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Introduction

In [Bu97] a precise explanation of Gentzen’s reduction steps for derivations in 1st order arithmetic Z
(cf. [Ge38]) in terms of (cut-elimination for) infinitary derivations in w-arithmetic was given. Even more,
Gentzen’s reduction steps and ordinal assignment were derived from infinitary proof theory. In the present
paper we will extend this work to an impredicative subsystem BI;" of 2nd order arithmetic thereby explaining
Takeuti’s consistency proof for II}-CA in terms of the infinitary approach (with §,1-rules) from [BS88].
Our goal is to explain Takeuti’s reduction steps occurring in the consistency proofs for ISN on pp. 320-341
of [Tak87] in the same way as we have explained Gentzen’s reduction steps in [Bu97]. Actually BI] is a
rather weak subsystem of I1J-CA (it has the strength of ID; only), but we claim that the results of the
present paper can be extended to full ITI}-CA.

Contents: In §1 after some preliminaries about syntax we introduce a special kind of representing derivations
in (Tait style) sequent calculi, which is particularly suited for the purposes of this paper. In §2 we introduce
infinitary systems BIg” and BI{°. The system BI{® is just cutfree w-arithmetic augmented by the “Repetition
Rule” (Rep). The main feature of the system BI® (which extends BIF) is the Q-rule, which is an infinitary
rule of “higher order”, since it has uncountably infinite “arity” (the premises of an ;-inference form a family
(T,).er where I is (essentially) the set of all BI;°-derivations). We then define certain operators &, Do, S%
on BIf®-derivations. By means of £ and Dy every BI;°-derivation with an arithmetical endsequent I' can
be transformed into a BIY -derivation of . The operator S% is needed for the embedding h ~ h> of
BI; into BI°. In §3 we introduce the finitary proof system BI] which is an extension of BI] by certain
inference rules (E), (D), (S%) corresponding to the operators £, Dy, S%. The embedding h +— h™ is extended
to BI} by interpreting (E), (Do), (S%) by means of £, Dy, S%. In BI; it is possible to define an operation
(h,i) — h[i] which assigns to every BIj-derivation h a family of BIj-derivations h[i] such that h[i]* is the
it" immediate subderivation of h*°. In §4 we show that if h is a (hypothetical) BI;-derivation of the empty
sequent (contradiction) then h> ends with a Rep, and h[0] results from h by application of a Gentzen-Takeuti
reduction step as described in [Tak87, pp. 320-341]. Since h[0]* is a proper subtree of (the wellfounded tree)
h*°, we thus have obtained an “ordinal free” termination proof for Takeuti’s reduction procedure for BIJ.
An ordinal assignment BI] 3 h — o(h) such that o(h[i]) < o(h) will be introduced in §5. Since we do
not use ordinal diagrams but a different system of notations, this assignment can not fully coincide with
Takeuti’s, but it will be very similar to that. The important point is, that our ordinal assignment is directly
derived from the infinitary approach, and thus (to some degree) also yields a certain explanation for Takeuti’s
assignment,.

Acknowledgement: [Bu97] and the present paper have profited a lot by other authors’ work on the
Gentzen-Takeuti method and on the relationship between finitary and infinitary derivations, e.g. [Ar88],
[Ar96a], [Mi75], [Mi75a], [Mi79], [Mi93]. The describtion of Gentzen’s ordinal assignment in [Bu97] is similar
to that in [Mi79, Definition 1]. Our o(¢,(d)) corresponds to O,(d) in [Mi79], and Lemma 5 in [Bu97]
corresponds to Lemma 5 in [Mi79]. The E-rule already occurs in [Ar96a] under the name “height rule”, but
there no interpretation of E as cut-elimination operator is given.



§1 Preliminaries

Syntax

Let Ly be the 1st-order language of arithmetic which has predicate symbols for primitive recursive relations,
but no function symbols except the constant 0 and the unary function symbol S (successor). The language £;
(which is the formal language of all proof systems considered below) is obtained from Ly by adding infinitely
many l-ary predicate variables X,Y, Z, .... and a restricted kind of 2nd-order quantification. Atomic formulas
are of the form pt;...t, or Xt where p is an n-ary predicate symbol and ¢, t, ..., t,, are Lo-terms. Literals are
expressions of the shape A or =A where A is an atomic formula. Formulas are built up from literals by means
of A, V,Vx,3z,VX,3X, where the use of VX, 3X is restricted as follows: If A is a formula then VX A and 3X A
are formulas only if A contains no 2nd order quantifier and no predicate variable except X. The negation
—C of a formula C is defined via de Morgan’s laws. The rank rk(C) of a formula C is defined as follows:
rk(C) := 0if C is a literal or a formula VX A or 3X A, rk(AgAA;) := rk(AgV A1) := max{rk(4o),rk(A41)}+1,
rk(VzA) := rk(3zA) := rk(4)+1. By FV(6) [FVo(6), resp.] we denote the set of all free variables [free
number variables, resp.] of the formula or term 6. A formula or term 6 is called closed iff FV(6) = 0. 6(z/t)
denotes the result of replacing every free occurrence of z in 6 by ¢ (renaming bound variables of 6 if necessary).
The only closed terms are the numerals 0,50,5S50,.... We identify numerals and natural numbers. Finite
sets of formulas are called sequents. We use the following syntactic variables: s,t for terms, A, B,C, D, F
for formulas, T', A for sequents, «, 3, for ordinals, i, j, k, [, m, n for natural numbers (and numerals). As far
as sequents are concerned we usually write Ay, ..., 4, for {4;,...,A,}, and A, A for {A}UT UA, etc. P
is used as syntactic variable for formulas VX A. (Note that due to our general restriction on the formation
of formulas, a formula P = VX A contains no 2nd order variable except X !) F is a syntactic variable for
expressions AzF where F is a formula. If P = VX A then P[F] denotes the formula A(X/F), i.e. the result
of replacing in A every subformula Xt by F(z/t). We write P[Y] for P[Az.Yz].

TRUE( := set of all true closed Ly-literals.
Var; := set of all predicate variables.
A := set of all formulas which contain no 2nd order quantifiers

Proof systems

A proof system & is given by

— a set of formal expressions called inference symbols (syntactic variable Z)

— for each inference symbol Z a set |Z| (the arity of 7), a sequent A(Z) and a family of sequents (A,(Z)),¢z|-
The elements of A(Z) [ U,¢7j Au(Z) ] are called the principal formulas [ minor formulas ] of Z.

— for each inference symbol Z a set Eig(Z) which is either empty or a singleton {u} with u a variable not in
FV(A(Z)); in the latter case u is called the eigenvariable of Z.

NOTATION

By writing

AL (D)
A

we express that Z is an inference symbol with |Z] = I, A(Z) = A, A,(Z) = A,, and Eig(Z) = 0 [ Eig(Z) = {u},

resp.].

@ [t ]

Ag A1 ... Apq LA (el
If I ={0,...,n—1} we write ——— L instead of s B (€D
A A
Inference symbols 7 with |Z| = () will be called azioms.
Example:
c -C . . .
By (Cutce) 0 we express that for each formula C, the expression Z := Cut¢ is an inference symbol

with |Z] = {0,1}, A(Z) =0, Ao(Z) = {C}, A (Z) = {-C}.
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Inductive definition of G-derivations

If 7 is an inference symbol of &, and (d,),c|z is a family of &-derivations such that Eig(Z) NFV(I') = 0
where I' := A(Z)UU, ¢ 7/ (D(d,) \ A, (Z)), then d:=T(d,).e|z is an &-derivation with T'(d) := T (endsequent
of d) and last(d) := T (last inference of d).

condy .. T
Instead of Z(d,),e|z) we also write w
Abbreviation: 6 >dFT :<= dis an G-derivation with I'(d) CT.
So & also denotes the set of all &-derivations.

or Tdy...d,_y or % if |Z) = {0, ...,n—1}.

Remark
Our notion of derivation differs from the usual one in so far as our derivations have inferences (inference
symbols) and not sequents assigned to their nodes. The sequent “belonging” to a node 7 of a derivation d is
not explicitely displayed, but can be computed by tree recursion from d (similarly as the free assumptions
in a natural deduction style derivation).

L DLA(D) ..

T AQ) are reobtained here as follows:

The Tait-style inference rules in their traditional form
If 7 € & and Eig(Z) NFV(T) = 0, then

from ...63d, FT,A(Z)... (¢ € |Z]) we conclude & > Z(d,), ¢z - T,A(T) .

§2 The infinitary systems BIj° and BI{®

In BI7° and BI° only closed formulas (i.e., formulas A with FVy(A4) = ) are allowed.

The inference symbols of BI5® are

(Axa) & if A={4} C TRUE or A = {~C,C}
Ao A k Ay
(Aagna,) TAonA, (Viagva,) AgVA, (k€ {0,1})
. A(z/i) ... (1€N) & A(z/k) 0
(AVZA) VrA (VEImA) JrA (k € N) (Rep) ﬁ
The inference symbols of BI{® are those of BI5® together with
PlY AP (qe|P)
Wy 251 (0.p) =20
(Cutc) ¢ =C
0
_ P
@) P[Y] A(/)q ...(ge|P|) w1

with |P|:={(d,X) € BIg°xVar; :T'(d) CA& X ¢ FV(A&X))} and A&X) =T(4d) \ {P[X]}.

Remark

1. The pair (d, X) plays the role of a derivation /\gd with F(/\gd) ={P} U Aax)'

2. Obviously an inference ﬁzp is just a combination of /\g, Q_p, Cutp. It corresponds to the ;-rule in
[BS88] (pg. 39). For a better understanding of Q_p it may be helpful to look at the formation of BIJ°-
derivations by means of Q_p:

By the general definition of &-derivations we have
Vg € |P|(BI® 5 e, - T,Al) = BI{® 3 (eg)4eip| F I, 2P,
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ie.,

V(d, X)VACA(X ¢ FV(A) & BIFad + A, P[X] = BI3eqx) F A,T) = BI® 3 (e))yep| F ~P,T.

Definition

The degree (or cutrank) deg(d) of a BI{®-derivation d is defined by:

deg(T(d,),er) := sup({deg(Z)} U {deg(d,) : « € I}) with deg(Z) := {Bk(c )+1 i)ftier:w(i:sl;tc

Abbreviation
dF, I & BI?5dFT &deg(d) <m

Theorem 1 and Definition (Cutelimination)

As in [Bu97] we define operators R¢ and € on BI®-derivations such that

a) do b, I,C & dy by, T, 2C & tk(C) <m = Re(do,d1) b T,

b) dbp I' = £(@) Fn,, T.

Proof:

a) As in [Bu97], except for the following additional cases:

1. do = Ax{~¢,cy: Then =C,C CT'(dp) CT,C and thus -C' € T.

Hence the claim holds for R¢(do,d;) := Repd;.

2. C'= P and last(dg) = /\g, last(d;) = Q-p:

Then dgg b, T', P, P[Y], and di4 by, T, =P, Af for all ¢ € |P)|.

IfY € FV(I'(dy)) let df, be the BIj-derivation resulting from dgo by interchanging Y with some Z ¢ FV(T');
otherwise let df := doo and Z := Y.

By IH we get Re(djg,di) Fm T, P[Z], and Re(do, d1g) Fm I, A for all g € |PJ.

R (dyy, d ...Rec(do, dig) ... (g€|P
Re(do, dy) = (00, d1) QZC( 0.d1,) ... (¢€|P))
-P

RepRc(E(do), £(dy1)) if T = Cute

b) As in [Bu97]: For d =7(4d,),es let £(d) := {I(E(d')) ; otherwise
) e

Theorem 2 and Definition (Collapsing)

We define an operation Dy such that: dFo T & T'C A = BIF° 3 Do(d) T
Proof by induction on d:

Main case: Let d = ﬁzp (dL)Le{o}u|P\ and (w.l.o.g.) I'(d)=T.

Then Y ¢ FV(T) , do ko T, P[Y], and d, ko I, AL for all ¢ € |P] (1).

By IH BI° 3 Do(do) F T', P[Y], and thus Y & FV(I'(Do(do)) \ {P[Y]})-
Hence o := (Do(do),Y) € |P| and Al CT.

Now (1) yields dg, o I', and by IH we get BI® 5 Dy(dg,) F T

So Dy(d) := RepDy(dy,) is a derivation as required.

Other cases: Dy (I(dL)Le[) = I(Do(db))bef-

Theorem 3 and Definition (Substitution)

BI;° 5d+T = BIYF > S8%(d) F T(X/F).

Proof:

SE(Z(d)epz)) :=1° (3§(db))L€‘IO| with Z° := T(X/F),

i.e., Rep® := Rep, (Axa)® := Axac, (Ao)° = Aces (Vlgj)O = \/g, where C° := C(X/F).



§3 The finitary proof systems BI; and BI]

Let Ax(Z) be “the” set of arithmetic axioms (except induction) in sequent form.
So Ax(Z) is a (prim. rec.) set of sequents in the language £; such that

(i) Ae€eAx(Z)& Ae A = Ais a literal,

(i) A€ Ax(Z) = A(&@/f) € Ax(Z),

(iii) A€ Ax(Z) & FVo(A) =0 = ANTRUE, # 0.

The inference symbols of BI; are

(Ax}) N if A € Ax(Z) or A ={=C,C}

(Nagnn) 2ot Vigun) T (ke {0,1)
(Nowr) S0y (Ve D
NS (g

y,t _'FaF(y/Sy)
() =7 70). Flu/m
(Re) %

The inference symbols of BI] are those of BI] together with

® 5 © 5. 65 i)

For S% no sequents A(S%) and A,(S%) are defined.
Instead we define directly I'(S% ho) := ['(ho)(X/F) and |S%| := {0}.

Remark The combination S§ Do correponds to Takeuti’s substitution rule.

Definition
max{rk(C), deg(ho),deg(h1)} if Z =R¢
max{rk(F), deg(ho)} if 7= Ind%’
For each BIj-derivation h = Zhy...h,—1 we set deg(h) := { max{rk(P[F]),deg(ho)} if 7= pr
deg(hg)=1 ifZ=E
sup; ., deg(h;) otherwise

Note that this definition is different from the definition of deg(d) for BI{°-derivations d !

Definition of h(z/k)

h if Eig(Z) = {=}
IZ(z/k)ho(z/k)...hn—1(z/k) otherwise
where Z(z/k) is defined as expected (cf. [Bu97]).

For h = Thy...hp—1 let h(z/k) := {

Inductive Definition of proper BIj-derivations

If 7 is an n-ary BIj-inference symbol and ho, ..., h,—1 are proper BIj-derivations then h := Zhg...h,_1 is a
proper BIj-derivation if the following conditions (in addition to the eigenvariable conditions) are satisfied
— IT=Dg = deg(ho) =0& F(ho) - A,

- I= S§ = hg is of the form Dghgg



Definition
A proper BIj-derivation h is called good if it satisfies the following conditions:
(1) every free number variable x occurring in h is the eigenvariable of an inference below that occurrence,
(2) all eigenvariables in h are distinct and none of them occurs below the inference in which it is used as an
eigenvariable.
Definition
BI} := set of all proper BIj-derivations
B}’ := set of all good h € BI}
Proposition 1
a) Every h € BI with FVo(I'(h)) = § can be transformed into an h' € BI}’ such that T'(h’) C T'(h) and
deg(h') = deg(h).
b) For each h = Zhg...h,—; € BII' the following holds:
() FVo(T(h) = 0.
(ii) If Big(Z) = 0 or T = A}, then ho, ..., hn_1 € BI}".
(iii) If Eig(Z) = {y} then ho(y/k) € BI}".
(iv) If T = Ind%" then FVo(F(y/t)) = 0 and therefore w.l.o.g. t is a numeral.
(v) If h=S%ho and Y € {X}UFV(F) then Y does not occur as eigenvariable in hg.

Interpretation of Bl}' in BIY®
For each h = Thqg...h,,_1 € BII' we define its interpretation h> € BI{® as follows:

0. (Ax})®:= AxA/ with suitable A’ C A |

1 (/\VzAhO) = Avaa (ho(y/i)oo)ie]N ’

2. (V7 pho)® :== O p(Rpix (S%(@),78) (a.x)eppi
3. (Ind% nho) = Repe, with

e = AX{ﬁF(y/O),F(y/O)} s e1:=ho(y/0)> , eiy1 = RF(y/i)(ei,ho(y/')oo) for i > 0.
4. (Rohohy)® :=Re(hg®, hs°) , (Ehg)™® := E(h3°) , (Doho)™® := Do(hg®) , (Skho)™ = SE(h°)
5. Otherwise: (Zhg...h,—1)>® :=Zhy ... ho>,
Theorem 4
h€BIf" = h® Faegn) D(h).
Proof for h = \/fpho:
Let T':=T'(h), m := deg(h) = max{rk(P[F]),deg(ho)}.
Then =P €T, T(ho) CT,=P[F], and, by TH, h{® by, T, =P[F] (%).
Now the following implications hold:
(4,X) € |P| = BI7° Bdl—A(dX), [X] with X ¢ FV(AF (dX ) =
= §E(@) Fo Afy ), PIF) 2 Res(SE@), 1) Fm Afy T

Hence h* +,, T, since =P € T.



Definition
|P|* := {(Doh, X) : h € Bl} & T'(h) C A & deg(h) = 0 & X ¢ FV(AF (Do hX))}

|Q-p|* = |P[*, |(~ZZP *:= {0} U|P|*; in all other cases |Z|* := |Z|.

Definition of tp(h) and h[i] for h € BI} and « € [tp(h)|*

By primitive recursion on the build-up of h € BI}' we define an inference symbol tp(h) € BI°, and proper
BIj-derivation(s) h[¢] in such a way that tp(h) = last(h®) and (h[2])*>° = h®°(2*°) for all z € [tp(h)|*. Here
i =i for i € IN, (d, X)>® := (d*°, X), and h*(¢) := the “/*®” immediate subderivation of h>. So, for
tp(h) # Q-p, QY , we have h™ = tp(h)(h[i]‘”)ie‘tp(h)l.

The definition clauses for h = Rghohi, Ehg, Dohg, S§h0 can be read off from the corresponding clauses in
the definitions of R¢, &, Dy, S%-
1.1. h = Ax;: tp(h) := Axa with suitable A’ C A.
1.2. h = Aghohi: tp(h) := Ag, hli] :=h
1.3. h=Apho: tp(h) := Ap, B[0] := ho.
L4. h=\/Eho: tp(h) := /&, h[0] := ho.
L.5. h=ALho: tp(h) := A hli] == ho(y/i).
1.6. h=\7pho: tp(h) := Q-p, h[(d, X)] := Rppz(Skd)ho
2. h=1Ind%"ho: tp(h):= Rep, h[0] := e, with
eo 1= AX{_r(0),F(0)}» €1 = ho(y/0), eit1 := Rp(yeiho(y/i) for i > 0.

3.  h=Rchohi:
3.1. C ¢ A(tp(ho)): tp(h) :=tp(ho), h[t] := Reholt]hy.
3.2. =C & A(tp(h1)): tp(h) :=tp(h1), hlt] := Rehohi[i].
3.3. C € A(tp(ho)) and =C € A(tp(h1)):
3.3.1. tp(ho) = Ax{~c,cy: tp(h) = Rep and h[0] = h
3.3.2. tp(h1) = Ax{~c,cy: tp(h) = Rep and h[0] = ho
3.3.3. C =VazA: Then tp(h) = /", for some k € IN .

tp(h) := Cuta(z/k), h[0] := Reholklh1, A[1] := Rchohi [0].
3.3.4. C =3dxA or AgnA; or ApVA;: analogous to 3.3.3.
3.3.5. C = P: Then tp(hg) = /\P and tp(h1) = Q-p.

tp(h) := Q¥ p, h[0] := Rpho[0]h1 , hlq] := Rphohiq] for q € |P|*.
3.3.6. C'= —P: analogous to 3.3.5.
4. h=Ehg:
4.1. tp(hg) = Cute: tp(h) := Rep, h[0] := ReEho[0]Eh[1],
4.2. otherwise: tp(h) := tp(ho), h[t] :== Eho[d].
5. h=Doho:
5.1. tp(ho) = QZP- tp(h) := Rep, h[0] = Doho[(Doho[0],Y)].
5.2. otherwise: tp(h) :=tp(ho), h[t] := Doho[]-
6. h=S%d: tp(h):=tp(d)(X/F), h[i] := Skd[].
Remark Clause 5.1 “h[0] := Doho[(Doho[0],Y)]” seems not to fall under the scheme of primitive recursion,
since it is of the form “f(n+ 1,0) := g(f(n, g(f(n,0),n)))” with previously defined g, g. But the situation is
resolved as follows. The above definition is divided into three stages: First tp(h) is defined for all h. Then
h[e] is defined for all h with tp(h) = Q_p or ﬁzp (clauses 1.6, 3.1, 3.2, 3.3.5, 4.2, 5.2). Finally h[i] is defined
for the remaining h’s.

/\

S

Proposition 2

If tp(h) = /\g or ﬁfp, then Y occurs as eigenvariable in h.
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Abbreviation h I—;F i< heBIf&I(h) CT & deg(h) < m.

Theorem 5

IfBIf' > hF T and T = tp(h) then:

a) A(Z)CT

b) h[l] E T, A, (T) for all 1 € |Z|

¢) Z = Cute = rk(C) < deg(h)

A Ze{Ap, OLp} = V EFV(I(R)

Proof by induction on the build up of h (only the interesting cases):

1. h = Rphoha, tp(ho) = Ap, tp(h1) = Qop, T = QY p:

a),c) are trivial.

b) We have BI;' 5 ho ., I, P and BI}' 3 h; b, T,=P and therefore (by TH) ho[0] I—;I‘,P,P[Y], and
hilg] E T, =P, AP for all ¢ € |P|*. Hence h[0] = Rpho[0]hs = T, P[Y] and h[g] = Rphohi[q] = T, AF.

d) By IH Y ¢ FV(I'(ho)). By Proposition 2 Y occurs as eigenvariable in hg. Since h is good , this implies
Y ¢ FV(T(ho)) and thus Y ¢ FV(T(h)).

2. h = Doho, tp(ho) = ¥ p, T C A, T = Rep: w.lo.g. we may assume that T' = I'(h).

a),c),d) are trivial.

b) We have BI;' 3 hg ko T with I' C A, and by TH (1) ho[0] F, T, P[Y], (2) holq] F,T, A} for all
qg € |P|*, (3) Y ¢ FV(I'). By definition h[0] = Doho[go] with go = (Doho[0],Y). From (1) we get
Doho[0] H, T, P[Y] and AP C T. Hence go € |P|*, since Y ¢ FV(T'). By (2) we obtain now ho[qo] F, I’ which
yields h[0] = Doholqo] I—; I'. (Cf. Proof of Collapsing Theorem above)

3. h =\’ pho, T=Q.p, h[(d, X)] = Rpps (Skd)ho:

a) A(T) = {~P} CT(h) CT.

b) Let ¢ = (d, X) € |P|*. Then d b; AP P[X] with AP C A and X ¢ FV(AF). Hence Skd b AP, P[],
and together with ho I T, ~P[F] we get Rpz(Skd)ho - AP, T. Note that rk(P[F]) < deg(h) < m.

c),d) are trivial.

4. h = S%d with d = Dohy, deg(d) = deg(ho) = 0, T'(d) = T'(hg) C A, T = tp(d)(X/F): Let Ty := I'(d).

a) Altp(d)) C T4 = A(T) = A(tp(d))(X/F) C Tg(X/F) =T(h) CT.

b) By IHa it follows that tp(d) # Q-p, /\g, since T'(d) C A. By definition of tp(Dghg) we also have
tp(d) # QY. Hence tp(d) is an BI-inference, i.e. one of Axa, \Ver \/Ié, Rep. By IHb) d[i] I—; Ty, Ai(tp(d)).
Hence h[i] = Skd[i] k Ta(X/F), Ai(tp(d))(X/F), i.e. hli] T, Ay(Z).

c¢) By IHb tp(d) # Cute and thus Z # Cutc.

d) As shown under b), tp(d) & {/\?, ﬁzp} and therefore also 7 ¢ {/\g , ﬁfp}.

Definition
Ao := set of all closed literals
BIY := {Doh : h € BI? & deg(h) = 0 & ['(h) C Ao}, BIY := {d € BI : d good }

Corollary
h e Bl & tp(h) # Ax* = tp(h) = Rep and h[0] € BI}.

Proof: Since h € BI}', we have tp(h) # (NIZP. Together with deg(h) = 0, I'(h) C Ap, and Theorem 5 this
yields the claim.

Remark
Since h[0]* is a proper subtree of (the wellfounded tree) h®°, we thus have obtained an “ordinal free”
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termination proof for the reduction procedure h — h[0]' (h € BI;'). (h[0]' € BI}' results from h[0] € Bl by
renaming of eigenvariables, and substituting 0 for free number variables; therefore it has the same underlying
tree structure as h[0].)

84 Takeuti’s main reduction step

We now want to demonstrate that Takeuti’s reduction steps occurring in the consistency proofs for ISN on
pp. 320-341 of [Tak87] are essentially the same as the transition from h to h[0] (for h € BI%') in our approach.
We will only treat the most interesting case which is “(6) Case 1.” on pp. 327,328 or “(7) Case 1.” on pp.
339,340 (resp.) of [Tak87].

Definition (Nominal forms for derivations)

1. ¢ is a nominal form, and Q(o) := .

2. If a is a nominal form, and h € BI] then Rcah and Rcha are nominal forms and
Q(Reah) := Q(Reha) := {Rc} U Q(a).

3. If ais a nominal form, then Ea, Dga, S§a are nominal forms, and
Q(Xa) := X} UQ(a).

An R(, E)-form is a nominal form a with Q(a) C {R¢ : C formula }(U{E}).

We use a, b, ¢ as syntactic variables for nominal forms.

h
a{h}:= - - - := the result of substituting h for ¢ in a .
a

Now let h € BI3' with tp(h) = Rep. By looking through the definition of tp(h) and h[:] one easily verifies
that there is a nominal form a such that one of the following cases holds:
(1) h = a{Indz"ho}, h[0] = a{(Ind}"1o)[0]},
(IT) h = a{Eb{Rchoh1}} , h[0] = a{RoxE0{Rchy hi }EB{Rchohy }} for some R-form b,
(IT) h = a{Rehohn }, A[0] = a{h;} with i € {0,1} and tp(h1 ;) = Ax(-c.cy,
(IV) h = a{Doh'}, h[0] = a{(Doh’)[0]} with tp(h') = QXp.
We only consider case (IV) (for (I) and (IT) cf. [Bu97]):
Again by inspecting the definition of tp(h) and h[i] one sees that there is an {R, E}-form b such that
W = b{Rphoh,} and (w.lo.g.) tp(ho) = Ap, tp(h1) = Q-p and
(1) A'[0] = 6{Rpho[0]h1}, h'[g] = b{Rphoh1[q]} -
Further there is a nominal form ¢y and an {R, E}-form ¢; such that
(02) ho=co{Aphoo} , i =c1{Vphio}
(¢3) hol0] = cofhoo} , hi[(d, X)] = e1{Rpiz)(Skd)hio}-
Putting things together we get
(Iv) , 5.1.
h[0] =" a{(Doh")[0]} =
a{Dol'[(Doh'[0], X)]} ‘&
a{Dob{Rphohi[(Dob{Rpho[0]h1 }, X)}} ‘&
a{Dob{Rphoci {RpxS% Dob{Rpco{hoo} 1 }hio}}}-
Altogether we have
h = a{Dob{Rpco{Aphooter{V phio}}}
h[0] = a{Dob{Rpco{ A hoo te1 {Rp71S% Dob{Rpco{hoo ter1 {\VZ phio} thio}}} -

(h[0] results from h by replacing \/fp by Rp[}-]5§ D()b{Rpto{hgo}Cl{VfPhlo}}.)
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In tree form this is: h1o

hoo \p
o
Rp
o
F
hoo  hio hoo SxDo hio
X F X
Ap Vop Ap Reiz)
o o o o
R R
h o h[o] - o
b b
D[) D[)
o a
or
hio
hoo Iy, ~P[F]
To,P[X] ry,—P
o o
T,P,P[X] TP
T,P[X]
o
hoo hio hoo A, P[X] hio
To,P[X] T1,~P[F] To,P[X] A,P[F] I'1,—~P[F)]
To,P Ty ,—P To,P ATy
o o o o
TP r,—P TP AT,—P
r AT
L bio o
b (0] b
A A

- >
-

Now compare this with the proof figures on pp. 327,328 and pp. 339,340 in [Tak87].
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85 Ordinal assignment

In this we section carry through an ordinal analysis of the infinitary system BI{°, and then derive from that
an ordinal assignment h — o(h) for BIj-derivations such that Vi € |tp(h)|*(o(h[t]) < o(h)) can be proved
by finitary means.

a, 8,7, range over ordinals < eqy1. As usual we assume a = {£: £ < a}.

We use the collapsing function ¢ from [RW93].

Definition
Ya:=min{f: C(a, ) NQC L& a € C(a,B)}
with C(a, 8) := closure of {0,Q} U B under +, Aé.w® and Il (:= (€ = ¥E)eca).

Definition of a finite set Eq(a) C 2 for each «
L. Eg(0) := Eq(?) := {0},

2. Eq(a) :={a},ifa=w* < Q,

3. Eq(a#p) = EQ( ) U Eq(B),

4. Eq(w®) := Eq(a).

Basic properties of Ja (cf. [RW93])
(9.1) Eq(a) CYa < Q & w’ =da,
(9.2) a< B& Eq(a) CY8 = da <95,

Lemma 1

0 ifa<eg
a)maxEQ(Oé)—{gg ifee <a<es <O

b) da < Ha#B) if B # 0, and Ja < Jw® if a < w?.
Definition a < § & a <& Eq(a)\ (§+1) C98.

Lemma 2

(€0) ake &< = a<k, b,

(1) a<f<) = a<kof,

(L2) akf&E<SIB = da <P,

(€.3) ap Lea = ao#thB K¢ ot & w* K¢ w?,

(€4) ag,a; €ga = wOHWN KLy w?®

Proof:

1. a< < Q= maxFEq(a) <max Eq(f) <98 = a < 8.

2. ak f&ELSIB = a< & Eq(a) CYS=va <ip.

3. a0 <@ = Folao) \ (6+1) C da C d(a#B) & Ea(B) C 98 C da#B) =
= Eq(ao#p) \ (§+1) CIHa#B) = ao#B K¢ a#pB, since ap#f < a#f.

4. ap,a; €p @ = wWHW <w* & Eq(w*#w*) = Eq(ag) U Eq(ag) CY(a) C I w?).

Definition of d <« for BI{°-derivations d

For d € BIF® let [|d]| be the length (or depth) of 4, i.e., ||(d;)icr]| := sup{||d:|| +1:i € I}.
Then we set ||i]] :=0 (i € IN) , ||(d, X)|| :== ||d]|

and define d <« for d € BI{® by

I(d)er < & Vi€ [Fay(d, e, K @)

Proposition Ifd € BIf° and a < Q then (d<a & ||d|| < a).
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Theorem 6

a)dp<da& d; <48 = Re(do,di) Qa#f

b)d<a = £(d) aw® & Do(d) ada & SE(d) aa (if Do(d), S%(d), resp. is defined)
¢) Vi <n(ho(y/i)>® <a) = (Ind%"h)> <wt!

d) heaa = (VD pho)™ aa#Q

Proof:

The proof is straightforward (using Lemma 2). We only consider three cases.

b) Induction on «:

L Let d = QY5 (d), e oy p)°

Then dp < g <Ko @ and Vg € |P|(d, <y <)jq @)

do 9o L Do(dy) <€ :=Pap < Ja = ||go|| < € with go 1= (Do(dn),V) = dy gy e a ="

Do(dgy) <¥(rg,) < Y = Dp(d) = RepDp(dy,) < Pa.
2.d= I(Do(di))iel and Vi € Elai(di da; L Oé):
By IH Vi € I3;(Do(d;) 9Ya; <o Ya)) and thus Dy(d) = Z(Dy(ds)), ., <Y

el !
d) (VZpho)® = Q-p (Rpz(SF(Q),h8)) g xye )

a)+hoda I
¢=@X)e[P| = llgl=ldl <@ = dalldl "= Rpr(S%(@),h5°) < llgll#a g Qe

Now, with Theorem 6 in mind, we assign to each BIj-derivation h an ordinal (notation) o(h) in such a way
that h* <o(h) holds.

Definition of an ordinal o(h) for each BIj-derivation h

(1 it 7 = Ax}
o(ho) +1 ifZ =AY, o0r /\g or \/g
wo(ho)+1 if 7= Ind%*

o(h) = d olho)#Q  HT=V7,
O(ho)#o(hl) if 7 = /\Ao/\A1 or RC

wO(ho) if Z=E
190(h0) if 7 = DO
L o(ho) if T=5%

For technical reasons we also set o((d, X)) := o(d) and o(i) := 0 for 7 € IN.

Theorem 7

he€BI} & eltp(h)]* = o(h[t]) Ko@) o(h)

Proof by induction on the definition of A[i]:

1. h = Dohg: Let a := o(hg) and «, := o(ho[t]).

1.1. tp(ho) = (NIZP: Then tp(h) = Rep and h[0] = Dohg|go] with go = (Doho[0],Y"), and therefore
o(h[0]) = Yay, and o(qgo) = Yo =: §. By TH «, <) « for all ¢ € [tp(ho)|*.

Hence ap <o o & oy, ¢ o which yields { = dag < da & a4, K¢ @, and then o(h[0]) = Jay, Ko Ya = o(h).
1.2. Otherwise: Then [tp(h)|* = |tp(ho)|* C IN and h[i] = Doho[i].

By IH «a; <o « and thus o(h[i]) = da; <o da = o(h).

2. h = \/ pho: Then tp(h) = Q_p and h[(d, X)] = RppxSkd ho.

Hence o(h[(d, X)]) = o(d)#o0(ho) <Ko(a) 2F0(ho) = o(h) for all (d, X) € |P[*.
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