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In these notes we present a method for representing syntax with variable binding which combines the advan-
tages of the de Bruijn approach and the conventional approach via named bound variables. Unfortunately,
after having produced a first version of these notes we had to notice that this method is not new; it was first

introduced in

A. D. Gordon. A mechanisation of name-carrying syntax up to alpha-conversion. In J. J. Joyce and C.-J. H.
Seger (Eds.), Higher Order Logic Theorem Proving and its Applications. Proceedings, 1993, Lecture Notes
in Computer Science Vol. 780, pp. 414-426. Springer-Verlag, 1994.

We cite the abstract of this paper:
Abstract. We present a new strategy for representing syntax in a mechanised logic. We define an
underlying type of de Bruijn terms, define an operation of named lambda-abstraction, and hence
inductively define a set of conventional name-carrying terms. The result is a mechanisation of the
practice of most authors studying formal calculi: to work with conventional name-carrying notation
and substitution, but to identify terms up to alpha-conversion. This strategy falls between most pre-
vious works, which either treat bound variable names literally or dispense with them altogether. The
theory has been implemented in the Cambridge HOL system and used in an experimental application.

Our emphasis here is not so much on mechanised logics but rather on showing that the approach in question is

very well suited for a neat representation of syntax in ordinary logic texts. To underpin this claim we develop

in detail some basics of the untyped A-calculus, the system A2 in Church style, and 1st order predicate logic.

§1 A general framework for variable binding and substitution

We assume the following pairwise disjoint sets of basic symbols.
Vars : infinite set of variables, denoted by z,vy, z, -..;

{o : k € IN} : set of de Bruijn indices;

F : set of function symbols, denoted by f;

B : set of binding symbols (binders), denoted by ».

For every f € F an arity #(f) € IN is fixed; further we set #(oy) := 0 and #(b) := 1.
F'i={o, : ke N} UFUB, F,,:={heF :#0h)=m}, Fn:=F,NF.

Inductive Definition of the set 7' = T'(Vars; F; B) of quasiterms
1. Vars C T7;

2.heF, &tr, .ty €T = hty..tm €T

Notation: We use r, s,t to denote quasiterms.

Definition.

FV(t) := set of all variables occurring in ,

lh(t) := length of ¢ as string of basic symbols.



Definition of t,[n] € 7' for t € T’
ift=x
1. For t € VarsU{oy : k € N}: tofn] = { O :
or t € VarsU {oy : k € N}: £2[n] t  otherwise

2. (ftitm)z[n] :== f(t1)z[n]...(tm)[0];
3. (br)z[n] := bry[n+1].

Definition. bz.r := br,[0].

Corollary. (B0) FV(bz.r) =FV(r)\ {z}.

Proof: FV(bz.r) = FV(hr,[0]) = FV(r,[0]) = FV(r) \ {z}.
Inductive Definition of the set 7 = T (Vars; F; B) of terms
1. Vars C T;

2. fEFm&ty,stm €T = ft1.tm €T;
3.veB&reT — dpxreT.

Definition

A substitution is a mapping 6 : 7' — T, t — tf such that
(i) z0 € T for all z € Vars,

(i) (ht1...t)0 = h(t10)...(tm0) for all hty...t,, € T'\ Vars.

SUB := set of all substitutions. € :=idy.

We use 6,6’ to denote substitutions.

Lemma 1.1.

(SO) Vte T(t0 € T);
(S1) Ve € FV(t) (20 = 20') << 0 =10,
(S2) € € SUB;
(S3) 0,0 € SUB = #of' € SUB.
. . s . s Js fy==z
(S4) For every # € SUB, = € Vars, s € T there is a unique 65 € SUB with yf3 := {yﬂ otherwise’

The proof of (S0) will be given below. The other statements are easily seen, where for (S3) one uses (S0).
Remark. Vz € Vars(zf =z0') = 6 =46'. [cf. (S1)]
Notation: t,(s) :=t(z/s) :=te]

Remark. z ¢ FV(t) = t.(s) =t. [cf. (S1),(S2)]

Lemma 1.2.

(a) z #y = (x € FV(t) & te¥ #1t).

(b) EV(t0) = U.cpv() FV(20).

(c)y & bz.r)0 = role, =r0;.

(d) z € FV(t) = FV(t,(s)) = (FV(#) \ {z}) UFV(s).
(e) r4(s)8 = 7639,

) y ¢ FVzr)f = ry(s)8 = (r6Y),(sb).



Proof:
a) e € FV(t) &Vze FV({t)(z £ x De“ "Vz e FV(t)(z€¥ = z (Sl){—igsmtey:t.
(a) z ¢ FV(t) (t)(z # ) Y ¥

(b) Let z #y. Then: z ¢ FV(10) & t6er = 10 O 4% vz € FV(1)(20¢r = 20) B vz € FV(1)(x ¢ FV(20)).
(c) 1. a8, = ye; = s = x0;.
2. 0£2eFV() B e FVoar) By gFv() = 208 = 206 O 20 = 205,
Now the claim follows by (S1),(S3).
(b)
(d) FV(t2(s) = U.epvir) FV(22(5) = Usepv o {2 UFV(s) = (FV(?) \ {z}) UFV(s).
(e) 1. m,(s)0 =s0 = 2050, 2. y# 2 = y,(s)0 = yd = y#5’. Now the claim follows by (S1),(S3).
(f) rz(s)8 © re3? © 7‘026;9.

Lemma 1.3. For r,7' € T the following holds
(B1) bz.r =bzor! = r=r'".

(B2) y € FV((bx.r)f) = (bz.r)f = by.roY.
The proof will be given below.

Lemma 1.4. Forr,r' € T we have

(a) y ¢ FVzr) = bz.r =byr,(y).

(b) bz.r =byr’ = ' =r.(y).

(c) bzr =byr' = Vs e T(ru(s) =ry(s))-

Proof:

(a) follows from (B2) with 8 :=e.

(b) bz.r = by.r’ (B9 y & FV(baz T) @) by.r' =bx.r =by.r,(y) B = r2(y).
(0) “=: v =byr’ PBY y g Grr) &) = VB () = ra(y)y(s) = ' (5).
e =) = 1y (@) o FV(r) = FV(ry(x)) € EV() \ {y) U {z} =
= y g BV \ {2} 2 FVOar) & ovrr = vy, (y) = oy (y) = by,
Definition.

bT :={bzr:z €Vars&reT}

BT xT =T, Bbx.r,s) :=ry(s) (due to Lemma 1.4c, 8 is well defined)

Lemma 1.5.

(a)teT = teT and (hz.t)d € HT.

by r,s €T = B((x.r)d,s) =ros.

(c)tedT &y gFV(E) = t=ry.0(t,y).

(d)tebdbT &seT = pB(t,s)0 = [(t8,s0).

Proof:

(a) Proof of t§ € T by induction on lh(t). Assume ¢t = bz.r with r € 7. Take y ¢ FV(¢6). Then by I.H.
rf¥ € T and thus 10 2 by ré¥ € T.

(b) Let y ¢ FV((bz.r)8). Then S((>z.r)8,5) =) By.r6Y,s) = (r82),(s) "2 r6s.
(c) Let t = »x.r. Then t =»y.r,(y) = by.B(t,y).

() Let t = ba.r. B((zr)0,50) 2 1859 '2° 1, (5)8 = B(>z.r, 5)8.
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Proof of (S0), (B1), (B2)

Inductive definition of sets 7, = T, (Vars; F; B) of quasiterms

1. VarsU {op : k <n} C Tp;

2. fEFm&ty,estm €T = fti..tm € Tr;

3 reTpm &beB = vre’,.

Remark. n<m = T, CTn. T =U,en Tn-

Lemma 1.6.

(a) t € Tp = ty[n] € Tny1-

(b) T =To.

(c)t€Tn = th €Ty

(d) t,t' € Tp & ta[n] =t,[n] = t=1t".

) teTn&y=120¢U,crvia FV(20) = ta[n]6 = (t0)y[n].

Proof:

(a) obvious.

(b) “T CTo’: reT @) rz[0] € T = bx.r =br,[0] € To.

“To C T7: One easily proves: (¥) t' € Tpy1 & x € FV(') = 3t € T,(t' = t.[n]).

Now by induction on lh(t) on proves (t € To =t € T):

Let ¢ = br’ with ' € T;. Take ¢ FV(r'). Then by (*) there is an r € Ty with r' = r,[0].
Now lh(r) = lh(r') < lh(¢) and therefore by I.H. r € T and thus ¢t = br,[0] =bx.r € T.

(c) follows from (b) by induction on Tj.

(d) 1. t € VarsU {o, : k < n}: Then also t' € VarsU {o}, : k < n}.

11 t=x: thn] =tz[n] =0, = t' = 2.

1.2. t#a: thn] =ty[n] =t # o, = t' =t [n] =t

2. t =br with € Tp41: Then ¢/ =br' with v’ € 11 and o7y [n+1] = t,[n] = t,[n] = drln+1].
Hence r,[n+1] = r’[n+1] and by L.H. » = ¢’ which yields ¢t = ¢'.

(e) 1. t = x: t,[n]d = o, = yy[n] = (20),[n].
2.z #teVarsU{og : k < n}: ty[n]d = t0 = (t6),[n], since y ¢ FV(¢0).
3. t =br with r € Tpq1: t2[n] = bry[n+1]0 & b(r8),[n+1] = (>(rh)),[n] = (t0),[n].

SO)teT:>te75 e ' LweT.

(
(BL) r,r' € T &bx.r =bz.r! B4 r,r" € To & r,[0] = 7.[0] [ S
(

)
) L.1.2b (BO)
(

(BO) (s1 L.6b.e

= (bz.r)f (bz.r)0Y =br, [0]0” b(r6%),[0] = by.rgY.




Remark.

Under computational aspects it is useful to have a direct algorithm for the operation 8 : b7 x T — T.

This is achieved as follows.

Definition of t,[s] for t € T, 41, s € To

1. For t € VarsU {o}, : k < n}: t,[s] := {
2. (ftretm)nls] := f(Er)nls] - - (tm)nls];
3. (or)p[s] := brupyi[s].

Lemma 1.7

(a) t € Tn = tg[n]nls] = ta(s).

(b) b7 € To = B(F,s) = Tols].

Proof:

(a) 1. t = z: tp[n]n[s] = (on)n[s] = s = ta(s).

2. x #teVarsU {og : k <n}: ty[n]nls] = tu[s] =t =t.(s).

3. t =br with r € Thpy1: tz[n]nls] = Ore[n+1])nls] = bra[n+1]nt1[s] Z bry(s) =tz (s).

s ift=o, .
t otherwise’

(b) Since Top = T, we have b7 = bz.r = br,[0] for some x € Vars, r € Tp.
Hence B(b7, 5) = r4(s) 2 r2[0o[s] = Fo[s].

Remark.

The above introduced set of terms 7 (Vars; F; B) can be seen as a concrete realization of a more general kind
of structure (7, Vars, FV,SUB, B) where

T is a set,

Vars is an infinite subset of 7,

for each t € T, FV(t) C Vars,

SUB is a set of mappings 8 : T — T, t — t0,

for each b € B, (z,7) — bz.r is a mapping from Varsx7T to 7.

From the proofs of Lemmata 1.2, 1.4, 1.5 one can derive the following

Theorem. If (7,Vars,FV,SUB, B) is a structure as described above which satisfies the axioms (S1)-
(54),(B1),(B2) then also (B0) and the Lemmata 1.2, 1.4, 1.5 hold, where in 1.5b one has to add the premise
Vars \ FV((bz.r)8) # 0.

Proof of (B0):

Note that by L.1.2a, FV(y) = {y} for each y € Vars.

1. We choose some z # .

L.1.2b = 2z € FV((x.r)e) () (bz.r)ez =bx.r(eZ) =ba.r - FV(bz.r).

2. Let y # x. We choose some z ¢ {z,y}. By 1. we have ¢ FV(bz.r).

Hence (by L.1.2b) z € FV((bx.r),(2)) which by (B2) yields (bx.r),(z) = bz.ry(z). Now we get:

y € FV(bx.r) & hyy = (bz.r)y(z) & dbror =bzry(z) &)= ry(2) RS y € FV(r).



62 Untyped A-calculus
Let Vars be an infinite set of variables (denoted by z,y, 2, ...) and App, A constructor symbols.

Inductive definition of the set A
1. Vars C A;

2. r,s € A = Apprs € A;
3.reN = Az.or €A

This definition is to be understood in the sense of §1,
i.e. A:=T(Vars; F; B) with F = {App }, B = {\} and #(App) = 2.
We set 9A := {Az.r : & € Vars & r € A}.

In the following r, s,t,7’, ... always denote elements of A.
As usual we write rs or (rs) for App, and rs;...s, for (...((rs1)s2)...).
Inductive definition of ¢t —4 ¢’
(—51) rs—p B(r,s), if r € 9A;
(—=52) r—=pr' = rs—gr's,
s—op s = rs—prs;
(—53) r—opr = Azx.r =g Az.r'.
Remark. (i)t —»gt' = FV(t') CFV(t); (ii)t—pt &tebA = t' €bA.
Definition. — denotes the reflexive and transitive closure of — 3.
Lemma 2.1.
(a) t =gt = t0 —5t'6.
(b)
(c) Vo € FV(t) (28 =} 20") = t0 =} 10"
(d)
Proof:

If \x.r =5 t' then ¢ = Az’ with r =5 r'.
redN&r opr & s s = B(r,s) o5 B(r,s).

(a) Induction on —g:

(2 l)t=rs&rebA& &t'=p(r,s) = t0 = (rf)(sf) & rf € bA & t'6 = 5(r8, s6).
(—5 2) immediate by I.H.

(=5 3) Assume t = Az.r and ' = Az.r’ with r —3 r’. Take some y & FV(t0,t'6).
Then by LH. r6Y —3 r'6Y and thus t0 = A\y.r8Y —z \y.r'0% = t'6.

(b) We have Az.r = Ay.F and t' = \y.7 with 7 =3 7.

Now by (a) we obtain r =7, (z) =5 7, (z) =: " and t' = \y.F !

 EEN(E) Az.r'.
(c) Induction on 1h(t):

1. t € Vars: trivial.

2.t =(rs): By LH. 70 —% r0" and s —} s0'. Hence t0 —7% r0's0 —} rf'st = t0'.

3. t = Az.r: Let y ¢ FV(t0,10"). Then by LH. r0Y —% r6'}. Hence t0 = \y.rf4 =% \y.r'; = 16"
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(d) We have r = Az.7 and r' = Az.7" with # =5 .
Hence by (a) and (c) 8(r,s) = z(s) —p 75.(s) =5 7. (s') = B(r',s").

Inductive Definition of A,

(Angl) 81,080 € Ay = 51...50 € Apy;

(Ans2) r € Apy = Azr € Apy.

Lemma 2.2.

(a) t € Apy &V € FV(t)(20 € Vars) = t8 € Ayy;

(b) Adxzr € Ay = 1€ Ayy.

Proof as for 2.1a,b:

(a) Assume t = Az.r with r € A, s, and let y € FV(¢6). Then by LH. r6Y € A, and thus t0 = A\y.r6% € Ayy.
(b) We have Az.r = Ay.F with ¥ € A,,y. Now by (a) we obtain r = 7, (z) € A,y.

Lemma 2.3. t¢g A,y < 3H'(t —>5t').

Proof:

1. t € PA:

“=7rt=dzr E Ay = T E Ay L =g = top Azl

“<”: t = Az.r and t' = Az’ with r =g 7' g & Any B2 = Apr & Any.
2. t = (A\z.r)ss: Then t ¢ Ay and t — 5 7,(5)3.

3.t =wsi..op t € App < Fi(si € Anp) B 3, 8'(s; =5 8') & I (t =5 t).



Inductive Definition of ¢t —, ¢’

(=p)r =pr' &s =y s' &r €A = rs =, B(r',s");

(=p2)r =pr' & sy s’ = rs >, r's;
(—=p3) r —=p 1 = Az =) Az

(=pd) z >pz

Remark.

(a) t =, t' &t €edA = 1 €DbA.

(b) t =, t' = FV(t') CFV(1).

(c) t —=pt.

(d)t—=pt = t—=,t.

()t =pt" = t —jt'. [cf. Lemma 2.1d]

Lemma 2.4.

(a) t =p t' & Vo € FV(t) (26 —p 28') = t0 —, t'0".
(b) If Az.r —,, t' then ¢’ = Az’ with r —, '

()t —=pt &s—, s &t edh = B(t,3) =, B, ).
Proof:

(a) Induction on —:

(=pl)r =pr' &s—p s &redA SLN rd =, '8 & s =, s'0' & rf € )A =

= (rs)8 = (r8)(s8) —, B(r'¢',s'0") = B(r',s")8'".

(—p2) Immediate by LH.

(—p3) As in the proof of 2.1a.

(—p4) trivial.

(b) As 2.1b.

(c) We have t = Az.r & t' = Az.r’ with r —,, 7. Hence by (a) 8(t,s) = ry(s) —p r(s') = B¢, s').

Lemma 2.5 t —»,t' &t =, t" = 3t =, t&t" =, 1).
Proof by induction on lh(#):
l.t=rs, t'=8(r's) withr €bA, r =, r and s =, ¢
Then t" = g(r",s") [or t"" = r"s"] with r —, " and s —, s"
By LH. there are 7, § such that ' —, 7, r" —, 7, s’ =, §, s —, §. Hence by Lemma 2.4c
t'=B(r',s") —=p B(7,8) and t" = B(r",s") —=p B(F,8) [or ¢ =r"s" —, B(F,3)].
"o,

2. t=rs, t' =7's', t" = r"s": immediate by I.H.

3. t=MAz.r, t' = Ax.r’ with r —, r': By Lemma 2.4b we then have ¢ = Az.r" with » —, r", and the claim

follows immediately by the I.H.

4. t = x: trivial.



If one wants to define a function on A by recursion over the inductive definition of A one is confronted with
the problem that for ¢ = Az.r one cannot refer to z and r, since these data are not determined by ¢. To
overcome this difficulty we introduce some function v : A — Vars such that v(t) € FV(¢) for each ¢. Then

every t € bA can be uniquely written as t = Az.r with z := v(t).

As an example we consider the operation t ~— ¢ (t ¢ A,) where ¢ results from ¢ by carrying out the

leftmost B-reduction in .

Definition of ¢ for ¢ € A, ¢

((A\z.r)s5)t :=r,(5)5 = B(Azx.r, 5)5,

Az.r)t = Azt if 2 =v(Az.r),

(rs1...8;) :== a:sl...si,lsfsiﬂ...sk where i is minimal such that s; & Any.

Remark: FV(t/) C FV(t).

Lemma 2.6.

(a) Vz € FV(t)(2f € Vars) = (t0)* = t'6.

(b) Az.r)t = Az.rf.

Proof:

(a) 1. t = rs5 with 7 € bA: (t0)¢ = (rfs058)¢ = B(r0, s0)59 = (B(r, 5)5)0 = t°6.

2. t = Az.r with 2 := v(t): Then t§ = \y.rfY with y := v(tf). Hence (t8)° = \y.(r6%)" &z Ay.rfoy
Az.rf)8 =t'0. (x) FV(t) CFV(t) = FV(t9) CFV(t§) = y ¢ FV('9).

3. t==xsi...sp and 1 <4 < k with s; € Apy and s1,...,8.-1 € Apy:

Let z := 26. Then t0 = 2(s16)...(sx0) and s,0 & A,y (by L.2.1a,2.3) and s16,...,5,-10 € A,y (by L.2.2).
Hence (t6)¢ = 2(510)...(s;—10)(5:0)%(si410)...(s1.0) £ 2(510)...(5i—10)(s5)0(5i110)...(s1.0) =

_ ¢ _ 4t
= (251...5;—18;Si41...5¢)0 = t°0.

©

(b) Let y := v(Az.r). Then (Az.r)! = Ay.r.(y)) = Ay.ro(y)* @ My.(r0), (y) = Azt



83 The system )2

Typevars: a, 3,...; Termvars: z,y, z, ....

Vars := Typevars U Termvars, B := {A,V,l}, F :={App,—,A\*} (where App,—, \* all have arity 2).
Inductive Definition of Types

1. Typevars C Types;

2. A,B € Types — —AB € Types;
3. A € Types = Va.A € Types.

This is to be understood in the sense that Types = T (Typevars; {—}; {V}) C T (Vars; F; B).
Types are denoted by A, B, ...; we write (A—B) for - AB.

Abbreviation: AzA.r := NAlz.r , (rs) := Apprs

r,s,t range over elements of T (Vars; F; B).

0 ranges over substitutions such that Yo € Typevars(af € Types); then also VA € Types(Af € Types).
We extend the operation § by: B(Az?.r,s) := B(lx.r,s) = r.(s).

Then B((Az”.7)8, s0) = B(A\*Af (A\z.r)8, s6) = B((lz.r)f, s0) = B(lz.r,s)8 = B(Az™.r,5)6.
Proposition.

(a) FV(\zA.r) = FV(A) U (FV(r) \ {z}).

(b) FV((AzA.r)8) = FV(AQ) UFV((lz.1)6).

(c) y €FV((AzA.r)8) = (Azt.r)f = \yA9.roy.

Proof:

(b) y  FV((Az2.r)0) = y € FV((lzr)d) = (Az?r) = X\ A0 (lz.r) = X\ A ly.roY = \y?? roy.

A context is a finite set of pairs x1 : Ay, ..., 2, : A, where the term variables z1, ..., z, are all distinct.

Contexts are denoted by T',T", ....

Inductive Definition of T F¢:C

0. 2:Ael = THFa:A4;

1.TFr:A-B & T'ks:A = T} (rs): B;
2.T,2:AFr:B = T'FXzdr:A-B;
3.TFr:Va.A = T'F (rB): Ay(B);

4. TFr:A & agFV(I) = I't Aa.r:Va. A

In 2. it is understood that x:A € T.

Corollary.
()T FH¢:C = t¢ Types.
2)Trt:C&TTHt:C' = C=C".
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Lemma 3.1.
1AL, g A FE:C &

A'Fzif:Affori=1,...,mandall A’ DA
Proof:

Let T:=x1: Ay, oo,z App-

0. t =xz;, C = A;: By assumption A F z;0 : A;0.

1. AFrf: A0—CH & AFsh:A0 = AF (rs)f:C6.
2.t=Xt?r,C=A-B,and',z: A+ r:B:

Choose y ¢ FV(t0) UFV(A); then t0 = A\yA?.r0Y and,
A'F ;0¥ 0 A;0 and A’ F x0Y: A9, for all A’ D A y: A6.

}: AFt0:C6.

Hence, by LH., A,y: A - r0Y : BAY; this yields A F \yA?.r0%: A0— B8, i.e., A - t0:C6.
3.t=(rB)withT'Fr:A, and C = (A, B):

IH= Atrf:40 = AL (r0)(B6):3(Af8,B0) = Al (rB)f:3(A,B)6.

4. t=Aar withTFr: A, a g FV(T), and C = Va.A: Choose g € FV(t0) UFV(CH) UFV(A).
Then t0 = AB.r05, CO = V3.4653, and A’ - 2,05 : A;0° (since a ¢ FV(T)).

LH. = AF7r05:460° = AF AB.r05:VB.A05 e, A t0:C6.

Corollary 3.2. T'FHt:C&TCA = AFt:C.

Proof: Let ' = 21 : Ay, ..o, @t A

FPcA = A'baxg;:A;fori=1,...,mandall A’ DA — Al t:C.

Corollary 3.3.

1AL, g A FE:C & A xif:Affori=1,...m = AFt6:C0.

Proof: Immediate from Theorem and Corollary 3.2.

Corollary 3.4. T+ ¢:C & Vo € Termvars(zf =z) = T0+16:C6.

Proof:
Let T =x1: Ay, ...,z Ay Then TOF 2;,0: A;0 for i = 1,...,m. Hence T'0 | t6: CO by Corollary 3.3.

p-reduction

Definition of —3

L1. (\2dr)s =g ra(s) [=BAz4r,s) ]
1.2. (Aa.r)B =g ro(B) [ =p(Aa.r,B)]
21. r—=gr’ = (rs) - (r's)

22. s—=ps = (rs) —p(rs')

31 r =g’ = Azt =g Azt

32. r—gr = Aar —g Aar'.

Corollary. t —gt' = FV(t') CFV(¢).
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Lemma 3.5.
(a) t—=pt = tf —pt'6 if 6 correct;
(b) () Aedr =t = t' = Az’ with r =5 r';
(ii) Aar =g t' = t' = Aar’! with r -5 r'.
Proof: As for Lemma 2.1a,b.
(a) Induction on —g:
L1t = (2Ar)s & t' = Azt s) = t0 = (AzA.r)0)(s0) =5 B(A\xA.r), s0) = t'6.
1.2. t = (Aar)B & t' = f(lawr, B) = t0 = ((Aa.r)8)(BO) —5 B((Aa.r)d, BF) =t'6.
2.1. and 2.2.: immediate by I.H.
3.1. t = Az?.r and t' = Az’ with r —4 r': Take some y & FV(t6,'6).
Then by LH. 76Y —5 r'6Y% and thus t§ = AyA?.r8¥ —5 A\yA?.r'0Y = 1'6.
3.2. t = Aa.r and t' = Aa.r’ with  —3 r': analogous to 3.1.

(b) (i) We have AzA.r = Ayt .7 and t' = Ay .7 with 7 —5 7.

ngy(t')

Now by (a) we obtain r =7, (z) =5 7 (z) =: 7" and t' = Ay A AzA !

(ii): analogous to (i).

Lemma 3.6 (Subject reduction). THt:C &t —»pt' = T+ :C.

Proof by induction on lh(#):

1. t = (ts) and t' = B(t, 5):

1l1.i=XxAr withD,z:AFr:Cand ' s: A:

By Corollary 3.3 (with A :=T and 6 :=€5) we obtain ' - r,(s):C,i.e. THt:C.
1.2. £ = Aa.r, s € Types, C = B(Va.A,s) and T I r: A with o ¢ FV(T):

By Corollary 4.4 (with 6 := €5) we obtain T' F r,(s) : Aq(s), i.e. TF¢:C.

2.1. t = (rs) and ' = (r's) with r —3 r': Then one of the following two cases holds.
() Thkr:A-Cand Tk s: A; (i) T Fr:Va.A, s € Types and C = A,(s).

In both cases the claim follows immediately from the I.H.

2.2. t = (rs) and t' = (rs’) with s =4 s

Then'Fr: A—C & T'F s: A, and the claim follows immediately from the I.H.
3.1. t =3 t' holds by 3.1 in the definition of —4:

Then t = Az?.r with I,z: AF r:B and C = A—B.

By Lemma 3.5b we obtain #' = Az/.r' with r —4 r'.

Hence by LH., T, z: A F r': B which implies T - Az4.r' : A—>B.

3.2. t =3 t' holds by 3.2 in the definition of —3: analogous to 3.1.
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84 1st order predicate logic

Let £ be a 1st order language, i.e., a set of function and relation symbols where each symbol p € £ has a
fixed arity #(p) € IN.

Inductive Definition of L-terms
1. Every x € Vars is a L-term.

2. If h € L is an n-ary function symbol and #1, ..., t, are L-terms then ht;...t,, is an L-term.

Inductive Definition of L-formulas

1. If p € £ is an n-ary relation symbol, and #, ..., t, are L-terms then pt;...t, is an L-formula.
2. If A, B are L-formulas then =A and VAB are L-formulas.

3. If Ais an L-formula and z € Vars then Vz.A and Jz.A are L-formulas.

These definitions are to be understood so that L£-terms and L-formulas are elements of T (Vars; F; B) with

F:=LU{~,V}and B:={V,3}.
In the following, 8 ranges over substitutions having the property that x0 is an L-term for each x € Vars.

Lemma 4.1.
(a) If t is an L-term then #6 is an L-term.
(b) If C is an L-formula then C# is an L-formula.

Proof of (b) by induction on the inductive definition of £-formulas (or by induction on 1h(C)):
1. For C = pt;...t, the claim follows from (a).
2. Let C =Vz.A. Choose y ¢ FV(CH). Then CO = Vy.A6Y, and by L.H. A6Y is an L-formula. This yields

T

the claim.

In the following, let M be an L-structure with universe M, and let &, 1 range over M-assignments, i.e.,
functions & : Vars — M.

For each assignment &, the value [t]e € M of an L-term ¢ and the truth value [ A]e € {0,1} of an L-formula
are define as usual. Only the quantifier case requires some additional care; here (as at the end of §2) make

use of some previously fixed function v which assigns to each formula C' a variable v(C) ¢ FV(C):

Def.: If C = ga:.A with x = v(C) then [[C]]é\” = mi"{[[A]]gg ta € M}.

max

Lemma 4.2. Vz € FV(0)(£(2) =n(2)) = [Cle = [C],,.
Proof:
[Vz.A]le = min{[A]ee : a € M} = min{[A],e : a € M} = [Vz.4],.
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Lemma 4.3. Vz e FV(C)([20]: = [z2],) = [CO]: =[C1],.

Proof:

Let C = Vz.A with = v(C); then C0 = Vy.A#Y with y = v(CH).

[C6)e = [Vy.A82]c = min{[A0¥]c: s a € M} "= min{[A]e : a € M} = [C],.
(x) 1. [26%]es = a = [=]ye-

2. If z€e FV(A) \ {z} = FV(C) then y ¢ FV(20) (since y ¢ FV(CH)) and thus
[2641¢; = [=6e; "= [26) =[], = [y

Lemma 4.4. [Vz.A]s = min{[A]¢. : a € M}

Proof:

Let y := v(Vz.A). Then Vz.A = Vy.A,(y), and thus

[Va.Ale = min{[ A, ()]es 0 € M} E ) min{[ Ao :a € M)
(%): cf. (%) with 8 := € in the proof of 4.3.
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