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h to variable binding using de Bruijn indi
es and named variablesWilfried Bu
hholzUniversit�at M�un
henbu
hholz�mathematik.uni-muen
hen.deVersion: 30 August 2002In these notes we present a method for representing syntax with variable binding whi
h 
ombines the advan-tages of the de Bruijn approa
h and the 
onventional approa
h via named bound variables. Unfortunately,after having produ
ed a �rst version of these notes we had to noti
e that this method is not new; it was �rstintrodu
ed inA. D. Gordon. A me
hanisation of name-
arrying syntax up to alpha-
onversion. In J. J. Joy
e and C.-J. H.Seger (Eds.), Higher Order Logi
 Theorem Proving and its Appli
ations. Pro
eedings, 1993, Le
ture Notesin Computer S
ien
e Vol. 780, pp. 414-426. Springer-Verlag, 1994.We 
ite the abstra
t of this paper:Abstra
t. We present a new strategy for representing syntax in a me
hanised logi
. We de�ne anunderlying type of de Bruijn terms, de�ne an operation of named lambda-abstra
tion, and hen
eindu
tively de�ne a set of 
onventional name-
arrying terms. The result is a me
hanisation of thepra
ti
e of most authors studying formal 
al
uli: to work with 
onventional name-
arrying notationand substitution, but to identify terms up to alpha-
onversion. This strategy falls between most pre-vious works, whi
h either treat bound variable names literally or dispense with them altogether. Thetheory has been implemented in the Cambridge HOL system and used in an experimental appli
ation.Our emphasis here is not so mu
h on me
hanised logi
s but rather on showing that the approa
h in question isvery well suited for a neat representation of syntax in ordinary logi
 texts. To underpin this 
laim we developin detail some basi
s of the untyped �-
al
ulus, the system �2 in Chur
h style, and 1st order predi
ate logi
.x1 A general framework for variable binding and substitutionWe assume the following pairwise disjoint sets of basi
 symbols.Vars : in�nite set of variables, denoted by x; y; z; :::;fÆk : k 2 INg : set of de Bruijn indi
es;F : set of fun
tion symbols, denoted by f ;B : set of binding symbols (binders), denoted by [.For every f 2 F an arity #(f) 2 IN is �xed; further we set #(Æk) := 0 and #([) := 1.F 0 := fÆk : k 2 INg [ F [ B, F 0m := fh 2 F 0 : #(h) = mg, Fm := F 0m \ F .Indu
tive De�nition of the set T 0 = T 0(Vars;F ;B) of quasiterms1. Vars � T 0;2. h 2 F 0m & t1; :::; tm 2 T 0 =) ht1:::tm 2 T 0.Notation: We use r; s; t to denote quasiterms.De�nition.FV(t) := set of all variables o

urring in t,lh(t) := length of t as string of basi
 symbols. 1



De�nition of tx[n℄ 2 T 0 for t 2 T 01. For t 2 Vars [ fÆk : k 2 INg: tx[n℄ := n Æn if t = xt otherwise ;2. (ft1:::tm)x[n℄ := f(t1)x[n℄:::(tm)x[n℄;3. ([r)x[n℄ := [rx[n+1℄.De�nition. [x:r := [rx[0℄.Corollary. (B0) FV([x:r) = FV(r) n fxg.Proof: FV([x:r) = FV([rx[0℄) = FV(rx[0℄) = FV(r) n fxg.Indu
tive De�nition of the set T = T (Vars;F ;B) of terms1. Vars � T ;2. f 2 Fm & t1; :::; tm 2 T =) ft1:::tm 2 T ;3. [ 2 B & r 2 T =) [x:r 2 T .De�nitionA substitution is a mapping � : T 0 ! T 0, t 7! t� su
h that(i) x� 2 T for all x 2 Vars,(ii) (ht1:::tm)� = h(t1�):::(tm�) for all ht1:::tm 2 T 0 n Vars.SUB := set of all substitutions. � := idT 0 .We use �; �0 to denote substitutions.Lemma 1.1.(S0) 8t 2 T (t� 2 T );(S1) 8x 2 FV(t)(x� = x�0) () t� = t�0;(S2) � 2 SUB;(S3) �; �0 2 SUB =) � Æ �0 2 SUB.(S4) For every � 2 SUB; x 2 Vars; s 2 T there is a unique �sx 2 SUB with y�sx := � s if y = xy� otherwise .The proof of (S0) will be given below. The other statements are easily seen, where for (S3) one uses (S0).Remark. 8x 2 Vars(x� = x�0) =) � = �0. [
f. (S1)℄Notation: tx(s) := t(x=s) := t �sxRemark. x 62 FV(t) ) tx(s) = t. [
f. (S1),(S2)℄Lemma 1.2.(a) x 6= y ) (x 2 FV(t), t�yx 6= t).(b) FV(t�) = Sz2FV(t) FV(z�).(
) y 62 ([x:r)� =) r�yx�sy = r�sx.(d) x 2 FV(t) =) FV(tx(s)) = (FV(t) n fxg) [ FV(s).(e) rx(s)� = r�s�x .(f) y 62 FV([x:r)� =) rx(s)� = (r�yx)y(s�). 2



Proof:(a) x 62 FV(t), 8z 2 FV(t)(z 6= x) Def:�yx, 8z 2 FV(t)(z�yx = z) (S1);(S2), t�yx = t.(b) Let x 6= y. Then: x 62 FV(t�) (a), t��yx = t� (S1);(S3), 8z 2 FV(t)(z��yx = z�) (a), 8z 2 FV(t)(x 62 FV(z�)).(
) 1. x�yx�sy = y�sy = s = x�sx.2. x 6= z 2 FV(r) (B0)) z 2 FV([x:r) (b)) y 62 FV(z�) ) z�yx�sy = z��sy (S1);(S2)= z� = z�sx.Now the 
laim follows by (S1),(S3).(d) FV(tx(s)) (b)= Sz2FV(t) FV(zx(s)) = Sz2FV(t)nfxgfzg [ FV(s) = (FV(t) n fxg) [ FV(s).(e) 1. xx(s)� = s� = x�s�x . 2. y 6= x) yx(s)� = y� = y�s�x . Now the 
laim follows by (S1),(S3).(f) rx(s)� (e)= r�s�x (
)= r�yx�s�y .Lemma 1.3. For r; r0 2 T the following holds(B1) [x:r = [x:r0 =) r = r0.(B2) y 62 FV(([x:r)�) =) ([x:r)� = [y:r�yx.The proof will be given below.Lemma 1.4. For r; r0 2 T we have(a) y 62 FV([x:r) =) [x:r = [y:rx(y).(b) [x:r = [y:r0 =) r0 = rx(y).(
) [x:r = [y:r0 () 8s 2 T (rx(s) = r0y(s)).Proof:(a) follows from (B2) with � := �.(b) [x:r = [y:r0 (B0)) y 62 FV([x:r) (a)) [y:r0 = [x:r = [y:rx(y) (B1)) r0 = rx(y).(
) \)": [x:r = [y:r0 (B0);(b)) y 62 ([x:r) & rx(y) = r0 L:1:2
) rx(s) = rx(y)y(s) = r0y(s).\(": r = rx(x) = r0y(x) L:1:2d) FV(r) = FV(r0y(x)) � (FV(r0) n fyg) [ fxg )) y 62 FV(r) n fxg (B0)= FV([x:r) (a)) [x:r = [y:rx(y) = [y:r0y(y) = [y:r0.De�nition.[T := f[x:r : x 2 Vars & r 2 T g� : [T �T ! T , �([x:r; s) := rx(s) (due to Lemma 1.4
, � is well de�ned)Lemma 1.5.(a) t 2 T ) t� 2 T and ([x:t)� 2 [T .(b) r; s 2 T ) �(([x:r)�; s) = r�sx.(
) t 2 [T & y 62 FV(t) ) t = [y:�(t; y).(d) t 2 [T & s 2 T ) �(t; s)� = �(t�; s�).Proof:(a) Proof of t� 2 T by indu
tion on lh(t). Assume t = [x:r with r 2 T . Take y 62 FV(t�). Then by I.H.r�yx 2 T and thus t� (B2)= [y:r�yx 2 T .(b) Let y 62 FV(([x:r)�). Then �(([x:r)�; s) (B2)= �([y:r�yx; s) = (r�yx)y(s) L1:2
= r�sx.(
) Let t = [x:r. Then t = [y:rx(y) = [y:�(t; y).(d) Let t = [x:r. �(([x:r)�; s�) (b)= r�s�x 1:2e= rx(s)� = �([x:r; s)�.3



Proof of (S0), (B1), (B2)Indu
tive de�nition of sets Tn = Tn(Vars;F ;B) of quasiterms1. Vars [ fÆk : k < ng � Tn;2. f 2 Fm & t1; :::; tm 2 Tn =) ft1:::tm 2 Tn;3. r 2 Tn+1 & [ 2 B ) [r 2 Tn:Remark. n < m ) Tn � Tm. T 0 = Sn2IN Tn.Lemma 1.6.(a) t 2 Tn ) tx[n℄ 2 Tn+1.(b) T = T0.(
) t 2 Tn ) t� 2 Tn.(d) t; t0 2 Tn & tx[n℄ = t0x[n℄ ) t = t0.(e) t 2 Tn & y = x� 62 Sz2FV(t)nfxg FV(z�) ) tx[n℄� = (t�)y [n℄.Proof:(a) obvious.(b) \T � T0": r 2 T0 (a)) rx[0℄ 2 T1 ) [x:r = [rx[0℄ 2 T0.\T0 � T ": One easily proves: (*) t0 2 Tn+1 & x 62 FV(t0) ) 9t 2 Tn(t0 = tx[n℄).Now by indu
tion on lh(t) on proves (t 2 T0 ) t 2 T ):Let t = [r0 with r0 2 T1. Take x 62 FV(r0). Then by (*) there is an r 2 T0 with r0 = rx[0℄.Now lh(r) = lh(r0) < lh(t) and therefore by I.H. r 2 T and thus t = [rx[0℄ = [x:r 2 T .(
) follows from (b) by indu
tion on Tn.(d) 1. t 2 Vars [ fÆk : k < ng: Then also t0 2 Vars [ fÆk : k < ng.1.1. t = x: t0x[n℄ = tx[n℄ = Æn ) t0 = x.1.2. t 6= x: t0x[n℄ = tx[n℄ = t 6= Æn ) t0 = t0x[n℄ = t.2. t = [r with r 2 Tn+1: Then t0 = [r0 with r0 2 Tn+1 and [rx[n+1℄ = tx[n℄ = t0x[n℄ = [r0x[n+1℄.Hen
e rx[n+1℄ = r0x[n+1℄ and by I.H. r = r0 whi
h yields t = t0.(e) 1. t = x: tx[n℄� = Æn = yy[n℄ = (x�)y [n℄.2. x 6= t 2 Vars [ fÆk : k < ng: tx[n℄� = t� = (t�)y[n℄, sin
e y 62 FV(t�).3. t = [r with r 2 Tn+1: tx[n℄� = [rx[n+1℄� IH= [(r�)y [n+1℄ = ([(r�))y [n℄ = (t�)y [n℄.(S0) t 2 T 1:6b) t 2 T0 1:6
) t� 2 T0 1:6b) t� 2 T .(B1) r; r0 2 T & [x:r = [x:r0 1:6b) r; r0 2 T0 & rx[0℄ = r0x[0℄ 1:6d) r = r0.(B2) y 62 FV(([x:r)�) L:1:2b= Sz2FV([x:r) FV(z�) (B0)= Sz2FV(r)nfxg FV(z�) )) ([x:r)� (B0);(S1)= ([x:r)�yx = [ rx[0℄�yx 1:6b;e= [(r�yx)y[0℄ = [y:r�yx.
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Remark.Under 
omputational aspe
ts it is useful to have a dire
t algorithm for the operation � : [T � T ! T .This is a
hieved as follows.De�nition of tn[s℄ for t 2 Tn+1, s 2 T01. For t 2 Vars [ fÆk : k � ng: tn[s℄ := n s if t = Ænt otherwise ;2. (ft1:::tm)n[s℄ := f(t1)n[s℄ : : : (tm)n[s℄;3. ([r)n[s℄ := [rn+1[s℄.Lemma 1.7(a) t 2 Tn ) tx[n℄n[s℄ = tx(s).(b) [~r 2 T0 ) �([~r; s) = ~r0[s℄.Proof:(a) 1. t = x: tx[n℄n[s℄ = (Æn)n[s℄ = s = tx(s).2. x 6= t 2 Vars [ fÆk : k < ng: tx[n℄n[s℄ = tn[s℄ = t = tx(s).3. t = [r with r 2 Tn+1: tx[n℄n[s℄ = ([rx[n+1℄)n[s℄ = [rx[n+1℄n+1[s℄ IH= [rx(s) = tx(s).(b) Sin
e T0 = T , we have [~r = [x:r = [rx[0℄ for some x 2 Vars, r 2 T0.Hen
e �([~r; s) = rx(s) (a)= rx[0℄0[s℄ = ~r0[s℄.Remark.The above introdu
ed set of terms T (Vars;F ;B) 
an be seen as a 
on
rete realization of a more general kindof stru
ture (T ;Vars;FV; SUB;B) whereT is a set,Vars is an in�nite subset of T ,for ea
h t 2 T , FV(t) � Vars,SUB is a set of mappings � : T ! T , t 7! t�,for ea
h [ 2 B, (x; r) 7! [x:r is a mapping from Vars�T to T .From the proofs of Lemmata 1.2, 1.4, 1.5 one 
an derive the followingTheorem. If (T ;Vars;FV; SUB;B) is a stru
ture as des
ribed above whi
h satis�es the axioms (S1)-(S4),(B1),(B2) then also (B0) and the Lemmata 1.2, 1.4, 1.5 hold, where in 1.5b one has to add the premiseVars n FV(([x:r)�) 6= ;.Proof of (B0):Note that by L.1.2a, FV(y) = fyg for ea
h y 2 Vars.1. We 
hoose some z 6= x.L.1.2b ) x 62 FV(([x:r)�zx) (B2)) ([x:r)�zx = [x:r(�zx)xx = [x:r 1:2a) x 62 FV([x:r).2. Let y 6= x. We 
hoose some z 62 fx; yg. By 1. we have x 62 FV([x:r).Hen
e (by L.1.2b) x 62 FV(([x:r)y(z)) whi
h by (B2) yields ([x:r)y(z) = [x:ry(z). Now we get:y 62 FV([x:r) 1:2a, [x:r = ([x:r)y(z) , [x:r = [x:ry(z) (B1), r = ry(z) 1:2a, y 62 FV(r).5



x2 Untyped �-
al
ulusLet Vars be an in�nite set of variables (denoted by x; y; z; :::) and App , � 
onstru
tor symbols.Indu
tive de�nition of the set �1. Vars � �;2. r; s 2 � =) App rs 2 �;3. r 2 � =) �x:r 2 �.This de�nition is to be understood in the sense of x1,i.e. � := T (Vars;F ;B) with F = fApp g, B = f�g and #(App ) = 2.We set [� := f�x:r : x 2 Vars & r 2 �g.In the following r; s; t; r0; ::: always denote elements of �.As usual we write rs or (rs) for App , and rs1:::sn for (:::((rs1)s2):::).Indu
tive de�nition of t!� t0(!�1) rs!� �(r; s), if r 2 [�;(!�2) r !� r0 =) rs!� r0s ,s!� s0 =) rs!� rs0 ;(!�3) r !� r0 =) �x:r !� �x:r0.Remark. (i) t!� t0 =) FV(t0) � FV(t); (ii) t!� t0 & t 2 [� =) t0 2 [�.De�nition. !�� denotes the re
exive and transitive 
losure of !� .Lemma 2.1.(a) t!� t0 =) t� !� t0�.(b) If �x:r !� t0 then t0 = �x:r0 with r !� r0.(
) 8x 2 FV(t)(x� !�� x�0) =) t� !�� t�0.(d) r 2 [� & r !� r0 & s!� s0 =) �(r; s)!�� �(r0; s0).Proof:(a) Indu
tion on !� :(!� 1) t = rs & r 2 [� & & t0 = �(r; s) ) t� = (r�)(s�) & r� 2 [� & t0� = �(r�; s�).(!� 2) immediate by I.H.(!� 3) Assume t = �x:r and t0 = �x:r0 with r !� r0. Take some y 62 FV(t�; t0�).Then by I.H. r�yx !� r0�yx and thus t� = �y:r�yx !� �y:r0�yx = t0�.(b) We have �x:r = �y:~r and t0 = �y:~r0 with ~r !� ~r0.Now by (a) we obtain r = ~ry(x)!� ~r0y(x) =: r0 and t0 = �y:~r0 x 62FV(t0)= �x:r0.(
) Indu
tion on lh(t):1. t 2 Vars: trivial.2. t = (rs): By I.H. r� !�� r�0 and s� !�� s�0. Hen
e t� !�� r�0s� !�� r�0s�0 = t�0.3. t = �x:r: Let y 62 FV(t�; t�0). Then by I.H. r�yx !�� r�0yx. Hen
e t� = �y:r�yx !�� �y:r�0yx = t�0.6



(d) We have r = �x:~r and r0 = �x:~r0 with ~r !� ~r0.Hen
e by (a) and (
) �(r; s) = ~rx(s)!� ~r0x(s)!�� ~r0x(s0) = �(r0; s0).Indu
tive De�nition of �nf(�nf1) s1; :::; sn 2 �nf =) xs1:::sn 2 �nf ;(�nf2) r 2 �nf =) �x:r 2 �nf .Lemma 2.2.(a) t 2 �nf & 8x 2 FV(t)(x� 2 Vars) =) t� 2 �nf ;(b) �x:r 2 �nf =) r 2 �nf .Proof as for 2.1a,b:(a) Assume t = �x:r with r 2 �nf , and let y 62 FV(t�). Then by I.H. r�yx 2 �nf and thus t� = �y:r�yx 2 �nf .(b) We have �x:r = �y:~r with ~r 2 �nf . Now by (a) we obtain r = ~ry(x) 2 �nf .Lemma 2.3. t 62 �nf () 9t0(t!� t0).Proof:1. t 2 [�:\)": t = �x:r 62 �nf ) r 62 �nf IH) r !� r0 ) t!� �x:r0.\(": t = �x:r and t0 = �x:r0 with r !� r0 IH) r 62 �nf L:2:2b) t = �x:r 62 �nf .2. t = (�x:r)s~s: Then t 62 �nf and t!� rx(s)~s.3. t = xs1:::sk: t 62 �nf , 9i(si 62 �nf ) IH, 9i; s0(si !� s0), 9t0(t!� t0).
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Indu
tive De�nition of t!p t0(!p1) r !p r0 & s!p s0 & r 2 [� =) rs!p �(r0; s0);(!p2) r !p r0 & s!p s0 =) rs!p r0s0;(!p3) r !p r0 ) �x:r !p �x:r0;(!p4) x!p x.Remark.(a) t!p t0 & t 2 [� ) t0 2 [�.(b) t!p t0 ) FV(t0) � FV(t).(
) t!p t.(d) t!� t0 =) t!p t0.(e) t!p t0 =) t!�� t0. [
f. Lemma 2.1d℄Lemma 2.4.(a) t!p t0 & 8x 2 FV(t)(x� !p x�0) =) t� !p t0�0.(b) If �x:r !p t0 then t0 = �x:r0 with r !p r0.(
) t!p t0 & s!p s0 & t 2 [� =) �(t; s)!p �(t0; s0).Proof:(a) Indu
tion on !p:(!p1) r !p r0 & s!p s0 & r 2 [� IH=) r� !p r0�0 & s� !p s0�0 & r� 2 [� =)=) (rs)� = (r�)(s�) !p �(r0�0; s0�0) = �(r0; s0)�0.(!p2) Immediate by I.H.(!p3) As in the proof of 2.1a.(!p4) trivial.(b) As 2.1b.(
) We have t = �x:r & t0 = �x:r0 with r !p r0. Hen
e by (a) �(t; s) = rx(s)!p r0x(s0) = �(t0; s0).Lemma 2.5 t!p t0 & t!p t00 =) 9~t(t0 !p ~t & t00 !p ~t).Proof by indu
tion on lh(t):1. t = rs, t0 = �(r0; s0) with r 2 [�, r !p r0 and s!p s0:Then t00 = �(r00; s00) [or t00 = r00s00℄ with r !p r00 and s!p s00.By I.H. there are ~r; ~s su
h that r0 !p ~r, r00 !p ~r, s0 !p ~s, s00 !p ~s. Hen
e by Lemma 2.4
t0 = �(r0; s0)!p �(~r; ~s) and t00 = �(r00; s00)!p �(~r; ~s) [or t00 = r00s00 !p �(~r; ~s)℄.2. t = rs, t0 = r0s0, t00 = r00s00: immediate by I.H.3. t = �x:r, t0 = �x:r0 with r !p r0: By Lemma 2.4b we then have t00 = �x:r00 with r !p r00, and the 
laimfollows immediately by the I.H.4. t = x: trivial. 8



If one wants to de�ne a fun
tion on � by re
ursion over the indu
tive de�nition of � one is 
onfronted withthe problem that for t = �x:r one 
annot refer to x and r, sin
e these data are not determined by t. Toover
ome this diÆ
ulty we introdu
e some fun
tion v : � ! Vars su
h that v(t) 62 FV(t) for ea
h t. Thenevery t 2 [� 
an be uniquely written as t = �x:r with x := v(t).As an example we 
onsider the operation t 7! t` (t 62 �nf ) where t` results from t by 
arrying out theleftmost �-redu
tion in t.De�nition of t` for t 62 �nf((�x:r)s~s)` := rx(s)~s = �(�x:r; s)~s,(�x:r)` := �x:r` if x = v(�x:r),(xs1:::sk) := xs1:::si�1sìsi+1:::sk where i is minimal su
h that si 62 �nf .Remark: FV(t`) � FV(t).Lemma 2.6.(a) 8x 2 FV(t)(x� 2 Vars) =) (t�)` = t`�.(b) (�x:r)` = �x:r`.Proof:(a) 1. t = rs~s with r 2 [�: (t�)` = (r�s�~s�)` = �(r�; s�)~s� = (�(r; s)~s)� = t`�.2. t = �x:r with x := v(t): Then t� = �y:r�yx with y := v(t�). Hen
e (t�)` = �y:(r�yx)` IH= �y:r`�yx (�)=(�x:r`)� = t`�. (�) FV(t`) � FV(t) ) FV(t`�) � FV(t�) ) y 62 FV(t`�).3. t = xs1:::sk and 1 � i � k with si 62 �nf and s1; :::; si�1 2 �nf :Let z := z�. Then t� = z(s1�):::(sk�) and si� 62 �nf (by L.2.1a,2.3) and s1�; :::; si�1� 2 �nf (by L.2.2).Hen
e (t�)` = z(s1�):::(si�1�)(si�)`(si+1�):::(sk�) IH= z(s1�):::(si�1�)(sì )�(si+1�):::(sk�) == (xs1:::si�1sìsi+1:::sk)� = t`�.(b) Let y := v(�x:r). Then (�x:r)` = (�y:rx(y))` = �y:rx(y)` (a)= �y:(r`)x(y) = �x:r`.
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x3 The system �2Typevars: �; �; :::; Termvars: x; y; z; :::.Vars := Typevars [ Termvars, B := f�;8; lg, F := fApp ;!; ��g (where App ;!; �� all have arity 2).Indu
tive De�nition of Types1. Typevars � Types;2. A;B 2 Types =) !AB 2 Types;3. A 2 Types =) 8�:A 2 Types.This is to be understood in the sense that Types = T (Typevars; f!g; f8g) � T (Vars;F ;B).Types are denoted by A;B; :::; we write (A!B) for !AB.Abbreviation: �xA:r := ��A lx:r , (rs) := App rsr; s; t range over elements of T (Vars;F ;B).� ranges over substitutions su
h that 8� 2 Typevars(�� 2 Types); then also 8A 2 Types(A� 2 Types).We extend the operation � by: �(�xA:r; s) := �(lx:r; s) = rx(s).Then �((�xA:r)�; s�) = �(��A� (�x:r)�; s�) = �((lx:r)�; s�) = �(lx:r; s)� = �(�xA:r; s)�.Proposition.(a) FV(�xA:r) = FV(A) [ (FV(r) n fxg).(b) FV((�xA:r)�) = FV(A�) [ FV((lx:r)�).(
) y 62 FV((�xA:r)�) ) (�xA:r)� = �yA�:r�yx.Proof:(b) y 62 FV((�xA:r)�) ) y 62 FV((lx:r)�) ) (�xA:r)� = ��A� (lx:r)� = ��A� ly:r�yx = �yA�:r�yx.A 
ontext is a �nite set of pairs x1 :A1; : : : ; xn :An where the term variables x1; :::; xn are all distin
t.Contexts are denoted by �;�0; :::.Indu
tive De�nition of � ` t :C0. x :A 2 � =) � ` x :A;1. � ` r :A!B & � ` s :A =) � ` (rs) :B;2. �; x :A ` r :B =) � ` �xA:r :A!B;3. � ` r :8�:A =) � ` (rB) :A�(B);4. � ` r :A & � 62 FV(�) =) � ` ��:r :8�:A.In 2. it is understood that x:A 62 �.Corollary.(1) � ` t :C ) t 62 Types.(2) � ` t :C & � ` t :C 0 =) C = C 0. 10



Lemma 3.1.x1 :A1; :::; xm :Am ` t :C &�0 ` xi� :Ai� for i = 1; :::;m and all �0 � �) =) � ` t� :C�.Proof:Let � := x1 :A1; :::; xm :Am.0. t = xi, C = Ai: By assumption � ` xi� : Ai�.1. � ` r� : A�!C� & � ` s� :A� =) � ` (rs)� :C�.2. t = �xA:r, C = A!B, and �; x :A ` r :B:Choose y 62 FV(t�) [ FV(�); then t� = �yA�:r�yx and,�0 ` xi�yx : Ai� and �0 ` x�yx :A�, for all �0 � �; y :A�.Hen
e, by I.H., �; y :A� ` r�yx :B�yx; this yields � ` �yA�:r�yx :A�!B�, i.e., � ` t� :C�.3. t = (rB) with � ` r :A, and C = �(A;B):IH =) � ` r� :A� ) � ` (r�)(B�) : �(A�;B�) ) � ` (rB)� :�(A;B)�.4. t = ��:r with � ` r :A, � 62 FV(�), and C = 8�:A: Choose � 62 FV(t�) [ FV(C�) [ FV(�).Then t� = ��:r���, C� = 8�:A���, and �0 ` xi��� :Ai��� (sin
e � 62 FV(�)).I.H. =) � ` r��� : A��� ) � ` ��:r��� :8�:A���, i.e., � ` t� :C�.Corollary 3.2. � ` t :C & � � � =) � ` t :C.Proof: Let � = x1 :A1; :::; xm :Am.� � � =) �0 ` xi :Ai for i = 1; :::;m and all �0 � � =) � ` t :C.Corollary 3.3.x1 :A1; :::; xm :Am ` t :C & � ` xi� :Ai� for i = 1; :::;m =) � ` t� :C�.Proof: Immediate from Theorem and Corollary 3.2.Corollary 3.4. � ` t :C & 8x 2 Termvars(x� = x) =) �� ` t� :C�.Proof:Let � = x1 :A1; :::; xm :Am. Then �� ` xi� :Ai� for i = 1; :::;m. Hen
e �� ` t� :C� by Corollary 3.3.�-redu
tionDe�nition of !�1.1. (�xA:r)s!� rx(s) [ = �(�xA:r; s) ℄1.2. (��:r)B !� r�(B) [ = �(��:r; B) ℄2.1. r !� r0 ) (rs)!� (r0s)2.2. s!� s0 ) (rs)!� (rs0)3.1. r !� r0 ) �xA:r !� �xA:r03.2. r !� r0 ) ��:r !� ��:r0.Corollary. t!� t0 ) FV(t0) � FV(t). 11



Lemma 3.5.(a) t!� t0 =) t� !� t0� if � 
orre
t;(b) (i) �xA:r !� t0 =) t0 = �xA:r0 with r !� r0;(ii) ��:r !� t0 =) t0 = ��:r0 with r !� r0.Proof: As for Lemma 2.1a,b.(a) Indu
tion on !� :1.1. t = (�xA:r)s & t0 = �(�xA:r; s) ) t� = ((�xA:r)�)(s�) !� �((�xA:r)�; s�) = t0�.1.2. t = (��:r)B & t0 = �(l�:r; B) ) t� = ((��:r)�)(B�) !� �((��:r)�;B�) = t0�.2.1. and 2.2.: immediate by I.H.3.1. t = �xA:r and t0 = �xA:r0 with r !� r0: Take some y 62 FV(t�; t0�).Then by I.H. r�yx !� r0�yx and thus t� = �yA�:r�yx !� �yA�:r0�yx = t0�.3.2. t = ��:r and t0 = ��:r0 with r !� r0: analogous to 3.1.(b) (i) We have �xA:r = �yA:~r and t0 = �yA:~r0 with ~r !� ~r0.Now by (a) we obtain r = ~ry(x)!� ~r0y(x) =: r0 and t0 = �yA:~r0 x 62FV(t0)= �xA:r0.(ii): analogous to (i).Lemma 3.6 (Subje
t redu
tion). � ` t :C & t!� t0 =) � ` t0 :C.Proof by indu
tion on lh(t):1. t = (~ts) and t0 = �(~t; s):1.1. ~t = �xA:r with �; x :A ` r :C and � ` s :A:By Corollary 3.3 (with � := � and � := �sx) we obtain � ` rx(s) :C, i.e. � ` t0 :C.1.2. ~t = ��:r, s 2 Types, C = �(8�:A; s) and � ` r :A with � 62 FV(�):By Corollary 4.4 (with � := �s�) we obtain � ` r�(s) :A�(s), i.e. � ` t0 :C.2.1. t = (rs) and t0 = (r0s) with r !� r0: Then one of the following two 
ases holds.(i) � ` r :A!C and � ` s :A; (ii) � ` r :8�:A, s 2 Types and C = A�(s).In both 
ases the 
laim follows immediately from the I.H.2.2. t = (rs) and t0 = (rs0) with s!� s0:Then � ` r :A!C & � ` s :A, and the 
laim follows immediately from the I.H.3.1. t!� t0 holds by 3.1 in the de�nition of !�:Then t = �xA:r with �; x :A ` r :B and C = A!B.By Lemma 3.5b we obtain t0 = �xA:r0 with r !� r0.Hen
e by I.H., �; x :A ` r0 :B whi
h implies � ` �xA:r0 :A!B.3.2. t!� t0 holds by 3.2 in the de�nition of !�: analogous to 3.1.
12



x4 1st order predi
ate logi
Let L be a 1st order language, i.e., a set of fun
tion and relation symbols where ea
h symbol p 2 L has a�xed arity #(p) 2 IN.Indu
tive De�nition of L-terms1. Every x 2 Vars is a L-term.2. If h 2 L is an n-ary fun
tion symbol and t1; :::; tn are L-terms then ht1:::tn is an L-term.Indu
tive De�nition of L-formulas1. If p 2 L is an n-ary relation symbol, and t1; :::; tn are L-terms then pt1:::tn is an L-formula.2. If A;B are L-formulas then :A and _AB are L-formulas.3. If A is an L-formula and x 2 Vars then 8x:A and 9x:A are L-formulas.These de�nitions are to be understood so that L-terms and L-formulas are elements of T (Vars;F ;B) withF := L [ f:;_g and B := f8; 9g.In the following, � ranges over substitutions having the property that x� is an L-term for ea
h x 2 Vars.Lemma 4.1.(a) If t is an L-term then t� is an L-term.(b) If C is an L-formula then C� is an L-formula.Proof of (b) by indu
tion on the indu
tive de�nition of L-formulas (or by indu
tion on lh(C)):1. For C = pt1:::tn the 
laim follows from (a).2. Let C = 8x:A. Choose y 62 FV(C�). Then C� = 8y:A�yx, and by I.H. A�yx is an L-formula. This yieldsthe 
laim.In the following, let M be an L-stru
ture with universe M , and let �; � range over M-assignments, i.e.,fun
tions � : Vars!M .For ea
h assignment �, the value [[t℄℄� 2M of an L-term t and the truth value [[A℄℄� 2 f0; 1g of an L-formulaare de�ne as usual. Only the quanti�er 
ase requires some additional 
are; here (as at the end of x2) makeuse of some previously �xed fun
tion v whi
h assigns to ea
h formula C a variable v(C) 62 FV(C):Def.: If C = 89x:A with x = v(C) then [[C℄℄M� := minmaxf[[A℄℄�ax : a 2Mg.Lemma 4.2. 8z 2 FV(C)(�(z) = �(z)) =) [[C℄℄� = [[C℄℄� .Proof:[[8x:A℄℄� = minf[[A℄℄�ax : a 2Mg IH= minf[[A℄℄�ax : a 2Mg = [[8x:A℄℄� .
13



Lemma 4.3. 8z 2 FV(C)([[z�℄℄� = [[z℄℄�) =) [[C�℄℄� = [[C℄℄� .Proof:Let C = 8x:A with x = v(C); then C� = 8y:A�yx with y = v(C�).[[C�℄℄� = [[8y:A�yx℄℄� = minf[[A�yx℄℄�ay : a 2Mg IH+(�)= minf[[A℄℄�ax : a 2Mg = [[C℄℄� .(�) 1. [[x�yx℄℄�ay = a = [[x℄℄�ax .2. If z 2 FV(A) n fxg = FV(C) then y 62 FV(z�) (sin
e y 62 FV(C�)) and thus[[z�yx℄℄�ay = [[z�℄℄�ay L:4:2= [[z�℄℄� = [[z℄℄� = [[z℄℄�ax .Lemma 4.4. [[8x:A℄℄� = minf[[A℄℄�ax : a 2MgProof:Let y := v(8x:A). Then 8x:A = 8y:Ax(y), and thus[[8x:A℄℄� = minf[[Ax(y)℄℄�ay : a 2Mg L:4:3+(�)= minf[[A℄℄�ax : a 2Mg.(�): 
f. (�) with � := � in the proof of 4.3.
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