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tionWe will prove that a 
ertain intuitionisti
 �xed-point theory 
IDi1 is 
onservativeover HA for almost negative formulas. At �rst sight this result is a little bit sur-prising, sin
e 
IDi1 with 
lassi
al logi
 (i.e. the theory 
ID1) is proof-theoreti
allyequivalent to �11-AC, a theory mu
h stronger than Peano-arithmeti
 PA (
f.[4℄), while on the other hand for theories of (iterated) indu
tive de�nitionsthe intuitionisti
 and 
lassi
al versions have the same proof-theoreti
 strength.A 
loser inspe
tion reveals, that the di�eren
e in strength between 
IDi1 and
ID1 
orresponds to the di�erent power of (versions of) the axiom of 
hoi
e inintuitionisti
 and 
lassi
al logi
.
IDi1 is obtained from HA by adding for ea
h strongly positive operator form�(P; x) (
f. pg. 3) a new predi
ate 
onstant P� and the axiom(FP�) 8x( �(P�; x) $ P�x ) ; moreover the s
heme of 
omplete indu
tionis extended to all formulas of the new language. We will prove that 
IDi1 isinterpretable in HA+CT0, where CT0 denotes the following s
hema (
f. [11℄3.2.14):(CT0) 8x9yB(x; y)! 9u8xB(x; fug(x)) .Theorem 1For ea
h strongly positive operator form � there is an arithmeti
al formulaIP�(x) su
h that HA+CT0 ` 8x( �(IP�; x)$ IP�(x) ).Theorem 1 together with standard results on re
ursive realizability yieldsthe announ
ed 
onservative extension result.Theorem 2
IDi1 is 
onservative over HA w.r.t. almost negative formulas.Proof:For ea
h formula A in the language of 
IDi1 let A� denote the result of repla
ingin A every subformula P�t by IP�(t). Then we have:(1) 
IDi1 ` A ) HA+CT0 ` A� ( Theorem 1 ),(2) HA+CT0 ` B ) HA ` 9u(urB) ( [11℄ 3.2.18(ii) ),(3) HA ` 9u(urB)! B, if B almost negative ( [11℄ 3.2.11(i) ).Combining (1),(2),(3) yields the theorem.Given a primitive re
ursive wellordering �, let TI(�d) denote the s
heme oftrans�nite indu
tion over all proper initial segments of �. Then the above proofeasily extends to 
IDi1+TI(�d), HA+TI(�d), (for step (2) 
f. [11℄ 3.2.24(ii)), andone obtainsTheorem 2'
IDi1+TI(�d) is 
onservative over HA+TI(�d) w.r.t. almost negative formulas.1



An interesting aspe
t of Theorem 2' is that 
IDi1+TI(�d) is a 
anoni
al meta-theory for 
arrying out 
ut-elimination in semiformal systems �a la S
h�utte, andtherefore it provides an elegant means to derive from a S
h�utte-style ordinalanalysis for some formal theory Th (as 
an be found e.g. in [2℄, [3℄ Ch.VI, [6℄,[8℄, [9℄, [10℄ Ch.VIII) a result like \every arithmeti
al senten
e provable in This already provable in PA+TI(�d)" (whi
h of 
ourse 
an also be obtained bythe 
lassi
al method via 
oding of in�nitary derivations by indi
es for re
ursivefun
tions; 
f. e.g. [3℄ pp. 306{330). Let us explain this in some more detail.In essen
e a semiformal system �a la S
h�utte is given by a derivability pred-i
ate D(�; �; F ) ( `F is derivable with order � and 
ut-rank �' ) de�ned bytrans�nite re
ursion on � as follows:(?) D(�; �; F ), 8><>:� 2 field(�), and either F is an axiom or F is the 
on-
lusion of an inferen
e with premises (F�)�2I su
h thatfor every �2I there exists a �� � � with D(��; �; F�),and if the inferen
e is a 
ut this has rank � �.Equivalently one 
an 
onsider (?) as a �xed-point axiom (available in 
IDi1)whi
h together with TI(�d) impli
itely de�nes D as the least �xed point of theoperator given by the righthand side of (?).Now let us assume that Th is a theory with 
lassi
al logi
 (for intuitionisti
theories the following argument is even simpler) and that we have establishedan ordinal analysis for Th using the well-ordering �. This in
ludes that wehave proved (via 
ut-elimination for a suitable semi-formal system):(X) Th`A & A arithmeti
al ) 8<:there exists an � 2 field(�) su
h that A isprovable with order � in some 
ut-freesequent 
al
ulus for 
lassi
al !-arithmeti
.For te
hni
al reasons let us assume that the sequent 
al
ulus mentioned in (X)is Tait-style, where sequents are �nite sets of formulas and negation is de�nedvia de Morgan's laws. By inspe
tion of the proof of (X) (and by the above
onsiderations 
on
erning de�nability of semi-formal systems in 
IDi1+TI(�d))one easily sees that the meta-mathemati
al means used in that proof are allformalizable in 
IDi1+TI(�d), and one immediately 
on
ludes:(`X') Th`A & A arithmeti
al =) 
IDi1+TI(�d) ` P!h�; dfAgei,where P! denotes a �xed-point 
onstant of 
IDi1 representing derivability in the
utfree Tait-
al
ulus for 
lassi
al !-arithmeti
.By 
ombining the (standard) te
hnique of partial truth-predi
ates with theG�odel-Gentzen-translation A 7! Ag one obtainsTheorem 3
IDi1+TI(�d) ` P!h�; dfAgei ! Ag,for ea
h arithmeti
 senten
e A, and ea
h � 2 field(�).From (`X'), Theorem 2' and Theorem 3 one 
on
ludes that every arithmeti
alsenten
e provable in Th is already provable in PA+TI(�d).In x1 below we will prove Theorem 1 in a somewhat stronger form, namelywe will de�ne a single arithmeti
al formula IP(x; y) su
h that HA + CT0 `8x( �(IP�; x) $ IP�(x) ) holds with IP�(x) :� IP(x; d�e) for ea
h stronglypositive operator form �. In x2 we sket
h a proof of Theorem 3.2



RemarkHaving seen a preliminary version of this note Toshiyasu Arai was able toextend and strengthen our Theorem 2 as follows.Theorem (Arai 1993)
IDin is 
onservative over HA (w.r.t. all arithmeti
 senten
es) for ea
h n > 0.Arai's proof runs as follows. First 
IDin is interpreted in intuitionisti
 analysisEL+AC-NF. This is done by following Feferman's proof in [4℄. Then by Good-man's theorem (
f. [5℄) one 
an 
on
lude the 
onservative extension result.x1 Interpretation of 
IDi1 in HA+CT0Let L0 be the language of arithmeti
 (with fun
tion symbols for all primi-tive re
ursive fun
tions, but without se
ond order variables). As usual FV(A)denotes the set of free variables of A. For ea
h natural number n let n denotethe 
orresponding numeral, i.e. the 
anoni
al L0-term S...S0 representing n.By TRUE0 we denote the set of all true atomi
 L0-seneten
es. An L0-formulais said to be almost negative if it does not 
ontain _ , and 
ontains 9 only infront of an equation between terms (
f. [11℄ pg.193).Let P be a new unary predi
ate symbol and let POS be the set of all L0[P ℄-formulas built up from formulas Py (y Variable) and atomi
 L0-formulas bymeans of ^ ; _ ;8; 9.POS0 := fA 2 POS : FV(A) = ;gPOS� := f� 2 POS : FV(�) = fxg g (where x is some �xed variable).The formulas � 2 POS� are 
alled strongly positive operator forms.Given � 2 POS�, a term s, and a formula F (x) we denote by �(F; s) the resultof repla
ing in � every free o

urren
e of x by s and every subformula Pt byF (t).The language L1 is obtained from L0 by adding a new unary predi
ate symbolP� for ea
h � 2 POS�.The theory 
IDi1 is HA (formulated in L1) extended by the �xed-point axioms:(FP�) 8x(�(P�; x)$ P�x) (� 2 POS�)Proof of Theorem 1:We �x an arbitrary � 2 POS� and 
onsider the following inferen
e rules (withformulas from POS0):(Ax) A ; for A 2 TRUE0 (^ ) A0 A1A0 ^ A1 ; (_ ) AiA0 _ A1 ;(8)1 : : : A(n) : : : (n 2 IN)8xA(x) ; (9) A(k)9xA(x) ; (P ) �(P; n)PnThen we de�ne:A �-proof of A is a (possibly non-wellfounded) tree of formulas from POS0whi
h is lo
ally 
orre
t w.r.t. the above inferen
e rules and has endformula A.`� A :, There exists a �-proof of A.P� := fn 2 IN : `�Png. 3



As one 
an easily verify, P� is a �xed-point of �,i.e. (8n)(n 2 P� , IN j= �(P�; n)).For example let �(P; x) � x = 0 _ 8y9z(fxyz = 0 ^ Pz). Then we haven 2 P� ,, `� �(P; n), `� n = 0 or `� 8y9z(fnyz = 0 ^ Pz), n = 0 or (8m) `� 9z(fnmz = 0 ^ Pz), n = 0 or (8m)(9k) `� fnmk = 0 ^ Pk, n = 0 or (8m)(9k)(f(n;m; k) = 0& k 2 P�), IN j= �(P�; n):Now we de�ne an L0-formula IB(e; a; q) su
h that (for A 2 POS0 and � 2POS�) IB(e; dAe; d�e) expresses that e 
odes a (re
ursive) �-proof with endfor-mula A, i.e.IB(e; a; q) :�8v9z�feg(0) ' a ^ feg(v) ' z ^ `z 2 POS0' ^ (`z 2 TRUE0' _[ (z)0 = d ^ e ^ feg(v � h0i) ' (z)1 ^ feg(v � h1i) ' (z)2 ℄ _[ (z)0 = d _ e ^ (feg(v � h0i) ' (z)1 _ feg(v � h0i) ' (z)2) ℄ _[ (z)0 = d 9 e ^ 9x(feg(v � h0i) ' sub(z)2(z)1 �x)) ℄ _[ (z)0 = d 8 e ^ 8x(feg(v � hxi) ' sub(z)2(z)1 �x) ℄ _[ (z)0 = dP e ^ feg(v � h0i) ' sub q dxe(z)1 ℄)�.Here � denotes the prim. re
. fun
tion de�ned by �(n) := d n e. Con
erningd e we sti
k to the following 
onvention: in the meta-language d�e denotes `the'G�odel number of � (where � is some string of symbols), while in the obje
tlanguage d�e denotes the numeral representing the G�odel number of �, i.e. thered�e serves as abbreviation for d�e. All other notations used in the de�nitionof IB are standard or selfexplaining. In the sequel we also make use of theso-
alled `dot notation': if A is a formula with free variables x1; :::; xn thendA( _x1; :::; _xn)e is a prim. re
. term with free variables x1; :::; xn representing thefun
tion (k1; :::; kn) 7! dA(k1; :::; kn)e from INn to IN.De�nition: IP(x; q) :� 9e IB(e; dP _xe; q)and IP�(x) :� IP(x; d�e) , IB�(e; x) :� IB(e; x; d�e).The proof of IP�(x)$�(IP�; x) in HA+ CT0 runs along the same lines as theabove informal proof. We think that the 
ru
ial steps be
ome suÆ
iently 
learif we again 
onsider the example �(P; x) � x = 0 _ 8y9z(fxyz = 0 ^ Pz)only. For that � we haveHA+CT0 `IP�(x) $9e IB�(e; d�(P; _x)e) $9e IB�(e; d _x = 0e) _ 9e IB�(e; d8y9z(f _xyz = 0 ^ Pz)e) $`d _x = 0e 2 TRUE0' _ 9u8y IB�(fug(y); d9z(f _x _yz = 0 ^ Pz)e) $x = 0 _ 8y9e IB�(e; d 9z(f _x _yz = 0 ^ Pz)e) $x = 0 _ 8y9z9e IB�(e; df _x _y _z = 0 ^ P _ze) $x = 0 _ 8y9z(fxyz = 0 ^ 9e IB�(e; dP _ze) ) $�(IP�; x).Here CT0 is ne
essary to obtain the impli
ation8y9eIB�(e; d9z(f _x _yz = 0 ^ Pz)e)! 9u8yIB�(fug(y); d9z(f _x _yz = 0 ^ Pz)e).4



x2 Partial truth-predi
ate and G�odel-Gentzen-translationIn this se
tion we sket
h a proof of Theorem 3, being aware that these thingsare more or less standard and wellknown. But on the other side it seems to usthat the details are not 
ompletely obvious.De�nitionrk(a) := nmaxfrk((a)1); rk((a)2)g+ 1 if (a)0 > 00 otherwise (a 2 IN)rk(A) := rk(dAe).De�nitionT0(z) :� ::TRUE0(z),where TRUE0(z) is an L0-formula su
h that HA ` TRUE0(dAe)$ A, for ea
hatomi
 L0-senten
e A.Tn+1(z) :�[ (z)0 = 0 ! Tn(z) ℄ ^[ (z)0 = d : e ! :Tn((z)1) ℄ ^[ (z)0 = d ^ e ! Tn((z)1) ^ Tn((z)2) ℄ ^[ (z)0 = d!e ! Tn((z)1)! Tn((z)2) ℄ ^[ (z)0 = d _ e ! :(:Tn((z)1) ^ :Tn((z)2)) ℄ ^[ (z)0 = d 8 e ! 8x Tn(sub(z)2(z)1 �x) ℄ ^[ (z)0 = d 9 e ! :8x:Tn(sub(z)2(z)1 �x) ℄.Here we have assumed 0 < d : e; d ^ e; d!e; :::, and (dAe)0 = 0 for atomi
 A.Lemma 1a) HA ` Tn(z)$ ::Tn(z).b) HA ` rk(z) � n ! (Tn(z)$ Tn+1(z)).De�nition (G�odel-Gentzen-translation)Ag :� ::A, if A is atomi
, (:A)g :� :Ag , (A ^ B)g :� Ag ^ Bg,(A! B)g :� Ag ! Bg, (A _ B)g :� :(:Ag ^ :Bg), (8xA)g :� 8xAg ,(9xA)g :� :8x:Ag .Lemma 2If A is an L0-senten
e with rk(A) � n then HA ` Tn(dAe)$ Ag.Notations:For M = fa0; :::; an�1g � IN with a0 > ::: > an�1 let M# := 2a0 + :::+ 2an�1 .If � is a �nite set of formulas then d�e := fdAe : A 2 �g#.Let 2̂ denote the prim. re
. relation f(a;M#) : M � IN �nite and a 2Mg, and[̂ the prim. re
. fun
tion de�ned by [̂(M#; b) := (M [ fbg)#. More pre
isely,we assume that 2̂ is a relation symbol and [̂ a fun
tion symbol of L0 su
hthat HA ` x 2̂ [̂wy $ x 2̂w _ x = y and HA ` x 2̂ dfAge $ x = dAe.Abbreviations: Tn(w) :� 8x(x 2̂w ! :Tn(x)), T seqn (w) :� :Tn(w).Lemma 3 HA ` T seqn ([̂wy)$ (Tn(w) ! Tn(y)).Proof:We have ` 8x(x 2̂ [̂wy ! :Tn(x))$ 8x(x 2̂w ! :Tn(x)) ^ :Tn(y),i.e. ` Tn([̂wy)$ Tn(w) ^ :Tn(y).This implies ` T seqn ([̂wy)$ :(Tn(w) ^ :Tn(y))$ (Tn(w)! ::Tn(y)).Hen
e ` T seqn ([̂wy)$ (Tn(w)! Tn(y)) by Lemma 1a.5



Lemma 4 HA ` rk(z) � n ^ Cn(w; z) ! T seqn ([̂wz), whereCn(w; z) abbreviates the disjun
tion of (i){(iv) below:(i) (z)0 = d ^ e ^ T seqn ([̂w(z)1) ^ T seqn ([̂w(z)2)(ii) (z)0 = d _ e ^ (T seqn ([̂w(z)1) _ T seqn ([̂w(z)2))(iii) (z)0 = d 8 e ^ 8x T seqn ([̂w sub(z)2(z)1 �x)(iv) (z)0 = d 9 e ^ 9x T seqn ([̂w sub(z)2(z)1 �x) .Proof: We only 
onsider (iv). The other 
ases are treated similarly.Assume rk(z) � n ^ (z)0 = d 9 e ^ 9x T seqn ([̂w sub(z)2(z)1 �x).By Lemma 1b and Lemma 3 this impliesTn(z)$ :8x:Tn(sub(z)2(z)1 �x) and 9x( Tn(w) ! Tn(sub(z)2(z)1 �x) ).Sin
e the s
heme 9x(B ! A) ! (B ! :8x:A) (x 62 FV(B)) is valid inintuitionisti
 logi
, we get from the above Tn(w)! Tn(z), and thus T seqn ([̂wz)by Lemma 3.Lemma 5 For ea
h � 2 field(�) we have
IDi1+TI(�d) ` u � � ^ P!hu;wi ^ 8x(x 2̂w ! rk(x) � n)! T seqn (w).Proof by (formal) �-indu
tion on u.Proof of Theorem 3:Let � 2 field(�) and n := rk(A). By Lemma 5 we get ` P!h�; dfAgei !T seqn (dfAge). Obviously the above assumption on 2̂ implies ` T seqn (dfAge) $::Tn(dAe). Now by Lemma 1a and Lemma 2 we get ` P!h�; dfAgei ! Ag .Referen
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