'����(o(h0)) , deg(E��h0) := �o(B�;�C h0) := o(h0) , deg(B�;�C h0) := deg(h0)o(Col�;�
 h0) :=  �(
 + !�+o(h0)) , deg(Col�;�
 h0) :=  �(
 + !�+o(h0)).De�nition of tp(h) and h[�℄ (� 2 jtp(h)j)1. h = RCh0h1 with rk(C) 62 R:Sin
e rk(C) 62 R, we have (C 2 �(tp(hi)) or :C 2 �(tp(hi)) ) tp(hi) 6= Ref�A).1.1. C 62 �(tp(h0)): tp(h) := tp(h0), h[�℄ := RCh0[�℄h1.1.2. :C 62 �(tp(h1)): tp(h) := tp(h1), h[�℄ := RCh0h1[�℄.1.3. C 2 �(tp(h0)) and :C 2 �(tp(h1)):1.3.1. C ' V(C�)�2J : Then tp(h0) = VC , and tp(h1) = W�0:C with �0 2 J .tp(h) := CutC�0 , h[0℄ := RCh0[�0℄h1, h[1℄ := RCh0h1[0℄.1.3.2. C ' W(C�)�2J : analogous to 1.3.1.2. h = E��h0:2.1. tp(h0) = CutC with � � � := rk(C) < �: tp(h) := Rep, h[0℄ := E��RCE��h0[0℄E��h0[1℄,2.2. otherwise: tp(h) := tp(h0), h[�℄ := E��h0[�℄.3. h = B�;�C h0 with C 2 �(�) [ �(�) and � < �:3.1. C 62 �(tp(h0)): tp(h) := tp(h0) and h[�℄ := B�;�C h0[�℄.3.2. C 2 �(tp(h0)):tp(h0) = VC with C ' V(C�)�2J : tp(h) := VC(�;�) and h[�℄ := B�;�C� B�;�C h0[�℄tp(h0) = W�0C with C ' W(C�)�2J : tp(h) := W�0C(�;�) and h[0℄ := B�;�C�0B�;�C h0[0℄,tp(h0) = Ref�A with C � 9z2L�A(z;�) : tp(h) := WL�0C(�;�) and h[0℄ := B�0;�A B�;�C h0[0℄with �0 := minfo(h0[0℄); �g.4. h = Col�;�
 h0:4.1. tp(h0) = CutC with � � rk(C) < � and rk(C) = � 2 R: tp(h) := Rep.W.l.o.g.: C = 9x2L�A(x) 2 �(�)�i := o(h0[i℄), 
0 := 
 + !�+�0 , 
1 := 
0 + !�+�1 , � :=  �(
0), � :=  �(
1)23



�0 := n
� if � = 
�+1 < I� if � = Ih[0℄ := Col�0;�
1 E��0RC(�;�)(B�;�C Col�;�
 h0[0℄)(Col�;�
0 B�;�:Ch0[1℄) = h0[0℄Col�;�
B�;�C h0[1℄B�;�:CCol�;�
0RC(�;�)E��0Col�0;�
14.2. tp(h0) = CutC with � � rk(C) < � and rk(C) 62 R:Let � := rk(C)+.Sin
e rk(C) < � � I+1 and rk(C) 6= I , we have � < I and thus � = 
�+1 for some �.�i := o(h0[i℄), 
0 := 
 + !�+�0 , 
1 := 
 + !�+�1 , � := maxf �(
0);  �(
1)g, �0 := 
� ,
0 := maxf
0; 
1g.tp(h) := Rep and h[0℄ := Col�0;�
0 E��0RC(Col�;�
 h0[0℄)(Col�;�
 h0[1℄) = h0[0℄Col�;�
 h0[1℄Col�;�
RCE��0Col�0;�
04.3. Otherwise: tp(h) := tp(h0), h[�℄ := Col�;�
 h0[�℄.Abbreviation: C��(Æ) := T���C� (Æ) [= C�(Æ) \ CI(Æ)℄Indu
tive De�nition of HÆ0. h 2 D+ ) h 2 HÆ .1. h0; h1 2 HÆ & rk(C) 62 R =) RCh0h1 2 HÆ .2. h0 2 HÆ & � � � & [�; �[\R = ; & deg(h0) � � =) E��h0 2 HÆ.3. h0 2 HÆ & � < � & C 2 �(�)[�(�) & (C 62 �(�)) o(h0) � �) =) B�;�C h0 2 HÆ.4. h0 2 H
 & � 2 K & k(h0) [ f�; �; 
g � C��(
+1)End(h0) � �(�) & deg(h0) � � & 
 + !�+o(h0) � Æ) =) Col�;�
 h0 2 HÆ.Corollary Æ � Æ0 ) HÆ �HÆ0 .Lemma 5.1 h 2 HÆ ) o(h) 2 HÆ(k(h)).Proof by indu
tion on the build up of h:0. h 2 D+ Th:3:5) o(h) 2 H0(k(h)) � HÆ(k(h)).1. IH ) o(hi) 2 HÆ(k(hi)) ) o(h) = o(h0)#o(h1) 2 HÆ(k(h)).2. o(h0) IH2 HÆ(k(h0)) ) o(h) = b'����(o(h0)) 2 HÆ(k(h0) [ f�g) = HÆ(k(h)).3. o(h) = o(h0) IH2 HÆ(k(h0)) � HÆ(k(h)).4. o(h0) IH2 H
(k(h0)) � C�(
+1) & f�; 
g � C�(
+1) & 
 � Æ )
 + !�+o(h0); � 2 HÆ(k(h0) [ f�; �; 
g) = HÆ(k(h)) & 
 + !�+o(h0) 2 C�(
 + !�+o(h0)) )o(h) =  �(
 + !�+o(h0)) 2 HÆ(k(h)), sin
e 
 + !�+o(h0) � Æ.24



Theorem 5.2(HÆ; o; deg; tp; [℄) is a notation system for RS1-derivation, and it is 
ontrolled by HÆ .This means that HÆ 3 h `�� � (and I := tp(h)) implies(a) �(I) � �,(b) HÆ 3 h[�℄ `��� �;��(I) with �� < � (� 2 jIj),(
) I = CutC ) rk(C) < �,(d) I = W�0A ) k(�0) < �,(e) k(I) [ f�g � HÆ(k(h)),(f) k(h[�℄) � HÆ(k(h) [ k(�)) for ea
h � 2 jIj.Proof by indu
tion on the build up of h:The proof is very long, sin
e we have treated all 
ases and 
arried out all details. Large parts of the proofare just routine veri�
ations.Assume HÆ 3 h `�� �.We abbreviate HÆ 3 h0 `�0�0 �0 by h0 `̀ �0�0 �0.0. h 2 D+: The 
laim follows from Theorem 3.5 and the fa
t that H0(X) � HÆ(X) for all X � On, Æ 2 On.1. h = RCh0h1 with rk(C) 62 R:Then h0 `̀ ���; C and h1 `̀ 
��;:C with � = �#
 and rk(C) � �.1.1. C 62 �(tp(h0)): Then I = tp(h0) and h[�℄ = RCh0[�℄h1.(a) �(I) = �(tp(h0)) IH� End(h0) n fCg � End(h).(b) By IH h0[�℄ `̀ ��� �; C;��(I) with �� < �. Hen
e h[�℄ `̀ ��#
� �;��(I) with ��#
 < �#
 = �.(
) I = CutA ) tp(h0) = CutA IH) rk(A) < �.(d) I = W�0A ) tp(h0) = W�0A IH) k(�0) < o(h0) � o(h).(e) k(I) = k(tp(h0)) IH� HÆ(k(h0)) � HÆ(k(h)).(f) k(h[�℄) = k(h0[�℄) [ k(h1) IH� HÆ(k(h0) [ k(�)) [ k(h1) � HÆ(k(h0) [ k(h1) [ k(�)) = HÆ(k(h) [ k(�)).1.3.1. C ' V(C�)�2J & tp(h0) = VC & tp(h1) = W�0:C :Then I = CutC�0 and h[0℄ = RCh0[�0℄h1, h[1℄ = RCh0h1[0℄.(a) �(I) = ;.(b) By IH h0[�0℄ `̀ ��0� �; C; C�0 and h1[0℄ `̀ 
0� �;:C;:C�0 with ��0 < � and 
0 < 
.Hen
e h[0℄ `̀ ��0#
� �; C; C�0 with ��0#
 < �, and h[1℄ `̀ �#
0� �;:C�0 with �#
0 < �.(
) rk(C�0) < rk(C) � �.(e) k(I) = k(C�0) � k(C) [ k(�0) = k(tp(h1)) IH� HÆ(k(h1)) � HÆ(k(h)).(f) k(h[0℄) = k(h0[�0℄) [ k(h1) IH� HÆ(k(h0) [ k(�0)) [ k(h1).Hen
e k(h[0℄) � HÆ(k(h0) [ k(h1)) = HÆ(k(h)), sin
e k(�0) � k(tp(h1)) IH(e)� HÆ(k(h1)).In the same way we get k(h[1℄) � HÆ(k(h)). 25



2. h = E��0h0: Then �0 � �, and w.l.o.g. we may assume �0 = � .So we have � � �, [�; �[\R = ;, and h0 `̀ ��� with � = b'����(�).2.1. tp(h0) = CutC with � � � := rk(C) < �: Then I = Rep and h[0℄ = E��RCE��h0[0℄E��h0[1℄.(a) �(I) = ;. (
),(d) trivial. (e) k(I) = ;.(b) Let C(0) := C, C(1) := :C. IH =) h0[i℄ `̀ �i� �; C(i) with �i < � (i = 0; 1) =)E��h0[i℄ `̀ b'����(�i)� �; C(i) (i = 0; 1) =) RCE��h0[0℄E��h0[1℄ `̀ u�� =) h[0℄ `̀ b'����(�)� �with � := b'����(�0)# b'����(�1) and b'����(�) < b'����(b'����(�))) = b'����(�) = �.(f) k(h[0℄) = k(h0[0℄) [ k(h0[1℄) [ f�; �g IH� HÆ(k(h0) [ f�g) [ f�g = HÆ(k(h)) [ f�g.By IH(e) we have k(C) = k(tp(h0)) � HÆ(k(h0)) and therefore � = rk(C) 2 HÆ(k(h0)).2.2. otherwise: I = tp(h) = tp(h0), h[�℄ = E��h0[�℄.(a) �(I) = �(tp(h0)) IH� �.(b) IH =) h0[�℄ `̀ ��� �;��(I) with �� < � =) E��h0[�℄ `̀ b'����(��)� �;��(I) with b'����(��) < b'����(�) = �.(
) I = CutC ) tp(h0) = CutC & rk(C) 62 [�; �[ IH) rk(C) < � & rk(C) 62 [�; �[) rk(C) < �.(d) I = W�0A ) tp(h0) = W�0A IH) k(�0) < � � �.(e) k(I) = k(tp(h0)) IH� HÆ(k(h0)) � HÆ(k(h)).(f) k(h[�℄) = k(h0[�℄) [ f�g IH� HÆ(k(h0) [ k(�) [ f�g) = HÆ(k(h) [ k(�)).3. h = B�;�C h0 with � < � & C 2 �(�)[�(�) & (C 62 �(�)) � � �): Then h0 `̀ ���; C and C(�;�) 2 �.3.1. C 62 �(tp(h0)): Then I = tp(h0) and h[�℄ = B�;�C h0[�℄.(a) �(I) IH� �; C & C 62 �(I) ) �(I) � �.(b) IH =) h0[�℄ `̀ ��� �; C;��(I) with �� < � =) h[�℄ = B�;�C h0[�℄ `̀ ��� �;��(I) with �� < �.(
) I = CutA ) tp(h0) = CutA IH) rk(A) < �.(d) I = W�0A ) tp(h0) = W�0A IH) k(�0) < �.(e) k(I) = k(tp(h0)) IH� HÆ(k(h0)) � HÆ(k(h)).(f) k(h[�℄) = k(h0[�℄) [ f�g IH� HÆ(k(h0) [ k(�) [ f�g) = HÆ(k(h) [ k(�)).3.2. C 2 �(tp(h0)):(a) �(I) = fC(�;�)g � �. (
) I 6= CutA.3.2.1. tp(h0) = VC with C ' V(C�)�2J :Then I = VC(�;�) and C(�;�) ' V(C(�;�)� )�2J0 with J 0 = n T� if J = T�J otherwise .(b) IH =) h0[�℄ `̀ ��� �; C; C� with �� < � =) B(�;�)C h0[�℄ `̀ ��� �; C� =) h[�℄ = B�;�C� B(�;�)C h0[�℄ `̀ ��� �; C(�;�)� ,i.e., h[�℄ `̀ ��� �;��(I).(d) I 6= W�0A .(e) k(I) = k(C(�;�)) � f�g [ k(C) = f�g [ k(tp(h0)) IH� HÆ(f�g [ k(h0)) = HÆ(k(h)).(f) k(h[�℄) = k(h0[�℄) [ f�g IH� HÆ(k(h0) [ f�g [ k(�)) = HÆ(k(h) [ k(�)).26



3.2.2. tp(h0) = W�0C with C ' W(C�)�2J :Then I = W�0C(�;�) and C(�;�) ' W(C(�;�)� )�2J0 with J 0 = n T� if J = T�J otherwise .First of all we have to show that �0 2 T� if J = T�:tp(h0) = W�0C & J = T� IH(d)) k(�0) < � & C 62 �(�) ) k(�0) < � � � ) �0 2 T� .(b) 
f. 3.2.1.(d) tp(h0) = W�0C IH(d)) k(�0) < �.(e) k(tp(h)) = k(C(�;�)) [ k(�0) � k(�0) [ f�g [ k(C) = f�g [ k(tp(h0)) IH(e)� HÆ(f�g [ k(h0)) = HÆ(k(h)).(f) k(h[0℄) = k(h0[0℄) [ f�g IH� HÆ(k(h0) [ f�g) = HÆ(k(h)).3.2.3. tp(h0) = Ref�A with C � 9z2L�A(z;�) , A 2 �(�) , � 2 k(A): Then C 62 �(�) and thus � � �.By IH h0[0℄ `̀ �0� �; C;A with �0 < � � �. Now I = WaC(�;�) and h[0℄ = B�0;�A B�;�C h0[0℄ with a := L�0 .Further C(�;�) � 9z2L�A(z;�) ' W(A(�;�))�2T� .Hen
e I = WaC(�;�) is indeed an RS1-inferen
e, and �0(I) = fA(a;�)g = fA(�0;�)g.(b) Sin
e C(�;�) 2 �, we get B�;�C h0[0℄ `̀ �0� �; A, and then h[0℄ = B�0;�A B�;�C h0[0℄ `�0� �; A(�0;�).(d) lev(a) = �0 < �.Proposition: �0 2 HÆ(k(h0)). [Proof: h0[0℄ `̀ �0� �; C;A L:5:1=) �0 2 HÆ(k(h0[0℄)) IH(f)� HÆ(k(h0))℄(e) k(I) = k(C(�;�)) [ k(a) � k(C) [ f�; �0g = k(tp(h0)) [ f�; �0g IH+Prop:� HÆ(k(h0) [ f�g) = HÆ(k(h)).(f) k(h[0℄) = k(h0[0℄) [ f�0; �g IH(f)+Prop:� HÆ(k(h0) [ f�g) = HÆ(k(h)).4. h = Col�;�
 h0 and � =  �(
 + !�+~�) � � with H
 3 h0 `~�� � and (w.l.o.g.) � � �(�)and � 2 K & k(h) = k(h0)[f�; �; 
g � C��(
+1) & 
 + !�+~� � Æ.4.1. tp(h0) = CutC with � � rk(C) < � and rk(C) = � 2 R:W.l.o.g.: C = 9x2L�A(x) 2 �(�)By IH (?) H
 3 h0[0℄ `�0� �; C and H
 3 h0[1℄ `�1� �;:C with �0; �1 < ~�.By de�nition I = tp(h) = Rep and h[0℄ = Col�0;�
1 E��0RC(�;�)(B�;�C Col�;�
 h0[0℄)(Col�;�
0 B�;�:Ch0[1℄)with 
0 := 
 + !�+�0 , 
1 := 
0 + !�+�1 , � :=  �(
0), � :=  �(
1),and �0 := n
� if � = 
�+1 < I� if � = I (obviously �0 � �, �0 2 K and [�0; �[\R = ;) .Consequen
es(0) 8
0 � 
[H
0(k(h)) � C��(
0+1) ℄(1) �0; �1 2 H
(k(h0)) [h0[i℄ 2 H
 L:5:1) �i 2 H
(k(h0[i℄)) IH(f)� H
(k(h0))℄(2) 
0; 
1 2 H
(k(h)) [
; �; �0; �1 2 H
(k(h))℄(3) 
0; 
1 < 
 + !�+~� � Æ [�0; �1 < ~�℄(4) 
0; 
1 2 C��(
+1) � C�(
i) [�0; �1 2 H
(k(h0)) � C��(
+1) & �; 
 2 C��(
+1)℄(5) � = rk(C) 2 H
(k(h0)) [k(C) = k(tp(h0)) IH(e)� H
(k(h0))℄(6) � 2 H
0(k(h)) & � 2 H
1(k(h)) [
0; 
1; � 2 H
(k(h)) & 
i (4)2 C�(
i)℄27



(7) �0 2 H
1(k(h)) [�; � 2 H
1(k(h))℄(a) �(I) = ;. (
) tp(h) 6= CutA. (d) tp(h) 6= W�0A . (e) k(I) = ;.(f) k(h[0℄) = k(h0[0℄) [ k(h0[1℄) [ f�0; �; �; �; �; �; 
; 
0; 
1g.k(h0[0℄) [ k(h0[1℄) [ f�; �; 
g IH� H
(k(h0) [ f�; �; 
g) = H
(k(h)).By (1)-(7) we have �0; �; �; �; 
0; 
1 2 H
1(k(h)).(b) From (?) we su

essively obtain(i) H
0 3 d0 := Col�;�
 h0[0℄ `�� �; C and H
0 3 d1 := B�;�:Ch0[1℄ `�1� �;:C(�;�).(ii) H
0 3 B�;�C d0 `�� �; C(�;�) and H
1 3 Col�;�
0 d1 `�� �;:C(�;�).(iii) H
1 3 e := RC(�;�)(B�;�C d0)(Col�;�
0 d1) `�#�� �(iv) H
1 3 E��0e `���0 � with �� := b'����0(�#�)(v) HÆ 3 h[0℄ = Col�0;�
1 E��0e `�� � with � :=  �(
1 + !�0+��)ad (i): By IH k(h0[0℄) � k(h0) , and by (5) we have � 2 H
(k(h0)) � C��(
+1).Hen
e k(h0[0℄) [ f�; �; 
g � C��(
+1) and �; C � �(�)
 � 
0 & � < � & :C � 8x2L� :A & k(A) < �.ad (ii): k(d1) = f�g [ k(h0[1℄) IH� f�g [ H
(k(h0)) (6)� H
0(k(h)) � C��(
0+1) � C��(
0+1)Now k(d1) [ f�; �; 
0g (2);(5)� C��(
0+1) & �;:C(�;�) � �(�) & � =  �(
1) with 
1 = 
0 + !�+�1 .ad (iii): � � � and rk(C(�;�)) < �, sin
e k(C(�;�)) = f�g [ (k(C) n f�g) � C�(
1) \ � =  �(
1) = �.Further rk(C(�;�)) 62 R, sin
e � 62 R.ad (iv): �0 � � and [�0; �[\R = ;.ad (v): k(E��0e) [ f�0; �; 
1g � k(h[0℄) (f)� H
1(k(h)) � C��(
1+1).
1 + !�0+�� < 
1 + !� < Æ, sin
e �0 � � < � < � & �� < �.It remains to prove: � < �.For this it suÆ
es to prove: 
1 + !�0+�� < 
 + !�+~� and 
1 + !�0+�� 2 C�(
1 + !�0+��).The �rst follows from !�0+�� < !� and 
1 = 
 + !�+�0 + !�+�1 with �0; �1 < ~�.The se
ond is obtained as follows:k(h) � C�(
+1) � C�(
1+1) ) H
1(k(h)) � C�(
1+1) (2);(6);(7)) 
1; ��; �0 2 C�(
1+1).4.2. tp(h0) = CutC with � � rk(C) < � and rk(C) 62 R:Let � := rk(C)+. Sin
e rk(C) < � � I+1 and rk(C) 6= I , we have � < I and thus � = 
�+1 for some �.�i := o(h0[i℄), 
0 := 
 + !�+�0 , 
1 := 
 + !�+�1 , � := maxf �(
0);  �(
1)g, �0 := 
� , 
0 := maxf
0; 
1g.tp(h) = Rep and h[0℄ = Col�0;�
0 E��0RC(Col�;�
 h0[0℄)(Col�;�
 h0[1℄)Proof of (a)-(f) is similar as in 
ase 4.1. 28



4.3. Otherwise: Then tp(h0) = VA or W�0A or Ref�A or CutC with rk(C) 62 [�; �[.In ea
h 
ase I = tp(h0) and h[�℄ = Col�;�
 h0[�℄.HS 1: 8� 2 jIj(k(�) � C��(
+1)).Proof: Let I = VA. (Otherwise jIj � f0; 1g.) Sin
e A IH(a)2 � � �(�), there is a � 2 k(A) \ � su
h that8� 2 jIj(lev(�) � �). Sin
e k(A) = k(tp(h0)) IH(e)� H
(k(h0)), it follows that � 2 C��(
+1) \ �. Hen
e8� 2 jIj(k(�) � C��(
+1)), sin
e C��(
+1) \ � is an ordinal.(a) �(I) = �(tp(h0)) IH� �.(b) By IH H
 3 h0[�℄ `��� �;��(I) with �� < ~� (� 2 jIj). (Note that tp(h0) = I.)For ea
h � 2 jIj = jtp(h0)j we also have k(h0[�℄) IH(f)� H
(k(h0) [ k(�)) HS1� C��(
+1) , ��(I) (a);(+)� �(�) ,
 + !�+�� < 
 + !�+~� � Æ. Hen
e HÆ 3 h[�℄ = Col�;�
 h0[�℄ `���� �;��(I) with �� :=  �(
 + !�+��).(+) tp(h0) = CutC IH(
)) rk(C) < � ) rk(C) < � ) C;:C 2 �(�).It remains to prove �� < �.We have �� L:5:12 H
(k(h0[�℄)) IH(f)� H
(k(h0) [ k(�)) HS1� C�(
+1) and �; 
 2 C�(
+1). Hen
e 
 + !�+�� 2C�(
 + !�+��). Together with �� < ~� this yields �� =  �(
 + !�+��) <  �(
 + !�+~�) = �.(
) Assume I = CutC . Then tp(h0) = CutC with rk(C) 62 [�; �[. By IH(
) that rk(C) < � and thusrk(C) < �. By IH(e) k(C) = k(tp(h0)) � H
(k(h0)) � C��(
+1) and thusrk(C) 2 C��(
+1) \ � � C�(
+1) \ � =  �(
+1) � � � �.(d) Assume I = W�0A . Then tp(h0) = W�0A , and by IH(a) we have A 2 � � �(�). Hen
e k(�0) � �. Furtherk(�0) � k(tp(h0)) IH(e)� H
(k(h0)) � C�(
+1). Hen
e k(�0) � C�(
+1) \ � =  �(
+1) � �.(e) k(I) = k(tp(h0)) IH(e)� H
(k(h0)) � HÆ(k(h)).(f) k(h[�℄) = f�; �; 
g [ k(h0[�℄) IH� H
(f�; �; 
g [ k(h0) [ k(�)) = H
(k(h) [ k(�)).Theorem 5.3If KPi ` 8z(\z=HF" ! �z) with FV(�) = ;, then there exists an h 2 HÆ (for some Æ < "I+1) su
h thath `�0 �L! with � <  
("I+1). (The formula \z=HF" is de�ned on page 8.)Proof:Then there is a 
onjun
tion � of KPi-axioms and an RS1-derivation d1 of :(�I ^ \z=HF"); �z witho(d1) < !I+!, deg(d1) < I+!, k(d1) � f0; Ig and FV(d1) � fzg (
f. Theorem 3.6).Further we have an RS0-derivation d0 of �I^\L!=HF" with o(d0) < !I+!, deg(d0) � I , and k(d0) � f0; !; Ig.(d0 is build up by ^-inferen
es from WL09x2L! (x�x)Ax�4(L0 � L0) and atomi
 RS0-derivations of the followingkinds: Ax�1( �) (� 2 f!; Ig) , Ax�2( I) , Ax�6(tran(L!)) , Ax�15(8x2L! 9u2L! (9y2u (x 2 y) ^ A(u))).)Let C :� �I ^ \L!=HF", and 
hoose 0 < m < ! su
h that maxfrk(C); deg(d0); deg(d1)g � I+m.(0) d0 `�0I+m �I ^ \L!=HF" and d1(z=L!) `�1I+m :(�I ^ \L!=HF"); �L! with �0; �1 < "I+1(1) h0 := RCd0 d1(z=L!) `�0#�1I+m �L! 29



(2) h0 := EI+mI+1 h0 `�I+1 �L! with � := b'm�1(�0#�1) = !m�1(�0#�1) < "I+1(3) h00 := ColI+1;
0 h0 `�� �L! with � :=  
(!I+1+�) <  
("I+1)(4) h := E�0h00 `�0 �L! with � := b'�(�) <  
("I+1)ad (1): d0; d1(z=L!) 2 H0 & rk(C) 62 R ) h0 2 H0ad (2): h0 2 H0 & [I+1; I+m[\R = ; & deg(h0) � I+m ) h0 2 H0ad (3): k(h0) = fI+mg [ k(h0) = fI+m;!g [ k(d0) [ k(d1) � f0; !; I; I+mg � C�
(1)h0 2 H0 & I+1 2 K & k(h0) [ fI+1;
; 0g � C�
(1) & End(h0) � f�L!g � �(
) & deg(h0) = I+1 =)h00 = ColI+1;
0 h0 2 HÆ with Æ := !I+1+o(h0)ad (4): h00 2 HÆ & deg(h00) � � < 
 ) h 2 HÆ.x6 Bounding provable �02-senten
esDe�nition20 := 0, 2m+1 := 22msn := n L0 if n = 0[x 2 Ll+1 : x=sn0 _ ::: _ x=snk ℄ if n = 2n0 + : : :+ 2nk with n0 > : : : > nk and l := lev(sn0)Lemma 6.1a) sn is an RS-term with lev(sn) < !,b) lev(sn) < m , n < 2m.Proof:a) It suÆ
es to prove: n � m) lev(sn) � lev(sm).Indu
tion on n: 1. n = 0: trivial.2. n = 2n0 + : : :+2nk with n > n0 > : : : > nk: Then m = 2m0 + : : :+2ml with m0 > : : : > ml and n0 � m0.Hen
e lev(sn) = lev(sn0)+1 IH� lev(sm0)+1 = lev(sm).b) Let m > 0, sin
e for m = 0 the 
laim is trivial.1. n = 0: lev(s0) = lev(L0) = 0.2. n = 2n0 + : : :+ 2nk : lev(sn) < m, lev(sn0) < m�1 IH, n0 < 2m�1 , n < 2mDe�nition T �m := fsn : lev(sn) < mg = fsn : n < 2mgDe�nition of j= A by re
ursion on rk(A)j= A :, (8�2J ( j= A� ) if A ' V(A�)�2J9�2J ( j= A� ) if A ' W(A�)�2JAbbreviation: j= � :, 9A 2 �( j= A )Lemma 6.2a) j= :A , 6j= Ab) If (D; o; deg; tp; [℄) is a notation system for RS1-derivations su
h that 8d 2 D(tp(d) 6= Ref�A),30



then j= End(d) holds for ea
h d 2 D.
) j= s 6= t;:A(s); A(t)Proof:a) Indu
tion on rk(A):W.l.o.g. A ' V(A�)�2J : j= :A , 9�2J ( j= :A� ) IH, 9�2J ( 6j= A� ) , 6j= A.b) Indu
tion on o(d): Let (a),...,(e) refer to the 
onditions in the de�nition of \notation system" in x1.1. tp(d) = VA with A ' V(A�)�2J : Then by (b) 8� 2 J(End(d[�℄) � End(d); A� ) and therefore by (e) andIH 8� 2 J(j= End(d); A�). Hen
e j= End(d), sin
e by (a) A 2 End(d).2. tp(d) = W�0A or CutC or Rep: analogous to 1.
) Let RS00 be the subsystem of RS0 (from x2) 
onsisting of the inferen
es Ax�j (�) (j 2 f12; 13; 14g) andVA0^A1 ; W�0A . One easily veri�es that for every RS00-derivation d we have:{ tp(d) 6= Ref�A (and also tp(d) 6= CutC and tp(d) 6= Rep),{ for ea
h � 2 jtp(d)j, d[�℄ is again an RS00-derivation.Now by Theorem 2.1 and b) above we get j= End(d) for ea
h RS00-derivation d. Hen
e j= s 6= t;:A(s); A(t).Lemma 6.3For every a 2 T! there is an n < ! su
h that j= a=sn and lev(sn) � lev(a).Proof by indu
tion on lev(a): Let a � [x 2 Lm : A(x)℄.I. Assume ; 6= fl < 2m : j= A(sl)g. Let n0 > ::: > nk su
h that fn0; :::; nkg = fl < 2m : j= A(sl)gLet n := 2n0 + :::+ 2nk . Then sn � [x 2 Lm1 : x=sn0 _ ::: _ x=snk ℄.n0 < 2m ) n < 2m+1 6:1b) m1 = lev(sn) � m = lev(a).Abb.: si := sni\ j= sn � a ":Note that sn � a ' V(t = s0 _ ::: _ t = sk ! t 2 a)t2Tm1 and t 2 a ' W(A(s) ^ s=t)s2Tm .j= A(si) (i 2 f0; :::; kg) ) j= t 6= si; A(si) ^ si = t (i 2 f0; :::; kg; t 2 Tm1) )j= t 6= si; t 2 a (i 2 f0; :::; kg; t 2 Tm1) ) j= t = s0 _ ::: _ t = sk ! t 2 a (t 2 Tm1) ) j= sn � a.\ j= a � sn ":Note that a � sn ' V(A(t)! t 2 sn)t2Tm and t 2 sn ' W((s=s0 _ ::: _ s=sk) ^ s = t)s2Tm1 .Let t 2 Tm su
h that j= A(t). We have to prove j= t 2 sn.By IH there is an l su
h that j= t = sl and lev(sl) � lev(t) < m, i.e. l < 2m.By Lemma 6.2 and the assumption j= A(t) we get j= A(sl) and thus l 2 fn0; :::; nkg. So we have j= t = sifor some i 2 f0; :::; kg. This yields j= (si=s0 _ ::: _ si=sk) ^ si = t and then j= t 2 sn, sin
e si 2 Tm1 .II. Assume fl < 2m : j= A(sl)g = ;: Then we prove j= a=L0.\ j= L0 � a ": trivial.\ j= a � L0 ": We have a � L0 ' V(A(t)! t 2 L0)t2Tm and t 2 L0 ' W(s = t)s2T0 .31



Let t 2 Tm. By IH there is an l su
h that j= t = sl and lev(sl) � lev(t) < m, i.e. l < 2m. Then j= :A(sl),and by Lemma 6.2 we obtain j= :A(t) and then j= A(t)! t 2 L0.Lemma 6.4If A ' V(A�)�2Tm and j= A� for all � 2 T �m, then j= A.Proof: There is a formula C(x) su
h that At :� C(t) for all t 2 Tm. We have to prove j= C(t) for all t 2 Tm.Let t 2 Tm. By 6.3 there is a t� 2 T �m with j= t = t�. By assumption we have j= C(t�). Hen
e j= C(t) byLemma 6.2
.De�nition of f(h; n) for h 2 HÆ and n 2 !For A ' V(A�)�2J we set jAjn :=8<: T �m if J = TmT �n if J = T!J if J = f0; 1g; otherwise .f(h; n) :=8><>: f(h[0℄; n) if tp(h) = Repmaxff(h[0℄; n); lev(�0)+1g if tp(h) = W�0A and lev(�0) < !maxff(h[�℄; n) : � 2 jAjng if tp(h) = VA0 otherwiseHere we understand that max(;) = 0.De�nitionAn;k results from A by repla
ing every 8x2L! by 8x2Ln , and every 9x2L! by 9x2Lk .�n;k := fAn;k : A 2 �gRS! := set of all RS!-senten
es (
f. x3)Lemma 6.5h 2 HÆ & End(h) � RS! & deg(h) = 0 & f(h; n) � k =) j= End(h)n;k.Proof:Let h 2 HÆ & End(h) � RS! & deg(h) = 0 & f(h; n) � k.Then for ea
h � 2 jtp(h)j we have h[�℄ 2 HÆ & End(h[�℄) � RS! & deg(h[�℄) = 0 & o(h[�℄) < o(h).Hen
e the IH applies to ea
h h[�℄ (� 2 jtp(h)j).Again by Theorem 5.2 one of the following 
ases holds:tp(h) = W�0A with lev(�0) < !, tp(h) = VA with jtp(h)j = T� and � � !, tp(h) = VA0^A1 , tp(h) = Rep.We only treat the �rst two 
ases. | Abbreviation: � := End(h).1. tp(h) = W�0A with A ' W(A�)�2J and lev(�0) < !: Then k � maxff(h[0℄; n); lev(�0)+1g.By 5.2b End(h[0℄) � �; A�0 , and therefore by IH j= �n;k; An;k�0 . This implies j= �n;k, sin
e A 2 � (by 5.2a)and An;k ' W(An;k� )�2J0 with �0 2 J 0. The latter follows from lev(�0) < k & �0 2 J .2.1. tp(h) = VA with A ' V(At)t2Tm : Then f(h[t℄; n) � k for all t 2 T �m.By 5.2b and IH j= �n;k; An;kt for all t 2 T �m.Sin
e A 2 � and An;k ' V(An;kt )t2Tm , this yields j= �n;k by Lemma 6.4.32



2.2. tp(h) = VA with A ' V(At)t2T! : Then f(h[t℄; n) � k for all t 2 T �n .By 5.2b and IH j= �n;k; An;kt for all t 2 T �n .Sin
e A 2 � and An;k ' V(At)t2Tn this yields j= �n;k; An;k by Lemma 6.4.Theorem 6.6If KPi ` 8z(\z=HF" ! 8x2z 9y2z �(x; y)) with �(x; y) 2 �0, then there exists an h 2 HÆ (for someÆ < "I+1) su
h that o(h) <  
("I+1) and j= 8x2Ln 9y2Lf(h;n) �(x; y) for all n 2 !.Proof:By Theorem 5.3 we have an h 2 HÆ with o(h) <  
("I+1), End(h) = f8x2L! 9y2L! �(x; y)g, and deg(h) = 0.By Lemma 6.5 this yields j= 8x2Ln 9y2Lf(h;n) �(x; y).RemarkAssuming a 
anoni
al arithmetization of ordinals � 2 C
("I+1) and of �nitary derivations (notations) h 2 HÆthe fun
tion f is �-primitive re
ursive in the sense of [Tak87℄, p.117, where � is a primitive re
ursive well-ordering of ordertype  
("I+1). For �xed h as in 6.6 the fun
tion n 7! f(h; n) is ���-primitive re
ursivewith � := o(h) <  
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