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esand Hierar
hiesWilfried Bu
hholz, �Adam Ci
honyand Andreas Weiermann zAbstra
tIn this arti
le we give a unifying approa
h to the theory of fundamentalsequen
es and their related Hardy hierar
hies of number-theoreti
 fun
-tions and we show the equivalen
e of the new approa
h with the 
lassi
alone.Introdu
tionA fas
inating result of ( Gentzen-style) proof theory is the 
hara
terization ofthe provably total fun
tions of Peano-arithmeti
 in terms of Kreisel's ordinalre
ursive fun
tions (Kreisel 1952), or alternatively, in terms of the �-des
entre
ursive fun
tions (
f. Smith 1985, Takeuti 1987 or Friedman & Sheard 1993),where � denotes a standard representation of "0 in the natural numbers. This
lass of fun
tions 
an also be 
hara
terized by hierar
hies of number-theoreti
fun
tions whi
h are de�ned relative to the system of standard fundamental se-quen
es for the ordinals less than "0. Examples are here the Hardy-hierar
hy,the extended Grzegor
zyk hierar
hy and a hierar
hy whi
h is based on iteratedenumeration (S
hwi
htenberg 1971, Wainer 1972). A generalization of the latter
on
epts would still seem to be problemati
. There were some results 
on
erning�0, the proof-theoreti
 ordinal of predi
ative analysis, or �� , the proof-theoreti
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orderings and 
omplexity 
hara
terizations" Ci
hon proposes impli
itly a verysimple and general method for approa
hing this problem. His approa
h is basedon the interplay between Ba
hmann systems of fundamental sequen
es and aterm-
omplexity-fun
tion (whi
h we 
all norm from now on). The importan
eof a norm fun
tion is already impli
it in the literature (
f. Zemke 1977 andSmith 1985). The new idea is to de�ne a Ba
hmann system of fundamentalsequen
es (�[n℄C)n2IN in terms of the norm instead of de�ning it by referingto some normal form representation of the respe
tive ordinals. For example, ifN : "0 ! IN is a norm fun
tion su
h that N0 = 0, N(� + 1) � N� + 1 for all� < "0 and 
ardf� < � : N� < dg is �nite for all d 2 IN and � < "0, then weput (
f. Ci
hon 1992):�[n℄C := maxf� < � : N� � N�+ ng:1Moreover it turns out that the Hardy-hierar
hies 
an be de�ned in terms of thenorm without any referen
e to fundamental sequen
es at all. If we putH�(n) := max �fng [ fH�(n+ 1): � < � & N� � N�+ ng:then this hierar
hy 
oin
ides with (a slight variant of) the usual Hardy hierar
hywith respe
t to �[�℄C , namely for � > 0 one has H�(n) = H�[n℄C (n+ 1).An immediate 
onsequen
e of this de�nition whi
h is very useful for appli
ationsis the following e�e
tive majorization property:(EMP) � < � & N� � N� + n ) H�(n) < H�(n):Of 
ourse (EMP) yields the usual majorization property of the Hardy hierar
hy,namely � < � ) (9m)(8n � m)[H�(n) < H�(n)℄: But, in additition, (EMP)gives an useful e�e
tive 
riterion how to 
ompute a natural number m su
hthat H�(n) < H�(n) holds for all n � m. Simply pi
k m su
h that N� �N� + m! In the more traditional approa
h the veri�
ation of assertions like(EMP) (espe
ially for proof-theoreti
 ordinals larger than "0) is not alwaysimmediate (
f. Zemke 1977).In this arti
le we investigate the 
onsequen
es of this new approa
h to thetheory of Hardy-hierar
hies and we will 
ompare this approa
h with the usualone. It turns out that under some natural assumptions the new approa
h isequivalent to the old one. The new approa
h has proven useful in (Weiermann1993) where a 
omparatively simple and straightforward 
hara
terization of theprovably total fun
tions of Peano-arithmeti
 is given in terms of a Ci
hon-styleHardy hierar
hy.21A similar (but not equivalent) de�nition is 
ontained in Friedman & Sheard (1993) inLemma 1.312The new approa
h has re
ently also been proved useful for bounding derivation lengths ofrewrite systems with slow growing fun
tions (
f. Weiermann 1993a) and for investigations onslow versus fast growing for proof-theoreti
 ordinals larger than the �rst subre
ursive ordinal(
f. Weiermann 1993b). 2



In Se
tion 1 we develop a general theory of normed Ba
hmann systemsand their related Hardy hierar
hies. In Se
tion 2 following [Wainer 1970℄ we
ompare the Hardy hierar
hies with 
ertain hierar
hies of primitive re
ursivelynorm bounded des
ent fun
tions. This also provides means for 
omparing Hardyhierar
hies belonging to di�erent normed Ba
hmann systems. In Se
tion 3 werelate Ci
hon's approa
h to the more traditional theory of normed Ba
hmannsystems presented in Se
tion 1. In Se
tion 4 we give some appli
ations to "0and other proof-theoreti
 ordinals. Moreover we reformulate the main result ofSe
tion 2 in a way whi
h avoids any referen
e to fundamental sequen
es.1 Fundamental Sequen
es and Hardy Hierar-
hiesLet ! be the least in�nite ordinal and let � be �xed su
h that 9�0 > 0(� = !! ��0). In the following �; �; 
; � range over ordinals less than � , and i; j; k; l;m; nover natural numbers (�nite ordinals). The set of natural numbers is denotedby IN and the set of limit ordinal less than � is denoted by Lim.De�nitionLet �[�℄ : � � IN! � and N : � ! IN.1. �[�℄ is 
alled a system of fundamental sequen
es or an assignment of fun-damental sequen
es if(B1) (8�; n)�0[n℄ = 0& (�+ 1)[n℄ = �&(� 2 Lim) �[n℄ < �[n+ 1℄ < �)�.2. The Hardy hierar
hy (H�)�<� for h�; �[�℄i is de�ned byH0(n) := n, and H�(n) := H�[n℄(n+ 1) for � > 0.Now let �[�℄ be an assignment of fundamental sequen
es.3. h�; �[�℄i is 
alled a Ba
hmann system if(B2) (8�; �; n)��[n℄ < � < � ) �[n℄ � �[0℄�.4. We say that �[�℄ is 
ompatible with N and 
all h�; �[�℄; Ni a normed Ba
h-mann system if(B3) (8�; �; n)��[n℄ < � < � ) N�[n℄ < N��,(B4) (8�2Lim)�N� � N�[0℄ + 1�.5. We 
all h�; �[�℄; Ni a regular Ba
hmann system if (8� < �)[� � �[N�℄):6. N is 
alled a norm on � if (8�)(8n)[
ardf� < � : N� � ng < !℄.Remarks: In Lemma 3 we shall prove that supf�[n℄ : n 2 INg = � for Ba
h-mann systems and limit ordinals �. Sin
e we shall 
on
entrate mainly on Ba
h-mann systems in this arti
le we do not demand this additional property in(B1). Our de�nition of the Hardy hierar
hy is a slight modi�
ation of the usualHardy hierar
hy whi
h is de�ned by H0(n) := n, H�+1(n) := H�(n + 1), andH�(n) := H�[n℄(n) for limit ordinals �. Our 
hoi
e has some te
hni
al advan-tages but our approa
h 
an be 
arried out in the same way also for the 
las-si
al Hardy hiera
hy. Condition (B2) is the so-
alled Ba
hmann property (
f.3



S
hmidt 1976). The usefulness of this 
ondition in investigations on subre
ur-sive hierar
hies is dis
ussed for example in (Rose 1984). The idea of 
onsideringnormed systems of fundamental sequen
es is already 
ontained in Zemke (1977).Compared with his de�nition our approa
h is more restri
tive (see Lemma 1 be-low). The 
on
ept of a norm is 
ontained in Smith (1985). A slightly di�erent
on
ept of Ba
hmann system, namely the 
on
ept of a stru
tured tree ordinalhas been investigated in (Wainer 1991).Lemma 1If h�; �[�℄; Ni is a normed Ba
hmann system, thena) h�; �[�℄i is a Ba
hmann system,b) N is a norm on � ,
) h�; �[�℄; Ni is a regular Ba
hmann system.Proof:a) Let �[n℄ < � < � and assume �[0℄ < �[n℄. Then by (B1),(B3),(B4) we getN�[n℄ < N� � N�[0℄ + 1 � N�[n℄. Contradi
tion.b) (�) f� < � : N� � ng � f� � �[n℄ : N� � ng.Proof: For � 62 Lim this is trivial. If � 2 Lim then by (B3) we have (8n)�N�[n℄ <N�[n+1℄� and therefore n � N�[n℄: (B3) also yields (8� < �)�N� � N�[n℄)� � �[n℄�. { >From (�) it follows by indu
tion on � that N is a norm on � .
) Let � 2 Lim. Then by (B3) we have (8n)�n � N�[n℄�, so, in parti
ular,N� � N �[N�℄. The latter together with (B3) yields (� < � ) � � �[N�℄).Remark: Lemma 1 
) yields that normed Ba
hmann systems are regulated inthe sense of Zemke (1977). It 
an be shown that the 
on
lusion of Lemma 1 
)
an be sharpened to (8�<�)�� � �[N��� (N��� 1)℄�.In the following, we write �[0℄i to denote � [0℄ : : : [0℄| {z }i times .Lemma 2Let h�; �[�℄i be a system of fundamental sequen
es and let G : � ! IN be de�nedby G� := minfi : �[0℄i = 0g. Then:a) If h�; �[�℄i is a Ba
hmann system then h�; �[�℄; Gi is a normed Ba
hmann systemand (8�)[
ardf� : �[0℄ � � < �g < !℄.b) If (8�)[
ardf� : �[0℄ = �g < !℄, then G is a norm.Proof:a) If �[n℄ < � < � then �[n℄ = �[0℄i for some i > 0, and thus G�[n℄ < G�.Obviously G� = G�[0℄ + 1 for ea
h � > 0. Thus h�; �[�℄; Gi is a normed Ba
h-mann system. By Lemma 1 b) G is a norm and therefore (8�)[
ardf� : G� �G� + 1g < !℄. Sin
e h�; �[�℄; Gi is a normed Ba
hmann system, we also havef� : �[0℄ � � < �g � f� : G� � G�+ 1g.b) Assume that there are � and d < ! su
h that f� < � : G� < dg is in�nite.Then X := f� < � : G� = kg is in�nite for some minimal k < d. Then k > 0,sin
e �[0℄0 = � > 0, if � > 0: Put Y := f�[0℄ : � 2 Xg: The minimality of k4



yields that Y is �nite. So there is a 
 su
h that 
 = �[0℄ for in�nitely many� 2 X . This 
ontradi
ts the assumption.For the remainder of this se
tion let �[�℄ : ��IN! � be �xed su
h that h�; �[�℄; Niis a regular Ba
hmann system, and let (H�)�<� be the Hardy hierar
hy forh�; �[�℄i.Lemma 3a) H�(n) < H�(n+ 1);b) �[m℄ < � < � ) H�[m℄(n) < H�(n);
) 0 < �&m � n ) H�[m℄(n+ 1) � H�(n);d) 8�<�(N� � n) H�(n+ 1) � H�(n));e) � 2 Lim ) � = supf�[n℄ : n 2 INg;f) H�(n) = minfk � n : �[n℄[n+ 1℄ : : : [k � 1℄ = 0g = minfk : �[n : k℄ = 0g,with �[n : k℄ := � + (n�� k), for k � n, and �[n : k + 1℄ := (�[n : k℄)[k℄, fork � n.Proof: (Compare the proof of theorem 2, Ci
hon (1983).)a) and b) are proved simultaneously by indu
tion on �: Let � > 0.a) H�(n) = H�[n℄(n+ 1) < H�[n℄(n+ 2) < H�[n+1℄(n+ 2) = H�(n+ 1).b) �[m℄ < � < � ) �[m℄ � �[n℄ < � ) H�[m℄(n) � H�[n℄(n) < H�[n℄(n+ 1).
) follows from b).d) Indu
tion on �: Let � < �&N� � n. Then � � �[N�℄ � �[n℄: If� = �[n℄ then H�(n + 1) = H�(n). If � < �[n℄ then [by I.H. and a)℄H�(n+ 1) < H�(n+ 2) � H�[n℄(n+ 1) = H�(n).e) Suppose � < �&(8m)[�[m℄ < �℄. Then by b) we have (8m)�H�[m℄(0) <H�[m+1℄(0) < H�(0)�. Contradi
tion.f) Let m := minfk : �[n : k℄ = 0g. Then m � n and, by de�nition, H�[n:i℄(i) =H�[n:i+1℄(i + 1), for n � i < m. Hen
e H�(n) = H�[n:n℄(n) = H�[n:m℄(m) =H0(m) = m.De�nitionNF (�; �) :, �; � > 0 & (9�0; :::; �m; �0; :::; �n)�� = !�0 + ::: + !�m &� =!�0 + :::+ !�n &�0 � ::: � �m � �0 � ::: � �n�.Lemma 4Assume(B5) (8�; �)�NF (�; �) ) �+ �[n℄ � (�+ �)[n℄�(B6) (8m;n)�!m � (n+ 1) � !m+1[n℄�.Thena) NF (�; �) ) H�(H�(n)) � H�+�(n),b) (H!m)(n+1)(n+ 1) � H!m+1(n),
) For ea
h primitive re
ursive fun
tion f there exists m su
h that (8~x)�f(~x) <H!m(maxf~xg)�.Proof: 5



a) From (B5) it follows that H�+�(n) = H�+
(n + 1) with �[n℄ � 
 < �. ByLemma 3a,b and I.H. we obtain H�(H�(n)) � H�(H
(n+ 1)) � H�+
(n+ 1).b) From (B6) it follows thatH!m+1(n) = H!m�(n+1)+
(n+1) for some 
 < !m+1.By a) we have H(n+1)!m (n+ 1) � H!m�(n+1)(n+ 1) � H!m�(n+1)+
(n+ 1).
) follows from a) and b).De�nitionPR� := set of all primitive re
ursive fun
tions whi
h are stri
tly in
reasing inea
h argument.Lemma 5If N satis�es(N1) (9h2PR�)(8n; �1; : : : ; �n)��1 � : : : � �n ) maxfn;N!�1 ; : : : ; N!�ng �N(!�1 + � � �+ !�n) � h(maxfn;N!�1 ; : : : ; N!�ng)�,(N2) (9h2PR�)(8m)[m < N!m � h(m)℄,then there exists a g 2 PR� su
h that 8�; l (N(!l � (�+ 1)) � g(N�; l)).Proof:Let � = !�1+� � �+!�k+!m1+� � �!mn , where �1 � : : : � �k � ! > m1 � : : : �mn. Then !l � (�+1) = !�1 + � � �+!�k +!l+m1 + � � �!l+mn +!l: Thus N(!l �(�+ 1)) � h(maxfk + n+ 1; N!�1 ; : : : ; N!�k ; N!l+m1 ; : : : ; N!l+mn ; N!lg) �� h(maxfk+n+1; N!�1 ; : : : ; N!�k ; h(l+m1); : : : ; h(l+mn); h(l)g) � h(h(l+N�+ 1)):2 Des
ent Fun
tions and Hardy Hierar
hiesDe�nitionR(�;N) := the set of all fun
tions f : INn ! IN; f(~x) = minfk : Æ(~x; k + 1) 6<Æ(~x; k)gwith Æ : INn+1 ! � su
h that (9�)(8~x2 INn)[Æ(~x; 0) � �℄ and(9q2PR�)(8~x; k)[NÆ(~x; k) � q(~x; k)℄.De�nitionIf F is a set of fun
tions f : IN ! IN then Cl(F) is the set of all fun
tionsg : INn ! IN su
h that (9f 2 F)(8~x)�g(~x) � f(maxf~xg)�.The proof of the following Theorem has been extra
ted from (Wainer 1970).Theorem 1If h�; �[�℄; Ni is a normed Ba
hmann system satisfying (B5),(B6),(N1),(N2) thenR(�;N) � Cl(fH� : � < �g).Proof:Let Æ : IN2 ! �; � < �; g 2 PR� su
h that (8n)[Æ(n; 0) � �℄ and (8n; k)[NÆ(n; k) �g(n; k)℄. (This 
ase 
an be assumed without loss of generality.)By Lemma 5 we may assume that also N(!l � (� + 1)) � g(N�; l) for all �; l.6



By Lemma 4
 there is anm � 1 su
h that g(g(n; k+2); l) < H!m(maxfl; n; kg),for all l; k; n.Abbreviations: �(n; k) := !m � Æ(n; k); f(n; k) := g(g(n; k + 1);m).Then we have(1) N(�(n; k + 1) + !m) = N(!m � (Æ(n; k + 1) + 1)) � g(NÆ(n; k + 1);m) �g(g(n; k + 1);m) = f(n; k),and(1') �(n; 0) � !m � � & N�(n; 0) � f(n; 0).(2) f(n; k + 1) < H!m(maxfm;n; kg).>From (2) we get(3) f(n; k + 1) < H!m(f(n; k)).Now we are going to prove(4) Æ(n; k + 1) < Æ(n; k) ) H�(n;k+1)(f(n; k + 1)) < H�(n;k)(f(n; k)).Proof: The premise yields �(n; k + 1) + !m � �(n; k) and thus, by (1) andLemma 3a,d,H�(n;k+1)+!m(f(n; k)) � H�(n;k)(f(n; k)).By (3), Lemma 3a and Lemma 4a we getH�(n;k+1)(f(n; k+1)) < H�(n;k+1)H!m(f(n; k)) � H�(n;k+1)+!m(f(n; k)). Thisproves (4).>From (4) it follows that minfk : Æ(n; k + 1) 6< Æ(n; k)g � H�(n;0)(f(n; 0)).By (1'), (2), Lemma 4a we obtainH�(n;0)(f(n; 0)) � H!m��(f(n; 0)) � H!m�(�+1)(maxfm;ng) �H!m�(�+1)+m(n).Lemma 6If there is an h 2 PR� su
h that (8�)[N(�+ 1) � h(N�)℄ & (8�; n)[N(�[n℄) �h(maxfN�; ng)℄, then fH� : � < �g � R(�;N).8n; k(NÆ(n; k) � h(n+k)(N�)).Proof:By Lemma 3f we have H�(n) = minfk : �[n : k+1℄ 6< �[n : k℄g with �[n : k℄ :=�+ (n�� k), for k � n, and �[n : k + 1℄ := (�[n : k℄)[k℄, for k � n. The premisesof Lemma 6 yield (8n)�[n : 0℄ < � + ! and (8n; k)N�[n : k℄ � h(n+k)(N�).Hen
e H� 2 R(�;N).RemarkTheorem 1 and Lemma 6 provide useful 
riteria for 
omparing the growth ratesof Hardy hierar
hies belonging to di�erent normed Ba
hmann systems. Supposethat h�; �[�℄; Ni and h�; �[�℄0; N 0i satisfy the assumptions of Theorem 1, Lemma 6respe
tively, and that there is a fun
tion q 2 PR� with 8� < �(N� � q(N 0�)).Then fH 0� : � < �g � Cl(fH� : � < �g holds for the respe
tive Hardy hierar-
hies.De�nitionLet hA;�i be a primitive re
ursive well-order (A � IN; �� IN � IN) of order7



type � , and let ord : IN ! � and (�)� : � ! A, su
h that (8� 2 �)[ord(��) = �℄and (8a; b 2 A)[b � a () ord(b) < ord(a)℄:Let R(A;�) be the set of all fun
tions f : INn ! IN, f(~x) = minfk :�(~x; k + 1) 6� �(~x; k)g with � : INn+1 ! A primitive re
ursive and (9a 2A)(8~x)[�(~x; 0) � a℄: For ea
h set X of fun
tions f : INn ! IN let PR[X ℄ be theset of all fun
tions whi
h are primitive re
ursive in X .Theorem 2Let h�; �[�℄i be a Ba
hmann system and assume(1) h�; �[�℄i satis�es (B5),(B6),(2) 9q 2 PR�8�; �(� < � ) � � �[q(��)℄,(3) N := ��:�� satis�es (N1),(N2).Then R(A;�) � S�<� PR[H�℄.Proof:Let N 0� := q(��), with q from assumption (2).Obviously N 0 also satis�es (N1),(N2).So h�; �[�℄; N 0i is a regular Ba
hmann system satisfying (B5),(B6),(N1),(N2) andtherefore, by Theorem 1, R(�;N 0) � Cl(fH� : � < �g).Now let f(x) = minfk : �(x; k + 1) 6� �(x; k)g . We set Æ(x; k) :=ord(�(x; k)). Then f(x) = minfk : Æ(x; k + 1) 6< Æ(x; k)g and N 0Æ(x; k) =q(�(x; k)). Hen
e f 2 R(�;N 0) � Cl(fH� : � < �g) and therefore 8x(f(x) �H�(x)), for some � < � . It follows f(x) = minfk � H�(x) : �(x; k + 1) 6��(x; k)g and thus f 2 PR[H�℄.Theorem 3Let h�; �[�℄i be a Ba
hmann system satisfying(B5)' (8�; �; n)[NF (�; �) ) �+ �[n℄ = (� + �)[n℄℄,(B6)' (8m;n)[!m � (n+ 1) = (!m+1)[n℄℄,(X) 9q 2 PR�8�[G� := minfi : �[0℄i = 0g � q(��)℄.Then R(A;�) � R(�;G) � S�<� PR[H�℄.Proof:By (B5') we have (NF (�; �) ) G(� + �) = G� + G� ), and (B6') yieldsG!m+1 = G!m +1, hen
e G!m = m+1. It follows that G satis�es (N1),(N2).Hen
e, by Lemma 2, h�; �[�℄; Gi is a regular Ba
hmann system, and >from The-orem 1 we obtain R(�;G) � ClfH� : � < �g.Now let f(x) = minfk : �(x; k + 1) 6� �(x; k)g . We set Æ(x; k) :=ord(�(x; k)). Then f(x) = minfk : Æ(x; k + 1) 6< Æ(x; k)g and GÆ(x; k) �q(Æ(x; k)�) = q(�(x; k)), i.e. f 2 R(�;G).Remark (��)The 
onditions of the last theorem are satis�ed by the standard 
oding (E ;�E)of "0 and the standard system of fundamental sequen
es �[�℄s.Lemma 7If h�; �[�℄i is a Ba
hmann system su
h that the fun
tion s(a; n) := (ord(a)[n℄)�8



is primitive re
ursive then fH� : � < �g � PR[R(A;�)℄.Proof:Let � < � and a := ��. From Lemma 3f it follows that H�(n) = n +minfk :�(n; k + 1) 6� �(n; k)g with �(n; 0) := a; �(n; k + 1) := s(�(n; k); n+ k).3 Ci
hon's Fundamental Sequen
es and NormedBa
hmann SystemsIn this se
tion we relate (a slightly generalized version of) Ci
hon's de�nition�[n℄C := maxf� < � : N� � N� + ng to the 
on
ept of a normed Ba
hmannsystem and its 
orresponding Hardy hierar
hy. A
tually in Theorem 4 andTheorem 5 we show that under 
ertain rather weak assumptions both approa
hesare inter
hangeable.Theorem 4Let N : � ! IN be a norm on � with (8�)[N0 � N�℄ and (8�)[N(� + 1) �N� + 1 ℄, and let p : � ! IN with (8�)[N� � p(�) + 1 � p(�+ 1)℄.We de�ne �[�℄ : � � IN ! � by 0[n℄ := 0 and �[n℄ := maxf� < � : N� �p(�+ n)g, for � > 0.Let (H�)�<� be the Hardy hierar
hy belonging to �[�℄.Thena) h�; �[�℄; Ni is a normed Ba
hmann system,b) p(�+ n) = N�[n℄, for � 2 Lim,
) H�(n) = maxfH�(n+ 1) : � < �&N� � p(�+ n)g, for � > 0.Proof:b) Let � 2 Lim. Then �[n℄ < � & N�[n℄ � p(� + n) and thus (N�[n℄ 6=p(�+n) ) �[n℄ + 1 < �&N(�[n℄ + 1) � p(�+ n)). By maximality of �[n℄ thelatter yields N�[n℄ = p(�+ n).a) For � = �0 + 1 we have �[n℄ = maxf� � �0 : N� � p(�0 + n + 1)g = �0,sin
e N�0 � p(�0 + n+ 1). Now let � 2 Lim:(B1): N(�[n℄ + 1) = N�[n℄ + 1 � p(� + n) + 1 � p(�+ n+ 1) ) �[n℄ + 1 ��[n+ 1℄.(B3): �[n℄ < � < � ) N�[n℄ = p(�+ n) < N�.(B4): N� � p(�) + 1 = N�[0℄ + 1.
) By de�nition we have N�[n℄ � p(�+ n). Hen
e H�(n) = H�[n℄(n+ 1) �maxfH�(n+ 1) : � < � & N� � p(�+ n)g.For the reverse dire
tion we prove by indu
tion on �:(�) � < � & N� � p(�+ n) ) H�(n+ 1) � H�(n).Proof:>From the premise we get H�(n) = H�[n℄(n+1) and � � �[n℄. If � = �[n℄ thenH�(n+1) = H�(n). Now let � < �[n℄. Using (�0+1)[n℄ = �0 and b) one easilyveri�es that p(�+n) � p(�[n℄+n+1). >From N� � p(�+n) � p(�[n℄+n+1)by I.H. one obtains H�(n+ 1) < H�(n+ 2) � H�[n℄(n+ 1) = H�(n).9



Now we show that the roles of p and �[�℄ in the last theorem 
an be reversed insome sense.Theorem 5Let h�; �[�℄; Ni be a normed Ba
hmann system with (8�)[N0 � N�℄ and (8�)[N(�+1) � N�+1 ℄, and let (H�)�<� be the 
orresponding Hardy hierar
hy. We de�nep : � ! IN by p(n) := N(n), and p(�+ n) := N�[n℄, for � 2 Lim.Then the following holds for all �:a) N� � p(�) + 1 � p(�+ 1),b) �[n℄ = maxf� < � : N� � p(�+ n)g, for � > 0,
) H�(n) = maxfH�(n+ 1) : � < �&N� � p(�+ n)g, for � > 0.Proof:a) Let � = � + n with � 2 Lim. Then N� = N� + n � N�[0℄ + n + 1 �N�[n℄ + 1 = p(�) + 1 � N�[n+ 1℄ = p(�+ 1).b) If � = � + 1 then �[n℄ = �; N� � p(� + 1) � p(� + n). If � 2 Lim thenN�[n℄ = p(�+ n) and 8� < �(N� � N�[n℄ ) � � �[n℄).
) This follows from a), b) and Theorem 4.Theorem 6There exists N : � ! IN su
h that N0 = 0; N(� + 1) = N� + 1 and (8d 2IN)[
ardf� < � : N� � dg < !℄:Proof:Let N 0 : � \ Lim! IN be an arbitrary inje
tive fun
tion and put N(� + n) :=N 0(�) + n for � 2 Lim:This last theorem yields for example that for every 
ountable ordinal � thereis an assignment of fundamental sequen
es whi
h has the Ba
hmann property(B2). The standard proof of this fa
t given in Rose (1984) is based on a nonimmediate trans�nite re
ursion!4 Appli
ationsIn a �rst step we 
on
entrate on the ordinal "0 := minf� : � = !�g; the proof-theoreti
 ordinal of PA. We assume a standard 
oding hE ;�Ei of "0 in thenatural numbers (see, for example, Rose (1984) for a de�nition) su
h that espe-
ially E and �E are primitive re
ursive. The standard system of fundamentalsequen
es �[�℄ is given by the following de�nition. If � is a limit, then(!� � (� + 1))[x℄ := !� � � + !�[x℄and if � = �0 + 1, then(!� � (� + 1))[x℄ := !� � � + !�0 � (x+ 1):Let (H�)�<� be the 
orresponding Hardy hierar
hy. One easily veri�es thath�0; �[�℄i is a Ba
hmann system. 10



Let G : "0 ! IN; G(�) := minfk : �[0℄k = 0g. Then h"0; �[�℄; Gi is anormed Ba
hmann system (
f. Lemma 2). Moreover the \axioms" (B5),(B6) aresatis�ed, and 8�; � > 0(maxfG�;G�g < G(�#�) = G�+G�) and 8m(G!m =m+ 1). Hen
e by Theorem 1(1) R(�;G) � Cl(fH� : � < �g).Now let N : �0 ! IN be a norm with N0 = 0 and 8�(N(�+1) = N� +1 ). Letq 2 PR� and p := q ÆN . Let HN;p0 (n) := n, and HN;p� (n) := maxfHN;p� (n+1) :� < �&N� � p(�+n)g, for � > 0. Then by Lemma 6 and Theorem 4 we have(2) fHN;p� : � < �0g � R(�;N).>From (1) and (2) we get(3) 9q2PR�8�(G� � q(N�)) ) fHN;p� : � < �0g � Cl(fH� : � < �g).Now put p(n) := N(n) and p(�+n) := N(�[n℄): A trans�nite indu
tion with theuse of Theorem 4 and 5 yields H�(n) = HN;p� : So the 
lassi
al Hardy hierar
hyappears as a spe
ial 
ase of our approa
h. We arrive at the following 
lassi
alresult.CorollaryIf the Hardy-fun
tions are de�ned with respe
t to h"0; �[�℄i, then[fPR[fH�g℄ : � < "0g = PR[R(E ;�E)℄:Now we look at three 
on
rete examples of norms. The �rst norm, N1 is givenby the depth or rank of the ordinal term when the ordinals less than "0 arerepresented by the \
onstant" 0 and the binary fun
tion ���:!� + �. Morepre
isely, let N10 := 0 and N1� := maxfN1�1; N1�2g + 1 if � = !�1 + �2 >�1; �2:The se
ond norm (
f. Ci
hon 1992) is given by the depth of the ordinal termwhen the ordinals less than "0 are represented by 0, and the varyadi
 fun
tion��1 : : : �m:!�1 + � � � + !�m : Let N20 := 0 and N2� := maxf1 + N2�1; : : : ; 1 +N2�m;mg if � = !�1 + � � �+ !�m > �1 � : : : � �m.Finally we 
onsider a norm whi
h is given by the number of symbols (ex
ept0 and +) whi
h o

ur in an ordinal term (
f. Weiermann 1993). Let N3(0) := 0and N3� := 1+N3�1+ � � �+1+N3�m if � = !�1+ � � �+!�m > �1 � : : : � �m.(It 
an be seen easily that N3 equals the fun
tion G from the dis
ussion above.)Let h(x) := 3x+1, pi := h ÆNi and �[n℄i := maxf� < � : Ni� � pi(� + n)g:Then for i = 1; 2; 3 the "axioms" (N1)i and (N2)2 are satis�ed for h and Ni.Moreover the axioms (B5)i and (B6)i are satis�ed for �[�℄i and i 2 f1; 2; 3g:Therefore fHNi;pi� : � < "0g � R("0; Ni) � Cl(fHNi;pi� : � < "0g). Furthermorethe systems h"0; �[�℄i; Nii are normed Ba
hmann systems. (In Weiermann (1993)it is shown that every provably total fun
tion of PA is bounded by HN3;p3� forsome � < "0:)CorollaryIf i 2 f1; 2; 3g; then[fPR[fHNi;pi� g℄ : � < "0g = PR[R(E ;�E)℄:11



Now we turn to a strong generalization of this example. Let T (M) and<� T (M) � T (M) be de�ned as in Rathjen (1991). This ordinal notationsystem is 
hara
teristi
 for the theory KPM formalizing a re
ursively Mahlouniverse. Let hM;�Mi be a standard 
oding of hT (M); <i in the naturalnumbers. De�ne N : T (M)! ! as follows:1. N02. NM := 1;3. N �(�1; : : : ; �n) := N�1 + � � �+N�n;4. N!� := N�+ 1;5. N'�� := 1 +N�+N�;6. N �� := 1 +N�+N�;7. NZ� := N�+ 1:For � 2 T (M) let �[x℄M := maxf� < � : N� � 33N�+x+1g: Then we get thefollowing 
orollary.CorollaryIf the Hardy-fun
tions are de�ned with respe
t to hT (M); �[�℄M i, then[fPR[fH�g℄ : � 2 T (M)g = PR[R(M;�M)℄:Furthermore, for every fun
tion f : ! ! ! whi
h is provably total in KPMthere is an � 2 T (M) su
h that f(x) < H�(x) for all x < !:We think that our method also applies to arbitrary so-
alled \natural well-orderings". But sin
e so far a pre
ise de�nition of this notion has not been givenwe 
an only give the 
onstru
tion of fundamental sequen
es for notation systemswhi
h satisfy 
ertain not too restri
tive \naturalness"-assumptions. (These as-sumptions are satis�ed by all notation systems used in proof-theory so far.)We assume that we are given an indu
tively de�ned primitive re
ursive set ofterms T , where the underlying set of fun
tion symbols is �nite, together with aprimitive re
ursive well-ordering <T on T . We assume furthermore, that thereis a zero-
onstant 0� in T whi
h denotes the <T -minimal element of T andthat (among the fun
tion symbols in question) there is a binary fun
tion +�(respe
tively varyadi
 fun
tion +� su
h that the order type of t1 +� � � � +� tnwith respe
t to <T is the sum of the order types of t1; : : : ; tn with respe
t to<T . Then we de�ne a norm N of an ordinal term t by taking the number ofo

urren
es of the "non+"-fun
tion symbols and nonzero-
onstants whi
h o

urin T . As an assumption on T we additionally demand that N1� = 1 where 1�12



denotes the <T -su

essor of 0�: Then N satis�es the assumptions of Theorem 4,and therefore by using Ci
hon's method for de�ning assignments of fundamentalsequen
es we automati
ally obtain a normed Ba
hmann system h�; �[�℄; Ni.As shown in Theorems 4 and 5 the theory of Hardy hierar
hies 
ould as wellbe developed without any referen
e to fundamental sequen
es (using insteadthe auxiliary fun
tions p). For the reader's 
onvenien
e we present one of ourmain results (namely the 
omparison between des
ent fun
tions and the Hardyhierar
hy) in a formulation whi
h does not refer to fundamental sequen
es atall.THEOREMLet N : � ! IN be a norm on � with(1) 8� > 0(N� > N0),(2) N!m = m+ 1,(3) �; � > 0 ) N(�#�) = N�+N�.Let p : � ! IN su
h that(4) p(�) < p(�+ 1),(5) N� � p(�) + 1 � h(N�), for some h 2 PR�,(6) N(!m � n) � p(!m+1 + n),(7) NF (�; �) ) N�+ p(�) � p(�+ �).Let HN;p0 (n) := n and HN;p� (n) := maxfHN;p� (n + 1) : � < �&N� �p(�+ n)g, for � > 0.Then Cl(R(�;N)) = Cl(fHN;p� : � < �g).Proof:Let 0[n℄ := 0 and �[n℄ := maxf� < � : N� � p(�+n)g, for � > 0. By Theorem4 h�; �[�℄; Ni is a normed Ba
hmann system and (HN;p� )�<� is the 
orrespondingHardy hierar
hy.By de�nition and (2),(3),(5) we have N�[n℄ � p(� + n) � h(N� + n).Therefore Lemma 6 yields fH� : � < �g � R(�;N).A

ording to Theorem 1 it remains to verify (B5),(B6),(N1),(N2).(N1) follows from (3) and (1).(N2) follows from (2).(B6) follows from (6).(B5) follows from (7). [ N(� + �[n℄) = N� + N(�[n℄) � N� + p(� + n) �p(�+ � + n).℄Remark:(4){(7) are satis�ed if for example p(�) := f(2N�) with f 2 PR�.ad (6): N(!m � n) = (N!m) � n < 2N!m+1+n � f(2N(!m+1+n)) = p(!m+1 + n).ad (7): N�+ p(�) = N�+ f(2N�) � f(2N�+N�) = p(�+ �).Finally assume additionally that the norm N is primitive re
ursive and thatthe 
omputation of maxfs <T t : Ns � p(t+� n)g (with respe
t to <T ) 
an bedone primitive re
ursively in the arguments t and n. (These assumptions are also13
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