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Introduction

We will prove that a certain intuitionistic fixed-point theory I/ﬁi is conservative
over HA for almost negative formulas. At first sight this result is a little bit sur-
prising, since ID? with classical logic (i.e. the theory ID;) is proof-theoretically
equivalent to ©}-AC, a theory much stronger than Peano-arithmetic PA (cf.
[4]), while on the other hand for theories of (iterated) inductive definitions
the intuitionistic and classical versions have the same proof-theoretic strength.
A closer inspection reveals, that the difference in strength between ID{ and
ID; corresponds to the different power of (versions of) the axiom of choice in
intuitionistic and classical logic.

I/ISZ1 is obtained from HA by adding for each strongly positive operator form
®(P,z) (cf. pg. 3) a new predicate constant Pp and the axiom
(FPg) Va(®(Pp,z) < Ppx) ; moreover the scheme of complete induction
is extended to all formulas of the new language. We will prove that I/ﬁi is
interpretable in HA4+CTy, where CTy denotes the following schema (cf. [11]
3.2.14):
(CTy) VaIyB(z,y) —» JuVx B(z, {u}(x)) .

Theorem 1
For each strongly positive operator form ® there is an arithmetical formula
Po(z) such that HA4+CTy - Va(®(IPs,z) ¢ Pa(x)).

Theorem 1 together with standard results on recursive realizability yields
the announced conservative extension result.

Theorem 2
ID] is conservative over HA w.r.t. almost negative formulas.

Proof:

For each formula A in the language of I/ﬁﬁ let A* denote the result of replacing
in A every subformula Pst by IPg(¢). Then we have:

(1) IDi A = HA+CToF A*  ( Theorem 1),

(2) HA4+CTy - B = HAF Ju(urB) ( [11] 3.2.18(ii) ),

(3) HAF Ju(urB) — B, if B almost negative ( [11] 3.2.11(i) ).

Combining (1),(2),(3) yields the theorem.

Given a primitive recursive wellordering <, let TI(<1) denote the scheme of
transfinite induction over all proper initial segments of <. Then the above proof
easily extends to ID! +TI(<[), HA+TI(<), (for step (2) cf. [11] 3.2.24(ii)), and
one obtains

Theorem 2’
IDi +TI(<[) is conservative over HA+ TI(<[) w.r.t. almost negative formulas.



An interesting aspect of Theorem 2’ is that I/]3§+TI(< ) is a canonical meta-
theory for carrying out cut-elimination in semiformal systems & la Schiitte, and
therefore it provides an elegant means to derive from a Schiitte-style ordinal
analysis for some formal theory Th (as can be found e.g. in [2], [3] Ch.VI, [6],
[8], [9], [10] Ch.VIII) a result like “every arithmetical sentence provable in Th
is already provable in PA+TI(<[)” (which of course can also be obtained by
the classical method via coding of infinitary derivations by indices for recursive
functions; cf. e.g. [3] pp. 306-330). Let us explain this in some more detail.

In essence a semiformal system & la Schiitte is given by a derivability pred-
icate D(a, p, F') ( ‘F is derivable with order « and cut-rank p’ ) defined by
transfinite recursion on « as follows:

a € field(<), and either F' is an axiom or F is the con-
clusion of an inference with premises (F,),cs such that
for every (€1 there exists a 3, < a with D(8,,p, F,),
and if the inference is a cut this has rank < p.

(*) D(e,p,F) &

Equivalently one can consider (x) as a fixed-point axiom (available in I/Bi)
which together with TI(<T) implicitely defines D as the least fixed point of the
operator given by the righthand side of (x).

Now let us assume that Th is a theory with classical logic (for intuitionistic
theories the following argument is even simpler) and that we have established
an ordinal analysis for Th using the well-ordering <. This includes that we
have proved (via cut-elimination for a suitable semi-formal system):

there exists an a € field(<) such that A4 is
(X) Th+A & A arithmetical = ¢ provable with order « in some cut-free
sequent calculus for classical w-arithmetic.

For technical reasons let us assume that the sequent calculus mentioned in (X)
is Tait-style, where sequents are finite sets of formulas and negation is defined
via de Morgan’s laws. By inspection of the proof of (X) (and by the above
considerations concerning definability of semi-formal systems in I/]Si +TI(<))
one easily sees that the meta-mathematical means used in that proof are all
formalizable in ID? +TI(<[), and one immediately concludes:

("X’) ThtA & A arithmetical =5 IDi+TI(<[) - P, (a, '{A}),

where P, denotes a fixed-point constant of I/]SZ1 representing derivability in the
cutfree Tait-calculus for classical w-arithmetic.

By combining the (standard) technique of partial truth-predicates with the
Godel-Gentzen-translation A — A9 one obtains

Theorem 3
IDi+TI(<7) F P,(a, {A}) — A9,
for each arithmetic sentence A, and each « € field(<).

From (‘X’), Theorem 2’ and Theorem 3 one concludes that every arithmetical
sentence provable in Th is already provable in PA+TI(<T).

In §1 below we will prove Theorem 1 in a somewhat stronger form, namely
we will define a single arithmetical formula IP(z,y) such that HA + CTq +
Ve(®(IPs,z) < IPs(z)) holds with IPg(x) := IP(z, '®1) for each strongly
positive operator form ®. In §2 we sketch a proof of Theorem 3.



Remark

Having seen a preliminary version of this note Toshiyasu Arai was able to
extend and strengthen our Theorem 2 as follows.

Theorem (Arai 1993)

ID, is conservative over HA (w.r.t. all arithmetic sentences) for each n > 0.
Arai’s proof runs as follows. First I/Bﬁl is interpreted in intuitionistic analysis
EL+AC-NF. This is done by following Feferman’s proof in [4]. Then by Good-
man’s theorem (cf. [5]) one can conclude the conservative extension result.

§1 Interpretation of I/ﬁi in HA+CT,

Let Ly be the language of arithmetic (with function symbols for all primi-
tive recursive functions, but without second order variables). As usual FV(A)
denotes the set of free variables of A. For each natural number n let n denote
the corresponding numeral, i.e. the canonical Lyp-term S...S0 representing n.
By TRUE, we denote the set of all true atomic Ly-senetences. An Ly-formula
is said to be almost negative if it does not contain V, and contains 3 only in
front of an equation between terms (cf. [11] pg.193).

Let P be a new unary predicate symbol and let POS be the set of all £o[P]-
formulas built up from formulas Py (y Variable) and atomic Ly-formulas by
means of A, V,V, 3.

POSy :={A € POS: FV(4) = 0}
POS* := {® € POS: FV(®) = {z} } (where z is some fixed variable).
The formulas ® € POS* are called strongly positive operator forms.

Given ® € POS*, a term s, and a formula F(z) we denote by ®(F), s) the result
of replacing in ® every free occurrence of z by s and every subformula Pt by
F(t).

The language £, is obtained from Ly by adding a new unary predicate symbol
Py for each ® € POS*.

The theory I/]Si is HA (formulated in £;) extended by the fixed-point axioms:
(FPs) Vo (®(Pp,x) +» Ppx) (P € POSY)

Proof of Theorem 1:

We fix an arbitrary ® € POS* and consider the following inference rules (with
formulas from POSp):

AO A1 Az

(AX) Z, fOI‘AETRUEO (/\) m , (V) m ,
o AN o Mt

Then we define:

A ®-proof of A is a (possibly non-wellfounded) tree of formulas from POS,
which is locally correct w.r.t. the above inference rules and has endformula A.

Fe A & There exists a ®-proof of A.
Po :={n € IN: ¢ Pn}.



As one can easily verify, Pg is a fixed-point of &,
ie. (Yn)(n € Po & N |= &(Ps,n)).
x

For example let ®(P,z) = x =0 V VYy3z(fzyz =0 A Pz). Then we have

ne€Ps &

& kg ®(P,n)

SFen=0or k¢ Vy3z(fnyz =0 A Pz)

& n=0or (Vm) ke Iz(fnmz=0 A Pz)

< n=0or (Vm)(3k) Fe fnmk =0 A Pk

& n=0or (Vm)(3k)(f(n,m, k) =0&k € Ps)

& N |: (I>(73<1>,n).

Now we define an Lo-formula B(e,a,q) such that (for A € POSy and & €
POS™) B(e, A", T®7) expresses that e codes a (recursive) ®-proof with endfor-
mula A, i.e.

B(e,a,q) :=

Vo3z({e}(0) ~ a A {e}(v) ~ 2z A ‘2 € POSy’ A (

‘z € TRUEy

[(z)o=TATA {6}(U*<0>) ~ (2)1 A e} (v (1)) =~ (2)2] V
[()o="VT A ({e}(v=(0) = (2)1 V{e}(v(0)) = (2)2)] V
[(2)o="3" A Jz({e}(v=(0)) = sub(z)2(z)1 vz))] V

[(2)o ="V A Vz({e}(v*(z)) ~sub(2)2(2)1vz)] V

[(2)o="P" A {e}(v*(0)) ~subg'z'(2)1])).

Here v denotes the prim. rec. function defined by v(n) := "n'. Concerning
' we stick to the following convention: in the meta-language 61 denotes ‘the’
Godel number of 6 (where € is some string of symbols), while in the object
language "1 denotes the numeral representing the Gédel number of 6, i.e. there
91 serves as abbreviation for '81. All other notations used in the definition
of BB are standard or selfexplaining. In the sequel we also make use of the
so-called ‘dot notation’: if A is a formula with free variables 1, ..., z, then
TA(%1,...,%,)! is a prim. rec. term with free variables z1, ..., z,, representing the
function (ki,...,kn) = "A(k1, ..., kn)" from IN" to IN.

Definition: IP(z,q) := JeB(e, 'Pi, q)

and Pg(z) := P(z,'®") , Bg(e,z) := Ble, z, 'PT).

The proof of Pg(z)<+®(IPg,z) in HA + CTy runs along the same lines as the
above informal proof. We think that the crucial steps become sufficiently clear
if we again consider the example ®(P,z) = z = 0 V Vy3z(fzyz = 0 A P2)
only. For that ® we have

HA + CTy

IP@(ZL’) s

JeBs(e, '®(P,z)") <

deBg(e,'z=0") V deBas(e, ' VyAz(fiyz =0 A P2)')

‘' =0' € TRUEy’ V JuVy B ({u}(y),"3z(figz =0 A P2)") <
=0V YydeBg(e,'I2(figz =0 A P2)")

=0V VydzIdeBs(e,'fiyz =0 A P21)

z=0V Vy3z(fryz=0 A JeBg(e, 'P21))

@(IP@,CU).

Here CTy is necessary to obtain the implication

VyIeBg (e, I2(fiyz =0 A Pz)') = JuVyBe ({u}(y), Iz(fiyz =0 A Pz)1).



62 Partial truth-predicate and Godel-Gentzen-translation

In this section we sketch a proof of Theorem 3, being aware that these things
are more or less standard and wellknown. But on the other side it seems to us
that the details are not completely obvious.

Definition
rk(a) := {max{rk((a)l),rk((a)g)} +1 if (a)o > 0 (a € IN)
0 otherwise
rk(A) := rk(TA").
Definition
76(2’) := 7~ TRUE (Z),
where TRUE((z) is an Lo-formula such that HA = TRUE("A") + A, for each
atomic Ly-sentence A.

7;L+1(2) =
[(2)o=0 —=Tn(2)] A

[(2)o="=T==Ta((2)1)] A

[(2)o ="AT = Tal(2)1) A Ta((2)2)] A

[(2)o0 === Ta((2)1) = Tu((2)2)] A

[(2)o ="V = =(=Ta((2)1) A =Ta((2)2))] A
[(2)0o ="V = VaT,(sub(2)2(2)1vz)] A
[(2)o=T31 = VT, (sub(2)2(2)1 vz)].

Here we have assumed 0 < =1, TAT, T=1 . “and ("A"), = 0 for atomic A.

Lemma 1

a) HAF T, (2) & - To(2).

b) HAF rk(z) < n = (Ta(z) © Tat1(2)).

Definition (Godel-Gentzen-translation)

A9 := ——A, if A is atomic, (=A)7 :=-49, (A A B)Y:= A9 A BY,
(A—> B)9:= A9 -5 BI, (AV B)I:=~(nA9 A =BY9), (VzA)I :=VzA9,
(3zA)9 .= -V A9,

Lemma 2

If A is an Lo-sentence with rk(A) < n then HAF T,(TA") + A9.

Notations:

For M = {ag,...,an_1} CIN with ag > ... > a, 1 let M# := 2% 4 4 20n-1,
If T is a finite set of formulas then T := {TA': A € T}#.

Let € denote the prim. rec. relation {(a, M#) : M C IN finite and a € M}, and
U the prim. rec. function defined by U(M#,b) := (M U {b})#. More precisely,
we assume that € is a relation symbol and U a function symbol of £y such
that HAF 2 €Uwy & z€w Ve =y and HAF 2z € {A} < z =TAl
Abbreviations: T,(w) :=Vr(z €w — =T, (7)), T.5¢0(w) = =Ty (w).
Lemma 3 HA F T7,2°¢(Qwy) < (Tn(w) — Ta(y)).

Proof:

We have + Va(z € Uwy — —|7' (x
ie. b T, (Qwy) < To(w) A =Ta(y). .

This implies. + 7274 (Do) > ~(Ta(w) A —T(5)) ¢ (Ta(w) = ~~Ta(w)).
Hence + 7,2°¢(Qwy) < (Tn(w) — Ta(y)) by Lemma 1la.

)) & Vr(z €w = =Ta(x)) A=Ta(y),



Lemma 4 HAF1k(2) <nACyh(w,z) — T5°(Owz), where
Ch(w, z) abbreviates the disjunction of (i)—(iv) below:

(i) (2)o ="ATAT(Ow(2)1) A T4 (Ow(z)2)

(ii) (2)o ="V A (T7*4(Ow(2)1) V 7,70 (Dw(2)2))

(iii) (2)o = "V ' AV 7,22 (Uw sub(2)2(2)1 v)

(iv) (2)o =" 3T A 3z T,2%(Ow sub(2)2(2)1 vz) .

Proof: We only consider (iv). The other cases are treated similarly.
Assume tk(2) <n A (2)o ="3TA Tz T,5(Owsub(2)2(2)1 vz).

By Lemma 1b and Lemma 3 this implies

Tn(2) < =V2=T, (sub(2)2(2); vz) and 3z ( T, (w) = Tn(sub(2)2(2); vx)).

Since the scheme Jz(B — A) — (B — 2Vz-A) (z € FV(B)) is valid in
intuitionistic logic, we get, from the above T,,(w) — Ty (), and thus 7,7¢7 (Jwz)
by Lemma 3.

Lemma 5 For each o € field(<) we have
IDI+TI(<) Fu<a A P,{u,w) A Vo(r Ew — tk(z) < n) — T,2¢(w).

Proof by (formal) <-induction on w.

Proof of Theorem. 3:

Let o € field(<) and n := rk(A). By Lemma 5 we get - P,{a,{A}") —
T,5¢4(T{A}"). Obviously the above assumption on € implies F 7;”‘1( {A}) &
-7, ("A"). Now by Lemma la and Lemma 2 we get - P, (a, "{A}") — A9.
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