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tionIn [Bu97℄ a pre
ise explanation of Gentzen's redu
tion steps for derivations in 1st order arithmeti
 Z(
f. [Ge38℄) in terms of (
ut-elimination for) in�nitary derivations in !-arithmeti
 was given. Even more,Gentzen's redu
tion steps and ordinal assignment were derived from in�nitary proof theory. In the presentpaper we will extend this work to an impredi
ative subsystem BI�1 of 2nd order arithmeti
 thereby explainingTakeuti's 
onsisten
y proof for �11-CA in terms of the in�nitary approa
h (with 
�+1-rules) from [BS88℄.Our goal is to explain Takeuti's redu
tion steps o

urring in the 
onsisten
y proofs for ISN on pp. 320-341of [Tak87℄ in the same way as we have explained Gentzen's redu
tion steps in [Bu97℄. A
tually BI�1 is arather weak subsystem of �11-CA (it has the strength of ID1 only), but we 
laim that the results of thepresent paper 
an be extended to full �11-CA.Contents: In x1 after some preliminaries about syntax we introdu
e a spe
ial kind of representing derivationsin (Tait style) sequent 
al
uli, whi
h is parti
ularly suited for the purposes of this paper. In x2 we introdu
ein�nitary systems BI10 and BI11 . The system BI10 is just 
utfree !-arithmeti
 augmented by the \RepetitionRule" (Rep). The main feature of the system BI11 (whi
h extends BI10 ) is the 
1-rule, whi
h is an in�nitaryrule of \higher order", sin
e it has un
ountably in�nite \arity" (the premises of an 
1-inferen
e form a family(��)�2I where I is (essentially) the set of all BI10 -derivations). We then de�ne 
ertain operators E ;D0;SFXon BI11 -derivations. By means of E and D0 every BI11 -derivation with an arithmeti
al endsequent � 
anbe transformed into a BI10 -derivation of �. The operator SFX is needed for the embedding h 7! h1 ofBI�1 into BI11 . In x3 we introdu
e the �nitary proof system BI�1 whi
h is an extension of BI�1 by 
ertaininferen
e rules (E); (D0); (SFX) 
orresponding to the operators E ;D0;SFX . The embedding h 7! h1 is extendedto BI�1 by interpreting (E); (D0); (SFX) by means of E ;D0;SFX . In BI�1 it is possible to de�ne an operation(h; i) 7! h[i℄ whi
h assigns to every BI�1-derivation h a family of BI�1-derivations h[i℄ su
h that h[i℄1 is theith immediate subderivation of h1. In x4 we show that if h is a (hypotheti
al) BI�1-derivation of the emptysequent (
ontradi
tion) then h1 ends with a Rep, and h[0℄ results from h by appli
ation of a Gentzen-Takeutiredu
tion step as des
ribed in [Tak87, pp. 320-341℄. Sin
e h[0℄1 is a proper subtree of (the wellfounded tree)h1, we thus have obtained an \ordinal free" termination proof for Takeuti's redu
tion pro
edure for BI�1.An ordinal assignment BI�1 3 h 7! o(h) su
h that o(h[i℄) < o(h) will be introdu
ed in x5. Sin
e we donot use ordinal diagrams but a di�erent system of notations, this assignment 
an not fully 
oin
ide withTakeuti's, but it will be very similar to that. The important point is, that our ordinal assignment is dire
tlyderived from the in�nitary approa
h, and thus (to some degree) also yields a 
ertain explanation for Takeuti'sassignment.A
knowledgement: [Bu97℄ and the present paper have pro�ted a lot by other authors' work on theGentzen-Takeuti method and on the relationship between �nitary and in�nitary derivations, e.g. [Ar88℄,[Ar96a℄, [Mi75℄, [Mi75a℄, [Mi79℄, [Mi93℄. The des
ribtion of Gentzen's ordinal assignment in [Bu97℄ is similarto that in [Mi79, De�nition 1℄. Our o( n(d)) 
orresponds to On(d) in [Mi79℄, and Lemma 5 in [Bu97℄
orresponds to Lemma 5 in [Mi79℄. The E-rule already o

urs in [Ar96a℄ under the name \height rule", butthere no interpretation of E as 
ut-elimination operator is given.1



x1 PreliminariesSyntaxLet L0 be the 1st-order language of arithmeti
 whi
h has predi
ate symbols for primitive re
ursive relations,but no fun
tion symbols ex
ept the 
onstant 0 and the unary fun
tion symbol S (su

essor). The language L1(whi
h is the formal language of all proof systems 
onsidered below) is obtained from L0 by adding in�nitelymany 1-ary predi
ate variablesX;Y; Z; :::: and a restri
ted kind of 2nd-order quanti�
ation. Atomi
 formulasare of the form pt1:::tn or Xt where p is an n-ary predi
ate symbol and t; t1; :::; tn are L0-terms. Literals areexpressions of the shape A or :A where A is an atomi
 formula. Formulas are built up from literals by meansof ^;_;8x; 9x;8X; 9X , where the use of 8X; 9X is restri
ted as follows: If A is a formula then 8XA and 9XAare formulas only if A 
ontains no 2nd order quanti�er and no predi
ate variable ex
ept X . The negation:C of a formula C is de�ned via de Morgan's laws. The rank rk(C) of a formula C is de�ned as follows:rk(C) := 0 if C is a literal or a formula 8XA or 9XA, rk(A0^A1) := rk(A0_A1) := maxfrk(A0); rk(A1)g+1,rk(8xA) := rk(9xA) := rk(A)+1. By FV(�) [FV0(�), resp.℄ we denote the set of all free variables [freenumber variables, resp.℄ of the formula or term �. A formula or term � is 
alled 
losed i� FV0(�) = ;. �(x=t)denotes the result of repla
ing every free o

urren
e of x in � by t (renaming bound variables of � if ne
essary).The only 
losed terms are the numerals 0; S0; SS0; :::. We identify numerals and natural numbers. Finitesets of formulas are 
alled sequents. We use the following synta
ti
 variables: s; t for terms, A;B;C;D; Ffor formulas, �;� for sequents, �; �; 
 for ordinals, i; j; k; l;m; n for natural numbers (and numerals). As faras sequents are 
on
erned we usually write A1; :::; An for fA1; :::; Ang, and A;�;� for fAg [ � [�, et
. Pis used as synta
ti
 variable for formulas 8XA. (Note that due to our general restri
tion on the formationof formulas, a formula P = 8XA 
ontains no 2nd order variable ex
ept X !) F is a synta
ti
 variable forexpressions �xF where F is a formula. If P = 8XA then P [F ℄ denotes the formula A(X=F), i.e. the resultof repla
ing in A every subformula Xt by F (x=t). We write P [Y ℄ for P [�x:Y x℄.TRUE0 := set of all true 
losed L0-literals.Var1 := set of all predi
ate variables.A := set of all formulas whi
h 
ontain no 2nd order quanti�ersProof systemsA proof system S is given by{ a set of formal expressions 
alled inferen
e symbols (synta
ti
 variable I){ for ea
h inferen
e symbol I a set jIj (the arity of I), a sequent �(I) and a family of sequents (��(I))�2jIj.The elements of �(I) [ S�2jIj��(I) ℄ are 
alled the prin
ipal formulas [ minor formulas ℄ of I.{ for ea
h inferen
e symbol I a set Eig(I) whi
h is either empty or a singleton fug with u a variable not inFV(�(I)); in the latter 
ase u is 
alled the eigenvariable of I.NOTATIONBy writing(I) : : :�� : : : (�2I)� [ !u! ℄we express that I is an inferen
e symbol with jIj = I , �(I) = �, ��(I) = ��, and Eig(I) = ; [ Eig(I) = fug,resp.℄.If I = f0; :::; n�1g we write �0 �1 : : : �n�1� , instead of : : :�� : : : (�2I)� .Inferen
e symbols I with jIj = ; will be 
alled axioms.Example:By (CutC) C :C; we express that for ea
h formula C, the expression I := CutC is an inferen
e symbolwith jIj = f0; 1g, �(I) = ;, �0(I) = fCg, �1(I) = f:Cg.2



Indu
tive de�nition of S-derivationsIf I is an inferen
e symbol of S, and (d�)�2jIj is a family of S-derivations su
h that Eig(I) \ FV(�) = ;where � := �(I)[S�2jIj(�(d�)n��(I)), then d := I(d�)�2jIj is an S-derivation with �(d) := � (endsequentof d) and last(d) := I (last inferen
e of d).Instead of I(d�)�2jIj we also write : : : d� : : : (�2jIj)I or Id0:::dn�1 or d0 : : : dn�1I if jIj = f0; :::; n�1g.Abbreviation: S 3 d ` � :() d is an S-derivation with �(d) � �.So S also denotes the set of all S-derivations.RemarkOur notion of derivation di�ers from the usual one in so far as our derivations have inferen
es (inferen
esymbols) and not sequents assigned to their nodes. The sequent \belonging" to a node � of a derivation d isnot expli
itely displayed, but 
an be 
omputed by tree re
ursion from d (similarly as the free assumptionsin a natural dedu
tion style derivation).The Tait-style inferen
e rules in their traditional form : : :�;��(I) : : :�;�(I) are reobtained here as follows:If I 2 S and Eig(I) \ FV(�) = ;, thenfrom : : :S 3 d� ` �;��(I) : : : (� 2 jIj) we 
on
lude S 3 I(d�)�2jIj ` �;�(I) .x2 The in�nitary systems BI10 and BI11In BI10 and BI11 only 
losed formulas (i.e., formulas A with FV0(A) = ;) are allowed.The inferen
e symbols of BI10 are(Ax�) � if � = fAg � TRUE0 or � = f:C;Cg(VA0^A1) A0 A1A0^A1 (WkA0_A1) AkA0_A1 (k 2 f0; 1g)(V8xA) : : : A(x=i) : : : (i2IN)8xA (Wk9xA) A(x=k)9xA (k 2 IN) (Rep) ;;The inferen
e symbols of BI11 are those of BI10 together with(VYP ) P [Y ℄P !Y ! (
:P ) : : :�Pq : : : (q 2 jP j):P(CutC) C :C;(e
Y:P ) P [Y ℄ : : :�Pq : : : (q 2 jP j); !Y !with jP j := f(d; X) 2 BI10 �Var1 : �(d) � A & X 62 FV(�P(d;X))g and �P(d;X) := �(d) n fP [X ℄g.Remark1. The pair (d; X) plays the role of a derivation VXP d with �(VXP d) = fPg [�P(d;X).2. Obviously an inferen
e e
Y:P is just a 
ombination of VYP , 
:P , CutP . It 
orresponds to the 
1-rule in[BS88℄ (pg. 39). For a better understanding of 
:P it may be helpful to look at the formation of BI11 -derivations by means of 
:P :By the general de�nition of S-derivations we have8q 2 jP j�BI11 3 eq ` �;�Pq � =) BI11 3 (eq)q2jP j ` �;:P ,3



i.e.,8(d; X)8��A�X 62 FV(�) & BI10 3d ` �; P [X ℄ ) BI11 3e(d;X) ` �;�� =) BI11 3 (eq)q2jP j ` :P;�.De�nitionThe degree (or 
utrank) deg(d) of a BI11 -derivation d is de�ned by:deg(I(d�)�2I) := sup(fdeg(I)g [ fdeg(d�) : � 2 Ig) with deg(I) := n rk(C) + 1 if I = CutC0 otherwiseAbbreviationd `m � :, BI11 3 d ` � & deg(d) � mTheorem 1 and De�nition (Cutelimination)As in [Bu97℄ we de�ne operators RC and E on BI11 -derivations su
h thata) d0 `m �; C & d1 `m �;:C & rk(C) � m =) RC(d0; d1) `m �,b) d `m+1 � =) E(d) `m �.Proof:a) As in [Bu97℄, ex
ept for the following additional 
ases:1. d0 = Axf:C;Cg: Then :C;C � �(d0) � �; C and thus :C 2 �.Hen
e the 
laim holds for RC(d0; d1) := Repd1.2. C = P and last(d0) = VYP , last(d1) = 
:P :Then d00 `m �; P; P [Y ℄, and d1q `m �;:P;�Pq for all q 2 jP j.If Y 2 FV(�(d1)) let d000 be the BI�1-derivation resulting from d00 by inter
hanging Y with some Z 62 FV(�);otherwise let d000 := d00 and Z := Y .By IH we get RC(d000; d1) `m �; P [Z℄, and RC(d0; d1q) `m �;�Pq for all q 2 jP j.RC(d0; d1) := RC(d000; d1) : : :RC(d0; d1q) : : : (q2jP j)e
Z:Pb) As in [Bu97℄: For d = I(d�)�2I let E(d) := �RepRC(E(d0); E(d1)) if I = CutCI�E(di)��2I otherwise .Theorem 2 and De�nition (Collapsing)We de�ne an operation D0 su
h that: d `0 � & � � A ) BI10 3 D0(d) ` �.Proof by indu
tion on d:Main 
ase: Let d = e
Y:P �d���2f0g[jP j and (w.l.o.g.) �(d) = � .Then Y 62 FV(�) , d0 `0 �; P [Y ℄, and dq `0 �;�Pq for all q 2 jP j (y).By IH BI10 3 D0(d0) ` �; P [Y ℄, and thus Y 62 FV(�(D0(d0)) n fP [Y ℄g).Hen
e q0 := (D0(d0); Y ) 2 jP j and �Pq0 � �.Now (y) yields dq0 `0 �, and by IH we get BI10 3 D0(dq0) ` �.So D0(d) := RepD0(dq0) is a derivation as required.Other 
ases: D0�I(d�)�2I� := I�D0(d�)��2I .Theorem 3 and De�nition (Substitution)BI10 3 d ` � ) BI10 3 SFX (d) ` �(X=F).Proof:SFX�I(d�)�2jIj� := IÆ�SFX (d�)��2jIÆj with IÆ := I(X=F),i.e., RepÆ := Rep, (Ax�)Æ := Ax�Æ , (VC)Æ := VCÆ , (WkC)Æ := WkCÆ , where CÆ := C(X=F).4



x3 The �nitary proof systems BI�1 and BI�1Let Ax(Z) be \the" set of arithmeti
 axioms (ex
ept indu
tion) in sequent form.So Ax(Z) is a (prim. re
.) set of sequents in the language L1 su
h that(i) � 2 Ax(Z) & A 2 � ) A is a literal,(ii) � 2 Ax(Z) ) �(~x=~t) 2 Ax(Z),(iii) � 2 Ax(Z) & FV0(�) = ; ) � \ TRUE0 6= ;.The inferen
e symbols of BI�1 are(Ax��) � if � 2 Ax(Z) or � = f:C;Cg(VA0^A1) A0 A1A0^A1 (WkA0_A1) AkA0_A1 (k 2 f0; 1g)(Vy8xA) A(x=y)8xA !y! (Wt9xA) A(x=t)9xA(VYP ) P [Y ℄P !Y ! (WF:P ) :P [F ℄:P(Indy;tF ) :F; F (y=Sy):F (y=0); F (y=t) !y!(RC) C :C; .The inferen
e symbols of BI�1 are those of BI�1 together with(E) ;; , (D0) ;; , (SFX) h ��(X=F) iFor SFX no sequents �(SFX) and ��(SFX) are de�ned.Instead we de�ne dire
tly �(SFXh0) := �(h0)(X=F) and jSFX j := f0g.Remark The 
ombination SFXD0 
orreponds to Takeuti's substitution rule.De�nitionFor ea
h BI�1-derivation h = Ih0:::hn�1 we set deg(h) := 8>>>><>>>>:maxfrk(C); deg(h0); deg(h1)g if I = RCmaxfrk(F ); deg(h0)g if I = Indy;tFmaxfrk(P [F ℄); deg(h0)g if I = WF:Pdeg(h0)�� 1 if I = Esupi<n deg(hi) otherwiseNote that this de�nition is di�erent from the de�nition of deg(d) for BI11 -derivations d !De�nition of h(x=k)For h = Ih0:::hn�1 let h(x=k) := �h if Eig(I) = fxgI(x=k)h0(x=k):::hn�1(x=k) otherwisewhere I(x=k) is de�ned as expe
ted (
f. [Bu97℄).Indu
tive De�nition of proper BI�1-derivationsIf I is an n-ary BI�1-inferen
e symbol and h0; :::; hn�1 are proper BI�1-derivations then h := Ih0:::hn�1 is aproper BI�1-derivation if the following 
onditions (in addition to the eigenvariable 
onditions) are satis�ed{ I = D0 ) deg(h0) = 0 & �(h0) � A,{ I = SFX ) h0 is of the form D0h00 5



De�nitionA proper BI�1-derivation h is 
alled good if it satis�es the following 
onditions:(1) every free number variable x o

urring in h is the eigenvariable of an inferen
e below that o

urren
e,(2) all eigenvariables in h are distin
t and none of them o

urs below the inferen
e in whi
h it is used as aneigenvariable.De�nitionBI�1 := set of all proper BI�1-derivationsBI�1 0 := set of all good h 2 BI�1Proposition 1a) Every h 2 BI�1 with FV0(�(h)) = ; 
an be transformed into an h0 2 BI�1 0 su
h that �(h0) � �(h) anddeg(h0) = deg(h).b) For ea
h h = Ih0:::hn�1 2 BI�10 the following holds:(i) FV0(�(h)) = ;.(ii) If Eig(I) = ; or I = VYP then h0; :::; hn�1 2 BI�1 0.(iii) If Eig(I) = fyg then h0(y=k) 2 BI�10.(iv) If I = Indy;tF then FV0(F (y=t)) = ; and therefore w.l.o.g. t is a numeral.(v) If h = SFXh0 and Y 2 fXg [ FV(F) then Y does not o

ur as eigenvariable in h0.Interpretation of BI�10 in BI11For ea
h h = Ih0:::hn�1 2 BI�10 we de�ne its interpretation h1 2 BI11 as follows:0. (Ax��)1 := Ax�0 with suitable �0 � � ,1. (Vy8xAh0)1 := V8xA�h0(y=i)1�i2IN ,2. (WF:Ph0)1 := 
:P �RP [F ℄(SFX (d); h10 )�(d;X)2jP j3. (Indy;nF h0)1 := Rep en withe0 := Axf:F (y=0);F (y=0)g , e1 := h0(y=0)1 , ei+1 := RF (y=i)(ei; h0(y=i)1) for i > 0.4. (RCh0h1)1 := RC(h10 ; h11 ) , (Eh0)1 := E(h10 ) , (D0h0)1 := D0(h10 ) , (SFXh0)1 := SFX (h10 )5. Otherwise: (Ih0:::hn�1)1 := Ih10 : : : h1n�1Theorem 4h 2 BI�10 ) h1 `deg(h) �(h).Proof for h = WF:Ph0:Let � := �(h), m := deg(h) = maxfrk(P [F ℄); deg(h0)g.Then :P 2 � , �(h0) � �;:P [F ℄ , and, by IH, h10 `m �;:P [F ℄ (�).Now the following impli
ations hold:(d; X) 2 jP j ) BI10 3 d ` �P(d;X); P [X ℄ with X 62 FV(�P(d;X)))) SFX (d) `0 �P(d;X); P [F ℄ )(�) RP [F ℄(SFX (d); h10 ) `m �P(d;X);�.Hen
e h1 `m �, sin
e :P 2 �.
6



De�nitionjP j� := f(D0h;X) : h 2 BI�1 & �(h) � A & deg(h) = 0 & X 62 FV(�P(D0h;X))gj
:P j� := jP j�, je
Y:P j� := f0g [ jP j�; in all other 
ases jIj� := jIj.De�nition of tp(h) and h[�℄ for h 2 BI�1 0 and � 2 jtp(h)j�By primitive re
ursion on the build-up of h 2 BI�10 we de�ne an inferen
e symbol tp(h) 2 BI11 , and properBI�1-derivation(s) h[�℄ in su
h a way that tp(h) = last(h1) and (h[z℄)1 = h1(z1) for all z 2 jtp(h)j�. Herei1 := i for i 2 IN, (d;X)1 := (d1; X), and h1(�) := the \ �th " immediate subderivation of h1. So, fortp(h) 6= 
:P ; e
Y:P we have h1 = tp(h)�h[i℄1�i2jtp(h)j.The de�nition 
lauses for h = RCh0h1; Eh0; D0h0; SFXh0 
an be read o� from the 
orresponding 
lauses inthe de�nitions of RC ; E ; D0; SFX .1.1. h = Ax��: tp(h) := Ax�0 with suitable �0 � �.1.2. h = VCh0h1: tp(h) := VC , h[i℄ := hi.1.3. h = VYP h0: tp(h) := VYP , h[0℄ := h0.1.4. h = WkCh0: tp(h) := WkC , h[0℄ := h0.1.5. h = VyCh0: tp(h) := VC , h[i℄ := h0(y=i).1.6. h = WF:Ph0: tp(h) := 
:P , h[(d;X)℄ := RP [F ℄(SFXd)h0.2. h = Indy;nF h0: tp(h) := Rep, h[0℄ := en withe0 := Ax�f:F (0);F (0)g, e1 := h0(y=0), ei+1 := RF (i)eih0(y=i) for i > 0.3. h = RCh0h1:3.1. C 62 �(tp(h0)): tp(h) := tp(h0), h[�℄ := RCh0[�℄h1.3.2. :C 62 �(tp(h1)): tp(h) := tp(h1), h[�℄ := RCh0h1[�℄.3.3. C 2 �(tp(h0)) and :C 2 �(tp(h1)):3.3.1. tp(h0) = Axf:C;Cg: tp(h) = Rep and h[0℄ = h1.3.3.2. tp(h1) = Axf:C;Cg: tp(h) = Rep and h[0℄ = h0.3.3.3. C = 8xA: Then tp(h1) = Wk:C for some k 2 IN .tp(h) := CutA(x=k), h[0℄ := RCh0[k℄h1, h[1℄ := RCh0h1[0℄.3.3.4. C = 9xA or A0^A1 or A0_A1: analogous to 3.3.3.3.3.5. C = P : Then tp(h0) = VYP and tp(h1) = 
:P .tp(h) := e
Y:P , h[0℄ := RPh0[0℄h1 , h[q℄ := RPh0h1[q℄ for q 2 jP j�.3.3.6. C = :P : analogous to 3.3.5.4. h = Eh0:4.1. tp(h0) = CutC : tp(h) := Rep, h[0℄ := RCEh0[0℄Eh0[1℄,4.2. otherwise: tp(h) := tp(h0), h[�℄ := Eh0[�℄.5. h = D0h0:5.1. tp(h0) = e
Y:P : tp(h) := Rep, h[0℄ = D0h0[(D0h0[0℄; Y )℄.5.2. otherwise: tp(h) := tp(h0), h[�℄ := D0h0[�℄.6. h = SFXd: tp(h) := tp(d)(X=F), h[�℄ := SFXd[�℄.Remark Clause 5.1 \h[0℄ := D0h0[(D0h0[0℄; Y )℄" seems not to fall under the s
heme of primitive re
ursion,sin
e it is of the form \f(n+1; 0) := g(f(n; ~g(f(n; 0); n)))" with previously de�ned g; ~g. But the situation isresolved as follows. The above de�nition is divided into three stages: First tp(h) is de�ned for all h. Thenh[�℄ is de�ned for all h with tp(h) = 
:P or e
Y:P (
lauses 1.6, 3.1, 3.2, 3.3.5, 4.2, 5.2). Finally h[i℄ is de�nedfor the remaining h's.Proposition 2If tp(h) = VYP or e
Y:P , then Y o

urs as eigenvariable in h.7



Abbreviation h �̀m� :() h 2 BI�1 & �(h) � � & deg(h) � m.Theorem 5If BI�1 0 3 h �̀m� and I = tp(h) then:a) �(I) � �b) h[�℄ �̀m�;��(I) for all � 2 jIj
) I = CutC ) rk(C) < deg(h)d) I 2 fVYP ; e
Y:P g ) Y 62 FV(�(h))Proof by indu
tion on the build up of h (only the interesting 
ases):1. h = RPh0h1, tp(h0) = VYP , tp(h1) = 
:P , I = e
Y:P :a),
) are trivial.b) We have BI�10 3 h0 `m �; P and BI�10 3 h1 `m �;:P and therefore (by IH) h0[0℄ `�m�; P; P [Y ℄, andh1[q℄ �̀m�;:P;�Pq for all q 2 jP j�. Hen
e h[0℄ = RPh0[0℄h1 �̀m�; P [Y ℄ and h[q℄ = RPh0h1[q℄ �̀m�;�Pq .d) By IH Y 62 FV(�(h0)). By Proposition 2 Y o

urs as eigenvariable in h0. Sin
e h is good , this impliesY 62 FV(�(h0)) and thus Y 62 FV(�(h)).2. h = D0h0, tp(h0) = e
Y:P , � � A, I = Rep: w.l.o.g. we may assume that � = �(h).a),
),d) are trivial.b) We have BI�10 3 h0 `0 � with � � A, and by IH (1) h0[0℄ `�0 �; P [Y ℄, (2) h0[q℄ `�0 �;�Pq for allq 2 jP j�, (3) Y 62 FV(�). By de�nition h[0℄ = D0h0[q0℄ with q0 = (D0h0[0℄; Y ). From (1) we getD0h0[0℄ �̀0 �; P [Y ℄ and �Pq0 � �. Hen
e q0 2 jP j�, sin
e Y 62 FV(�). By (2) we obtain now h0[q0℄ �̀0 � whi
hyields h[0℄ = D0h0[q0℄ �̀0 �. (Cf. Proof of Collapsing Theorem above)3. h = WF:Ph0, I = 
:P , h[(d;X)℄ = RP [F ℄(SFXd)h0:a) �(I) = f:Pg � �(h) � �.b) Let q = (d;X) 2 jP j�. Then d �̀0�Pq ; P [X ℄ with �Pq � A and X 62 FV(�Pq ). Hen
e SFXd �̀0�Pq ; P [F ℄,and together with h0 �̀m�;:P [F ℄ we get RP [F ℄(SFXd)h0 �̀m�Pq ;�. Note that rk(P [F ℄) � deg(h) � m.
),d) are trivial.4. h = SFXd with d = D0h0, deg(d) = deg(h0) = 0, �(d) = �(h0) � A, I = tp(d)(X=F): Let �d := �(d).a) �(tp(d)) IHa� �d ) �(I) = �(tp(d))(X=F) � �d(X=F) = �(h) � �.b) By IHa it follows that tp(d) 6= 
:P ; VYP , sin
e �(d) � A. By de�nition of tp(D0h0) we also havetp(d) 6= e
Y:P . Hen
e tp(d) is an BI10 -inferen
e, i.e. one of Ax�;VC ;WkC ;Rep. By IHb) d[i℄ �̀0 �d;�i(tp(d)).Hen
e h[i℄ = SFXd[i℄ �̀0 �d(X=F);�i(tp(d))(X=F), i.e. h[i℄ �̀0 �;�i(I).
) By IHb tp(d) 6= CutC and thus I 6= CutC .d) As shown under b), tp(d) 62 fVYP ; e
Y:P g and therefore also I 62 fVYP ; e
Y:P g.De�nitionA0 := set of all 
losed literalsBI�0 := fD0h : h 2 BI�1 & deg(h) = 0 & �(h) � A0g , BI�0 0 := fd 2 BI�0 : d good gCorollaryh 2 BI�00 & tp(h) 6= Ax� =) tp(h) = Rep and h[0℄ 2 BI�0.Proof: Sin
e h 2 BI�0 0, we have tp(h) 6= e
Y:P . Together with deg(h) = 0, �(h) � A0, and Theorem 5 thisyields the 
laim.RemarkSin
e h[0℄1 is a proper subtree of (the wellfounded tree) h1, we thus have obtained an \ordinal free"8



termination proof for the redu
tion pro
edure h 7! h[0℄0 (h 2 BI�00). (h[0℄0 2 BI�00 results from h[0℄ 2 BI�0 byrenaming of eigenvariables, and substituting 0 for free number variables; therefore it has the same underlyingtree stru
ture as h[0℄.)x4 Takeuti's main redu
tion stepWe now want to demonstrate that Takeuti's redu
tion steps o

urring in the 
onsisten
y proofs for ISN onpp. 320-341 of [Tak87℄ are essentially the same as the transition from h to h[0℄ (for h 2 BI�00) in our approa
h.We will only treat the most interesting 
ase whi
h is \(6) Case 1." on pp. 327,328 or \(7) Case 1." on pp.339,340 (resp.) of [Tak87℄.De�nition (Nominal forms for derivations)1. � is a nominal form, and Q(�) := ;.2. If a is a nominal form, and h 2 BI�1 then RCah and RCha are nominal forms andQ(RCah) := Q(RCha) := fRCg [Q(a).3. If a is a nominal form, then Ea, D0a, SFXa are nominal forms, andQ(Xa) := fXg [Q(a).An R(;E)-form is a nominal form a with Q(a) � fRC : C formula g([fEg).We use a; b; 
 as synta
ti
 variables for nominal forms.afhg := h� � �� �a := the result of substituting h for � in a .Now let h 2 BI�00 with tp(h) = Rep. By looking through the de�nition of tp(h) and h[�℄ one easily veri�esthat there is a nominal form a su
h that one of the following 
ases holds:(I) h = afIndy;nF h0g, h[0℄ = af(Indy;nF h0)[0℄g,(II) h = afEbfRCh0h1gg , h[0℄ = afRC[k℄EbfRCh�0 h1gEbfRCh0h�1 gg for some R-form b,(III) h = afRCh0h1g, h[0℄ = afhig with i 2 f0; 1g and tp(h1�i) = Axf:C;Cg,(IV) h = afD0h0g, h[0℄ = af(D0h0)[0℄g with tp(h0) = 
X:P .We only 
onsider 
ase (IV) (for (I) and (II) 
f. [Bu97℄):Again by inspe
ting the de�nition of tp(h) and h[�℄ one sees that there is an fR;Eg-form b su
h thath0 = bfRPh0h1g and (w.l.o.g.) tp(h0) = VXP , tp(h1) = 
:P and(}1) h0[0℄ = bfRPh0[0℄h1g, h0[q℄ = bfRPh0h1[q℄g .Further there is a nominal form 
0 and an fR;Eg-form 
1 su
h that(}2) h0 = 
0fVXP h00g , h1 = 
1fWF:Ph10g(}3) h0[0℄ = 
0fh00g , h1[(d;X)℄ = 
1fRP [F ℄(SFXd)h10g.Putting things together we geth[0℄ (IV)= af(D0h0)[0℄g 5:1:=afD0h0[(D0h0[0℄; X)℄g (}1)=afD0bfRPh0h1[(D0bfRPh0[0℄h1g; X)℄gg (}3)=afD0bfRPh0
1fRP [F ℄SFXD0bfRP 
0fh00gh1gh10ggg.Altogether we haveh = afD0bfRP 
0fVXP h00g
1fWF:Ph10ggg ,h[0℄ = afD0bfRP 
0fVXP h00g
1fRP [F ℄SFXD0bfRP 
0fh00g
1fWF:Ph10ggh10ggg .(h[0℄ results from h by repla
ing WF:P by RP [F ℄SFXD0bfRP 
0fh00g
1fWF:Ph10gg.)9



In tree form this is:
h : h00VXP� � �� �
0 h10WF:P� � �� �
1RP� � �� �bD0� � �� �a h[0℄ : h00VXP� � �� �
0

h00� � �� �
0 h10WF:P� � �� �
1RP� � �� �bSFXD0 h10RP [F ℄� � �� �
1RP� � �� �bD0� � �� �aor

h :
h00�0;P [X℄�0;P� � �� �
0�;P h10�1;:P [F ℄�1;:P� � �� �
1�;:P�� � �� �b��� � �� �a h[0℄ :

h00�0;P [X℄�0;P� � �� �
0�;P
h00�0;P [X℄� � �� �
0�;P;P [X℄ h10�1;:P [F ℄�1;:P� � �� �
1�;:P�;P [X℄� � �� �b�;P [X℄�;P [F ℄ h10�1;:P [F ℄�;�1� � �� �
1�;�;:P�;�� � �� �b��� � �� �aNow 
ompare this with the proof �gures on pp. 327,328 and pp. 339,340 in [Tak87℄.
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x5 Ordinal assignmentIn this we se
tion 
arry through an ordinal analysis of the in�nitary system BI11 , and then derive from thatan ordinal assignment h 7! o(h) for BI�1-derivations su
h that 8� 2 jtp(h)j�( o(h[�℄) < o(h) ) 
an be provedby �nitary means.�; �; 
; � range over ordinals < "
+1. As usual we assume � = f� : � < �g.We use the 
ollapsing fun
tion # from [RW93℄.De�nition#� := minf� : C(�; �) \ 
 � � & � 2 C(�; �)gwith C(�; �) := 
losure of f0;
g [ � under +, ��:!� and #�� (:= (� 7! #�)�<�).De�nition of a �nite set E
(�) � 
 for ea
h �1. E
(0) := E
(
) := f0g,2. E
(�) := f�g, if � = !� < 
,3. E
(�#�) := E
(�) [ E
(�),4. E
(!�) := E
(�).Basi
 properties of #� (
f. [RW93℄)(#:1) E
(�) � #� < 
 & !#� = #�,(#:2) � < � & E
(�) � #� ) #� < #�,Lemma 1a) maxE
(�) = n 0 if � < "0"� if "� � � < "�+1 < 
b) #� < #(�#�) if � 6= 0, and #� < #!� if � < !�.De�nition ��� � :, � < � & E
(�) n (�+1) � #�.Lemma 2(�:0) ��� � & � � � =) ��� �,(�:1) � < � < 
 =) ��0 �,(�:2) ��� � & � < #� ) #� < #�,(�:3) �0 �� � ) �0#� �� �#� & !�0 �� !�,(�:4) �0; �1 �0 � ) !�0#!�1 �0 !�.Proof:1. � < � < 
) maxE
(�) � maxE
(�) < #� ) ��0 �.2. ��� � & � � #� ) � < � & E
(�) � #� ) #� < #�.3. �0 �� � ) E
(�0) n (�+1) � #� � #(�#�) & E
(�) � #� � #(�#�) )) E
(�0#�) n (�+1) � #(�#�) ) �0#� �� �#�, sin
e �0#� < �#�.4. �0; �1 �0 � ) !�0#!�1 < !� & E
(!�0#!�1) = E
(�0) [E
(�1) � #(�) � #(!�).De�nition of d / � for BI11 -derivations dFor d 2 BI10 let kdk be the length (or depth) of d, i.e., k(di)i2Ik := supfkdik+ 1 : i 2 Ig.Then we set kik := 0 (i 2 IN) , k(d; X)k := kdkand de�ne d / � for d 2 BI11 byI(d�)�2I / � :, 8� 2 I9��(d� / �� �k�k �)Proposition If d 2 BI10 and � < 
 then (d / � , kdk � �).11



Theorem 6a) d0 / � & d1 / � ) RC(d0; d1) / �#�b) d / � ) E(d) / !� & D0(d) / #� & SFX (d) / � (if D0(d), SFX (d), resp. is de�ned)
) 8i � n(h0(y=i)1 / � ) ) (Indy;nF h0)1 / !�+1d) h10 / � ) (WF:Ph0)1 / �#
Proof:The proof is straightforward (using Lemma 2). We only 
onsider three 
ases.b) Indu
tion on �:1. Let d = e
Y:P �d���2f0g[jP j:Then d0 / �0 �0 � and 8q 2 jP j(dq / �q �kqk �)d0 / �0 IH) D0(d0) / � := #�0 < #� ) kq0k � � with q0 := (D0(d0); Y ) ) dq0 / �q0 �� � IH+�<#�)D0(dq0) / #(�q0) < #� ) D0(d) = RepD0(dq0) / #�.2. d = I�D0(di)�i2I and 8i 2 I9�i(di / �i �0 �):By IH 8i 2 I9�i(D0(di) / #�i �0 #�)) and thus D0(d) = I�D0(di)�i2I / #�.d) (WF:Ph0)1 = 
:P �RP [F ℄(SFX (d); h10 )�(d;X)2jP j :q = (d; X) 2 jP j ) kqk = kdk < 
 ) d / kqk a)+h10 /�=) RP [F ℄(SFX (d); h10 ) / kqk#��kqk 
#�.Now, with Theorem 6 in mind, we assign to ea
h BI�1-derivation h an ordinal (notation) o(h) in su
h a waythat h1 / o(h) holds.De�nition of an ordinal o(h) for ea
h BI�1-derivation ho(h) := 8>>>>>>>>>><>>>>>>>>>>:
1 if I = Ax��o(h0) + 1 if I = Vy8xA or VYP or WkC!o(h0)+1 if I = Indy;tFo(h0)#
 if I = WF:Po(h0)#o(h1) if I = VA0^A1 or RC!o(h0) if I = E#o(h0) if I = D0o(h0) if I = SFXFor te
hni
al reasons we also set o((d;X)) := o(d) and o(i) := 0 for i 2 IN.Theorem 7h 2 BI�10 & � 2 jtp(h)j� ) o(h[�℄)�o(�) o(h)Proof by indu
tion on the de�nition of h[�℄:1. h = D0h0: Let � := o(h0) and �� := o(h0[�℄).1.1. tp(h0) = e
Y:P : Then tp(h) = Rep and h[0℄ = D0h0[q0℄ with q0 = (D0h0[0℄; Y ), and thereforeo(h[0℄) = #�q0 and o(q0) = #�0 =: �. By IH �� �o(�) � for all � 2 jtp(h0)j�.Hen
e �0 �0 � & �q0 �� � whi
h yields � = #�0 < #� & �q0 �� �, and then o(h[0℄) = #�q0 �0 #� = o(h).1.2. Otherwise: Then jtp(h)j� = jtp(h0)j� � IN and h[i℄ = D0h0[i℄.By IH �i �0 � and thus o(h[i℄) = #�i �0 #� = o(h).2. h = WF:Ph0: Then tp(h) = 
:P and h[(d;X)℄ = RP [F ℄SFXd h0.Hen
e o(h[(d;X)℄) = o(d)#o(h0)�o(d) 
#o(h0) = o(h) for all (d;X) 2 jP j�.
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