Beweistheorie
Wilfried Buchholz
Skriptum einer 4-std. Vorlesung im Wintersemester 1997/98

Mathematisches Institut der Universitdt Miinchen

Literatur
GENTZEN, G.: Die Widerspruchsfreiheit der reinen Zahlentheorie. Math. Ann. 112 (1936), pp. 493-565

GENTZEN, G.: Neue Fassung des Widerspruchsfreiheitsbeweises fiir die reine Zahlentheorie. Forschungen
zur Logik und zur Grundlegung der exakten Wissenschaften, New Series 4, Leipzig (1938), pp. 19-44

GENTZEN, G.: Beweisbarkeit und Unbeweisbarkeit von Anfangsfillen der transfiniten Induktion in der
reinen Zahlentheorie. Math. Ann. 119 (1943), pp. 149-161

GIRARD, J.Y.: Proof Theory and Logical Complexity. Studies in Proof Theory, Monographs 1. Napoli:
Bibliopolis 1987

POHLERS, W.: Proof Theory. Springer LNM 1407

SCHWICHTENBERG, H.: Proof Theory: some applications of cut-elimination. In: Barwise, J.(ed.) Hand-
book of Mathematical Logic. Amsterdam: North-Holland 1977

SCHUTTE, K.: Proof Theory.
TAIT, W.W.: Normal Derivability in Classical Logic. In: Springer LNM 72 (1986)
TAKEUTI, G.: Proof Theory.

WAINER and WALLEN: Basic Proof Theory. In: Aczel, Simmons, Wainer (eds.) Proof Theory. Cambridge
University Press 1993.



§1 The Tait calculus for classical 1°¢-order predicate logic without equality
Formal language

Basic symbols:

1. Variables vg,v1,vz2... (denoted by x,y, 2,1, ...)

2., AV, Y, S

Let £ be some fixed (countable) language, i.e. set of function and predicate symbols where each symbol
p € L has a certain arity #(p) € IN.

From now on all syntactic notions such as terms, formulas, sequents,.... are defined with respect to L.
Terms are defined as usual:

1. Every variable is a term.

2. If f is an n-ary function symbol (n > 0) and ¢4, ..., ¢, are terms then the string ft;...t,, is a term.

We use s, t, s1, ... as syntactic variables for terms.

An atomic formula is an expression pt;...t, where p is an n-ary predicate symbol and #1, ..., t, are terms.

An expression of the form A or —A, where A is an atomic formula, is called a (positive or negative) literal.

Inductive definition of formulas
1. Every literal is a formula.
2. If A, B are formulas then also AAB and VAB are formulas.

3. If Ais aformula then VzA and 3z A are formulas.

As usual we write ANB, AV B for AAB, VAB.

We use A, B,C, D, F,G as syntactic variables for formulas.
Definition of the negation neg(A) of a formula A

1. If A is atomic then neg(A4) := —A and neg(—A) := A.

2. neg(A A B) := neg(A) V neg(B), neg(A V B) := neg(A) A neg(B).
3. neg(VzA) := Jxneg(A), neg(FzA) := Vaneg(A).

Corollary: neg(A) is a formula, and neg(neg(A)) = A.

Notation:

(i) From now on we write —A for neg(A).

(i) 41 > ... > Ay > B:= =4, V(=42 V (... V (=4, V B)...)).

For each term or formula F we define the set FV(E) [ BV(E) ] of its free [ bound ] variables in the usual
way. Further let Var(FE) := FV(E) UBV(E) (the set of all variables occuring in E). If X is a set of terms
and/or formulas then FV(X) := | J{FV(E) : E € X'}; analogously BV(X) and Var(X) are defined.

Substitution

Definition of E, (t)
1. If E is a term or a literal then E,(t) is obtained from E by replacing every occurrence of z in E by t.
2. (Ao B),(t) := A, (t) o B, (t) (0 € {A,V})



3.2. (QuA).(t) == QuA.(t),ifx#y  (Q€e{V,3})

Abbreviation: subst(E,z,t) :& tis free for z in E.

Definition of rk(A)

1. rk(A4) :=0, if A is a literal.

2. rk(A ¢ B) := max{rk(A),rk(B)} + 1.
3. rk(QzA) :=rk(A) + 1.

Corollary: rk(=A) = rk(A) = rk(A4,(t))-

Definition

FV:={vqg; :i € N} , BV :={uvy;4; 17 € N}

A formula A is called decent if FV(A) C FV and BV(4) C BV.
Ter := set of all terms ¢ with FV(¢) C FV.

Finite sets of decent formulas are called sequents.

Syntactic variables for sequents are T', A.

Proof systems

In the following we mostly write Ay, ..., A, for {A1,..., A}, and A,T, A for {A}UT UA, etc.
A proof system & is given by

— a set of formal expressions called inference symbols (syntactic variable Z)

— for each inference symbol Z a set |Z| (the arity of 7), a sequent A(Z) and a family of sequents (A,(Z)),¢z|-
The elements of A(Z) [ U,¢7j Au(Z) ] are called the principal formulas [ minor formulas | of Z.

— for each inference symbol 7 a set Eig(Z) which is either empty or a singleton {y} with y € FV\ FV(A(Z));

in the latter case y is called the eigenvariable of Z.

— for each inference symbol Z an ordinal deg(Z).

NOTATION
By writing

(1) ...AZ..(LEI) [ ]

we express that Z is an inference symbol with |Z| = I, A(Z) = A, A,(Z) = A,, and Eig(Z) = 0 [ Eig(Z) = {y},

resp.].

Ao A ... A
A

Inference symbols Z with |Z] = @) will be called azioms.

By writing “ (Z) A” we declare Z as an axiom with A(Z) := A.

A, .. (€D

If |Z) = {0, ...,n} we write “, instead of —— A .

For almost all inference symbols (except axioms) the sequents A(Z), A,(Z) are singletons or empty.



Example:
By (Cutc) %
symbol with |Z| = {0,1}, A(Z) = 0, Ao(Z) = {C}, A (Z) = {~C}.

we express that for each decent formula C', the expression Z := Cut¢ is an inference

Inductive definition of G-derivations

If 7 is an inference symbol of &, and (d,),¢|z| is a family of &-derivations such that Eig(Z)NFV(I') = 0 where
[':= AZ)UU,¢i7/(T(d)\A(Z)), then d :=I(d.),e7) (or Zdy...dn—1 if |Z| = {0, ...,n—1}) is an &-derivation
with T'(d) :=T, last(d) := 7 , deg(d) := sup({deg(Z)}U{deg(d,) : v € |Z|}) , lg(d) := sup{lg(d,)+1 : 1 € |Z|}.
['(d) is called the endsequent of d, and last(d) is called the last inference (symbol) of d.

A proof system & also comprises the assignment of an ordinal o(d) to each &-derivation d.

If nothing else is said we define o(d) := lg(d).

Abbreviations

63dF) T : <= disan &-derivation with o(d) < «, deg(d) < p, I'(d) C T,

GHIT 1 <= 6>5dryI' forsomed,

&k, ' 1= 6r)I' forsome a.

If & is known from the context, we write d 7 T" instead of & > d - T, etc.

Remark (for proof systems with o(d) = lg(d))
Assume that Z € & & deg(Z) < p & Eig(Z) NFV([) =0 & Vi € |Z|(av, < ):

Ve €|Z) & 3d, F3 T,A(T) = &3 I(d,),eiz Fo T, A(T) -

The proof system PL1 (Tait’s version of Gentzen’s calculus of sequents)

(LogAx,) A,—A ifrk(4)=0

(Niorn) i Vigon) o (ke 10,1)
() 2y (Ve 28 e T
(Cute) %

deg(Cutc) :=rk(C)+1 and deg(Z) := 0 for all other inference symbols.
o(d) :=lg(d).

Displaying derivations:

™ instead of Zdy...d,,.

To increase the readability we often write derivations in tree form, i.e. we write

Another way of representing derivations (close to the traditional one) is to write them as trees of sequents
and to display the respective inference symbols at the right or left end of each inference line. Mostly we will
not show the full inference symbol Z but only some kind of abbreviation (e.g. the outermost logical symbol

of the principal formula of Z) or nothing. The sequents and inference symbols will be arranged in such a

Puwo) - Tus)
T

way that at each node v the relation 7, is satisfied (where T', [ Z,, resp. | is the sequent

[inference symbol] at node v). Consequently we have I'(d|,) C T, if d|, is the subderivation with root v.
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Two examples: Abbreviation: Axp := LogAxp

gt It 0 1 _
Ld= VEIz(—'sz\/Rz)\/Elz(—'sz\/Rz)vﬁthvRtV—'Rfft\/thAXth =

f‘i Rft,-Rft o
VﬁORffthft —RfftV Rft,—Rft o
= vﬁthvRt = -RfftV Rft,~RftV Rt -
gi(ﬁfova) Jz(-Rfz V Rzx),~RftV Rt
\/gx(ﬁfova) Jz(-Rfz V Rx)

I1. Let G := 3z(F(z) A ~F(Sx)),

S
d = GO/\F(SO)/\—uF(SSO)V%/\F(O)/\—uF(SO)AXF(O)AXF(SO) Axp(ss0) =
AXr(0) AXF(s0) ~F(0),G, F(0) —F(S0),F(S0)
A
Ar(o)r-r(so) ~F(0), G, F(0) A =F(50), F(S0) (3 )
= Ve Axpssoy) = ~F(0),G, F(S0) ® ~F(S50). F(S50)
A
A F(s0)rA-F(550) —F(0),G, F(S0) A =F(SS0), F(SS0)
T -F(0),G, F(SS0)
Definition

Y EC <= C(isalogical consequence from ¥ (¥ a set of formulas)
YE{A, .., A} &= YYEAV..VA,

ET < 0ET.

An aziom system is a set of closed formulas.

Theorem 1.1

=T — PL1k,T.

Corollary
If ¥ is an axiom system and C' a decent formula then the following holds:

Y = C = There are Ay, ..., A, € ¥ such that PL1 ko = 44,...,-4,,C.

Proof of Theorem 1.2:

AX := set of finite sequences (A, ..., 4;) such that there is a prime formula A with {4,-A} C {A4,..., A}
Let IT be a finite sequence of decent formulas .

to, t1,.... enumeration of Ter.

u, v are ranging over finite 0-1-sequences (elements of {0,1}<%).

uwC v :& pois an initial segment of v (i.e. v = p* 7 for some T € {0,1}<%)
For each v € {0,1}<% we define a finite sequence of decent formulas II,,.
The definition proceeds by recursion on [h(v).

L Iy =10,

Let n = [h(v), and assume that II, is already defined for each p C v.



2. IT, € AX or all formulas in II, are literals: II,, ;) := II,,

3. 11, =", A, 1" ¢ AX, and rk(A) > 0 while all formulas in II" are literals:

31 A= Ao ANAy: Ty =T, A, T,

32. A=AgV Ay I,y =1, Ag, Ay, TI",

3.3. A=VaB: I, :=II', By(u), 1", where u is the first variable in FV \ FV(II,),

3.4. A=3zB: I, =1, B, (t), 11", A, where k is minimal s.t. (z € FV(B) = Vu C v B,(t) ¢ I1,, ).

Assumption:

(in)new is a 0-1-sequence such that Vn € IN(ITj;, ;. ) & AX).

Abbreviation: v(n) := (ig, ..., in-1), ®:=U,en Huv(n)
Definition: If not all formulas in II, are literals let dp(IT,) be the first formula in II, which is not a literal.

Proposition 1

A€,y &rk(4) >0 = 3k > n(dp(Il,p) = A)
Proposition 2

a)rk(4) =0 = AgDPV-AEZOD,

b) AgpNA1 € & = Ag e Por A € P,

c) AgVA1 € ® = Ag € ® and 4 € P,
d)VeB € & = Fu € FV(B,(u) € d),

e) dzB € ® = Vt € Ter(B,(t) € ®).

Proof:
a) I'k(A) =0& A€ Hu(n) & —A e H,,(m) = Vk > maX{m,n}(A, -Ae Hu(k))-
Assume that A € & with rk(A4) > 0. Then A = dp(II, ;) for some k.

b) A= AgAA;: Then A; € T, (4y.(;y for i = 0,1, and therefore Ag € IT,, 41y or Ay € I, (541
¢) A= AgVA;: Then Ay, Ay € I, (g)«(sy for i = 0,1, and therefore Ag € II,(341) and Ay € IL, (34 1).
d) A =VzB: Then B,(u) € I, (). for some u € Varg.
e) A=3xB: Then Vn > ko(3zB € Il () ) (¥) -
By induction on m we prove By (ty,) € ®:
Assume that B(t;) € ® for all i < m. By Proposition 1 and (x) there is an n > k such that dp(Il,(,)) = 3zB
and Vi < m3j <n(B(t;) € I, (j)) (xx).
By definition of IT,(,,11) we get (Vj <n(B(tm) € I,y ) = Bltm) € I, (n41) ) and thus B(ty,) € ®.

|M| = Ter, fM(Sla" ) = fsl -Sny M(sla"'asn) > PS1y .y Sp, €q>
Let & : Var — Ter such that &(z) = z for x € FV.

Proposition
a) tM[¢] = t for each t € Ter,
b) Ae® = M} Al



Proof of b) by induction on rk(A):

VzB €® = B,(u) & ® for some u € FV = M}~ B,(u)[¢] = M £ (VzB)[¢].

B €® = Byt) € dforallt € Ter B M W Bg(t)[€] for all t € Ter 4 M ¥ BIEL] for all

t € Ter = M - (JzB)[¢].

IC P& MW A for each A e & = £ I

Hence the assumption was false.

By Konigs Lemma (and since IT,, € AX implies II,.,(; € AX) the set {v : II, ¢ AX} is finite.
Let m := max{lh(v) : II, ¢ AX} + 1.

By recursion on m-=Ilh(v) we define a PL1-derivation d, with d,, k¢ IT,:

1. I, € AX: Then d, := LogAx, with suitable A.

2. I, ¢ AX: Then Ih(v) < m and thus m=Ih(v=(i)) < m=Ih(v).

Hence by TH (*) d,.(;y Fo I,y for i =0,1.

Now not all formulas A € II, are literals, since otherwise II,., = II, ¢ AX for all p.

Hence one of the following cases holds:

2.1. I, =", AoA AL, IT" and T,y = I, A TT7: dy i= A\ g i, Qus(0)dueir)-

2.2, 10, =1, AgVA;, TI" and T, ) = I, Ag, A1, T1": dy ==\ y 4, Vv, Dos(o)-

2.3. I, =1I',VzB,1I" and 11, (o) = I', B, (u), 1" with u € FV\ FV(IL,): d, := Ay, gdv«(0)-
2.4. 10, =", 3B, 11" and I,y = IT', B, (t), 11" with t € Ter: d,, := \/5, pduu(0)-



§2 Cut-Elimination

Substitution

Definition
A proof system & is closed under substitution iff it satisfies the following conditions:
(I) For each z € FV, t € Ter and Z € & with Eig(Z) N (FV(¢) U {z}) = 0 an inference symbol Z(z/t) € &
is defined such that
(a) |Z(z/t)| = |Z| and Eig(Z(z/t)) = Big(1),
(b) A(Z(z/t)) = A(Z)« (D),
(c) (Vi € 7]) Ai(Z(z/t)) = Ai(T): (1),
(d) deg(Z(z/t)) = deg(Z).
(IT) For Z € & with Eig(Z) # 0 and v € FV\ FV(A(Z)) an inference symbol Z% € & is defined such that
(a) |7¥| = |Z] and Eig(Z") = {u},
(b) A(Z") = A(Z),
(c) (Vi € |Z]) Ai(Z") = Ai(T)y(u), where Eig(Z) = {y},
(d) deg(Z") = deg(Z).

Definition
LogAx 4 (#/t) 1= LogAx4_ () » Aa(@/t) == A,y » Via(@/t) = Vi) » Cuto(z/t) := Cute, )
V3. a(z/t) = ngig) (t) * Noaa(z/t) = VzA) O (Avza)" = Avsa

Lemma 2.1

With the above definitions PL1 is closed under substitution.

Proof:
d (I): If Eig(Z) = {y}, then =AY 4 and I% = Ay, 4. Hence |T%| = |Z], Eig(Z%) = {u}, A(Z*) = A(D),
and Ao(Z%) = {A.()} € {A.(), ()} = Ao(T)y(w). (*) y ¢ FV(VA).
ad (I):
1. Z =AY 4: Then y  FV(VzA) U {z}.
One easily verifies (*) (VzA),(t) =VzA" with A’ (y) = A.(y).(t).
By (*) we have Z(z/t) = A, 4, and y & FV(VzA'), since VzA' = (VzA),(t) and y € FV(VzA) UFV(¢).
Hence Z(z/t) is an inference symbol of PL1.
(a),(b),(d) are trivial.
(©) Ao(T(w/8) = {AL 1)} £ {A.(m)a(D)} = Ao(Da(t)
[Proof of (*): If & ¢ FV(VzA) then (VzA),(t) =VzA and A,(y) = A.(y).(t) (note that = # y).
If x € FV(VzA) then (VzA),(t) = VzA,(t) and A,(t).(y) = A:(y).(t), since z € FV(¢) and = # y.]

2. T =\/3, ,;: One easily verifies (*) (3zA),(t) = 3z A" with A/, (s,(t)) = A.(s)2(t).
Hence Z(z/t) = ;’;E:? is an inference symbol of PL1.

(a),(b),(d) are trivial.

(©) Ao(T(a/t) = {AL(s: (1)} & {4:()a()} = Ao(D): 1)

7
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[Proof of (*): If x ¢ FV(3zA) then (32zA),(t) = JzA4 and A.(s.(t)) = A.(5)(t). If z € FV(3zA) then
(3zA),(t) = F2A,(t) and Ay (t).(s(t)) = A.(s)x(t), since z € FV(¢) U {z}.]

3. Otherwise: trivial.

Now let & be a finitary proof system which is closed under substitution and extends PL1.

Let mo < w such that deg(Z) < mgo and rk(A) < myg for all Z € &\ PL1 and A € A(Z).

To simplify the writing we assume in addition that |Z| = {0} whenever Eig(7) # 0.

For the rest of this section d, d; denote G-derivations. o(d) :=lg(d) .

Definition of d(z/t) for x € FV, t € Ter
d if Eig(Z) = {z}

For d = Zdy...d,,—1 we set d(z/t) := < IT%(z/t) do(y/u)(x/t) if Eig(Z) = {y} with y € FV(¢) \ {z}
I(z/t)do(x/t) ...dp—1(x/t) otherwise

where u is the first variable in FV \ (FV(['(d)) UFV(t) U {z}),

Lemma 2.2 d+E T = d(z/t) FE T.(¢).

Proof:
Let z,t be fixed, and d = Zdy...dp—1. W.lo.g. I'(d) =T. — We write U’ for U(z/t).

1. Eig(Z) = {z}: d =d and T =T, (t), since z ¢ FV(I).

2. Eig(Z) = {y} with y € FV(¢) \ {z}: Let e := Z%dy(y/u).

We have do FE1 T, Ag(Z), and therefore by TH do(y/u) FE1 T, Ag(Z), (u).

Since Ag(Z),(u) = Ag(Z%) and u ¢ FV(T), we obtain e F¥ T.

Since Eig(Z") = {u} and u & FV(t) U {z}, we have e’ = (Z%)'dy(y/u)’ = d', and by case 3. below e’ FF T
3. Otherwise:

For each i < n we have d; FE~! T, A;(Z) and therefore by TH d; FE-1 TV, Ay (Z)', ie. d) FE-1 T Ay(T7).
Further A(Z') = A(Z)' C TV and Eig(Z') NTY = 0 (the latter follows from Eig(Z) N FV(T) = 0 & Eig(Z) N
FV(t) = § & Eig(Z') = Eig(Z)). Now we get d' = T'd)...d",_, k-1 T".

Remark

Given a finite set of variables V and a derivation d = Zdy...d,,—1 with & > d l—ﬁl I' we may from now on assume
without loss of generality (w.l.o.g.) that Eig(Z) N (FV(T') UV) = (. Because if Eig(Z) = {y} CFV(I[H UV
we may choose some 4 € FV\ (VUFV(I')) and consider the modified derivation d’ := Z"dy(y/u). According
to Lemma 2.2 & > d' FE T.

Lemma 2.3

Assume & > d FE T, C with tk(C) > mo.

a) If C =VzA, then & ¥ T, A,(t) for each t € Ter.
b) If C = Ag A Ay, then & FE T, A; for j € {0,1}.
¢) If C = AgV Ay, then G FE T, Ag, Ay



Proof of a): Let d = Zdy...d,_1, and (w.lo.g.) I'(d) =T,C.

1. VzA € A(Z): Since rk(VzA) > mg, T has to be a PLl-inference. Hence Z = A\Y, 4, y € FV(T,VzA) and
do FE-L T, Vz A, A, (y). By Lemma 2.2 we get do(y/t) FE1 T,VzA, A,(t). Now we apply the IH and obtain
S FEL T, AL(2).

2. VzA & A(Z): Then A(Z) CT and d; F¥! T',Vz A, A;(Z) for i <n. By IH we get

dFE-L T AL (), Ay(Z) for i < n. W.lo.g. Eig(Z) NFV(T, A, (t)) = 0. Hence Zdj...d, _, F* T, A, (t).

Cut-elimination

Theorem 2.4

GHET,C & 6F, T,-C & mo <rk(C) <m = S FEFT.
Proof by induction on k + I:

Assume d HE T, C and e H., T, =C.

1. C is not a main formula of 7 := last(d):

Then A(Z) C T and w.l.o.g. we may assume that Eig(Z) NFV(T) = 0.

For each i € |Z| we have F¥i T, C, A;(T) with k; < k. By TH we get Frit+! T' A;(T) for each i € |Z].
Hence F¥+ T since A(Z) C T and Eig(Z) NFV(T) = §.

1’. =C is not main formula of last(e): symmetric to 1.

2. C is main formula of last(d), and ~C is main formula of last(e):

From my < rk(C) = rk(=C) it follows that last(d) and last(e) are inference symbols of PL1.

2.1. C is a literal: Then {C,-C} = A(last(d)) C T'U {C} and {C,-C} = A(last(e)) C T'U {=C}. Hence
{C,=C} CT, and therefore F5 T

2.2. C' = 3zA: Then -C = VzA, last(d) = /5, and last(e) = AV

Hence do FE0 T, C, A, (t) , eo Flo T, =C,—A,(y) with ko < k, Iy < 1.

W.lo.g. y € FV(T,-0). Therefore by Lemma 2.2 we get eq(y/t) Flo T, =C, —A,(t).

Now the TH yields FFoFt! T A, (t) and FEFlo T =4, (t).

Further we have rk(A,(t)) < rk(C') < m, and therefore F5F T by (Cuty, ())-

2.2". C =VzA or Ag A Ay or Ay V Ay: analogous to 2.2.

Theorem 2.5

SHh T &mg<m = S+ T.
Proof:

1. d = Cutedpd; with mg < rk(C):

Then rk(C) <m and F¥  T,C, & T, =C with ko, k1 < k.

By IH we get, I—%fo I, C and I—%fl I',~C. Hence by Theorem 2.4 l—%f ', since 2k0 4 2k < 2k,
2. otherwise: Then d = Zdy...d,,—1 with deg(Z) < mo < m, Eig(Z) NFV(T) = (), and
d; R T, AG(T) with k; < k for all i € |Z|. By TH we get F2" T', Ay(Z) (Vi € |Z]), and then F2, T.



¢3 Ordinalzahlen

In diesem Abschnitt bezeichnen wir mit A, B, C' stets Klassen.

Die Struktur (On, <) der Ordinalzahlen ist bis auf Isomorphie eindeutig bestimmt durch folgende Eigen-
schaften:

(0O1) < ist eine lineare Ordnung auf On.

(02) Jede nichtleere Klasse C' C On besitzt ein kleinstes Element.
(03) Fir jedes a € On ist {£ € On : £ < a} eine Menge.
(04) Zu jeder Menge A C On gibt es v € On mit Va€A(a < 7).

(On ist also keine Menge, sondern eine echte Klasse).

Ublicherweise definiert man die Ordinalzahlen derart, daB stets o = {£¢ € On : € € a}. Davon wollen wir

hier auch ausgehen, da es an manchen Stellen die Notation vereinfacht.

a, 3,7,6,&,n, ¢ bezeichnen im folgenden stets Ordinalzahlen.
Die kleinste Ordinalzahl wird mit 0 bezeichnet. Entsprechend obiger Annahme ist 0 = ().

V sei die Allklasse (Klasse aller Mengen).

Satz 3.1(Transfinite Induktion)

Va[VE<a ¢(§) — o(a)] = Vag(a).

Beweis:

Wir beweisen die Kontraposition der Behauptung. Gelte also -Va¢(«). Dann ist die Klasse C' := {a :
—¢(a)} nichtleer und besitzt daher ein kleinstes Element ag. Somit gilt VE<apd(€) A —d(ayp).

Satz 3.2 (Transfinite Rekursion)

ZuG: AxOnxV — B gibt es genau ein F': A x On — B mit

F(z,a) = G(z,a, F;|a) fiir alle (z,a) € A x On. (Dabei sei F, := \y.F(z,y). )
Definition

a+1 :=min{{:a < £}

a heifit Limeszahl, falls a # 0 und -3¢ (a = £+1).

Lim bezeichnet die Klasse aller Limeszahlen und w die kleinste Limeszahl.

(Die Existenz von Limeszahlen folgt aus dem sog. Unendlichkeitsaxiom der Mengenlehre.)
Die Ordinalzahlen < w nennt man endliche Ordinalzahlen oder natirliche Zahlen.

Die Buchstaben i, j, k, [, m,n bezeichnen im folgenden stets natiirliche Zahlen.
Definition

Fiir jede Menge A C On sei sup(A4) := min{y : V{ € A(§ <)} und

sup* (4) = min{y : V€ € A(€ < )} (= sup{€+1: € € A}).

Lemma 3.3

Fiir jede nichtleere Menge A C On gilt: sup(4) ¢ A = sup(A4) € Lim.
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Beweis:
Sei a := sup(A) ¢ A. Offenbar ist dann a # 0. Bleibt zu zeigen V8 < a(B + 1 < a).
Sei also 8 < a. Dann existiert ein £ € A mit f < &, und wegen a € A gilt F+1< &< a.

Definition

Eine bindre Relation < heiflt fundiert, wenn jede nichtleere Menge ein bzgl. < minimales Element besitzt.

Lemma 3.4
a) Ist < fundiert, so gibt es keine unendliche Folge (an)n<, mit apt1 < a, fir alle n.
(Mit Hilfe des Auswahlaxioms 1483t sich auch die Gegenrichtung beweisen.)

b) Ist <CAx Aund F: A — On mit Vz,y(y <z = F(y) < F(z)) so ist < fundiert.

Beweis:

a) Sei die Folge (an)n<w gegeben. Nach Voraussetzung besitzt die Menge A := {a,, : n < w} ein minimales
Element a,,. Dann gilt Vo € A(z £ an,), insbesondere apmi1 A an-

b) Sei X eine nichtleere Menge. Ist X U A = 0, so ist jedes Element von X minimal bzgl. <. Ist X UA # 0,
so existiert f := min{F(z) : x € X UA}. Sei 2o € X N A mit F(xy) = 3. Dann ist £y minimales Element
von X bzgl. <.

Definition

Sei A eine Menge und < eine binére Relation auf A.

Fiir jede Menge X C Asei (X)) :={x € A: Vy<z(ye X)}.

(Im folgenden wird lediglich die Monotonie von Z bzgl. C ausgeniitzt.)
Durch transfinite Rekursion definieren wir: @2 := (U, ., <I>i)
Ferner sei % := (J,co, ®% und Acc(4, <) :={X C A: & (X)C X}.

Lemma 3.5

a)a<f = @ig@i.

b) ®4H = &_(3%).

0) B(®%) = T,

d) % = Acc(4, <).

Beweis:

a),b) klar.

c) “C"xed (YY) = Vy <xI(y € <I>i) = JaVy <z < a(y € <I>i) = Ja(z € 22(Uecs @i) =®2).
“D7: B9 C BY = B (B%) C B (),

d) Aus c) folgt Acc(A4, <) C &%, —

Andererseits erhélt man durch transfinite Induktion Ya(®% C X') fiir X C A mit ®(X) C X.
Definition

Sei < eine bindre Relation auf der Menge A.

Fiir # € Acc(A, <) definieren wir |z|5 := min{a : z € ®%}.

Offenbar gilt: (x) 2 € Acc(4,<) = |z|<x =sup{ly|l<+1:y <z}
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[Beweis: Sei # € Acc und a = |z|<, also © € ®%T' = P2 (Ueca 3%)). Es folgt Vy < z(y € Us<a 3%,
also Vy < z(|ly|< < «) und somit 8 := sup{|y|< +1:y < z} < a. Umgekehrt gilt Yy < z(Jy|< < B), also
Vy < z(y € %) und folglich = € %™, d.h. o < 4]

Satz 3.6

Sei < eine bindre Relation auf der Menge A.

a) < eingeschriinkt auf Acc(A4, <) ist fundiert.

b) Acc(4,<) = A <= < fundiert.

¢) Ist < fundiert, so ist |z|< € On fiir alle z € A definiert und es gilt Vz,y € A(y <z = |y|< < |z|<).

Beweis:

a) folgt aus (%) und Lemma 3.4b.

b) “=” folgt aus a).

“=7: Sei A7 := A\ Acc(A4,<). Wire A~ # 0, so besdfie A~ ein minimales Element a; wir hitten also
a € ANV < a(z € Acc(A, <) Aa & Acc(A, <). Widerspruch.

c) folgt aus b) und ().

Definition

Eine Funktion F : On — On heifit ordnungstreu, wenn gilt Vo, 8( 8 < a = F(8) < F(a)).

Lemma 3.7

Ist F': On — On ordnungstreu, so a < F(«) fiir alle a.

Beweis durch transfinite Induktion:
Nach 1.V. haben wir Vé<a (¢ < F(£) < F(a)), also (F(a) < a = F(a) < F(«a)) und somit a < F(a).

Definition

F : On — On heifit Ordnungsfunktion der Klasse A C On, falls F' ordnungstreu ist und ran(F) = A gilt.
Satz 3.8

Jede unbeschrinkten Klasse A C On besitzt genau eine Ordnungsfunktion F

und zwar gilt F(a) = min{f € A : Vé<a(F (&) < B)}.

Beweis:

Existenz:

Durch transfinite Rekursion definieren wir F' : On — On mit F(a) := min{$ € A : Vé<a(F (&) < p)}.

1. F(a) ist fiir jedes a definiert, denn {F(€) : £ < a} ist Menge und deshalb gibt es § € A mit

VE<a(F(£) < B).

2. F ist ordnungstreu und ran(F') C A: klar nach Def.

3. A Cran(F):

Sei v € A. Da F injektiv ist, ist {{: F(£) < v} eine Menge und es existiert a := min{¢ : v < F(§)}. Nach
Definition von « gilt nun v < F(a) AVE < a(F(€) < 7). Folglich F(a) =min{8 € A: V¢ < a(F(§) < B)} <
v < F(a).

FEindeutigkeit: Sei G : On — A ordnungstreu mit ran(G) = A. Durch transfinite Induktion nach a zeigen
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wir G(a) = F(a). Gelte schon G(¢) = F(&) fiir alle £ < a. Wegen F(a) € A = ran(G) gibt es ein 4 mit
G(B) = F(a). Da F ordnungstreu ist, mufl a < 8 sein. Da G ordnungstreu ist, folgt sogar @ = 3, denn

andernfalls wire F'(a) nicht in ran(G).

Vereinbarung: A bezeichne im folgenden stets Limeszahlen.

Definition
1. Eine Funktion F': On — On heifit stetig, falls gilt YA( F(A) = supg F/(£) ).
2. F : On — On heifit Normalfunktion, falls F' ordnungstreu und stetig ist.

Lemma 3.9

Ist F': On — On stetig mit Ya( F(a) < F(a + 1)), so ist F' eine Normalfunktion.
Beweis: Durch transfinite Induktion nach « zeigt man Vg < a(F(8) < F(«)).

Lemma 3.10
Fiir jede Normalfunktion F': On — On gilt:
a) F(a) =sup{F({+1) : £ € a}, fir alle a > 0.
b) A € Lim = F()\) € Lim.
c) Vy > F(0)Ala( Fla) <y < Fla+1)).
d) G Normalfunktion = F o G Normalfunktion.
e) F(sup(A)) = sup(F[4]) (= SUDge 4 F(&)) fur jede nichtleere Menge A C On.
Beweis:
a) Wegen V€ < a(§+1 < a) gilt y:=sup{F(f+1):{ <a} < Fla). Ista=F+1,s0 Fla) € {F({+1) :
¢ < a} und deshalb F'(a) <v. Ist a € Lim, so F(a) = supg, F(§) <supg, F(E+1) =
b) Es ist 0 < F(0) < F(A\). Aus v < F(X) folgt 3¢ < A(y < F(£)) und weiter I§(y + 1 < F(€) < F(X)).
c) Sei v > F(0). Wegen v < F(vy) < F(y+1) existiert « :=min{¢: v < F(£+1)}. Dann v < F(a+1). Ist
a=0,s0 F(a) = F(0) <. Ist a > 0, so F(a) = sup;, F({+1) und V€ < a(F({+1) <), also F(a) <~y
d) (FoG)(A) = F(G(A)) = F(sup({G(§) : £ < A})) = supey F(G(E))-
e) Sei ) # A C On und o := sup(4). Ist @ € A, so F(a) = sup(F[4]), da F ordnungstreu. Ist o ¢ A,
so a € Lim und deshalb F(a) = sup,_, F({). Ferner gilt V¢ € A({ < a) AVE < adneA(¢ < n), woraus
SUD¢ < F (&) = sup(F[A]) folgt.
Definition von a + 8 durch transfinite Rekursion nach g
a+0:=a, a+(B+1):=(a+p)+1, a+:=sup,.\(a+mn).
Abkiirzung: 1:=0+ 1.

Bemerkung: « 4+ 1 hat nun zwei Bedeutungen, die aber iibereinstimmen, ndmlich
1. a+1=min{{: a <},

2. a+ 1 = Summe von & und 1 gemé&f obiger Definition.
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Lemma 3.11

a) Fir jedes « ist 8 — « + 3 eine Normalfunktion.
b) Bo<B1 = a+fo<a+p

c)a,f<a+p

d) Vv > a3lB(a+ 8 =17)

ap<ay = o+ <ar+f
(a+B)+v=a+(B+7)

gla,f<w = a+f=F+a<w

hO<k<w = k+tw=w<w+k

e

)
f)

Beweis:
a) folgt aus 3.9. b),d) folgen aus a). c¢) folgt aus a) und 3.7. e) Induktion nach §. f) Induktion nach ~.
g) Induktion nach 3. h) w < k+w =sup,,(k+n) <w <w+k.

Definition von « - § durch transfinite Rekursion nach

a-0:=0,a-(B+1):=(a-f)+a, a-X:=supf{a-n:n <A}

Lemma 3.12

a) Fir jedes a > 1 ist § — « - eine Normalfunktion.
b) g <a; = ap-f<ar-f

) (@-B)-y=a-(8-7)
da-B+y)=a-B+a-y
JOra=a-0=0&1-a=a-1=a
Hlo,f<w => a-f=F-a<w

e

Definition von o durch transfinite Rekursion nach

a® =1, Pt :=af -, o) :=sup{a’: p < AL

Lemma 3.13

Fir a > 2 gilt:

a) B+ o ist Normalfunktion.

b)a<y = af <4F

c) a7’ =Pty

d) (aﬁ)v = aB

e) B> Bo > .. > Bn&do,.ydp <a = af >a% 5 +...+a 4,
Beweis:

e) Ind. nach n: LV. = a% > af1 .6, +...+a -6, = a® > a0 a>a’ -§+a% > a% . 6g+..+a -6,.

Satz 3.14
a) Zu a > 2 und vy > 1 existieren eindeutig 3,6,7 mit 0 < § < a& v < o &y =a” -5+ 7.
b) Zu o > 2 und «y > 1 existieren eindeutig By > ... > 8, und 0 < dy, ..., o, < @ mit

v=a" 8+ ...+ af -§,. (Cantorsche Normalform von «y zur Basis o )
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Beweis:

a) Eindeutigkeit: Sei v = o® -0+ v = o -6 + v mit 0 < 6,61 < a&y < P&y < @, Dann
o <y < &al <y < Pt also B = B, Weiter folgt nun o -6 < v < o - (6 + 1) und
a® -6 <vy<af (8 +1),also auch § = ;. Aus o -6 + 9 = a® - § + 71 folgt schlieBlich 5 = 7.
Ezistenz: Nach 3.10c existiert ein 8 mit o® < v < !, d.h. o -1 <y < o - a. Wiederum mit 3.10 (im
wesentlichen) folgt daraus o -§ <y < af - (§+ 1) = a” - § + a®. Nach 3.11 existiert deshalb ein vy < o
mit v = a? - § + 0.

b) folgt aus a) und 3.13e mittels Induktion nach ~.

Abkiirzung

a=cNrF W - ko+...+w* -k, <= a=w* -kg+...+w* -k, &ayg>...>a,
Definition (Additive Hauptzahlen)

v € On heifit additive Hauptzahl, falls v > 0 AVE,np < y(E+n < 7).

H := Klasse aller additiven Hauptzahlen.

Lemma 3.15

a) a — w?® ist die Ordnungsfunktion der Klasse H aller additiven Hauptzahlen.

byyeH & v>0AVE<y(E+v=7).

Beweis:

a) 1. Durch Induktion nach « zeigen wir w® € H:

1.1. w° € H ist trivial.

12. &Ep<wt! = En<w nfireinn<w = E4+np<w® - n+w* n=w* (n+n) <wtl

1.3. &,p<w? = 6, < w® fiir ein a < A I':V>'£-|-n<w“<w)‘.

2. y¢{w*: a€On} = vy¢ H.

Beweis: Sei 1 <y ¢ {w*: a€On}. Dann y=w’ - n+ymit 0 <n <w&y <w’und 1 <n V0 < .
Firn:=w’ n—1) +ypgiltnm0<n<w’ n<yundw’ <wf+np=r,dh y¢H.

b) 1. Seiy e Hund { <. Dann é+y =sup{é+n+1:n<y} <y, da(n<fB = E+n<y =
E4+n+1<7y). 2. Gelte y > 0&VE<y(E+y=7),und sei {,n <. Dann {+n < &+ =1.

Abkiirzung a=nrag+ ...t ap <= a=ay+...+a, & ag,...,an, € H& ag > ... > ay.

Lemma 3.16
a) Zu jedem « > 0 existiert genau ein Tupel ag,...,a, € H mit @ =np ag + ... + @y.
b) Ist a = ag + ... + @, mit additiven Hauptzahlen ag > ... > a4, so gilt fur jedes k < n:
ap+ ... +ap <aund agqy + ...+ o, < a.
Beweis:
a) folgt aus dem Satz iiber die Cantorsche-Normalform (zur Basis w) unter Berticksichtigung der Gleichung
WP on=wl + .+ WP,

b) Die erste Ungleichung ist trivial. Nun zur zweiten Ungleichung.
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Fall 1: ag41 < ag. Dann g1 + ... + ap < ap < a.

Fall 2: ag41 = ap. Dann apyq + ...+ ap <o+ ... +ap—1 < ap + ... + ap < a.
Definition (Natiirliche Summe oder Hessenberg-Summe)

a#0 := 0#a = a.

Fir a =nr ap + ... + ap und 8 =nF ant1 + .. + Quim sei a#B = apo) + - + Ap(mn),
wobei p eine Permutation von m +n + 1 mit @) > ... > Qp(m4n)-

Bemerkung

Ist a =cnp W kg + ...+ w™ -k, und B =cnp W - lg+ ...+ w -1, so gilt

a#f =w" - (ko+lo) + ...+ w™™ - (kn+lp).

Lemma 3.17

b) (a#B)#y = adt(B#7),

c) ap > ... > a, additive Hauptzahlen = «ay + ... + @, = ao#...#an,
d) B<y = a#f <oy,

a,f<w = apf <w?,

a),b),e) klar.

d) Wegen b) und c) reicht es, die Behauptung fiir o € H zu beweisen. Sei a = w®, f =cnp W - ko + ... +
W -k und v =cnp w2 o+ ... +w’ -1, mit ag = &y, fiir ein m < n. Dann a#B = w0 k) +... +w k]
und a#ty = w® 15 + ... +wn -1, wobei kl, = k41, I, = l,+1und kb = k;, I} =1 —i fiir i # m.
f)1.Ista € Hysoa+ =0 < a#f oder a+ 3 = aftp.

2. Fiir beliebiges « folgt die Behauptung aus 1. und der Assoziativitéit von #.

16



§4 Proof theoretic analysis of Z via the infinitary system Z*

The axiom system Z of pure number theory

Inductive Definition of sets PR™ of n-ary function symbols

(PR 1) 0" € PR™ (n > 0), S€PR', I? ¢ PR" (1< i < n).

(PR2) he PR & g1,...,gm € PR" & m,n > 1 = (ohgy...gm) € PR".
(PR 3) g € PR" & h € PR""? = (Rgh) € PR""%.

Abbreviation: PR :=J,,.y PR", 0:=0° .
Ly := PRU{=}, where = is a binary relation symbol (equality).

~
The Lo-terms 0, SO, SSO, .... are called numerals. For n € IN let n :=S...S0.

T := set, of all closed Lo-terms.

If t € T then val(t) denotes its canonical value. Hence val(n) = n.

TRUE; := set of all true closed literals of Lo [= {s=t : s,t € T & val(s) = val(t)}U{=(s=t) : val(s) # val(t)}]

The language of Z is Lo(X) := Lo U {Xo, X1, ...}, where Xy, X1, ... are unary predicate symbols; we call
them set variables. But note that they are not considered as variables in the proper sense (e.g. FV(X;0) = 0).
We use X as syntactic variable for Xo, X1, ....

The axioms of Z are the universal closures of the following Lo (X')-formulas:

r=x

x=y — A,(z) = A,(y) , for each atomic Lo(X)-formula A

—(Sz=0)

Sx=Sy — z=y

0"zq...t, =0

Izy..z,=2;

(ohgi...gm)T1--Tn=Rg1T1 ... Tn - - - G T1--- T

(Rgh)zy...2,0=gz1...2,

(Rgh)z1...x,Sy=hz; ...y (Rgh)x1 ...x0Y

F,(0) = Va(F — F,(Sx)) = F,(2), for each Lo(X)-formula F

17



Definition

Let R be an Ly-formula with FV(R) = {z,y} such that the relation
<:={(m,n) € N> :IN |= R, .(m,n)} is wellfounded.

By recursion over < one defines the <-norm |n|< of n € IN:

|n|< :=sup{|m|< +1:m < n}.

Abbreviations:

s <t:=Rya(s,t), Vy<tF(y) = Vy(y<t = F(y)),

[t|< = |val(t)|< for t € T,

Prog_(F) :=Vz(Vy<zF(y) = F(x)),

TIL(F,t) := Prog_(F) = Ve<tF(z).

In this section we will show that transfinite induction up to €9 is not provable in Z, more precisely we will

establish the following
Theorem Z+ TIL(X,n) = |n|< < &p.
Sketch of the proof:

We define an infinitary proof system Z°°, which (essentially) results from PL1 by

(i) replacing each inference symbol /\\?jx 4 by its infinitary version

(W) 220 CET e

(ii) adding the axioms A (for A € TRUEy) and X's,-Xt (for s,t € T with val(s) = val(t))

Then we prove:

Lemma 4.5 PLIFET & FV(T) = ) = Z° Fk T.

Lemma 4.8 A€ Z = Z* +§ A for some o < w + w.

Theorem 4.2 Z*° 2, [ = Z® 3 T.

Lemma 4.4 Z% + TIL(X,n) = |n|s < 2°

From this the announced Theorem is obtained as follows:

ZFTI (X, n) NS PL1FE —A,, .. =4, TIL(X,n) for some k < w and A, .., 4 € £ 4%

2™ Fk Ay, AL TIL (X, n) 48 7o F& TIL(X,n) with o < w4+ w and m := max; <j<; rk(4;)+1 23
Z° 8 TIL(X,n) with B <&y => |n|< <25 < &o.
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The infinitary proof system Z*°

The language of Z%° is Lo(X).

We introduce the following relation ~ between Ly(X')-formulas and (possibly infinitary) conjunctions or
disjunctions of Lo(X)-formulas:

Ao N A1~ Niggo,134is VeA ~ A\, cpAa(t), AoV A1 = Vicpo,134i5 Jz A~V cpAe(t)

Then we have

- A~ egA &1e J = rk(4,) <rk(4),

~ A~ xegA, = (A) = Fe(A), where V= A, A=V,

Definition

AX(Z%) := set of all sequents A such that

— all elements of A are literals,

—~ ANTRUEp #0 or A contains a subset {X's, =Xt} with val(s) = val(t).
Remark: A’ A" € AX(Z™®) = (A'\{C})U (A" \ {=C}) € AX(Z™)

Z*°-inferences

(AxT) A if A € AX(Z)
N e CED e p o,

(Va) % if A~V o, A, and pe J
(Cute) e

(Rep) %

o(d) :=1g(d), deg(Cute) :=rk(C) + 1 and deg(Z) := 0 for all other inferences.
Remark: At moment we could do without Rep inferences. They will become important later.

NOTATION

We use d,dy,dy,e,... as syntactic variables for Z°°-derivations.

d,
o (1€lT
dx{ g la e d=I().em & Vi€ TINE) C T, &o(d) <, < a) & “TelEED
I': «
where WI . A(T) CT & Vi € |Z|(T, C T, A(T)).

7 implies I'(d) C T and o(d) < a.

Note that d ~ {
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Theorem and Definition 4.1

For each formula C' we define an operator R¢ such that:

dFe T,C & ebl T,-C & rk(C) <m = Rel(d,e) FO#PT.
Proof: R¢(d,e) is defined by recursion on a#.

d,
1. C is not a main formula of Z := last(dp): Then d ~ ...F,C’,AL ca,...(€l)
Ie:a
By TH we get Rec(d,,e) F&#8 T, for all + € I. Further we have a,#3 < a#3 for all 1 € I.
Re(d,,e)
Hence Re(d,e) :=Z(Re(d,,€)).er = T,A, :l a,#B .. .(1eD) is a derivation as required.
I':a#p

1’. =C is not main formula of last(e): symmetric to 1.

2. C' is main formula of last(d), and ~C is main formula of last(e):

2.1. C is a literal: Then last(d) = AxX, and last(e) = AxX with A’ € AX(Z%) and A" € AX(Z™).
Hence A := (A’\ {C}H U (A" \ {=C}) CT, and A € AX(Z*) (by ....). We set R¢(d,e) := AxX .
2.2. C~V,.,Cn

dy €,
| |
Then =C' ~ A, ¢ ;~C, and d ~ I,C,C,: e 0 €=N...T,~C,~C, : B,...(1L€J) A
rC:a ¢ r,-C:g e

By IH we get Re(do,e) F20#8 T,C,, and Re(dye,) Fod 7* T, =C,,.
Further rk(C},) < rk(C) < m.

RO (d07 e) RC (da eu)
| I
Hence Ro(d, 6) = Cutc”Rc(do,e)'Rc(d, eu) =410, ao#B  T,- Lot
’ il ’ il ad CIJtC
I:af#p *

2.2°. C ~ \,c,C.: symmetric to (Case 2.2).

Theorem and Definition 4.2
We define an operator € such that the following holds: d -2, T = &(d) I3, T.

Proof:
do di
L d~ r,0|: o r,ﬁcl* o : Then rk(C') < m and, by IH, £(do) H3,° T, C and £(dy) H3," T,=C.
IN':a
Hence Rc(E(do),E(dr)) F2."#3°1 T' by Theorem 4.1. So we could define £(d) to be R (E(do),E(dr)). But
for reasons which become clear later we set E(d) := RepR¢(E(dp),E(dy)).

£(d,) d,
. | . |
2. otherwise: &(d) :=Z(E(d,))er ~ .. 1, A, :3% ... el) E d={...T)A, : v ...0c€D)
I:3« ’ I':«a ’
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Theorem 4.3 (Inversion)
a) A~ N\, A &I TV A = Z7 0 T, A, for each v € J.
b) Z*° "%,L F,Ao,Al — 7> l_?n F,AU,Al.

Definition

Lo[X] =Ly U {X},

A closed Lo[X]-formula (sequent) is called X-positive if it contains no subformula —Xt.
= A e (N, {n: Inl< < a}) | 4,

'=a {Al, ,Ak} = '=a Ay V..V Ak

Lemma 4.4 (Boundedness)
Let T" be X-positive.
Z~ I—g —Prog_(X),~Xs1,....,mXs;, [ & [s1]<,..0, [s0]< <a = |:°‘+2ﬁ T.

Corollary Z* .} TIL(X,n) = |n| < 2°.

Proof of Corollary:

Z® 5 TIL(X,n) Eda 2 —-Prog_(X),Vy < nXy £ |=23 Yy < nXy = |n|< < 25.
Proof of Lemma by induction on 3:

Abbreviations: A := {—=Xs1,...,~Xs;}.

Let d Fj =Prog_(X),A,T.

1.1. last(d) = AxX and ANTRUEg # : I' N TRUE, # § and the claim is trivial.

1.2. last(d) = Ax} and Xt,-Xs C A with val(t) = val(s):

Then Xt € T and - Xs € A. Hence |t|s = |s|< < a < a+ 27 and thus |:a+2ﬁ T.

-

By 4.3a (Inversion) we get (1) I—go —Prog_ (X),A,T',Vy<so Xy, and (2) |_060 —Prog_(X),~Xso,A,T.

2. last(d) = V/*pq_(x): Then 3o <Prog_ (X), A, T, Vy<so Xy A - X5 with o < f.

By IH from (1) we get |:"‘+2ﬁ0 T, Vy<so Xy.

(Case 1) =2+2" T Then also =22 T, since By < 8 and T is X-positive.
(Case 2) =242 Vy<so Xy: Then |m|< < o+ 2% for all m < val(sp), i.e. |so|< < a + 250

From this together with |s1|, ..., [sk|< < @ and (2) by IH we obtain =2+2"°+2" I and thus =2+2" T.
g < <

3. last(d) = A\ with C ~ A ;C, € T: Then, for all + € I, "0& —Prog_(X),A,I',C, and §, < . Hence, by
IH, |:°‘+2m I, C, for all ¢. Since I' is X-positive, this implies |=a+23 I, C, for all ¢, and thus |=°‘+2ﬁ r,C.

4. \/¢, with C € T: as 3.
5. last(d) = Rep: immediate by TH.
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Embedding of PL1 + Z into Z*° ; unprovability of TI(g)

Lemma 4.5

PLIFET&FV(I) =0 = Z¥H T

Proof by induction on k:

1. {=A, A} CT where A is atomic: Then either A € TRUEq or =A € TRUEq or A = Xs. Hence Z>° F£ T
2. VzA € T und PL1 7' T, A, (y): Then by 2.2 PL1FE™' T, A, (¢) for all t € T

Hence by IH Z™ k¢ ' T, A, (¢) for all t € T and thus Z*° F5 T, since VoA ~ A, 7 A, (2).

3. 3zA € T and PL1 FE™' T, A, (t): wlo.g. t € T (cf. Lemma 2.2). By TH Z* F:~' T, A,(t) and thus
Z* kT

4. (A),(V): as 2. and 3.

Lemma 4.6

s,t € T & val(s) = val(t) & FV(F) C {z} = z° F2™5) F,(s), F,(t).

Proof by induction on rk(F).

Lemma 4.7 (Derivability of Complete Induction)
Let VaF be closed and r := 2-rk(F).  Then for each ¢t € T we have
Z%° FiT?" o, (0), Vo(F — F,(Sz)), F,(t) where n := val(t).

Proof by induction on n:
Let I := {=F(0), Vz(F — F,(Sz))}, i.e. T' = {=F(0), 3z(F A —~F,(Sz))}.

1. val(t) = 0: Then F§ I', F(0) by Lemma 4.6.

2. val(t) = n+1:

(1) Fi2" T, F(n) [IH ]
(2) Fi ~F(Sn), F(t) [1.4.6]
(3) ko> T, F(n) A =F(Sn), F(t) [(1),(2),(A) ]
(4) FE*2m 2 TR (1) [3), Vi (paor (5o |

Lemma 4.8

For each C' € Z there is an a < w + w such that Z* +§ C.

Proof:

1. C =VyVz[F(0,9) = Yz (F(z,§) — F(Sz,%)) = F(z,9))]:

By Lemma 4.7 we have 4 =F(0, §), -Vz(F(z,5) — F(Sz,3)), F(t,5) for all §,¢t € T. This yields the claim.

2. C =Vy¥Vz Vs (x1=22 = A(x1,¥) — A(22,7)) where A is atomic:

Then for any closed Lo-terms &,t1,t2 we have F§ = (t1=t2),~A(t1,5), A(t2,5). [ If val(t;) = val(t2) then
either ~A(t1,5) € TRUE, or A(ts,5) € TRUE, or {-A(t1,3), A(t2,5)} = {—~Xt, Xt'} with val(t) = val(t').
Otherwise —(t; =t2) € TRUEq. | Hence ¢ C.

3. C = VaVy(Sz=Sy — z=y): The claim holds, since - =Ss=St, s=t for all s,t € T.
4. All other axioms are of the form VZA with A;z(3) € TRUE, for all §€ T.
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Theorem 4.9

If ZF C and FV(C) = § then Z*° & C for some « < .

Proof:

Assume Z F C. Then there are axioms Aj,..., A; € Z such that PL1 - —A4,,...,—4;,C. Now Lemma 4.5
yields F¢ —Aq4,...,mA,,C, and by Lemma 4.8 we have l—g A; (i=1,...,1) for some f < w + w.

Hence F<7¢ €' with JTrn := maxi<;<i r'k(4;)+1. Now we apply the Cut-Elimination Theorem 4.2 and obtain
Fo C with a := 5 < €o.

Theorem 4.10 Z+ TI,(X,n) = |n|< <eo

Proof:

ZFTIL(X,n) 22 2% kg TIL(X,n) “S27 n). < 20 < <.

Corollary. If g <||<|| :=sup{|n|<x+1:n € N} then ZI/Prog_(X) — VyXy.

Proof:

ZF Prog_(X) = VyXy = ZF TIL(X,n) (for all n € N) **E"

) [n|< < 2% for alln = [|<]|| < eo.
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Provability of transfinite induction in Z

We assume a bijective coding of finite sequences of natural numbers IN<“ — IN, (aq, ..., Gp_1) = (@0, ..., Gn_1)
such that

(i) () =0, and a; < {ag, -..,an—1) for i < n,

(ii) for each fixed n the mapping (ag, ..., an) = {(ao, ..., an) is primitive recursive,

(iii) there is a primitive recursive function (a,i) — (a); with ({ag,...,an—1)); = a; for i < n.

In the following a, b, ¢, z,y, z denote natural numbers.

Definition of b <’ a

b <’ a if, and only if, a = (ay, ..., a,) and one of the following cases holds

(i) b= (ag,...,ap—1) with k < n,

(i) b = (ag, -, @—1, b, ..o, byy) with & < min{m,n} and by <’ ay.

Inductive Definition of a set OT of ordinal notations

1.0 € OT,

2. agy..yap € OT & ay, 2 ... X" ag = (ag,...,an) € OT.

Definition b <a & a,be OT &b <"a

Abbreviation: a @ b:=a*b (concatenation) , F(y) := Va(Vz<zF(z) — Vz<z®(y) F(2))

Lemma 4.11 Z F Prog(F) — Prog(F)

Proof (in Z):

Assume (1) Prog(F), (2) Yy=<bF(y), (3) Vz=<aF(z), (4) ¢ < a ® ().

We have to prove F(c). From (4) it follows that either ¢ < a or ¢ =a & (b1, ..., b,) with b, < ... by < b.

1. ¢ < a: F(c) follows from (3).

2. ¢=a® (bi, ., by) with by < ... < by < b:

One easily shows that <’ is transitive, hence by, ..., b, < b.

By (2) we get F(b;) fori =1,...,n, i.e. Vo(Vz<2F(2) = Vz <2 ® (b;) F(2)) fori =1,..,n.
Now by complete induction (on i) we get Vz < a ® (b, ..., b;) F(z) (=: A(c,i)).

Hence Vz<cF(z) and thus by (1) F(c).

Lemma 4.12 Z  TI_(F,y) — TIL(F,{y)) .
Proof:

Assume Prog(F) — Vz < yF(z) and Prog(F). By Lemma 4.11 we get Prog(F) AVz < yF(z), hence F(y),
and from this Vz < (y)F(z).

Theorem 4.13 Z + TIL(F,a) , for each a € IN.
Proof:
Ifa=0o0ra¢ OT then Vz < a(0 = 1) and therefore TIL(F, a).

Now let ¢g := 0, ¢ipr1 := {¢m)- Then for each a € OT there is an m with a < ¢, and by (meta-)induction

on m we obtain Z  TIL(F, cy). [ Induction step: TH = Z + TIL(F, cn) = 2 F TIL(F, et |
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Definition 0(0) := 0, o((ag, ..., a,)) 1= w°(@) 4 ... 4 wol@)
Lemma 4.14 o maps (OT, <) isomorphic onto (g, <).

Proof:

1. From the definition of <’ we get by induction on a: a A" a and Vb(b <" aVa=0bVa <'b).

2. Ya(o(a) < g9): trivial.

3. By induction on b we prove: b < a = o(b) < o(a).

3.1. If a = (ag, ...,an) and b = (ag, ..., ap—1) with & < n then o(b) < o(b) + w°(@) 4+ ...+ wolan) = o(a).
3.2. If a = (ag, ..., an), b = {ag, ..., ap—1,bg, ..., byy) with k& < min{m,n}, by < ay, then by IH o(b,,) < ...
o(b) < o(a) and thus o(b) = w(90) 4 ... 4 wolar=1) 4 otr) 4 4 olbm) < yolao) 4 4 olar) < o(a).
4. From 1. and 3. it follows that o|or is injective, and that a,b € OT & o(b) < o(a) implies b < a.

<

5. By induction on a < €g we prove da € OT(o(a) = a): Let a # 0. By Lemma 3.16a there are ag > ... > a,
such that @ = w® + ...+ w* and ap < «a (the latter follows from ap < w* < a < &p). Now by IH there
are ag, ..., an, € OT with a; = o(a;). From «a, < ... < ap we obtain a, < ... < ag by 4.

Hence a := {(ag, -..,a,) € OT and o(a) = «.

Corollary < is wellfounded with |a|4 = {g(a) ioftlciefw(i)sl(;

Proof: If @ € OT then |a|< = sup{|b|<+1:b < a} B sup{o(b)+1:b < a} 2 o(a).

The Hydra game
A hydra is a finite unlabelled tree. By 0 we denote the hydra consisting only of one node.
Let o be the rightmost head of a the hydra h # 0. If Hercules chops off this head the hydra h chooses an

arbitrary number n and transforms itself into a new hydra h[n] as follows (where 7 is the node immediately
below o, and h~ is h without o):

Case 1: If 7 is the root of h, then hln] := h~.

Case 2: Otherwise h[n] arises from h~ by sprouting n replicas of h~|, from the node immediately below 7.
A hydra game is a finite or infinite sequence (h;);<q of hydras, such that Vi+1 < a3n;(hir1 = hi[n;]).
Theorem 4.15 Each hydra game terminates, i.e., VAY(n;)i<w3k(h[no][n1]...[nx] = 0).

Theorem 4.16 Z I/ VhY(n;);<,3k(h[ng][n4]...[nx] = 0).

Proof of Theorem 4.15: To each hydra h we assign its Godel number 'h' as follows: Th':= (Tho', ..., Th, 1)
where hg, ..., h,_1 are the immediate subtrees of h. Obviously the mapping h — 'h' is a bijection from the
set of all hydras onto IN. Therefore from now on we identify hydras and natural numbers.

The above operation a — a[n] can be defined by primitive recursion as follows:

1. tp(0) := 0, O[n] := 0.

2. If a = (aog, ..., 4m) With a,, = 0 then tp(a) := 1 and a[n] := (ag, ..., Gm—_1)-

3. If a = (aog, ..., am) With tp(an,) = 1 then tp(a) := w and a[n] := (ag, .., Gm—1, am[0], -.., @ [0]).

n+1
4. If a = (ag, ..., ay) with tp(am,) = w then tp(a) := w and a[n] := {ao, ..., am—1, am[n]).

By induction on a we get o(a[n]) < o(a) for each a # 0. This proves 4.15.
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Proof of Theorem 4.16 (Unprovability of termination of the hydra game)

Abbreviation: Let <« C INXIN be an arbitrary arithmetical relation.
WFL(G) :=VzAyG(z,y) — Iz, 20, 21 (G(z, 20) AN G(x+1,21) A =21 < 20),
WF(X) := WF4(G) with G(z,y) := X (x,y).

TI4(F) := Prog (F) — VzF.

|| <« :=sup{lala + 1 : a € IN} if < is wellfounded.

Lemma 4.17 Z+ WF(X) < ZF TI(X)

Proof:

“=": Assume Z F WF4(X); then also Z - WF4(G) for each formula G(z,y).

Now we work “in Z”: Assumption: Prog,(X)Aa & X.

For suitable G we prove =“WF4(G), i.e. ViabG(i,b) A Vi, by, b1 (G(i,bo) A G(i+1,b1) — by <bg).
A(i, s
G(i,b

) 1 Vi <i((s)j41 9(8); A(8)j41 & X AVz a(s)j[z < (s)j+1 =z € X]),
) 1 3s((s)o = a A (s)i = bA A(i, ).

(0) A(i,8) AA(i,8) A (s)o = (8)o = Vi < i((s); = (5);),

(1) @G is function: cf. (0).

(2) G total: By induction on i we prove 3bG(i, b).

Induction step: G(i,bo) = bo & X ' 25™) 3p 4o (b ¢ X) = 30, G(i+1,b1).

(3) G(i,bo) ANG(i+1,b1) = 3s[(s)o =a A (s)i =bo A A(i,8)] AT3[(8)o = a A (8)i+1 = b1 A A(i+1, 5)] (:0>)

by = (3)i+1 2 (8)i = (s)i = bo-

“e=": left to the reader.

Definition b <; a & a #0& Ji(b = ali])

Lemma 4.18 b < a = 3i(b < afi]).

Theorem 4.19

a) <1 is wellfounded and ||<1]| = €o.

b) Z i/ WF_, (X).

Proof:

From Va # 0Vn(o(a[n]) < o(a)), it follows that <; is wellfounded, and by induction on o(a) we get

lal<, < o(a). Hence || <1 || < &9, since o(a) < &q for all a.

Using Lemma 4.18 we obtain Ya € OT(o(a) < |a|<,) by induction on a:

0# a€ OT = o(a) = sup{o(b)+1 : b < a} 4%8 sup{o(ali])+1 : i € IN} %{ sup{|ali]|<,+1 : i € N} =
sup{|b|<,+1:b <1 a} = |a|<,. Hence €9 = sup{o(a)+1:a € OT} < sup{la|<,+1:a € N} =||<4]]

b) 20 < [|<ull =3 21/ TIL, (X) BT 2§ WF_, (X).

Remark: Theorem 4.16 follows from 4.19 b).

26



85 Gentzen’s consistency proof for pure number theory
The proof-system Z
The language of Z is Lo(X) (language of arithmetic with set variables)

Let AX(Z) be the set of all sequents having one of the following shapes:
(G1) t=t

(G2) as=t, A4, (s), Az (t) if A is a literal
(S0) =St=0

(S1) —Ss=St, s=t

(PRO)  0™t;...t,=0

(PR1)  IPt..ta=t;

(PR2) (ohgy...gm)t1--tn=hgiti..tn ... gmt1...tn
(PR3.0) (Rgh)ty...t,0=gt;...t,

(PR3.1) (Rgh)ty...t,Ss=ht;...t,s(Rgh)t;...t,s

The inference symbols of Z are those of PL1 plus

(Axa) A for A e AX(Z) ,
_'Fa Fy(sy)

“F,0). 5,0 Y

(Ind%’t)

deg(T) = {rk(C) +1 if 7 = Cute or IndYt
0 otherwise

In this section 7 is always an inference symbol of Z, and d, d’, ... denote Z-derivations.

Definition of Z(z/t) and 7"

Ind%:*(z/t) := Indll’;j(’tgt) , (Ind%%)® = Ind;;s(u) ; otherwise Z(z/t) and Z% are defined as in PL1.

Lemma 5.1 Z is closed under substitution.

Proof: Let Z = Ind%® and Z' := Z(x/t) with # # y. Then |7'| = {0} = |Z|, Eig(Z') = {y} = Eig(2),
deg(Z') = rk(Fy(t)) = rk(F) = deg(Z), A(Z') = {=Fa(t)y(0), Fz(t)y(s2(t))} = {=Fy(0)2(t), Fy(s)a(t)} =
A(D)x(t), Bo(T') = {=Fu(t), Fa(t)y(Sy)} = {=Fa(t), Fy (Sy)2(8)} = Do (D) (D).

ATY) = {~Fy(w)u(0), Fy(u)u(s)} = {=Fy(0), Fy(s)} = A(Z) , Ao(Z") = {=Fy(u), Fy(u)u(Su)} =

{=Fy(u), Fy(Sy)y(u)} = Bo(Z)y(u) (note that u & FV(Fy(s)))-

Definition
For m € IN, let Z,,, denote the subsystem arising from Z by deleting all induction axioms

ViVz(F,(0) = Va(F — F,(Sz)) = F,(2)) with rk(F) > m.

Theorem 5.2
If Z,, F Athen Z+,,11 A, ie., there is a Z-derivation d of A such that rk(C) < m for each Cute or Ind%’t

occurring in d.
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Proof:

Let Z,, be the subsystem of Z corresponding to Z,,, i.e., Z,, arises from Z by removing all inferences Ind%’t
with rk(F) > m. We first show Z,, ko A , for each A € Z,,:

1. If A is not an induction axiom then Z,, ko A is easy to see.

2. Now let A =VoVz(F,(0) —» VYo(F — F,(Sz)) — F,(z)) with rk(F) < m.

Let G :=Vx(F — F,(Sz)) and y € FV\ FV(G):

PL1 ko Fy(y) A ~Fo(Sy), ~Fa(y), Fa(Sy) = PL1 g =G, =Fy(y), Fo(Sy) "% 2, bo =G, =F,(0), Fu(u) =
Z, o V2(F(0) > G = F,(2)) = Znto A

Now assume Z,, - A. Then there are Ay,..., A, € Z,, such that PL1 Fq —A44,...,—A4,, A and (as shown
above) Z,, o A; for i = 1,...,n. This yields Z,, F, A with r := max{m,rk(4,),...,tk(A4,)}+1.

Now we apply Theorem 2.5 (with & := Z,;, and myg := m+1) and obtain Z,, Fp,p1 A, ie., Z by A

Definition of hgt,(v) and O4(v) (Gentzen)
Let d be a Z-derivation and v a position in d.

Z4(v) := the inference at position v in d

rkq(v) := {rk(C’) if Zy(v) = Cute or Ind%’t
0 otherwise

hgt;(v) := sup{rkq(o) : o is strictly below v}

win(0a(v0)#0q(v1)) if Zy(v) = Cutc
04(v) := { wn(04(r0) - w) if Zy(v) = Ind%’

(sup;.f, Oa(vi)) +1  otherwise
where m := hgt,(v0) — hgt;(v) = rk(C)~hgt,(v).

O(d) := 0a(())-

Definition (End-pieces)
1. xis an end-piece.

2. If a is an end-piece, and d a Z-derivation then Cutcad and Cutcoda are end-pieces.

q
We use a, b, ¢ as syntactic variables for end-pieces. a{q} := - - - := the result of substituting ¢ for xin a .
a

Definition of I'*(d)

{ (T*(do) \ {CH U (T*(d) \ {=C}) i T = Cutc
I*(Zdo...dp-1) == 0 if 7 =Ind%’
A(7) otherwise

Lemma 5.3

a) T*(d) C T(d).

28



b) If T*(d) = 0§ then either d = a{Ind%’d'} or d = a{Cutcd'd"} with T*(d') = {C} and T*(d") = {~C}.

c) If A € T*(d) then d = a{d} with A € A(last(d)).

Proof:

a) trivial.

b) Since I'*(d) = (), one of the follwing two cases holds.

1. d =Ind%'d": ok.

2. d = Cutydpd; with § = (T*(dp) \ {4}) U (T*(dy) \ {—A}):

2.1. T*(dp) = {A} and T*(d1) = {=A4}: o.k.

2.2. T*(dy) = 0: Then by IH either dy = ao{Ind%’d'} or dy = ap{Cutcd'd"} with T*(d') = {C} and
I'*(d") = {~C}. Hence the claim holds with a := Cutaaod;.

2.3. T*(d;) = 0: anlogous to 2.2.

¢) 1. d = Cutedod; and T'*(d) = (T™*(dp) \ {C}) U (T*(dy) \ {—~C}): Then w.lo.g. A € I'*(dy) and by IH
dy = ap{d} with A € A(last(d)). Therefore the claim holds with a := Cutcagd,.

2. Otherwise we have I'*(d) = A(last(d)) and the claim holds with a := =

“Definition”
A (Z-)derivation d is called closed if it contains no superfluous free variables, i.e., if every variable z ¢
FV(T'(d)) occurring free at some position v in d is the eigenvariable of some inference symbol below v.

(A precise definition of this notion will be given in §6.)

Theorem 5.4 (Gentzen)

For each Z-derivation d of the empty sequent () one can construct another Z-derivation d~ of @ such that
O(d™) < O(d).

Proof:

W.l.o.g. we may assume that d is closed. Otherwise we replace all superfluous free variables by the constant

0. This operation does neither change the endsequent nor the ordinal of d.
Then according to Lemma 5.3 one of the following two cases holds.
Case 1: d = a{Ind%'dy} with FV(t) = () (since d is closed).

Let us assume that t is a numeral n (for the general case cf. §6).

do(y/0) do(y/1)
Cutp(r) do(y/2)
CUtF(Q) do(y/3)

do(y/n—1)
Cutp(n-1)

a
Let v be the position of % in a. Then Og4(v) = Wy (04(V0) - w) > Wy (04(v0) - n) = Oy-(v) (with m :=
rk(F)=hgt,(v)). This yields O(d) > O(d™).
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do d

Case 2: d= < — © with C € A(last(dp)) and —C' € A(last(dy)).
utc
9

Here we have four subcases according to the shape of C'. Let us consider the case C' = VzA. Then

d d dl do
0 1 VI AT
] £ do(/t) Vi-a  Nloa dy
AN \VET
'.c' . c1 Co C1 Co €1
o - - -
d= T Cuto . and d- = Cutyza Cutyza
Utya, A R R
L b b
b
Ce CutA(t)
ag L
Qo

where a = ag{b} such that the root of b (i.e. the position of x in ag) is the uppermost node v below the root

of ¢g (or ¢1) such that hgt,(v) < hgt,(v0).

Instead of proving O(d~) < O(d) in general we treat a sufficiently informative example.

Example

By : m we indicate the height hgt,(v) of the respective position v.

do dy
Nz co VtaxﬁA !
g= Cuteem  Cutg,im with tk(D) = n < rk(¥zA) < rk(F) = m.
Cutyzam
Cutp:n a
Cutp:0
* b * a
Then b= Cuty = Cutp and
dy dy
do(y/t) co V]Ecia:—'A cr N @ di c1
Cutg,:m Cutg,:m Cutg,:m  Cutg,:m
d- = Cutyya:m b Cutyza:m b with k := max{n,rk(A(¢))} < m.
Cutp:k Cutr:k
Cutyyn a
Cutp:0

O(d™) = wn (wemn (@1 (7 #91#8) #wmr CotrT #8)) #a) <
o (W (Wt (0B #8)) # 0 ) = wn(@m-n(0#71 #B) # a) = O(d) .

30



Theorem PRA + TI¢ |- Con(Z).
Proof:

We assume that Z-derivations and ordinals are coded by natural numbers such that
- 0O(d) € OT for each d € Z (Z := set of all (codes of) Z-derivations),
— the function d — O(d) is primitive recursive,

— there is a primitive recursive function g with Vd € Z(g(d) = 0 + T'(d) = 0)).
Abbreviation: F(y,z):=2€ ZAN0(z) =y — g(z) #0, F(y) :=V2F(y,z)
By TIL(F) we prove YyF(y), i.e. YaVd(d € Z A O(d) = a — g(d) # 0):

Assume d € Z A O(d) = a. Then thereis ad™ € Z with g(d) =0 — O(d~) < O(d) =aAg(d~) =0. By IH
we have O(d™) < a — g(d™) #0. Hence g(d) =0 — L, i.e. g(d) #0.

It remains to derive TI(F) from TI% .

There are primitive recursive functions ¢, r, p such that

-a€ 0T — ¢(a) € OT Ao(a) =w - o(q(a)) + r(a),

-beOTAkLeIN — p(bk) € OT Aq(p(b,k)) =bAr(pk)) =k.

Abb.: G(z):= z € OT — F(q(z),r(z))

(*) Prog_ (F) — Prog_(G).

Proof:

Assume (1) Prog_(F), (2) Yy <zG(y), (3) z € OT.

To prove: Yy < q(x)VzF(y,z) [ from this using Pr0g<(ﬁ) we get F(q(x)) and then F(q(z),r(z)) ].
Let b < g(z) and k € IN be given. We set a := p(b, k). Then a € OT A q(a) = b < q(z) Ar(a) = k.

a,z € OT Ag(a) < q(z) = a <z &) G(a) = F(q(a),r(a)) = F(bk).

Using TI% (@) from (*) we get:
Prog_(F) = V2G(z) = Yz € OT F(q(z),r(z)) = Yy € OTVzF(y,2) = Vy € OTF(y).
Trivially holds Prog_ (F) — VygOT F(y).
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§6 Notations for infinitary derivations; the proof system Z*
The proof-system Z*
The system Z* results from Z by adding the following inference symbols:

- (Re) ¢ @ﬁc with deg(R¢) := rk(C),

- (E) % with deg(E) undefined,

and defining o(h) and deg(h) for Z*-derivations h = Thy...h,_1 as follows

O(hg)#o(hl) if 7 = RC

_ ) o(ho) +w if 7 = Ind%? [ deg(hg)=1 ifZ7=E
o(h) := 30(ho) f7T=E @, deg(h):= max({deg(Z)} U {deg(h;) : i <n}) otherwise
sup;,,(0(h;)+1) otherwise

Note that o(h), deg(h) for Z*-derivations h are defined differently from o(d), deg(d) for Z-derivations d.

Remark: The definitions of o(h) and deg(h) are motivated by the interpretation h +— h> (introduced
below) and Theorems 4.1,4.2. For example, since, according to Theorem 4.2, o(£(h®)) < 3°(h") and

deg(£(hg°)) < deg(hg®)=1 holds, we have defined o(Ehg) := 3°("0) and deg(Ehg) := deg(ho)=1.

Substitution

We set Re(z/t) := Re, (¢) » E(z/t) := E ; otherwise we define Z(x/t) (and Z") as in Z.

Then Z* is closed under substitution. In the following we only consider ground substitutions, i.e. substitutions

(z/t) with t € T. Then (Tho...hn_1)(z/t) = { T e 40 s (21 Othegv(v iS)e {=}

Lemma 6.1

If h is a Z"-derivation and ¢ € T then h(z/t) is a Z*-derivation with T'(h(z/t)) C T'(h).(t), deg(h(z/t)) =
deg(h), o(h(z/t)) = o(h).

FV(A(T)) UFV(t) if 7=V},

FV(A(Z)) otherwise

Remark: Eig(Z) NFV(Z) = 0.

Definition: FV(7) := {

Definition of FV(h)

FV(Zhg...hn—1) := FV(T) UJ;.,(FV(h;) \ Eig(T))

Lemma 6.2

a) FV(I'(h)) € FV(h),

b) FV(h(z/t)) = FV(h)\ {z} ,if t € T.

Proof: Let h = Zhg...hp—1.

a) T(h) = A(Z) UU;.,,(T(hi) \ Ai(Z)) and FV(T'(h)) NEig(Z) = 0 (x).
FV(A(T)) C FV(Z) C FV(h).

FV(T(h) \ A(T) € FV(T(h)) \ Big(T) € FV (k) \ Big(Z) € FV ().
b) Abb.: 7' := I(x/t), h' := h(z/t).

1. Eig(Z) = {z}: Then ' = h and = ¢ FV(h). Hence FV(h') = FV(h) = FV(h) \ {z}.
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2. Otherwise: Then h' = Z'hy...h!,_,, and by IH FV(h}) = FV(h;) \ {z}.

Moreover one easily verifies that FV(Z') = FV(Z) \ {z}.
Hence FV (1) = FV(Z') U U, (FV (k) \ Eig(Z")) £
(FV@) \ {z}) UU; (FV (ki) \ {z}) \ Big(T)) =
(FV(T) UU;(FV(hi) \ Eig(1))) \ {z} = FV(h) \ {z}.
Definition

A Z*-derivation h is called closed iff FV(h) = 0.

Lemma 6.3

a) Every Z"-derivation h with closed endsequent can be transformed into a closed Z*-derivation h’' with
T(h) C T(h), deg(h') = deg(h), o(k') = o(h).

b) If h = Thg...h, 1 is closed and Eig(Z) = () then hq, ..., b1 are closed.

c) If h =Thg is closed and Eig(Z) = {z} then ho(z/t) is closed for each ¢t € T'.

Proof:

a) By induction on the cardinality of FV(h) we prove that each Z*-derivation h can be transformed into a
Z*-derivation ' with T'(h') C T'(h), deg(h’) = deg(h), o(h') = o(h), and FV(T'(h')) = FV(h'):

If FV(h) \FV(T'(h)) = 0 then A’ := h, and the claim follows by L.6.2a.

Now assume that z € FV(h) \ FV(I'(h)). Then for h; := h(z/0) we have I'(hy) C I'(h),(0) = T'(h),
deg(hy) = deg(h), o(h1) = o(h), and (by L.6.2b) FV(hy) = FV(h) \ {z}. Hence the claim follows by IH.

b ) FV(h;) C FV(h) U Eig(Z).

c) FV(ho) CFV(h)U{z} = {2} = FV(ho(z/t)) =FV(ho) \ {2z} = 0.

Interpretation of Z* in Z*

For each closed Z*-derivation h we define its interpretation h* € Z*° as follows:

0. (Axa)™® :=AxY,

L (AVah0)® = Avoa (ho(y/)>®) 1 »
2. (Rchoh1)® := R (b, h$°)

3. (Eho)>® = &E(hE) ,

Rep ¢’ ifn=0

h
Rep CutF(E)en,lc%’t ifn>0 where

4. (Ind%’hg)>® := {
n=val(t), c%' 5 =F(n), F(t), eo:=ho(y/0)>®, e; := Cutpgyei_1ho(y/i)>® fori>0.

ho(y/0)>  ho(y/1)>

CUtF(l) hg(y/2)°°
(Ind%'hg)> = : ho(y/n—1)>
CutF(n,l) C%t
CutF(n)
Rep

5. Otherwise: (Zhg...hp—1)® :=Zh{® ... h° ;| .

n
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Remark

With the help of Theorems 4.1,4.2 one easily verifies that h* is a Z°°-derivation with h*° l—zig)( n) T'(h).

Let us look at the Ind-case:

ho (y|/0)°° ho (y|/1)°°
SF(0),F(1) iy ~F(1),F@) iy WP
—F(0), F(2) : v+1 ~F(2),F(3):y  holy/n—1)>
(Ind%"ho)> ~ . ! it
F : =F(n—1),F(n): v 1|~“
-F(0),F(n) : y+n—1 -F(n),F(t) : k

—F(0), F(t) : v4+w

6.4. Definition of tp(h) and h[i] for closed Z*-derivations h and ¢ € |tp(h)]|

By recursion on the build-up of h we define a Z*°-inference tp(h) and closed Z*-derivation(s) h[¢] in such a

way that

o h[eee L (eltp(R)])
h*> = tp(h) | h[]>® =
p( )( 4 )Le|tp<h>| tp(h)
The definition clauses for h = Rghohi and h = Ehg can be read off from the corresponding clauses in the

definitions of R¢ and €.
1.1. h = Axa: tp(h) := AxX.
1.2. h = Aghohi: tp(h) := A, h[i] := hy.
L3. h=Atho: tp(h) := A, hlt] := ho(y/t).
1.4. h=\Vgho: tp(h):=\/g, h[0] := hy.
Yt ifn=0

— [nd¥%tp - — . JCF
2. h=Ind%"ho: tp(h) := Rep, h[0] := {Cutp(ﬂ)enlc%’t Fn>0

where
n:=val(t), Z*3 %' F5¥ ~F(n), F(t), ey := ho(y/0), e;:= Cutpgyei_1ho(y/i) fori > 0.
3.  h=Ehg:
3.1. tp(ho) = Cutc: tp(h) := Rep, h[0] := RcEhg[0]Eho[1],
3.2. otherwise: tp(h) := tp(ho), h[i] := Ehglt].
4.  h=Rchohi:
4.1. C & A(tp(ho)): tp(h) :=tp(ho), h[t] := Reholt]hs.
4.2. -C & A(tp(h1)): tp(h) :=tp(hy), ht] :== Rohohq[t].
4.3. C € A(tp(ho)) and =C € A(tp(h1)):
4.3.0. rk(C) =0: tp(h) := AxX with A := (A(tp(ho)) \ {C}) U (A(tp(h1)) \ {=C}).
4.3.1. C =VzA: Then tp(h) = /% for some t € T .
tp(h) := Cuty, (1), h[0] := Roho[t]h1, h[1] := Rohohy [0].
4.3.2. C' =3zA or AgNAA; or AgVA;: analogous to 4.3.1.
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Theorem 6.5

If b is a closed Z*-derivation with Z = tp(h) and h &, T, then the following holds:

a) A(T) CT,

b) deg(Z) < m ,i.e. (T = Cute = rk(C) < m),

c) For each ¢ € |Z|: h[l] F% T, A, (Z) with a, < a.

Proof by straightforward induction on the build-up of h:

W.lo.g. FV(T) = 0.

1. h = Axa: Then 7 = AxX and thus A(Z) = A =T(h) CT and |Z| = 0.

2.1. h =AY, sho: Then T = Ay, 4, A(Z) = {VzA} CT and ho F2° T, A, (y) with g < e

By ... we get h[t] = ho(y/t) ), T, A (t) for each t € T.

2.2. h=\4, ho: Thent € T, T =\/4 4, A(T) = {3zA} CT and ho F2 T, A, (t) with ag < a.
2.3. b= A pn,hohi or h = VZOVAJ analogous to 2.1 and 2.2.

3. h = Cutchohyi: Then T = Cute, tk(C) < m, and h[0] = ho F2° T',C, h[1] = hy F2 T, =C with ag, a1 < a.
4.1. h = Rohohy with C' = Yz A, tp(he) = A tp(h1) = VLt Then t € T and tp(h) = Cuta ).

Let v :=o(ho), B := o(h1).

Then ho ), T,C , hy F2, T, =C and rk(A(t)) < rk(C) < m.

By IH we obtain ho[t] Ft T, C, A(t) with v; < 7y, and h[0] F% T, =C, =A(t) with 8y < B.

Hence h[0] = Roho[tlht F)i#P T, A(t) and h[1] = Rohoha [0] F7#7 T, ~A(t)

with %#8, v#Bo < v#B = o(h) < a.

4.2. h = Rchohy with tp(ho) =Z and C & A(Z): Let v := o(ho), B := o(h1).

Then ho ), T,C , hy F3, T, =C.

By IH we obtain ho[¢] F): T, C, A, (Z) with v, < v, for all ¢« € |Z|.

Hence h[1] = Roho[t]hy F1:#5 T, A, (T) with v,#8 < y#8 = o(h) < a.

ho 1, T,C & tp(he) = T & C & A(T) 2 A(T) C T & (T = Cuty = rk(4) < m).

4.3. h = Rehohy with rk(C) = 0 and C € A® := A(tp(hg)), =C € A" := A(tp(h1)):

Then 7 = Axa with A := (A%\ {C}) U (A°\ {=C}), and by TH A? C I'(h;). Hence A(Z) = A CT(h) CT.
5. h = Ehg with tp(hg) = Cutc: Then tp(h) = Rep , h[0] = ReEho[0]Eho[1] and deg(hy) < m+1.
Let v := o(ho). Then ho ) ., T.

By IH we have rk(C) < m+1 and ho[0] F°, | T',C', ho[l]F) | T',=C with vo,71 < 7.

Hence Eho[0] F2° T',C and Eho[1] F3' T, =C.

From this together with rk(C') < m we get h[0] = RoEho[0]Eho[1] F3'#3™ T and 370#37" < 37 = o(h) < a.
6. h = Ind% ho: Then T = Rep, rk(F) < m, and hq ), T, =F(y), F(Sy) with v := o(ho), vy + w < a.

ho(y/0) ho(y/1)
Cutp(r) ho(y/2)

h[0] = : ho(y/n—1) with ¢i’ F7 =F(n), F(?).
Cutp(n_l) C%’t
Cutp(n)
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Lemma 6.6 (Consistency of Z)

Let Z% be the set of all closed Z*-derivations h with ['(h) = @ & deg(h) = 0.
a) heZl = h0] € Z% & o(h[0]) < o(h),

b) There is no Z-derivation d with T'(d) = 0.

Proof:

a) heZ% % A(tp(h)) CT(h) = 0 & deg(tp(h)) =0 = tp(h) = Rep.

heZ% &tp(d) =Rep & h[0] € Z% & o(h[0]) < o(h).

b) By transfinite induction up to &q from a) we get Z%, = (). Now assume that d is a Z-derivation with I'(d) = 0.

W.l.o.g. we may assume that d is closed. Let m := deg(d). Then E™d = E...Ed € Z*,. Contradiction.

Definition

Bo(a) := a, By (a) == B G = wn(1), e wo =1, w1 =w, wy = w¥, wg =w*” (= w®)), ...
Corollary

a)w<a = 3w =wn(w),

b) m > 0= 3 (w?) = wnt1-

Proof: a) 3mi1 (W) = 3m(39%) = 3,(39°“%) = 3,((39)%") = 3 (W?") Z Wi (W) = Wins1 (W?).

b) 3 (@2) = 3m-1(3“%) = 3m_1(0*) L w1 (W) = Wyt

Let OT C IN and <C IN x IN be the primitive recursive relations defined in §4.
(OT, <) has ordertype €o. 0 is the <-least element of OT.

For a < g9 let Ta! be the corresponding element of OT.

Theorem 6.7

If Z,, F V23yA(z,y) (A atomic) then there are primitive recursive functions g : IN> - IN, # : IN* — IN and
an a < max{w? w11} such that Vn(f(n,0) = Ta') and N | VzA(z, f(2)) ,

where f(n) := g(n,min{k : 8(n,k+1) £ 0(n, k)}).

Proof:

We assume a canonical arithmetization (coding) ¢ + Tq! of syntax (terms, formulas, sequents, finite
derivations, derivation terms etc.). A set M of syntactical objects is called primitive recursive if the
set {fg! : ¢ € M} is primitive recursive. An operation (function) ® on syntactical objects or ordi-
nals < gg is called primitive recursive if there is a primitive recursive function f : IN® — IN such that

(., "gn?) = "®(qu, ..., qn) ! for all (qq,...,¢n) in the domain of ®.

By Theorem 5.2 there is a Z-derivation d of JyA(z,y) such that rk(C') < m for each Cutc or Ind%’ occurring
in d. So we have Z* 5 d I—%i)l JyA(z,y) with o(d) < w?.

This d will be fixed for the whole proof.

W.l.o.g. we may assume that FV(d) C {z}. Hence d(n) := d(z/n) is closed for any n € IN.
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Let £y be a finite subset of Lo (= PR), such that
(i) 0,S € £; and each function symbol occurring in d belongs to L, ,

(ii) with p € £ also each function symbol occurring in (the definition of) p belongs to L7 .
Let Z* be the restriction of Z* to Ly (X).

It is wellknown that the set TRUE; of all true £ -literals is primitive recursive, and that there is a primitive
recursive function which for any two L, -terms s,¢ of equal value computes a Z*-derivation ¢ of s=t with
o(c) < w and deg(c) < 1. Obviously the functions I'(+), o(-) , deg(:) , tp(:) are primitive recursive, and -]
restricted to Z* is primitive recursive too.
Let D be the set of all closed Z*-derivations.
Definition of the primitive recursive function red : D U {0} — D U {0}:

0 if h =0 ortp(h) = AXX or tp(h) = V3,5 with B,(s) € TRUE;
red(h) := < h[1] if tp(h) = Cute with C € TRUE; or C = - Xt

h[0] otherwise

Definition: h(n, k) := red®( (n)) , a:= 3, (o(d)).

E..Ed
~—

m

Then deg(h(n,0)) = deg(d)~m < (m+1)=m = 1, and o(h(n,0)) = a < 3,,(w?) = max{w?, w41} for all n.

Proposition: If h(n, k) # 0 then

a) o(h(n,k)) < a,

b) deg(h(n, k)) <1,

c) T'(h(n,k)) C {3yA(n,y)}U{B:-B € TRUE, }U{Xt:te T}

Proof by induction on k:

a),b) are obvious, since o(h[i]) < o(h) , deg(h[i]) < deg(h) , o(h(n,0)) = a , deg(h(n,0)) < 1.

¢) k = 0: T(h(n,0)) = T(d(n)) = {SyA(n,p)}.

k>0:TH = T'(h(n,k-1)) C {IFyA(n,y)}U{B:-B € TRUE; }U{Xt:t € T}

M Q)70 tp(h(n,k—1)) = V;yA(n,y) with —A(n,t) € TRUE; or =Rep or = Cute with rk(C) =0
= D(h(n,k)) CT(h(n,k-1))U{B:-B € TRUE; } U{Xt:t €T} & claim.

Definition:
O(n, k) :=To(h(n,k))" (where o(0) := 0)

__[val(t) if k>0 and tp(h(n,k—1)) = (V")
g(n k) := {0 otherwise

f(n) :=g(n,min{k : 8(n, k+1) £ 6(n,k)}).

Now let k be the least number such that 6(n, k+1) £ 8(n, k).

Assumption: h(n,k) # 0. Then [by Prop.c)] tp(h(n,k)) # Ax and thus 8(n,k+1) = o(h(n,k+1)) <
o(h(n,k)) = 8(n, k). Contradiction.

Hence h(n,k) = 0 and thus & > 0 and [by Definition of red] tp(h(n,k—1)) = Ax or tp(h(n,k—1)) = VlEIyB(y)
with B(l) € TRUE;. By Proposition ¢) and Theorem 6.5a from this we get tp(h(n,k—1)) = VtEIyA(my) with
A(n,t) € TRUE; . Hence f(n) = g(n, k) = val(t) and IN = A(n, f(n)). qed
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DIE HARDY-HIERARCHIE

Definition (Fundamental Sequences for ordinals < )

1. 0[n] := 1[n] := 0.

2. Wt n] :=w* - (n+1).

3. wMn] == WM fiir X € Lim.

4. aln] == ap + ... + ag—1 + ag[n], falls « =nr ap + ... + ag.
Proposition: (o + 1)[n] = a.

Definition Na:=Naj+ ...+ Nap+k ifa=w* +...w** with k>0 and a; < ... < a1 <&

a) a € Lim = Vn(a[n] < afn +1]) & a = sup{a[n]: n € N}
b) a>0 = Na[0] < Na
¢) an] < f<a = an] < B[0]
d) an] < <a = Nan] < N3
e) B<a = B<a[NJ]
Proof:
a),b) obvious.
c) Let 8 =nr Bo + ... + Br.
1. Assume w® - (n +1) < 8 < w*!. Then k > n and By = ... = B, = w®.
From this we get w® - (n+ 1) < Bo + ... + Br—1 + Br[0] = B[0].
2. Assume w" < B < w* und X € Lim. Then w*™ < By = w? < w?.
If k = 0 then A[n] < v < A and therefore (by TH) A[n] < 4[0]. Hence w™ < w10 = w7[0] = B[0].
If & > 0 then WM™ < By + ... + Br—1 + Bx[0] = B[0].
3. Assume o =np @g + ... + @, m > 0 and a[n] = ag + ... + @1 + ap[n] < 8 < a. Then m < k,
am[n] < Bm < am and «; = f; for i < m. By IH we get a,,[n] < 5,,[0] and then afn] < By + ... + Bm—1 +
Bm[0] < Bo + ... + Br—1 + Bx[0] = B[0].
d) By c¢) we have a[n] = £[0]...[0]. Hence Na[n] < NB[0] < Nj.
e) Let a € Lim. According to a),d) we then have VYn(Na[n] < Na[n+1]), and therefore NG < Na[Nf].
Together with d) this yields the assertion.

Definition of H, : IN — IN for a < &g

1. Ho(n) :=n,

2. Hy(n) := Hyppy(n + 1), for a > 0.

Lemma 6.9

a) Hy(n) < Ho(n + 1),

b) Blm] <a < B = Hgpm(n +1) < Ha(n),

¢) B<a& NG<n = Hg(n) < Hy(n),

d) a>0 = Hy(n) =min{k >n:an]..[k—1] =0} =n+min{l : an][n+1]...[n +1—1] =0}.
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Proof:
a),b) simultaneous induction on a: Let a > 0.

THa THb
a) 1. a € Lim: Hy(n) = Hypp)(n4+1) < Hyp(n+3) < Hyppg1)(n42) = Hy (n+1).

2. a = ap+1: Hy(n) = Hyy(n+1) E3 H,,(n+2) = H,(n+1).

b) From f[m] < a < 8 we obtain f[m] < a[n] < 8 by Lemma 6.8.

Hence Hpgpp) () H%b Hyny(n) Héa Hyny(n+1) = Hy(n).

c¢) Induction on a: 8 < « b Sgfe B < a[Np] < an] A, Hg(n) < Hg(n+1) < Hyppy(n+1) = Hy(n).

d) Let & > n minimal such that a[n]...[k—1] = 0.
Then Ha(n) = Hoz[n] (T’L+1) = e = Ha[n]...[kfl](k) = HO(k) = k.

Abbreviation: NF(a,8) & a=0or f=0o0r [ = w® + ... +w® & B = W% + ... + W’ with
g > .. >an > B> > B

Proposition: NF(a,3) & 8 >0 = (a+ f8)[n] = a+ B[n] & NF(«, 8[n]).

Lemma 6.10

a) NF(«,8) = Hqyp = Hy o0 Hg.

b) H,a+1(n) = Hffiﬂ)(n-l-l) and H,x(n) = Hami(n+1) for A € Lim.

c) For each primitive recursive function f there exists a k € IN such that VZ( f(Z) < H,» (max{z})).
Proof:

a) Induction on f: 1. Hyqo(n) = Ho(n) = Ho(Ho(n)).

2. 8> 0: Hayp(n) = Hiays)m(n+1) = Hopppu(m + 1) 2 Ho(Hppn(n + 1) = Ho(Hs(n)).

b) Hoyats(n) = Hoyo (i) (n+1) 2 B (n41).

c) From b) it follows that (k,n) — H,x(n) is (a variant of) the Ackermann function.

Theorem 6.11
Let 6 : IN x IN — OT be primitive recursive, m > 1, and a < wy,+1 such that Vn(60(n,0) < Tal).
Then there is an & < wy,+1 such that min{l : 8(n,l4+1) £ 8(n,l)} < Hsz(n) (Vn).

Proof:

W.lo.g. ¥n(6(n,0) =Tal).

Let w(i,n,l) :== N(w®- (||8(n,l+1)||+1)) , where || - || is the isomorphism from (OT, <) onto (gg, <).
One easily sees that w is primitive recursive.

Let g(i,n,l) :== max{w(i,n,l),i,n,1}.

There exists a k > 1 such that g(i,n,l4+1) < H_»(max{i,n,l}) and g(i,n,0) < H,»(max{i,n}) (Vi,n,l).
Then we have

(1) g(k,n,l+1) < Hx(g(k,n,1)) (Vn,l).

Abbreviation: ¢(n,1) := Hy k. jg(nn(9(k,n,1)).

(2) 6(n,l4+1) <0(n,l) = @(n,l+1) < p(n,l).
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*

(1)
Proof: H . g(n,i41)) (9(k,1,1+1)) < Hyrjgen, 41y Hor (9(k, 1, 1)) = Hyr.(o(ni41))+1) (9(k;m, 1)) <
< Hyeoenyy) (9(k,m, 1) = @(n,1).
(%) W* - ([18(n, 1 + D]|+1) < w* - [10(n,1)]] and N(W* - ([|8(n,1 + D[|+1)) = w(k,n,1) < g(k,n,1).

—~
~

(3) A<, 0)(pn,l+1) £ o(n,1)).

Proof: [VI < j(p(n,l+1) < p(n,l)) = j < ¢(n,0)] and therefore not VI < ¢(n,0)(¢(n,l+1) < ¢(n,l)).
(2) & (3) & a=16(n,0)|| = I < Hyr.o(g9(k,n,0))[0(n,l4+1) £ 0(n,l)].

H k.o (9(k,n,0)) < Hyk.o Hyr (max{k,n}) < Hyr.(qp1)4+1(n).

m>1=2w<w,, a<wn =w = wh (at+l) +k <wb - (a42) <wkF - wo =w“ = w4,

Theorem 6.12

If Z,, FVx3yA(z,y) (A atomic, m > 1) then there is an a < w41 such that Vol < H,(n) IN | A(n,1).
Proof:

By Theorem 6.7 there are primitive recursive functions g, and an ag < wy,41 such that Vn(]|6(n,0)|| = ag)
and Vn(IN |= A(n, f(n)), where f(n) := g(n, f*(n)) , f*(n) :==min{l : 0(n,l+1) £ 0(n,1)}).

By 6.11 there exists f < w41 with f*(n) < Hg(n). Further there exists ¥ < w with Vn,i(g(n,i) <
H,x(max{n,i})), hence f(n) < Hx(max{n, f*(n)}) < HrHg(n). Since wy41 = sup w,, there is v := w},
such that w*, 3 < 7. -

It follows that there is an ng such that H »Hg(n) < HyHy(n) = H,4~(n) for all n > ny. Hence f(n) <

H,Hg(no+n) < Hyyy(no+n) = Hypyine(n) (and y4+y+no < wims1)-

Corollary: Z,, t/ * VYnIl(wmii[n][n+1]...[[]=0) .

Proof: Assumption: Z,, F ‘vn3l(....)".

Then there is an o < wy, 41 such that Vn3l < Hy(n)(wm41[n][n+1]...[1[] =0),ie. Vn3l < Hy(n)( Hy,,,, (n) <
I+1). This implies Vn(H,,,,,(n) < Hy(n)). But by L.6.9c we have Vn > N(a)(Ha(n) < Hy,, . (n)).

Contradiction.

Disgression

Let ho(n) :=n, hay1(n) := ha(n + 1), and hr(n) = hyp,)(n) for A € Lim.

Then hq(n) < Ho(n) < ho(n +1).

Proof by induction on a:

1 hayr(n) = ha(n+1) < Ho(n +1) = Harr(n) and Hoir(n) = Ha(n+1) = ha(n+2) = hass(n + 1).

2. a € Lim: ha(n) = hypm(n) Ig Hymy(n) < Hypm(n 4+ 1) = Ha(n) and Ho(n) = Hgpy(n + 1) L.6§'9b
Hofni1)(n) < Bopnyr(n + 1) = ho(n +1).

—_
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Appendix to §6: Comparison with Gentzen’s consistency proof
Modifications of Z*:
— all Cute are deleted,

— in the definition of (Ind%"ho)[0] we use Rr(;) instead of Cutp(;),
— deg(Ind%?") := rk(F),

O(ho)#O(hl) if 7 = RC
. y,t
~o(h) = o(hg) - w if Z = Indg ’
(8) O(ho) if 7=E

(sup;<,, 0(h;)) +1 otherwise
Definition of ¢y : Z — Z*
(d) € Z* results from d by replacing every occurrence of a symbol Cutc [Ind%?, resp.] by E™Rc [E™Ind%f,
resp.] , with m :=rk(C)=hgt,(v) where v is the position of Cutc [Ind¢] in d.
Definition of ¢ : Z* — Z

LE(h) € Z results from h by deleting all E’s and replacing Ro by Cute.

Proposition
I'((d)) = [(d), deg(y(d)) = 0, o(¢(d)) = O(d).

Example

Assume rk(D) = 1 and rk(VzA),rk(Go),rk(G1) < rk(F) = 3.

dl dy
/\y— c Vk !
dO dl Vz A 0 Jz—-A 1
- TF e Ra,
/\VxA Co VEix—'A C1 RV A I
d= CutGO CutG1 1/J(d) _ Ry
Cutva : 3 b ?
Cutp:1 a E ,
a
Cutp : 0
utp RD
E

O(d) = Oa() = w1 (0a(0) # 0a(1)) =
w1 (w2 (0a(00)#£04(01)) # 0u(1)) =
wi (103(04(000) # 04(001) # 0a(01)) # Oa(1) ).

0(p(d)) = wr (ws (o(dh)+140(ch) # o(d})+1#o(c) # o(b)) # o(a'))

Remark
a) Y ((d)) = d,
b) Vh(deg(h) = 0 & B(h) = d = o(t(d)) < o(h)).

Abbreviation

d>gd~ :<= d~ results from d by a “Gentzen reduction step” in the sense of Theorem 5.4.
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Theorem
If d is a closed Z-derivation with T'(d) = , then tp(¢(d)) = Rep and d =g 1 (1(d) [0]).

Z > 1
R ST

7r—7"

(0]

Proof by example: Assume rk(D) = 1 and rk(VzA),rk(Go),rk(G1) < rk(F) = 3.

d) dy
YV 3
dO dl /\‘:lézA 06 VEIzﬁA cll
— ” R R
3 G G
ANoa 0 Vipa @ : - /
Cut Cut Ryza b
d= L% o (d) = Rr
Cutp a E ,
N a
Cut
utp RD
E
dy dl
do(y/k) cb Vieea & Naa b & &
Ra, Rea, Ra, Ra,
RVzA b RVzA b
RF RF
d)[0] = - -
YD) . :
Ra(k)
E a'
Rp
E
dl do
do(y/k) co \/]Ecix—'A C1 /\\zxA co di ¢
Cut(,v0 CutG1 Cut(,v0 CutG1
ZZJ(T/’(d) [0]) = CUtVzA b CUtVzA b
Cutp Cutp
CutA(k) a
Cutp
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Computation of ¢ (d)[0]:

has we express that tp(h) = Z and h[i] = h; holds for the “corresponding” subderivation h of 1)(d).

By -oeeoeeen
dy dy do(y /) 4 dy(y/i) o &
Aaa ngﬁA gl Avza Co SZﬁA c ~-Ray - Ray.

Ra, Ra, Ra, Ra, Avza fena

o(d) = Ryza v Ryza v Ryza v

Rr Rr Rr
E? a' E? a' E? a'
Rp Rp Rp
E E E
dy dh dy dl
do(y/k) cb Vioa c N o di ¢ dyy/k) b Via & ANa b di 4
Ra, Ra, e Ra, Ra, Ray Ra, Ray
Ryza Rvza Rvza b Rvza v
"""""""" Cutagy by Rp  Rp
E Cutp)
E? a' E? a
Rp Rp
E E
dy d
dy(y/k) b Via e Aaa ¢ di o
Ra, Ra, Rao Ra,
.......................... Rvza o' Ryaza v
Rp Rg Rr Rr
E E E E
Raw Raw)
Rep E a'
E a' Rp
Rp E
E Rep
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§7 Independence Results

Goodstein’s Theorem

Definition von ®§ :w — ¢p fiir 2< b <wund b < a < ¢go
oy (z) = a® @) in 4 4 a® @)y falls z = Zle b¥ en; mit 21 > ... >z und ny,...,ng € {1,...,b—1}.

Sale) = 8212(@) (0> 1, v € w).
GS(a,0) := GS(a, 1) :=a, GS(a,n+ 1) :=85,(GS(a,n))=1 fiir n > 1.
Die Folge (GS(a,n))new (wobei a € w) heifit Goodstein-Folge zu a.

Wir werden zeigen, daf} jede Goodstein-Folge terminiert (d.h. Ya3n.GS(a,n) = 0), und, daf diese Tatsache

nicht in Z beweisbar ist.

Abk.: O, (x) = @Y () (n>1, 7z €w).

Lemma 7.1 Sein > 1.

a) T <y<w = Sp(x) <Sn(y) & On(z) <Onl(y),

b) 00 (#) = Bu415a(2),

)z >0 = O,(r—1) <b,(z).

Beweis durch Induktion nach z:

a) Man zeige: 2<b<a &z <y = O(z) < §(y). Dabei benutze man folgenden Hilfsatz:

Ist E=B% - Jp+ ...+ 8% - Spund n=0" -y +...+ M -y mity>2,&>...>& ,m0 > ... >n und
0 <89,y 0k, Y0, ---, V1 < B3, S0 gilt:

k<l&Vi<k(&=mn; & §; = ;) oder

Ip < min(k,l) mit Vi < p(& =n:i & 6; = i) & [€ < mp oder (&, =1, & §, <np) ]

b) Sei z = Zle(n+1)’“ -n; mit 3 > ... >z und ny, .0 € {1,..,n}.

Es gilt S,(z) = Zle (n+2)5() . n; und nach a) S, (1) > ... > Sp(zp).

Folglich 6,,4+1S,(z) = wint1Sn(@1) L 4 4 fnrSal@) L, E (o) ny+ ... +wh@e) . g = 0, ().

§<77<=>{

c) folgt aus 7.2a,d.

Sei nun a,, := GS(a,n). Dann gilt:
an >0 = Sn(an) >0 = Onir(@nir) = Opst (Snlan) = 1) 2 Onir (Sn(an)) ™2 0 (an).

Definition P,(0):=0, Py(a+1) :=a, P,()) :=Py(\n]).

Lemma 7.2 Sei n > 0.

a)a>0=Pyla) <a,

b) Pp(a+ B) = a+ P,(B), falls NF(a, ),
c) Pp(w®) = Pp(wPn(®) - (n41)), falls a > 0,

d) P ( n(z)) = bn(2=1),
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Beweis:

a),b) klar.

¢) Induktion nach a:

L Pp(w!) = Pp(w? - (n+1)) = Pp(wP(@+D - (nt1)).

2. Py(w?) = Pp(@ M) 2 Py (0Pn O - (1)) = Py (P - (n + 1)).

d) Induktion nach z: Fiir 2 = 0 ist die Behauptung trivial.

Sei also 0 < x = Zle(n+1)’”i -n; mit 1 > ... >z und ng,...,n; € {1,...,n}.

Dann z — 1= Zf;ll (n+1)% - n; + (n+1)% - (ng—1) + (n+1)*~1 . n + ... + (n+1)° - n und folglich
On(z—1) = W) ipy 4 wIn@) . (pp—1) 4wl @D oy 40

W) ny 4w L (g —1) 4 P, (wn(0)) PLta P, (w0 cny 4+ 4w @) ong) = PL(0,(2)).

HS: 2 <2 = P,(w®) =whG=D .4 40O .p

Beweis durch Nebeninduktion nach z:
1. P, (w(©) =P,(1) = 0.

2. 241 < @ P CH)) L PP G (n41)) B P @) (n41)) 2 W) g Pyl ) T
Wi (D) g (=) i 4 (0) gy
e) Sei a; := GS(a,i). Dann Opii(ans1) 2 Opi1(Sn(an)=1) 2 Priibni1Sn(an) 2 Priibnlan) =

Pn+1Pn...P201 (a)

Definition ho(n) :=n, hay1(n) :=ha(n+1), ha(n):= hyp(n).

Lemma 7.3

a) Ho(n) < ha(n+1),

b) a>0 = ha(n) = hp, (0 +1).

c) ho(n) = min{k > n: Pr_1..Py(a) = 0}.

Proof:

a) siehe §6.

b) Induktion nach a:

L.a=p3+41: ha(n) =hgn+1)=hp, (n+1).

2. a € Lim: ho(n) = hop)(n) = hp, (o) (n + 1) = hp, (a)(n + 1).

¢) Fir k = min{i > n: P;_1...Py(a) = 0} gilt offenbar

ha(n) = he,(@)(n+1) = he, P, () +2) =...=hp,_,. P, (a)(k) = ho(k) = k.
Satz 7.4

Z K/ VaIy[ GS(z,y) =0].

Proof

Sei e(0) := 1, e(m + 1) := 2°0™),

Annahme: Z F Vz3y[ GS(z,y) =0].

= ZFVz3y[GS(e(z) + z,y) = 0] L 30 < ge¥mIn < H,(m)[GS(e(m) + m,n) =0] =
= Ip,n[n < H,,(p) & GS(e(p) +p,n) =0]. (p > N(a) mit o < wy; vergl. 6.9c)
GS(e(p)+p,n) =0 = n>2&P,..Py(wp+p) =0,GS(e(p)+p,n) =0 = H,, 1p(1) < hy,1p(2) <n+l =
H,, (p) = Hu,+p(0) < Hy,, 1,(1) < n. Widerspruch.
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The Paris-Harrington Result

(The proof given here is based on M. Loebl and J. Nesettil, An unprovable Ramsey-type Theorem, Report
No 89598-OR, September 1989.)

Abbreviations:

Let k,m,n,r € N (= w),  a cardinal, N a set.

[N :={X C N :card(X) =m}

Let f be a function with dom(f) = [N]™:

X is f-homogeneous <= () # X C N & f][X]™ constant.

N — () & Vf:[N]"™ = r3X (X f-homogeneous & card(X) > k)

N -5 (k)7 & Vf:[N]™ = r3X (X f-homogeneous & card(X) > max{k, min(X)}) (for N CIN)

r

Ramsey Theorem VYm,r € w(w — (w))

r

Finite Ramsey Theorem Vm,r, k € wiN € w(N — (k)7)
PH Vm,r, k€ wIN € w(N - (k)™)
(Proof of the Finite Ramsey Theorem in PA: cf. Hajek, Pudlak Ch.2, Sec.1)

Proof of PH:

Let m,r, k € w be fixed. To prove: An € WV f ~®(f,n)

where ®(f,n) & f:[n]™ = r & VX(X f-hom = card(X) < max{k,min(X)}) .

Assumption: Vn3f ®(f,n).

By Konig’s Lemma there is a function f*[w]™ — r such that

(+) Vn @(f*I[n]™,n) .

By Ramsey’s Theorem there exists an infinite f*-homogeneous set X C w. We choose N < w such that
card(X N N) > max{x, min(X)}. For f := f*[[N]™ we then have f[[X N N]™ = f*I[X N N|™ = constant.
Hence X NN is f-homogeneous and card(X NN) > max{x, min(X)} = max{x, min(X NN)}, i.e.,, =®(f, N).
Contradiction to (+).

[[ Construction of f*: Let ®,, := {f : ®(f,n)} and M(f) := {i:3g € ®;(f C g)}. — Starting with fo := 0 we
define a sequence (fn)new such that fn, € @, & f C fuy1 & card(M(fy)) > w, and we set f* :=J, c,, fa-
Definition of f,41: Let E := {f € ®n41 : fu C f}. Then M(fn) = {n} UU;cp M(f), and E is finite.
This together with Vi > nVf € ®;( f][n+1]™ € ®,,11) implies the existence of an f,41 € E such that
card(M(fas1)) > w]

Theorem 7.5 Vm > IVk(H,,, k) (k+1) < Ry(k)) with Ry (k) := min{N : N —= 2m+k+4)05 .}
Corollary

a) Zm Ve, rAN(N = (k)21 (m > 1)

b) Z /Vm,k,rAN(N - (k)7H1)
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Proof of the Corollary:

a) Assumption: Z,, F Vk,rAN(N - (k)™+1).

Then Zp, bV, rAN(N == 2m+k+4)275 o))

By 6.12 there is an a < wy,+1 such that Vk(R,, (k) < Huo(k)).

Let k € w such that a < wp, (k) and N(a) < k.

Then H,, k) (k+1) 2 Ry (k) < Ho(k) < Hy,, (k) (k). Contradiction.
b) Z FVn,k,r3AN(N = (k)

= Z,, F Vn,k,rAN(N - (k)?t')  for suitable m

= Z,, F Ve, P AN(N - (k)H1).

The rest of this section is spent with the proof of 7.5.

Definition

1. wo(a) := a, Wyt (@) = wom(@)

2. Sel a =w*ny + ... +wng mit t > 0&nq,...,nt >0&a>a; > ... > ay:
r(a) := max{t,n,...,ng, r(ar),...,r(az)}.

Lemma 7.6

a) r(afk]) < max{r(a),k} +1

b) r(a) < n = r(a[n—1]) < n+1

c) r(wm(k)+n) <n+1, falls 1 <m und k < n.

Beweis von ¢): 1. k=0und m = 1: wp(k) +n =w’(n +1).

2. k#0und m = 1: r(wy (k) +n) = max{2,1,n,r(k)} < n+l.

3. m > 1: r(wy (k) +n) = max{2,1,n,r(wn_1(k))} = max{2,n,k} < n+1.

Definition

Sei « = w*ny +...+w*ny mit t > 0&nq,...,n: > 0&a > a; > ... > ay:

Si(a) :==w%n; , Ej(a) := a; , Ki(a) :=n,; fiir i € {1,...,t}

Si(a) :=E;(a) == K;(a) :=0 fiir i € {1,...,t}.

Definition

Fiir a > 8 sei d(«, 8) := min{i : S;(a) > S;(8)} , K(e, B) := Kd(aﬁ)(a) , E(a, B) := Ed(aﬁ)(a).
Lemma 7.7

a>f>y&dle,f) <d(B,7) &K(a, B) <K(B,7) = E(a, §) > E(5,7)-

Beweis:

Fall 1: d(a, 8) = d(B,7) = i. Dann E(a, 8) = Ei(«), E(8,7v) = E;(8) und K;(a) < K;(8). Wegen a < 8 und
Ki(a) < K;(8) muB E;(a) > E;(B) sein.

Fall 2: i = d(e, 8) < d(f,7) = j. Dann E(o, §) = Ei(e) > Ei(8) > E;(8) = E(8,7).

Definition (y : [5]® — {0,1,2})
Fiir 8o > f1 > B2 sei

(:) falls (51, B2) < d(Bo, B1)
X(Bo, B1,B2) == q 1 falls d(Bo, B1) < d(B1, B2) & K(B1, B2) < K(Bo, B1)

2 sonst
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Lemma 7.8

Sei Bg > ...> By mit £ > 2, und sei c € {@, i,ﬁ} mit {x(5, Bit1,Bir2) 11 <L —2} = {c}.
a) c€{0,1} = £<r(Bo)

b) ¢ =2 = E(Bo,B1) > ... > E(Br—1,B)

Beweis: a) Sei d; := d(B;, Bi+1) und k; :== K(By, Bit1) (i < ).

Offenbar ist doy, ko < r(Bp). Ist ¢ = 0,s0dy >dy >...>dp_1 > 1, woraus £ < dy folgt.
Istc=1,s50 ko >k >...> ko1 > 1, woraus £ < ko folgt. — b) folgt aus Lemma 7.7.

Definition (x¥, : [w (k+1)]™! — CE fiir m > 1, k > 0)
L. Fiir @ = wbng + ... + w'np > whnf + ... + w'n}, = B setzen wir x¥ (o, B) := min{i : n} < n;}.

2. Seim >1, wmi1(k+1) > Bo > ... > Bmt1 , 6 := E(Bs, Bix1) , und ¢; := x(Bi, Bit+1, Bit2)-

. N
k o X ((50, ,5m) falls Ch=...=Cmp—-1= 2

Xrni1 (Boy ooy Bms1) 1= { (CZ, ceryCm_1) sonst

(Man beachte, da8 nach L.7.8 wy,,(k+1) > dg > ... > I, fallsco = ... =c¢p1 = 2.

3. CF:=1{0,...,k},Ck :=Ck u{0,1,2}™

Lemma 7.9

Aus 1 <m < L& wp(k+1)> By >...> Be&c € CE folgt:

Vi < l—m(x* (Biy ooy Bizm) =) = £ <1(By) +m.

Beweis durch Induktion nach m:

L m=1:Sei B; =w*nipg+...+wnik. Dann ng. > ... > ng. und somit £ < ng. < r(Bo) < r(Bo) +m.
ILm = m+1: Seil <m&m+1<l&ceCl | &wppi(k+1) > Bo>...> Beund X, 1 (Bis ey Bixms1) = ¢
fiir alle 1 < /—m—1.

FALL 1: c € {0,1,2}™.

Sei ¢; := x(Bi, Bix1, Bir2) (1 < £—2). Fir alle 1 < £—m—2 haben wir dann

(Ciyooey Citm—1) = )(fn+1([3i, ey Bitmt1) = Xﬁl+1(ﬁi+1, vers Bitm+2) = (Cit1, oy Citm ). Das impliziert

Vi < £—m—2(¢; = ¢i41 = ... = Ciym ) und somit ¢y = ... = ¢y_2. Zusammen mit an+1(ﬁ0,---,6m+1) €
{0,1,2}™ folgt daraus co € {0,1} und dann ¢ < r(8) + m + 1 nach Lemma 7.8a.

FALL 2: c€ Ck.

Dann ¢y = ... = ¢;—» = 2. Nach L.7.8b folgt daraus dg > ... > d§;_1. Ferner ¢ = an+1(/8i7 ooy Bidm1) =
X5 (8iy -y i) fiir i < £—1—m. Nach IV folgt daraus £—1 < r(§)+m. Also £ < r(6p)+m~+1 < r(By)+m+1.

Proof of Theorem 7.5:
Let m > 1,k >0, n:=m+k+2, k := m4n+2 = 2m+k+4, r .=k + 5;,,3%, H := H,,, (k) (k+1).
Then the following holds

H<Ry(k) &
Vn < H-(n - (k)71 &
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Vn < H3f(f : [n]™* — r & VX (X f-homogeneous = card(X) < max{x,min(X)}) &

AN > HIf(f : [N]™*! — r & VX (X f-homogeneous = card(X) < max{x, min(X)}) ()

It remains to prove (x).

Sei ap 1= wp (k) + 1, ajr1 := ai[i=(m+1)], N := min{i : @; = 0}. Dann Vi < N(a; > a;y1).

HS 1: Vi < n(r(a;) + m < &) und Vi > n(r(a;) + m < i).

Beweis: i <n = r(a;) + m <r(ag) + m < n+l+m < k.

rla,) + m < k+1+ m < n; und nach L.7.6b gilt: r(a;) + m < i = r(a;+1) = r(oyfi—-m—1]) < i—-m+1 =
rlapr) +m <i+1.

HS2: H < N.

Beweis: n<i< N = Hy,(i—-m—-1)=H,, ,(i+1—-m—1).

Also H=H,, (x)(k+1)=Hy,(n—m—-1)=Hyy(N-m—-1)=N-m—-1<N.

Definition: f: [N]™*Y = v, f({ioy e im <) := X5, (g, ooy i, 3.

Sei X = {ig,...,i¢}< f-homogeneous. Dann ist {aj,,...,a;}> x¥-homogen, und wegen Lemma 7.9 gilt

card(X) =L+1<r(aj,) +m Hgl max{k,ip} = max{k, min(X)}.

¢8 The collapsing function
Abbreviation: Q := Nj.

Definition of C'(c) and 1(a) by recursion on o
C(a) := closure of {0} under +, Az.w®* and € = ¥(€) (€ < a & € € C(€)).
Y(a) :=min{{ : { ¢ C(a)}.

Lemma 8.1

a) a<B=Cla) CCB)&pla) <P(B),
a<B&a€C() P(a) <9(B),

b) ¥(a) <
c) v¥(«) is an additive principal number,
d) ¢(a) = Cla) N,

e) ac€la)e (o) <ylatl).

Proof:
a) The first part is trivial. — Second part: a < 8 & a € C(a) = Y(a) < Y(B) & Y(a) € C(B) = Y(a) <
1(B). The last implication holds, since ¥(8) & C(B).

b) card(C(a)) < Q=3¢ < Q€ ¢ C(a)) = Y(a) <Q
c¢) Assume not. Then ¢(a) = £+ n with £,n < ¢(a), and thus ¢¥(a) = £ +n € C(a). Contradiction.
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d) “C” follows from b).

Proof of “2” by C-induction, i.e. induction on the definition of C(a):

Let v € C(a) N Q. We have to prove v < ¢(a).

1. y=0: 0 < ¢(a), since 0 € C(a).

2. vy =£¢+4nwith &, € C(a): Then &, < 2, and therefore by TH ,n < ¢(a). By c) we get v = {+n < ¢(a).
3. 7 = w?*¢: This cannot be.

4. v =€) with £ < a and £ € C(£): In this case the claim follows by a).
e) “=” follows from a). “<”: a ¢ C(a) = C(a+1) = C(a) = Y(a+1) = Y(a).

Remark ¢ (ap) = ¢(a1) & a; € C(ay) (i =0,1) = ap = ay.

Lemma 8.2

a) Wi, H#Hwih € Cla) & wh, .., w € C(a),

b) £ +n € Cla) =ne Cla).

Proof:

a) Proof of “=” by C-induction. W.l.o.g. dp > ... > J,.

Lowh 4 .+ W =¢+n with £, € C(a):

Then € =np W + ... + W + W8 + ..+ w and § =y W1 4+ ... +w’. By IH we get w®,...,w' € C(a).
2. W 4 . 4w = () or w?E: Then n =1 and the claim is trivial.

b) follows from a).

Lemma 8.3

a) Y(a) =min{d € AP : V¢ < a(f € &) = ¢¥(€) <)}

b) a<ey = YP(a) =w™

Proof:

a) Let dp := min{d € AP : V¢ < a(€ € C(§) = ¢(§) <)}

By 8.1a,c,d we have dp < ¢(a) = C(a) N Q. By C-induction we get C'(a) NQ C do.
b) Induction on a: Let a < £g. Then by TH V¢ < a(¢ < wt = (€)).

Hence () = min{d € AP : V¢ < a(w® <)} = w?.

Inductive definition of the set T of terms

(T1) 0€T.

(T2) ac T& o€ {0,1} = DyaeT (terms of this kind are called principal terms)

(T3) ap,...,an € T (n > 1) principal terms = (ag,..,a,) € T

Notation: We use a, b, ¢ as syntactic variables for elements of T. For principal terms a we set (a) := a. The
empty sequence () is identified with 0.

Definition of a < b for a,b € T

a < b if and only if one of the following cases holds

(1) a=0andb#0

(<2) (a = Dgap & b= D1bg) or (a = Dyag & b= Dyby & ag < bo)
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(<3) a=(ag,....,an) &b=(bo,....,0m) &1 <m+n &
[(n < m & Vi<n(a; = b;) or Ik < min{m,n}(ar < by & Vi<k(a; = b;)]

Lemma 84 a#b = a<borb<a.

Definition of K*a for a € T

1. K*0:=0

2. K*(ag, ..., an) := U;<,, K*a;

3. K*Dia=Ka

4. K*Dya := {a}

Abbreviation: K*a <b & VzeK*a(z < b)

Definition of o(a) € On for a € T

1. 0(0) :=0

2. o((ag, ...,an)) := o(ag) + ... + o(ay)

3. o(Doa) :=(o(a))

4. o(Dya) := wtele)

Remark < is not wellfounded: ... < DgDoQ < Do2 < Q. Hence the mapping a — o(a) cannot be order

preserving.

Inductive definition of the set OT C T

(OT1) 0€ OT.

(OT2) ag,...,an € OT (n > 1) principal terms & ay, < ... <ag = (aog,.,a,) € OT
(OT3) a€ OT = DyaeOT

(OT4) a€ OT & K*a <a = Dga € OT

Theorem 8.5 For a,c € OT the following holds:

a)c<a & o(c) <ola),

b) K*¢ < a & o(c) € C(o(a)).

Proof by induction on the length of ¢:

Due to 8.4 for a) it suffices to prove “=".

l.e=0:a)c<a=a#0=o0(a) #0=o(c) <o(a).

b) K*c = () aand o(c) = 0 € C(o(a)).

2. ¢= D,b:

a) (1) a = (ag, ..., an) with n > 1, ¢ = aop: trivial.

(2) a = (D;b,ay,...,a,) withn >0and [(c =0& r=1)or (6 =7 & b < b)]:

In the first case we have o(c) < Q < o(a). In the second case by IH o(b) < o(b). For o = 7 = 1 this yields
o(c) < o(a). For 0 =7 =0, since ¢ € OT, we have K*b < b and therefore by IH o(b) € C(o(b)). Together
with o(b) < o(b) from this we get o(c) = 1 (0(b)) < ¥(0(b)) = o(Dob) < o(a).
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b) (1) ¢ = Dib: K*¢ =K*b and o(c) € C(o(a)) < o(b) € C(o(a)).

(2) ¢ = Dgb: Then K*c = {b} and K*b < b. By IH the latter yields o(b) € C(o(b)) and then:
K'c<a&b<ad o(b) < o(a) & Y(o(b)) < ¢¥(o(a)) & o(c) = ¥(o(b)) € C(o(a)).

3. ¢=(co, ..y Cm) with m > 1 and a = (ao, ..., a,) with n > 0:

a) (1) m < n & Vi <m(c; = a;): trivial.

(2) k < min(m,n) & Vi < k(c; = a;) & ¢ < ag: Since ¢ € OT, we also have ¢, < ¢p—1 <X ... < ¢;. By ITH
we get o(cp) < o(em—1) < ... < o(ex) < o(ag) and from this o(c) < o(a), since o(ay) € AP.

b) As for a) we get o(¢m) < 0(cm-1) < ... <o(eo) (x).

Hence: K*c < a & K*¢; <a (i =0,...,m) & o(c;) € C(o(a)) (i =0,....,m) & o(c) = o(cp) + ...+ o(cm) €
C(o(a)).

Theorem 8.6

The mapping OT — C(eq+1), a +> o(a) is bijective.

Proof:

1. Obviously C'(eq+1) C eq+1 (+).

a=Dobe OT = be OT & K*b < b2 o(b) € Cleqs1) & o(b) € C(o(b)) @) o(a) = ¢¥(o(b)) € Cleqy1).
2. From 8.4 and 8.5a it follows that o|OT is injective.

3. By C-induction we prove: v € C(eq+1) = Ja € OT(y = o(a)).

3.1. v =0: trivial.

32.vy=&+n ... & =o((aoy..yan)), n = o((bo, ..., b)) with a;,b; € OT and a,, < ... < ag, by < ... 2 bo.
Let by, < ag and aga1, ..., @ < by, Then a := (ag, -.-, ak, bo, ---, byy) € OT and v = o(a).

3.3. v = w0 with 49 € Ceqy1): By IH there is ag € OT with 79 = o(ag). Hence v = o(D;ag) & Diag €
OT.

34. y=19(§) with E < a & £ € Cleqs1) & € € C(€):

By TH we have b € OT with & = o(b). o(b) € C(o(b)) "2 K*b < b= Dyb € OT and v = o(Dob).

Definition OTy:= {a € OT :a < D,0}

Lemma 8.7

a) P(eqs1) = ||[(OTo, <)|| (order type of the wellordering (OTy, <))

b) For each a € OT such that a < Dia we have o(a) =sup{o(b)+1:b€ OT & b < a}.

Proof:

a +— o(a) maps {a € OT : a < D10} order preserving onto C(eq11) N Q = (eqs1). Hence ||(OTy, <)|| =
Y(eqy1) and further (for a € OTy) o(a) = sup{B+1: 8 < o(a)} =sup{o(b)+1:b€ OT & b < D10 & o(b) <
o(a)} = sup{o(b)+1:b€ OT & b < a}.
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89 Ordinal analysis of ID;

Inductive Definitions

Let M be a set and ® : P(M) — P(M) monotone, i.e. VX, Y € P(M)(X CY = &(X) C &(Y)).
Is :=N{X € P(M) : ®(X) C X} is called the inductively defined set given by & .

Lemma 9.1

(1) 2(Ip) = Lo

(2) ?(X)CX = I CX, foreachset X C M.

(Ip is the least ®-closed set and the least fixed point of ®.)

Proof:

(2) trivial.

(1) O (X)X & 1o C X "2 a(1y) C B(X) C X.

Hence ®(Is) C({X e P(M) : (X)) C X} =1

(ii) Let ¥ := ®(Ip). (i) "2 §(Y) C d(Ig) =V &

2 15 CY = 3(Is).
Definition I := ®(I3*), where I3 := {J,_,, 5 (aeOn).
Lemma 9.2

a)f<a = 15 CIg.

D) 15" =Tp = I3 =To = Uscon
c) 36 < card(M)* (1§ =15°).

1.

Beweis:

b) 1. By induction on a we prove I C Ip: IH = I5* C I = I = ®(I5%) C &(Ip) = Io.

2. From ®(I}) = ®(I5°) =1} it follows that I C I§. Hence I§ C U, o, I3 CIo C15.

¢) By a) we have Ig* C I§. — Assumption: I3 7C¢ I3 for all @ < card(M)". Then there is a mapping
fieard(M)T — M with f(a) € I3 \ I3* for all « € card(M)™, ie. f injective. Contradiction.

Definition For b € Is let |b|¢ := min{a:b € I§}.

Corollary. For b € Ig the following holds:

a)bel o ble <a, belzg® & |ble <a

b) |ble = sup{|cle + 1:c € Iz}

Proof of b)“<”: Let o := righthandside. Then I;‘blq’ C I3 and thus Igld’ CIg. Hence b € I3, i.e. [bla < a.

Definition
If < is a binary relation on M, and ®(X) = {a € M :Vb=<a(b € X)} (X € P(M)), then
Ace(<) = Ace(M,<) =1 (= U{X C M :Va € M(Vb<a(be X)=ac X)}).

Lemma 9.3
a) a € Acc(<) <= Vb=<a(be Acc(<)) (a e M)
b) |ale = sup{|ble +1:b<a} (a € Acc(<))

¢) <|ace(<) is wellfounded
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d) S C M & VaeSVb<a(b € S) & <|s wellfounded = S C Acc(<)

e) < wellfounded = M = Acc(<)

Proof:

a) follows from 9.1(1).

b) lale <a & a€ ®(A5*) ={ce€ M :Vb<c(beI3*)} & Vb<a(bels®) & Vb=<a(|bls < @)}
lale = min{a : |a|e < a} = min{a : Vb<a(]ble < a)} =sup{|ble +1:b < a}.

c) b<a€Acc(<) = |ble < |als.

d) By induction over <|S we prove: a € S = a € Acc(<).

a €S = Vb<a(beS) X Vb=<a(b € Acc(<)) = a € Acc(=).

e) trivial.

Example

O(X,z) :==2=0V (ma=1A Xmx) V (maz=2 AVyIz({mz}(y) ~ z A Xz2))

Lemma 9.4

0o =0, |7(l,a)lo =lalo +1, |7(2,e)|lo =sup{|[{e}(n)|o +1:n € IN}

Lemma 9.5

Let b<a & a=mn(l,b)V (ma=2ATy({ma}(y) ~b)).

Then O C Acc(<) and Va € O(lalo = lal<).

Proof:

1. a=0: 0 € Acc, since {c: ¢ < 0}. |0|]<x =0 =0|p.

2. a=7n(1,ap) and ap € O: IH = ay € Acc & |ag|lo = |ao|< = [since {c¢:c < a} = {ag}]
a € Acc & |a|l< =|ao|<+1=laolo +1 =|a|o.

3. a=m(2e) &Vy({e}(y) € 0): TH = Vy({e}(y) € Acc) & Vy({e}()lo = {e}()l<) =
[since {¢: ¢ <a} ={{e}(y) :y € N}] [a|< =sup{[{e}|<+1:n €N} =sup{|[{e}lo +1:n € N} = |a|o.

The formal theory ID;

A positive operator form is an Lo(X)-formula A, such that
- FV(A) € {wo},
— A contains no set variable except Xj,

— Xo occurs only positively in A.

Notation: A(F,t) denotes the result of replacing in A, (t) every subformula Xos by F(s).
Pu(X):={neIN:NNE AX,n)}, (X CIN). &4 is monotone.

Abbreviation: We write La, I%, [n]4,.... for Ip o, Ig ,, [n]a 4, -

L(IDy) := Lo(X) U {P4 : A positive operator form } where the P4’s are new unary predicate symbols.

The axioms of ID; are the axioms of Z in the language £(ID;), and

(ID1) Vaz(A(P4,z) = Pax),

(ID2) for each £(ID;)-formula F' the universal closure of
Ve(A(F,z) — F(z)) = Ve(Pax — F(z)).
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Lemma 9.6
IDy F Va(Pax — A(Py,z)).
Proof: Let F(z) := A(Py,x).
(ID1) = Vz(F(x) > Paz) = Vz(A(F,z) - A(P4,z)) = Ve(Paz — F(x)).
—_——
F(z)
Question: IDy F Pan = |n|4 <777
Remark: Let A(X,z) = Vy<aXy.
Then Prog(X) = Vz(A(X,z) — Xz). Hence ID; - Prog(P4).
ID, F TI,(X,n) => ID; F Pun.

Proof: ID; F TIL(X,n) = TIi(Pa,n) = ID; F Vy<nP4 = ID; F Pyn.

The language L*

For each positive operator form A and each ordinal a < Q let Pjo‘ be a new unary predicate symbol.
L* = Lo(X)U{P;*: a < Q, A positive operator form }

We assume that P35 equals P4. Hence £(ID;) C £*.

Definition of rk(A4) for each £*-formula A

1. rk(P<%t) :=rk(=P<%) :==w -«

2. rk(A) := 0, if A is an Lo(X)-literal

3. tk(A A B) :=1k(A V B) = max{rk(4),rk(B)} + 1
4. rk(VzA) :=rk(IzA) :=rk(4)+1

Definition of kg (A4) for each £*-formula A

1. kp(P<et) := {0}, kn(=P<%t) := {0, a}.

2. ki(A) := {0}, if A is an Lo(X)-literal.

3. kn(AA B) :=kn(AV B) := kp(4) Ukn(B).

4. kn(VzA) :=kn(FzA) := kn(4).

Definition

ks (A4) := kp(—A4) and k(A) := kn(A) Uks(A). (Hence k(A) = k(—-A).)
k(t):=0forteT, k(&) :={£} for & € On.

Now we ‘embed’ £* into infinitary propositional logic:

Definition

Pjat = VE<QA(Pj5’t) ’ _'Pjat = /\g<a_'A(Pj57t) ’

ANANB ~ /\LG{Q,l}AL , AVB~ vLG{Q,l}A“ where Ay := A, A, := B,
VoA ~ N\, cpAe(t), oAV, pA(t)

Lemma 9.7
a) A~xc5A, = kn(A,) Ckn(A) Uk(t),
b) A~ A\, ;A = Jo € kn(A)Ve € J[k(t) Co].
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c) tk(A) = w - a + n with a = max(k(4)) and n < w.
d) rk(A) =Q = A= Pyt or A=-Pyt.

The infinitary proof system ID{®

The language of ID° is L£*.

The inference symbols of ID{° are

(Ax) A if A e AX(Z%)

(Aa) AA—(LEJ) if A~ A, A,

(V) % if A\, A, and p e J
(Cutc) ¢ 0_'0

(Rep) %

(Clpar) S

Definition of k(Z) for each ID{°-inference 7

k(AxX) := k(Rep) := 0 , k(A ) := k(Cuta) := k(Cl4) := k(A) , k(V’}) := k().

Inductive Definition of ID{°-derivations

If 7 is an inference symbol of ID}”, « is an ordinal, and (d,),c|z| is a family of ID{°-derivations such that
coad, ...

o(d,) < afor all v € |Z], then d:=aZ(d,),ez = T‘LI is an ID{°-derivation with o(d) := a.

The cut-elimination operators R¢ and £ are assumed to be adapted to this modified notion of derivation

where for £ we use w?+? instead of 3% (cf. proofs of 9.8 and 9.9).

Definition

A set H C On is called nice iff {0,1} C H and H is closed under #, \¢.w-&, A wTe.
H:={1:k(1) C H}.

Convention: In the following H is used as syntactical variable for nice sets.

Remark: Every C(y) with v > w is nice.

Definition

Let d = aZ(d,),er: d<H (dis H-controlled) iff k(Z) U {a} C H and Vo € I N H(d, <« H).

Theorem 9.8
dy<H & di<H & I‘k(C);éQ — Rc(do,dl)dH.

Proof:
Abbr.: a:=o(dy), 8 := o(dy).
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(Case 1) C' is not main formula of Z := last(dp):

We have R¢(do,di) = (a#B8)I(Re(do., dv))ier where dy = oZ(dp,).cr-

Since do < H, we also have k(Z) U{a} C H and dp, < H for all L € I N H.

From this (together with 5 € H) we get k(Z) U {a#8} C H, and (by TH) R¢(do,,di) < H for all L€ TN H,
i.e. Ro(do, dl) <H.

(Case 2) C' ~\/,;C, is main formula of last(dy), and =C' ~ A, ;=C, is main formula of last(d; ):

Then last(d;) = A_o, and, since rk(C) # Q, last(dp) = /%,

Hence R¢(do,d1) = (a#8)Cute, Re(doo, di)Re(do, diy), where do = a\/¢doo and dy = BA_(d1,).es-
We have k(C},) U {a, 8} C k(p) Uk(C) U {a,B} C H, doo < H, and di, < H (since k(p) C H).

From «,8 € H we get a#f € H. By IH we get Rc(doo,d1) < H and Re(dp,diy,) < H. Together with
k(Cyp) U {a#pB} C H this yields Re(do,dr) < H.

Theorem 9.9
a)dFe T & p#Q = @) F" T,
b)d<H = &(d)< H.

Proof of b):

(Case 1) d = aCutcdod; with rk(C) # Q.

Then a € H , dy,dy < H and £(d) = w?t*RepR¢ (E(dp), E(dy)).

By IH £(dy),E(d1) < H, and therefore by 9.8 R (E(dg),E(d1)) < H.
From a € H we get w?t® € H and thus £(d) <« H.

(Case 2) otherwise: Then d = aZ(d,),cr and £(d) = w**T(£(d,)).cr-
daH = k(I)U{a}CH&d aHforieINH &

k(Z)U{w*} CH&E(d)aH for ve INH = £(d) < H.

Definition

For each £(IDq)-formula B let Bla, 5] denote the result of replacing in B every negative occurrence of Py
by P3®, and every positive occurrence of P4 by Pjﬁ .

I'a, ] == {Bla,f] : B€ T}

E{4:,..,4,} 1< A V..V A, is true in the standard interpretation where the set variables may be

interpreted arbitrarily.
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Definition Let H be a collection of nice sets:

d<o* M & VHeMH(d<H), H[]:={HecH k() CH}.

Lemma 9.10

Let d = aZ(d,)er: d<*H & k(Z)U{a} CNOH & Vi€ I(d, <* H[1]).
Proof:

d<*H &

VH e H(d< H) &

VH e Hk(Z)U{a} CH &Y€ INH(d, <H)) &

k(Z)U{a} CONH &Y€ IVH € H(k(t) CH = d, <H) &

k(Z)U{a} CNH &V eI(d, <* {H€H:k(t) CH}).

Abbreviation: H., := {C(£) : € > v}. — Note that (\H, = C(7), and H,[1] = H if k() C C(7).
Theorem 9.11
drg T & w<yeC(y) &daH, = ETy,¥(y+wt)]

Proof:
do dy
I |
]_d: F,Pt:ao F,_hPtCOél : Let'}/() ::7+WQ+CMO,71 ::’}/0+w
(Cutpy)
I':a

d<* H’Y = dg,d1 <* Hy = d() <* 7‘[7 & d1 <* H’YO' do <* Hy = Qp € O("}/) = Y € C("}/())
IH = T, Pt[{y,¢y] and |= T, =Pt [y0,9pm] (and v <70 <m <79)

= E T[yy,¢3], P<V7t and | Ty, 93], ~P<Vt = |= Ty, ¥

Q+oz1, ;}'/ = + wQJroz_

For the rest of this proof we set 7, := v + w?*t® and 7 := v 4+ w2,
( do dy
| I
2.d= TA:ap TI,-A:a Withrk(A)<Q:
! ! (Cuta)
L I':«a
IH = |= [y, ¢0], A and =Ty, ¥m],~A = | Ty, 9]
r dO
|
3.d= :
I, A(P,t) :
LAPY a0 |
L '«

do<*Hy = ap € C(7) = 7 € C(n) = ¢y <Yy (¥) .

TH = = (¢, ¥0], APV, 8) L3 = D[y, 3], P<¥3t (= D[y, 93] , since Pt € T).
de
|

4. d = LT mAPE ) . (€ < Q) : Note that {£ € Q: k() CC(y)} =¢(y).

(A=pt)
I':«a
da* My = VE <y (de o Hyl€] = Hy) = VE <y Ty, 03] ~AP<E ) =
= Ty, 93], ~P<" (= L[y, 93] , since ~Pt € T).
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de
| .
5. d= LT mA(P<Et) ag...(€ < 0) with § < Q:
F (/\“P<5t)
e

da" Hey = VE € 5NP(7)(dg <" Hy[] = M) & {8} = k(A-pes) SCMINQ=(y) = (V€< Ddg<*H, B

(V€ < 0) | Ty, 7], ~A(P<S, 1) = | D[y, ¢7], ~P<’t.

do
|
6. d= FA(P<u t):ao With/l<§§ﬂ:
) ) (V“-

P<5t)

I':«a
d<* M, = do<* H, B Tley, 3], A(P<E,1).

It remains to prove (6 = Q = p < ¢YFy): d<*H, = {p} CC(y) = peCH)NQ=1y(y) <Pj.

Embedding of ID; into IDT®

Definition

Hr :=={C(7) : k(T') CC(7) & v > w},

diFg T 1< dF) T & d<* Hr,

IDFPIFST 1 <= dIFy T for some ID{°-derivation d

Remark: A €T = rk(A) €e NHr

Lemma 9.12 For a € (\Hr :

a) A~ N\, A, €T & Vi€ JODF K2 T, 4, & a, <a) = IDP 2 T.

b) A~V ;A €T &IDP IR T A, & ao <a&peJ&kip) CNHr = IDT°IFST.

¢) IDT? IR T, A & IDY° IF0 T A & ag, o0 < a & k(A) CHr = DT IF)T

Proof:

We have k(I') U {a} C N Hr.

a) Assume Vi € J(d, IF5« T', A,), and let d := a/ 4(d.).e-

Then k(A ,) = k(A4) Ck(T), and it remains to prove d, <* Hr[¢]:

d, b0 T, A, = d, <" Hpoa, D d, < Hell]. (0): K(T, 4,) C k(T) U k().

b) Assume dy IF5° T, A, and let d := a\/*do. Then k(\/%) = k() C | Hr, and it remains to prove do <* Hr:
k(A,) C k(D) UK(u) C (VHr = Hr =Hroa,. doF30 T A, = do<* Hra,.

c) Assume dy Il—“0 I'A, dy H—“1 I',—A, and let d := aCut sdpd;. It remains to prove d; <* Hr:
k(A) CNHr = Hr =Hr(ya- diIF5i T, ()A = di <" Hp (-)a.

Lemma 9.13
to,t1 € T & val(to) = val(t;) & FV(4) C {z} = IDF® 2™ ~4(z/to), A(z/t1).
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Proof by induction on rk(A):
1. A= (—)Xtor (=)(r=s): trivial.
2. A~V ;A Then A(z/t;) ~\, ;A (2/t:).

LeJ
TH = ID® F2™A) —4, (), A, (t) (Ve e )
AL poo | 2rKADET L g 0y At) (Ve € )
9.12,(*2)

=7 D5 R S A(tg), A(ty)
(#1) k(1) U{2tk(A,)+1} C NV Hon, 1), A1) » (x¥2) 27k(A) € M Ho ko), At1) -

Lemma 9.14

PLIF; T&FV(D) =0 = ID{® IFTF T

Proof:

1.1. {=A, A} CT with A = Xt or A = (s=t): Then T € AX(Z*).

1.2. {=Pt,Pt} C T The claim follows from 9.13.

2. VzA €T, k>0and PL1F T, A, (y):

Then PL1 F:7' T, A, (¢) for all t € T, and by TH ID{® IF3T*=1 T, A, (t) for all t € T.
By 9.12 this implies ID{° IF¥** T since VzA ~ NierAa(t).

3.3zA €T, k>0and PL1F' T, 4,(t): wlog teT.

[H= IDX KL T4, (1) "P2W=0 oo 24k 1

Lemma 9.15
IfFV(VzF) =0, ¢t € T, and § = 2-7k(F) then
IDS° K22 LR (0), ~Va(F(z) — F(Sz)), F(t).
Proof by induction on n:

1. val(t) = 0: By 9.13 IDX° I8 —F(0), F(t).

2. val(t) = n+1: Let G := -Vz(F(z) — F(Sz)).
H = It = F(0),G, F(n)

= 204 SR (0),G, F(n) A =F(Sn), F(t) 57 172040 S p(0), @, (1),
9.13 = IFy —F(Sn), F(t)

Lemma 9.16

If B(X) is an X-positive £;-formula then for all a < Q:

ID® I+ Vz(A(F,z) — F(z)), ~B(P<®),B(F) , where § := 2-rk(F) and o/ := 2-tk(B(P<%)) + 2.
Proof by induction on rk(B(P<%)): Let G := -Vz(A(F,z) = F(z)) [= Jz(A(F,z) A =F(x))].

1. B(X) = Xt: Then o' =2wa+ 2 =wa + 2.

IH = K T8T™ @ = A(P<€,t), A(F,t) for all £ <

= IFtY> G, ~P<et, A(F,t)

= R twotl G, ~P<ot, A(F,t) A—F(t),F(t) [since IF) ~F(t), F(t) ]

= [Ftwot? G ~P<ot F(t).

2. B Ly-literal: 9.13.
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3. B =VYyBo(X,y): Then rk(B(P<%)) = 8o + 1 mit By := rk(Bo(P<,y)).
IH = K792 G =By (P<*,t), By(F,t) forallteT

— 9725008 @ 3y—By(P<*,y), By(F,t) forallte T

= ||-g+2(6°+1)+2 G, —VyBo(P<%,y),VyBo(F,y).

Lemma 9.17
a) ID{° IFH Vo (A(Pg, ) — Pax),
b) IDS® 124 VgV (A(F (-, ), ) — F(x, 7)) = Yo(Paz — F(z,7))].
Proof:
a) 9.13 = K2k o A(P,t), A(P,t) [with Q + ko = 2tk(A(P,2))] ‘S8 1 2+ko+l S A(P4), Pt (VteT) =
TRt v (A(P, 2) — Prx).
b) 9.16 = T2 VY (A(F(-,5),2) — F(z,5)),~Pt,F(t,5) forall t,5 € T [§:= 2rk(F) < Q+ w ]
= F2H <V (A(F (-, 5),2) = F(z,5)),Vz(Pz — F(x,5)) forall € T.

Lemma 9.18 If A is an axiom of ID; then ID{® [F2F A,

Proof by means of 9.13, 9.15, 9.17.

Theorem 9.19 ID; - Pyn = |n|a < ¥(eqi1).

Proof:

Assume IDy F Pn. Then there are ID;-axioms Ay, ..., 4; such that PL1 kg —A¢,...,mA4;, Pn.
IF22 =Ay,...,~A;, Pn [ by 9.14] and IF$2F% 4; (i=1,..,1) [ by 9.18]

L2028 Pn with Q4m = max{Q,rk(A4;), ...,tk(4;)} [note that k(4;) C {0,0}]
24 Ik Pn with a € Ceqq1) Neayr

22 P<Pn with f:= d(w + w??) < Pleas).
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APPENDIX to §4

Remark: Theorem 4.16 follows from 4.19 b).

Zu zeigen: Z - VYhVY(n;)i<y,k(h[nol[n4]...[nx] = 0) =
ZEVeAlyX(z,y) = Iz, 20, 21 (X (x, 20) A X(x+1,21) A 21 <1 20)

VhVY(n;)i<w3k(h[no][n1]...[nx] = 0) =
V(hi)icw[Vilhiz1 <1 ki V hiz1 = h; =0
V(hi)icwIk=(hrtr <1 hg).

Ann.: VE(hgy1 <1 hi). Dann existiert ein k& mit by, = 0 und folglich hgi1 £1 hg).

) = h(hy, = 0)] =

ad Lemma 4.17

H:”:

FVz3lyGa(z,y),

F WF4(G,) — 3, 20, 21(Ga(x, 20) A Ga(xz+1,21) A (21 4 20))

F Prog (X) & a € X — Vx, 29,21 (Go(2,20) N Go(x+1,21) = 21 < 20)

F WF,(G,) AProg (X)Aag X — L.

AN-B,A— BFBA-B

ll;”:

Assume Vz3y X (z,y). By <-induction on z we prove dz X (z, z) — 3z, 2o, 21 (X (z, 20)AX (z+1, 21)A—(21 42p)).

So let X (z,z). Then there exists z; such that X(zo+1,2). If =(z; < 2) we are done. If z; <z the claim

follows from the IH.

APPENDIX to §8

Def.: \z.&, := ordering function of {0} U {3 : w® = 3}

Hence ép =0 and €144 = €4-

Def.: T':={a:a € C(a)}

Def.: sup™ X :=min{d € AP :Vé € X(£ <)}

Lemma A.1 a < ¢(0) & B < éay1 = Qa+B €T & p(Q-a+p) = w=ti.

Proof by induction on Q-a+43:

La=8=0 ¢0)=1=w=w=tF

2. 0< p:

By IH Vp < B(Q-a+n € T & 9(Q-a+n) = w*=*"). Hence 9(Q-a+8) =

supt{¥(¢) : ( € T & ¢ < Qa+B} = sup™ {(Qa+n) : 1 < B} =sup™{w* T : 7 < B} = w5,
3. 8=0& a € Lim:

By IH V¢ < a(Q-€ € T & ¢(Q-€) = w’). Hence

B(0a) = sup* (B(0) 1 € € T & € < Q) = supt{(06) : € < o} = sup* {w : € < ) = o

62



4. B=0& a = ap+1: Let v :=w’=, ie., v=~Eqp11-

By IH Vn < y(Q-ap+n € T' & ¢(Qao+n) = w =) and thus ¢(Q-ao+y) = sup™{1(Qao+n) : 9 < 7} =
supt{w ot i <y} = Wt = 4.

HS:v<n<Q = Qap+n & C(Qap+y).

Proof: Q-ap+n € C(Qag+y) &n<Q = n€ C(Qapt+y)NQ =h(Qast+y) =7.

P(a) = P(QaptQ) T P(Qagty) = 7 = w.

Theorem A.2
a < pnt2(0) & B < pnyi(atl) = P(Q"(1+a) + Q"8) = pu(pnti(a) + B).

Corollary (Q"!) = ,41(0).

Let v € On and Q :=¢,,.

Definition of C'(«) and v)(«) by recursion on «
C(a) := closure of {0} under +, Az.w®® and ¢ = (&) (€ < a & € € C(€)).
Y(a) :==min{¢: { ¢ C(a)}.
Lemma A.3
a) a <f=Cla) CCB) &p(a) <Y(B),
a<f&ael(a)=yla) <p(p),
b) () is an additive principal number,
c) ap <a&V{(lap <{<a= ¢ Cla)) = Clag) = C(a) & ¢(an) = ¢(a).
Proof:
a) The first part is trivial. — Second part: a < 8 & a € C(a) = ¥(a) < Y(B) & P(a) € C(B) =
¥(a) < (B). The last implication holds, since ¢¥/(5) & C(5).
b) Assume not. Then ¢(a) = £ +n with &, < ¥(«a), and thus ¥(a) = £ +n € C(a). Contradiction.

c¢) By definition C(ap) is closed under 1|ag. From the premise it follows, that C(«p) is even closed under
Y|a. Hence C(a) C C(ap), since C(a) is the least set closed under |a (‘and 0, +, Az.w?+7).

a) a<eg &a<) = ¢Pla) <w®.

b) C(eo) N C &p.

c)eo <a<Q = Ca) = Cl(e).

d) P(@) < ea-

e) < pa(ry) = C(a) C p2(1p), for each a € On.

Proof:

a) Induction on a: Let a < &g & a < Q. By IH V¢ < a(1(€) < w® < w?). Hence C(a) NQ C w®.
Since w® < Q, this implies w® ¢ C(a), and therefore (o) < w®.
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b) By a) V& < o(¥(€) < &o). This yields the claim.

c) Let eg <@ < Q: By b) Vé(ep <& <a= & & C(eo)). Hence C(a) = C(gp) by A.3c.

d) By IH V€ < a((€) < e¢ < ea) (%)

Case 1: a <¢eg: By a) ¢(a) <w® < &.

Case 2: Q < g4: Then C(a) C g4 and thus ¢(a) < e,.

Case 3: eg < a & ey <Q: Then gg < a < Q and g9 < Q. Hence ¢(a) ) ¥ (go) ag) W < gq.

e) @2(vo) > N is closed under +, Az.w*?, and [ by d) ] also under ¢. This yields the claim.

64



