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x1 The Tait 
al
ulus PL1 for 
lassi
al 1st-order predi
ate logi
 without equalityFormal language of PL1Basi
 symbols:1. Variables v0; v1; v2::: (denoted by x; y; z; x1; :::)2. :, ^, _, 8, 9Let L be some �xed (
ountable) language, i.e. set of fun
tion and predi
ate symbols where ea
h symbolp 2 L has a 
ertain arity #(p) 2 IN.From now on all synta
ti
 notions su
h as terms, formulas, sequents,.... are de�ned with respe
t to L.Indu
tive de�nition of terms1. Every variable is a term.2. If f is an n-ary fun
tion symbol (n � 0) and t1; :::; tn are terms then the string ft1:::tn is a term.Abbreviation: Vars := set of all variables; T := set of all terms t.An atomi
 formula is an expression pt1:::tn where p is an n-ary predi
ate symbol and t1; :::; tn are terms.An expression of the form A or :A, where A is an atomi
 formula, is 
alled a (positive or negative) literal.Indu
tive de�nition of formulas1. Every literal is a formula.2. If A;B are formulas then also ^AB and _AB are formulas.3. If A is a formula then 8xA and 9xA are formulas.As usual we write A ^ B; A _B for ^AB; _AB.Synta
ti
 variables:r; s; t for terms; A;B;C;D; F;G for formulas; � for ^, _; Q for 8, 9.De�nition of the negation neg(A) of a formula A1. If A is atomi
 then neg(A) := :A and neg(:A) := A.2. neg(A ^ B) := neg(A) _ neg(B), neg(A _ B) := neg(A) ^ neg(B).3. neg(8xA) := 9x neg(A), neg(9xA) := 8x neg(A).Corollary. neg(A) is a formula, and neg(neg(A)) = A.Notation.(i) From now on we write :A for neg(A).(ii) A1 ! :::! An ! B := :A1 _ (:A2 _ (::: _ (:An _B):::)).For ea
h expression (i.e. term or formula) E we de�ne the set FV(E) of its free variables in the usual way.If X is a set of terms and/or formulas then FV(X ) := SfFV(E) : E 2 Xg.Formulas A;A0 whi
h di�er only in the names of their bound variables will be identi�ed. This is sometimesexpressed by saying that A and A0 are �-equivalent.A substitution is a mapping � : Vars! T with dom(�) := fx 2 Vars : �(x) 6= xg �nite.The updates �ty of � are de�ned by �ty(x) := � t if x = y�(x) otherwise .1



(x1=t1; :::; xn=tn) denotes the substituion � with �(x) = n ti if x = xi with 1 � i � nx otherwise .If � = (x1=t1; :::; xn=tn) and E is an expression then E� denotes the result of simultaneously substituting theterms t1; : : : ; tn for the variables x1; : : : ; xn respe
tively. In using the substitution notation we shall ta
itlyassume that a suitable renaming of bound variables is 
arried out, so that whenever xi o

urs free in therange of a quanti�er Qy then y 62 FV(ti). In xXXX we will give a thorough treatment of these things.We also write Ex1;:::;xn(t1; :::; tn) instead of E(x1=t1; :::; xn=tn).Lo
ally we shall adopt the following 
onvention. In an argument, on
e a formula has been introdu
ed asA(x), i.e. A with a designated free variable x, we write A(t) for Ax(t), and similarly with more variables.De�nition of rk(A)1. rk(A) := 0, if A is a literal.2. rk(A �B) := maxfrk(A); rk(B)g+ 1.3. rk(QxA) := rk(A) + 1.Corollary. rk(:A) = rk(A) = rk(A�).We shall derive �nite sets of formulas (so-
alled sequents), denoted by �;�; :::. The intended meaning of �is the disjun
tion of all formulas in �. We use the notation A;�;� for fAg [ � [�, et
.An inferen
e is a a �nite tupel of sequents (�0; :::;�n�1;�) written as �0 : : : �n�1� .If n = 0 the inferen
e (as well as the sequent �) is 
alled an axiom.A rule R is an inferen
e s
heme like, e.g., �; A �; B�; A ^B . A single instan
e of a rule R is 
alled an R-inferen
e.We also think of a rule R as the set of all its instan
es, i.e., the set of all R-inferen
es.The rules of the system PL1 are(LogAx) �; A;:A if A atomi
 (logi
al axioms)(^) �; A0 �; A1�; A0 ^ A1 (_) �; Ak�; A0 _A1 (k 2 f0; 1g)(8) �; A�;8xA if x 62 FV(�) (9) �; Ax(t)�; 9xA(Cut) �; C �;:C�The prin
ipal formulas in (LogAx) are A and :A. In (^), (_), (8), (9) the prin
ipal formula is A^B, A_B,8xA and 9xA, respe
tively. (Cut) has no prin
ipal formula. The C in (Cut) is 
alled a 
ut-formula. Thedisplayed formulas in the premiss of an inferen
e are 
alled its minor formulas. For example, (^) withprin
iple formula A^B has the minor formulas A, B. The variable x in (8) is 
alled the eigenvariable of therespe
tive inferen
e. Due to our 
onvention on identifying �-equivalent formulas we have 8xA = 8yAx(y) ify 62 FV(8xA). Hen
e, if y 62 FV(�;8xA) then also �; Ax(y)�;8xA is a 
orre
t 8-inferen
e.Note that if ��; A is an (_)-, (8)-, or (9)-inferen
e with prin
ipal formula A and minor formula A0, then wedo not ne
essarily have � = �; A0; but we only know � = �0; A0 with �0; A = �; A. Similarly for (^).2



De�nition.A derivation is a tree of sequents generated from the above axioms and rules.The sequent at the root of a derivation d is 
alled its endsequent.d is 
alled a derivation of � if � is its endsequent.Examples:Rft;:Rft (_):Rfft _ Rft;:Rft (_):Rfft _ Rft;:Rft _ Rt (9)9x(:Rfx _ Rx);:Rft _ Rt (9)9x(:Rfx _ Rx) :Rxy;Rxy (9)9y:Rxy;Rxy (9)9y:Rxy; 9xRxy (8)8x9y:Rxy; 9xRxy (8)8x9y:Rxy;8y9xRxy G;:F0; F0 F1;:F1 (^)G;:F0; F1; F0 ^ :F1 (9)G;:F0; F1 F2;:F2 (^)G;:F0; F2; F1 ^ :F2 (9)G;:F0; F2In the third example we have used the following abbreviations: G := 9x(F (x) ^ :F (Sx)), i.e. G =:8x(F (x)! F (Sx)). F0 := F (0), F1 := F (S 0), et
.A
tually this not a 
ompletely 
orre
t PL1-derivation, sin
e it 
ontains ^-inferen
es �0; A �1; B�0;�1; A ^B with�0 6= �1. But in an obvious way it 
an be taken as a shorthand for the following PL1-derivation:G;:F0; F2; F1; F0 G;:F0; F2; F1:F1 (^)G;:F0; F2; F1; F0 ^ :F1 (9)G;:F0; F2; F1 G;:F0; F2; F1;:F2 (^)G;:F0; F2; F1 ^ :F2 (9)G;:F0; F2De�nition.The 
ut-rank of a derivation d is 
rk(d) := supfrk(C)+1 : C 
ut-formula of dg.d is 
alled 
utfree if 
rk(d) = 0.The height hgt(d) of a derivation d is de�ned re
ursively byhgt(d) := supi<n(hgt(di)+1) where d0; :::; dn�1 are the immediate subderivations of d (0 � n � 2).The last (bottommost) inferen
e of d is denoted by last(d).Abbreviations.d `km � :() d is a derivation of � with hgt(d) � k and 
rk(d) � m;PL1 `km � :() d `km � for some PL1-derivation d.For any inferen
e I we set Eig(I) = � fxg if I has the eigenvariable x; if I has no eigenvariable .De�nitionA rule R is 
losed under substitution i� the following holds for every R-inferen
e I = �0 : : :�n�1� :If � is a substitution su
h that (Eig(I) = fxg ) x� 2 Var n FV(��)), thenI� := �0� : : :�n�1��� is an R-inferen
e too.Lemma 1.0. The rules of PL1 are 
losed under substitution. Proof: 
f. .....3



Lemma 1.1. (Substitution)PL1 `km � =) PL1 `km ��.Proof by indu
tion on k:Let d `km �.1. Assume that last(d) is a 8-inferen
e. Then k > 0 and � = �0;8xA with `k�1m �0; A and x 62 FV(�):Choose y 62 FV(��) and let ~� := �yx.I.H. ) `k�1m �0~�; A~� L:1:0) `km �~�. From x 62 FV(�) it follows that �~� = ��.2. In all other 
ases the 
laim follows immediately from the I.H. and L.1.0.Lemma 1.2. (Weakening)PL1 `km � & � � �0 =) PL1 `km �0.Proof by indu
tion on k:1. Assume k > 0 and � = �0;8xA with `k�1m �0; A and x 62 FV(�0):Choose y 62 FV(�0). `k�1m �0; A L:1:1) `k�1m �0; Ax(y) I:H:) `k�1m �0; Ax(y) (8)) `km �0.For the last step note that 8xA 2 �0 and y 62 FV(�0).2. In all other 
ases the 
laim follows immediately from the I.H. (Note that if � � �0 and :::�i:::� is aninferen
e (LogAx), (^), (_), (9) or (Cut) then :::�0;�i:::�0 is an inferen
e of the same kind. )Corollary.PL1 `km � i� one of the following 
ases holds(LogAx) fA;:Ag � � for some atomi
 A,(^) A0^A1 2 � and PL1 `k�1m �; Ai for ea
h i 2 f0; 1g,(_) A0_A1 2 � and PL1 `k�1m �; Ai for some i 2 f0; 1g,(8) 8xA 2 � and PL1 `k�1m �; A with x 62 FV(�),(9) 9xA 2 � and PL1 `k�1m �; Ax(t),(Cut) PL1 `k�1m �; C & PL1 `k�1m �;:C with rk(C) < m.In all 
ases ex
ept (LogAx) it is ta
itly assumed that k > 0.Lemma 1.3. (Inversion)(a) PL1 `km �;8xA =) PL1 `km �; Ax(t);(b) PL1 `km �; A0 ^ A1 =) PL1 `km �; Ai for i = 0; 1;(
) PL1 `km �; A _ B =) PL1 `km �; A;B.Proof of (a) by indu
tion on k:1. Assume that 8xA is prin
ipal part of the last inferen
e of the given derivation.Then this has to be a 8-inferen
e, and we have `k�1m �;8xA;A with x 62 FV(�).By L.1.1 we obtain `k�1m �;8xA;Ax(t), and then, by I.H., `k�1m �; Ax(t).2. `k�1m �;8xA;B with 8yB 2 � and y 62 FV(�;8xA): Let z 62 FV(�; Ax(t)).`k�1m �;8xA;B L:1:1=) `k�1m �;8xA;By(z) I:H:=) `k�1m �; Ax(t); By(z) (8)=) `km �; Ax(t).3. In all other 
ases the 
laim is trivial or follows immediately from the I.H.4



CuteliminationLemma 1.4.PL1 `km �; C & PL1 `lm �;:C & rk(C) � m =) PL1 `k+lm �.Proof by indu
tion on k + l:Assume d `km �; C and e `lm �;:C.1. C is not a prin
ipal formula of last(d):Let A1; :::; An (n � 2) be the minor formulas of last(d), so that we have `k�1m �; C;Ai for i = 1; :::; n.Then the 
laim is obtained as shown in the following diagram `k�1m �; C;Ai `lm �;:C L:1:2`lm �;:C;Ai IH: : : `k�1+lm �; Ai : : : last(d)`k+lm �For n = 0 we have last(d) = LogAx, and the diagram redu
es to `k+lm � (LogAx).1'. :C is not a prin
ipal formula of last(e): symmetri
 to 1.2. C is prin
ipal formula of last(d), and :C is prin
ipal formula of last(e):2.1. C is a literal:Then fC;:Cg � � [ fCg and fC;:Cg � � [ f:Cg. Hen
e fC;:Cg � �, and therefore `k+lm �.2.2. C = 9xA: Then :C = 8x:A and we have `k�1m �; C;Ax(t) and `l�1m �;:C;:A with x 62 FV(�;:C).Now the 
laim is obtained as shown in the following diagram:`k�1m �; C;Ax(t) `lm �;:C L:1:2`lm �;:C;Ax(t) IH`k�1+lm �; Ax(t) `km �; C L:1:2`km �; C;:Ax(t) `l�1m �;:C;:A L:1:1`l�1m �;:C;:Ax(t) IH`k+l�1m �;:Ax(t) (Cut)`k+lm �For the last step note that rk(Ax(t)) < rk(C) � m.2.2'. C = 8xA or A0 ^ A1 or A0 _ A1: analogous to 2.2.Theorem 1.5 (Cut-Elimination).PL1 `km+1 � =) PL1 `2km �.Proof by indu
tion on k:Let d `km+1 � and assume that last(d) = �; C �;:C� with rk(C) = m.`k�1m+1 �; C and `k�1m+1 �;:C I:H:) `2k�1m �; C and `2k�1m �;:C L:1:4=) `2k�1+2k�1m �.In all other 
ases the 
laim follows immediately from the I.H.De�nition. B is a subformula of A if B 
an be obtained from A by �nitely many steps of the kindQxA 7! Ax(t) or A0 �A1 7! Ai. Espe
ially A is a subformula of itself.Remark. Cutfree derivations are distinguished by the followingSubformula propertyIf d is a 
utfree derivation of � then every formula o

urring in d is a subformula of some A 2 �.5



Partial Cut EliminationLet S+ be a family of additional inferen
e rules of the form �;�0 : : : �;�n�1�;� , and being 
losed undersubstitution. As in PL1, formulas A 2 � [A 2 �i, resp.℄ are 
alled the prin
ipal [minor, resp.℄ formulas ofthe respe
tive inferen
e. Some of these rules may be restri
ted by a \variable 
ondition" of the kind that a
ertain variable (
alled the eigenvariable of the resp. inferen
e) must not o

ur free in the 
on
lusion �;�.Let S := PL1 +S+.� := �(S) := fA : A is a prin
ipal formula of an S+-inferen
egRemark. Sin
e the rules of S+ are 
losed under substitution, we have 8�8A 2 �(A� 2 �).Let � := � [ f:A : A 2 �g.De�nition of rk�(A)1. rk�(A) := �1, if A 2 �;2. rk�(A) := 0, if A is a literal and A 62 �;3. rk�(A �B) := maxfrk�(A); rk�(B)g+ 1 , if A �B 62 �;4. rk�(QxA) := rk�(A) + 1 , if QxA 62 �.Remark. rk�(A�) � rk�(A) and rk�(:A) = rk�(A).De�nition. The relation S `k�;m � is de�ned in the same way as PL1 `km �, but with the di�eren
e thatnow m refers to rk� instead of rk.Lemma 1.6.(a) S `�;m � =) S `�;m ��;(b) S `k�;m � & � � �0 =) S `k�;m �0.Lemma 1.7S `k�;m �; C & S `l�;m �;:C & 0 � rk�(C) � m =) S `k+l�;m �.Proof by indu
tion on k + l:The proof pro
eeds almost literally as the proof of Lemma 1.4. In 
ase 2.2 one 
on
ludes from 0 � rk�(C)that C;:C 62 � and therefore (by the above assumption on S) last(d) and last(e) are inferen
es of PL1.Theorem 1.8 (Partial Cut-Elimination). S `k�;m+1 � & m � 0 =) S `2k�;m �.Proof: As for Theorem 1.4.From Theorem 1.8 it follows that every S-derivation 
an be transformed into a S-derivation of the samesequent where all 
ut-formulas have �-rank �1, i.e. belong to �.Lemma 1.9 (Inversion).(a) 8xA 62 � & S `k�;m �;8xA =) S `k�;m �; Ax(t);(b) A0 ^ A1 62 � & S `k�;m �; A0 ^ A1 =) S `k�;m �; Ai for i = 0; 1;(
) A _ B 62 � & S `k�;m �; A _ B =) S `k�;m �; A;B.Proof as for L.1.3: In (a) the 
ondition 8xA 62 � guarantees that 8xA 
annot be the prin
ipal formula of aninferen
e other than (8). Similarly for (b),(
). 6



Completeness of PL1Assuming that L is 
ountable we will prove the 
ompleteness of PL1 without 
ut rule. This (together withthe 
orre
tness of PL1) yields a so-
alled semanti
al 
ut elimination proof for PL1.De�nition� j= C () C is a logi
al 
onsequen
e from � (� a set of formulas)� j= fA1; :::; Ang () � j= A1 _ ::: _Anj= � () ; j= �.Theorem 1.10j= � =) PL1 `0 �.Corollary� j= C =) There are A1; :::; An 2 � su
h that PL1 `0 :A1; :::;:An; C.Proof: � j= C ) There are A1; :::; An 2 � with fA1; :::; Ang j= C ) j= :A1; :::;:An; C.Proof of Theorem 1.10:AX := set of �nite sequen
es (A0; :::; Al) su
h that there is a prime formula A with fA;:Ag � fA0; :::; Alg.Let � be a �xed �nite sequen
e of formulas .t0; t1; :::: enumeration of Ter.�; � are ranging over �nite 0-1-sequen
es (elements of f0; 1g<!).� v � :, � is an initial segment of � (i.e. � = � � � for some � 2 f0; 1g<!)For ea
h � 2 f0; 1g<! we de�ne a �nite sequen
e of formulas �� .The de�nition pro
eeds by re
ursion on lh(�).1. �h i := �,Let n = lh(�), and assume that �� is already de�ned for ea
h � v �.2. �� 2 AX or all formulas in �� are literals: ���hii := �� ,3. �� = �0; A;�00 62 AX, and rk(A) > 0 while all formulas in �0 are literals:3.1. A = A0 ^ A1: ���hii := �0; Ai;�00,3.2. A = A0 _ A1: ���hii := �0; A0; A1;�00,3.3. A = 8xB: ���hii := �0; Bx(y);�00, where y is the �rst variable not in FV(��),3.4. A = 9xB: ���hii := �0; Bx(tk);�00; A, where k is minimal s.t. (x 2 FV(B)) 8� v � Bx(tk) 62 �� ).Remark. Ea
h � 2 AX is an axiom of PL1. ���h0i ���h1i�� (in 
ase 3.1), ���h0i�� (in 
ases 3.3, 3.4) is aninferen
e of PL1. In 
ase 3.2, �� is obtained from ���h0i by two (_)-inferen
es.Assumption:(A) (in)n2IN is a 0-1-sequen
e su
h that 8n 2 IN(�hi0;:::;in�1i 62 AX).Abbreviation: �(n) := hi0; :::; in�1i, F := Sn2IN��(n)7



De�nition: If not all formulas in �� are literals let df(��) be the �rst formula in �� whi
h is not a literal.Proposition 1. ��(n) = �0; A;�00 & rk(A) > 0 =) 9k � n( df(��(k)) = A ).Proof by indu
tion on the number of logi
al symbols ^;_;8; 9 o

urring in �0.Proposition 2.(a) rk(A) = 0 =) A 62 F or :A 62 F ,(b) A0^A1 2 F =) A0 2 F or A1 2 F ,(
) A0_A1 2 F =) A0 2 F and A1 2 F ,(d) 8xB 2 F =) 9u 2 Vars(Bx(y) 2 F ),(e) 9xB 2 F =) 8t 2 Ter(Bx(t) 2 F ).Proof:(a) rk(A) = 0 & A 2 ��(n) & :A 2 ��(m) ) 8k � maxfm;ng(A;:A 2 ��(k)).Assume that A 2 F with rk(A) > 0. Then A = df(��(k)) for some k.(b) A = A0^A1: Then Ai 2 ��(k)�hii for i = 0; 1, and therefore A0 2 ��(k+1) or A1 2 ��(k+1).(
) A = A0_A1: Then A0; A1 2 ��(k)�hii for i = 0; 1, and therefore A0 2 ��(k+1) and A1 2 ��(k+1).(d) A = 8xB: Then Bx(y) 2 ��(k)�hii for some y 2 Vars.(e) A = 9xB: Then 8n � k( 9xB 2 ��(n) ) (�) .By indu
tion on m we prove Bx(tm) 2 F :Assume that B(ti) 2 F for all i < m. By Proposition 1 and (�) there is an n � k su
h that df(��(n)) = 9xBand 8i < m9j � n(B(ti) 2 ��(j) ) (��).By de�nition of ��(n+1) we get �8j � n(B(tm) 62 ��(j) )) B(tm) 2 ��(n+1) � and thus B(tm) 2 F .jMj := Ter, fM(s1; :::; sn) := fs1:::sn, pM(s1; :::; sn) :, ps1; :::; sn 62 FLet � : Var! Ter su
h that �(x) = x for x 2 Vars.Proposition 3.(a) tM[�℄ = t for ea
h t 2 Ter,(b) A 2 F ) M 6j= A[�℄.Proof of (b) by indu
tion on rk(A):8xB 2 F ) Bx(y) 62 F for some y 2 Vars IH) M 6j= Bx(y)[�℄ ) M 6j= (8xB)[�℄.9xB 2 F ) Bx(t) 2 F for all t 2 Ter IH) M 6j= Bx(t)[�℄ for all t 2 Ter (a))) M 6j= B[�tx℄ for all t 2 Ter ) M 6j= (9xB)[�℄.Now, sin
e � � F , Proposition 3b yields 6j= �.Now assume j= �. Then the above assumption (A) is false, and it follows that for every 0-1-sequen
e(in)n2IN there exists an n with �hi0;:::;in�1i 2 AX.By K�onigs Lemma (and sin
e �� 2 AX implies ���hii 2 AX) the set f� : �� 62 AXg is �nite.Let m := maxflh(�) : �� 62 AXg+ 1.By indu
tion on m�� lh(�) one easily proves PL1 `0 �� (
f. the Remark following the de�nition of ��).Hen
e PL1 `0 �. 8



x2 An appli
ation of partial 
ut elimination; provably re
ursive fun
tions of PRA and I�1The axiom system PRA of primitive re
ursive arithmeti
Indu
tive De�nition of sets PRn of n-ary fun
tion symbols(PR 1) 0n 2 PRn (n � 0), S 2 PR1, Ini 2 PRn (1 � i � n).(PR 2) h 2 PRm & g1; :::; gm 2 PRn & m;n � 1 =) (Æhg1:::gm) 2 PRn.(PR 3) g 2 PRn & h 2 PRn+2 =) (Rgh) 2 PRn+1.Abbreviation: PR := Sn2INPRn, 0 := 00 .L0 := PR [ f=g , where = is a binary relation symbol (equality).The L0-terms 0; S0; S S0; :::: are 
alled numerals. For n 2 IN let n := nz }| {S ::: S0.T0 := set of all 
losed L0-terms.If t 2 T0 then tN denotes its 
anoni
al value. Hen
e nN = n.TRUE0 := set of all true 
losed literals of L0 [= fs=t : s; t 2 T0 & sN = tN g[f:(s=t) : s; t 2 T0 & sN 6= tN g℄By QF we denote the set of all quanti�erfree L0-formulas.The axioms of PRA are the universal 
losures of the following L0-formulas:x=xx=y ! A! Ax(y) , for ea
h atomi
 L0-formula A:(S x=0)Sx= S y ! x=y0nx1:::xn=0Ini x1:::xn=xi(Æhg1:::gm)x1:::xn=hg1x1:::xn : : : gmx1:::xn(Rgh)x1:::xn0=gx1:::xn(Rgh)x1:::xn S y=hx1:::xny(Rgh)x1:::xnyFx(0)! 8x(F ! Fx(Sx))! F , for ea
h F 2 QF.The 
orresponding Tait-style system PRA is an extension of PL1 given by the axioms(G1) �; t=t(G2) �;:(s=t);:Ax(s); Ax(t) , for ea
h atomi
 L0-formula A(S0) �;:(S t=0)(S1) �;:(S s= S t); s=t(PR0) �;0nt1:::tn=0(PR1) �; Ini t1:::tn=ti(PR2) �; (Æhg1:::gm)t1:::tn=hg1t1:::tn : : : gmt1:::tn(PR3.0) �; (Rgh)t1:::tn0=gt1:::tn(PR3.1) �; (Rgh)t1:::tn S s=ht1:::tns(Rgh)t1:::tnsand the QF-indu
tion rule �;:F; Fx(Sx)�;:F (0); Fx(t) (F 2 QF and x 62 FV(�; Fx(t))).9



One easily sees that the rules of PRA are 
losed under substitution (
f. x3).Therefore 1.6-1.9 apply to PRA with � = QF.The following Lemma shows the Tait system PRA proves exa
tly the logi
al 
onsequen
es of PRA.Lemma 2.1.PRA ` � () PL1 ` :A1; :::;:An;� for some A1; :::; An 2 PRA.Proof: Exer
ise.Some spe
ial fun
tion symbolsThere are fun
tion symbols +; �;�� 2 PR2 and prd 2 PR1 su
h that the following equations are axioms ofPRA: s+0 = s, s+S t = S(s+ t), s �0 = 0, s �S t = s�t+s, prd 0 = 0, prd S t = t, s�� 0 = s, s�� S t = prd(s�� t).Lemma 2.2. The following formulas are provable in PRA.(a) x 6= 0! x = S prdx(b) x+ y = y + x ^ (x+ y) + z = x+ (y + z)(
) x+ y = 0$ x = 0 ^ y = 0(d) x � y = y � x ^ (x � y) � z = x � (y � z) ^ x � (y + z) = x � y + x � z(e) x � y = 0$ x = 0 _ y = 0(f) Sx�� S y = x�� y(g) x+ 1 = Sx ^ x � 1 = x ^ prd 1 = 0 ^ x�� 1 = prdx (where 1 := S 0)Proof (sket
h):(a) QF-Ind: 0 = 0 ) 0 6= 0! 0 = S prd 0. x = prd Sx ) Sx = S prd Sx.(b),(d) Proof by At-Ind, i.e. indu
tion with atomi
 indu
tion formula F .(
) \ ": 0 + 0 = 0. \!": y 6= 0! x+ y (a)= x+ S prd y = S(x+ prd y) 6= 0.(e) \ ": y = 0! x � y = 0, x = 0! x � y = y � x = 0;\!": x 6= 0 ^ y 6= 0! x � y = x � S prd y = x � prd y + x = x � prd y + S prdx = S(:::) 6= 0.(f) At-Ind: Sx�� S 0 = prd(Sx�� 0) = prd Sx = x = x�� 0. Sx�� S S y = prd(Sx�� S y) IH= prd(x�� y) = x�� S y.(g) x+ S 0 = S(x+0) = Sx, x � S 0 = x � 0+x = 0+ x = x+0 = x, prd S 0 = 0, x�� S 0 = prd(x�� 0) = prdx.Lemma 2.3. The following formulas are provable in PRA.(a) x 6= 0$ 1�� x = 0(b) y �� x 6= 0! y = x+ (y �� x)(
) y �� (x+ y) = 0(d) (x + y)�� y = x(e) x�� y = 0! x = y _ y �� x 6= 0(f) x�� y = 0! y = x+ (y �� x)Proof:(a) By At-Ind we obtain 0�� x = 0 [0�� 0 = 0, 0�� Sx = prd(0�� x) = prd 0 = 0℄.x 6= 0! 1�� x = S 0�� S prdx = 0�� prdx = 0; x = 0! 1�� x = 1 6= 0.10



(b) QF-Ind: 1. y = 0 + (y �� 0).2. y �� Sx 6= 0) prd(y �� x) 6= 0) y �� x 6= 0) y �� x = S prd(y �� x) = S(y �� Sx),y �� Sx 6= 0) y IH= x+ (y �� x) = x+ S(y �� Sx) = Sx+ (y �� Sx).(
) At-Ind: 1. 0�� (x + 0) = 0�� x = 0.2. S y �� (x + S y) = S y �� S(x+ y) = y �� (x+ y) IH= 0.(d) At-Ind: 1. (x+ 0)�� 0 = x. 2. (x+ S y)�� S y = S(x+ y)�� S y = (x+ y)�� y IH= x.(e) QF-Ind: 1. x�� 0 = 0! x = 0.2. x�� S y = 0) prd(x�� y) = 0) x�� y = 0 _ x�� y = S 0 [ sin
e x�� y 6= 0! x�� y = S prd(x�� y) ℄I:H:) x = y _ y �� x 6= 0 _ x�� y = S 0.x = y ) S y �� x = (1 + y)�� y (d)= 1 6= 0.y �� x 6= 0 (b)) y = x+ (y �� x)) S y �� x = (x+ S(y �� x)) �� x (d)= S(y �� x) 6= 0.x�� y = S 0) x�� y 6= 0 (b)) x = y + (x�� y) = y + S 0 = S y.(f) x = y ) y = x = x+ (x �� x) = x+ (y �� x); y �� x 6= 0 (b)) y = x+ (y �� x).Lemma 2.4.(a) For ea
h A 2 QF there exists a term tA su
h that PRA ` A$ tA = 0.(b) For ea
h A 2 QF and terms t0; t1 there exist a term dA(t0; t1) su
h thatPRA ` A! dA(t0; t1) = t0 and PRA ` :A! dA(t0; t1) = t1.(
) For ea
h PR-term t with FV(t) � fx1; :::; xng there is a fun
tion symbol f 2 PRn su
h thatPRA ` t = fx1:::xn.Proof:(a) tr=s := (s�� r) + (r �� s) [s 6= r 2:3e! s�� r 6= 0 _ r �� s 6= 0℄;t:(r=s) := 1�� tr=s; tA^B := tA + tB ; tA_B := tA � tB .(b) Let dA(t0; t1) := t0�(1�� tA) + t1�(1�� (1�� tA)).(
) 
f. Logi
 I.Abbreviations.s � t := (s�� t = 0); s < t := (s � t ^ s 6= t).9x � tA := 9x(x � t ^ A) and 8x � tA := 8x(x � t! A) if x 62 FV(t).Lemma 2.5. The following formulas are provable in PRA.(a) x � y $ y = x+ (y �� x)$ 9z(y = x+ z);(b) x � x ^ (x � y ^ y � x! x = y);(
) x � y ^ y � z ! x � z;(d) x � y _ y � x;(e) 0 � x;(f) x < y $ :(y � x);(g) x < S y $ x � y;(h) (x < y ^ y � z) _ (x � y ^ y < z)! x < z. 11



Proof: (a) x�� y = 0! y = x+ (y �� x)! 9z(y = x+ z). y = x+ z ! x�� y = x�� (z + x) = 0.(b) x�� x = x�� (0 + x) = 0. x�� y = 0! x = y _ y �� x 6= 0, hen
e x�� y = 0 = y �� x! x = y.(
) x � y ^ y � z ) 9u; v(x+ u = y ^ y + v = z)) 9u; v(z = x+ u+ v)) x � z.(d) :(x � y)) x�� y 6= 0) x = y + (x�� y)) y � x.(e) x = 0 + x.(f) x < y $ x � y ^ x 6= y $ x�� y = 0 ^ x 6= y (e)! y �� x 6= 0$ :(y � x).y �� x 6= 0! x 6= y ^ y = x+ (y �� x); y = x+ z ! x�� y = x�� (x+ z) = 0.(g) \!": x < S y ) :(S y � x)) u := S y�� x 6= 0) S y = x+u = x+S prdu = S(x+prdu)) y = x+prdu.\ ": x�� y = 0! x�� S y = prd(x�� y) = 0. x = S y ^ x � y ! 1 = (1 + y)�� y = S y �� y = 0.(h) x < y ^ y � z ) x � y ^ y � z ) x � z. x = z ^ y � z ) y � x) :(x < y).x � y ^ y < z ) x � y ^ y � z ) x � z. x = z ^ x � y ) z � y ) :(y < z).Lemma 2.6 (Pairing)There are fun
tion symbols � 2 PR2, �1; �2 2 PR1 su
h that PRA ` �i�x1x2 = xi ^ ��1x�2x = x.Proof:We argue informally, but so that all steps are easily formalizable in PRA.�(a; b) := f(a+ b) + b with f(n) :=Pi�n i (i.e., f(0) = 0, f(n+1) = f(n) + n+ 1).h(0) := 0, h(k + 1) := �h(k) + 1 if f(h(k) + 1) � k+1h(k) otherwise(1) fh(k) � k < f(h(k) + 1)Indu
tion step:Case 1. fh(k + 1) = f(h(k) + 1) � k + 1 IH� f(h(k) + 1) = fh(k + 1) < f(h(k + 1) + 1).Case 2. fh(k + 1) = fh(k) IH� k < k + 1 < f(h(k) + 1) = f(h(k + 1) + 1).De�nition. �2(k) := k �� fh(k), �1(k) := h(k)�� �2(k).k < f(h(k) + 1) = f(h(k)) + h(k) + 1 & fh(k) � k ) �2(k) � h(k) ) �1(k) + �2(k) = h(k).�(�1(k); �2(k)) = f(�1(k) + �2(k)) + �2(k) = fh(k) + (k �� fh(k)) = k.Let k := �(a; b). Then f(a+ b) � k < f(a+ b+ 1) and therefore h(k) = a+ b.�2(k) = (f(a+ b) + b)�� f(a+ b) = b and �1(k) = (a+ b)�� b = a.Lemma 2.7. (Bounded �-operator)Let A 2 QF and FV(A) � fx1; :::; xn; yg. Then there exists an f 2 PRn+1 su
h that the following formulasare provable in PRA (where A(t) := Ay(t)):(a) 9z � yA(z)! A(f~xy) ^ 8z<f~xy:A(z) (i.e. 9z � yA(z)! f~xy = minfz : A(z)g).(b) 9z � yA(z)$ A(f~xy)(
) :A(0) ^ A(y)! :A(p) ^ A(p+1), where p := f~xy �� 1.Notation. �z�yA(z) := f~xy. 12



Proof:By Lemma 2.4 there is a fun
tion symbol h 2 PRn+2 su
h thatPRA ` A(z) _ :A(S y)! hx1:::xnyz = z and PRA ` :A(z) ^ A(S y)! hx1:::xnyz = S y.Let f := (R0nh). Then the following formulas are provable in PRA(1) f~x0 = 0(2) A(f~xy) _ :A(S y)! f~xS y = f~xy(3) :A(f~xy) ^ A(S y)! f~xS y = S y(4) f~xy � y(5) A(y)! A(f~xy)Proof by indu
tion on y: 1. y = 0: trivial.2. A(S y) (2);(3)) (A(f~xy) ^ f~x S y = f~xy) _ f~x S y = S y ) A(f~x S y).(6) A(y0) ^ y0 � y ! f~xy0 = f~xyProof by indu
tion on y: 1. y = y0: trivial.2. y = S z ^ y0 � z: A(y0) (5)+IH) A(f~xy0) ^ f~xy0 = f~xz ) f~xy = f~xS z (2)= f~xz = f~xy0.(7) z < f~xy ! :A(z)Proof: A(z) ^ z < f~xy (4)) A(z) ^ z < y (6);(4)) f~xy = f~xz � z. Contradi
tion.Now (a),(b) follow from (4)-(7).Proof of (
): :A(0) ^A(y) (5)) :A(0) ^ A(f~xy)) f~xy 6= 0) f~xy = p+1 (7)) :A(p).De�nition.The �0-formulas are generated from L0-literals by means of ^, _, 8x � t, 9x � t (x 62 FV(t)).The �-formulas are generated from L0-literals by means of ^, _, 8x � t (x 62 FV(t)), 9x.A formula is 
alled �1-formula if it is in QF or has the form 9xA with A 2 QF.Lemma 2.8.For ea
h �0-formula A there exists a PR-term tA su
h that PRA ` A$ tA = 0.Proof:By Lemma 2.4a it suÆ
es to prove that every �0-formula is equivalent to a quanti�erfree formula.1. Let A = 9y � sB(y) with FV(A) = f~xg. By I.H. there is a C(y) 2 QF with FV(C) � f~x; yg and` B(y)$ C(y). By Lemma 2.7 there is a fun
tion symbol f su
h that ` 9z�yC(z)$ C(f~xy).Hen
e ` 9y�sB(y)$ 9y�sC(y)$ C(f~xs).2. If A = 8x � sB then (as we have just shown) ` 9x � s:B $ C (for some C 2 QF) and hen
e ` A$ :C.De�nition. A re
ursive fun
tion f : INn ! IN 
alled provably re
ursive (or provably total) in S if there isa �1-formula A(~x; y) su
h that (i) S ` 8~x9y A(~x; y) and (ii) 8~a; b 2 IN( f(~a) = b , N j= A[~a; b℄ ).
13



Theorem 2.9If PRA ` �; 9yA where A 2 QF and 8 does not o

ur in �, then PRA ` �; Ay(t) for some PR-term t.Proof:By Theorem 1.8 (partial 
ut elimination) we have (for some k) PRA `kQF;0 �; 9yA, i.e. there exists a PRA-derivation of �; 9yA where all 
ut formulas are quanti�erfree. We pro
eed by indu
tion on su
h a derivation.1. �; 9yA is an axiom: Then � is an axiom too, and we may set t := 0.2. `k�1QF;0 �; 9yA;B0 and `k�1QF;0 �; 9yA;B1 with B0 ^ B1 2 �:Let t := dA(t0)(t0; t1) where by I.H. ` �; A(ti); Bi (i = 0; 1) (1).` A(t0)! t = t0 ) ` A(t0)! A(t) (2).` :A(t0)! t = t1 ) ` :A(t0)! (A(t1)! A(t)) (2)) ` A(t1)! A(t) (3).From (1), (2), (3) we obtain ` �; A(t); Bi (for i = 0; 1) and then ` �; A(t).3. `k�1QF;0 �; 9yA;Bk with B0 _ B1 2 �: Let t := t0, where by I.H. ` �; A(t0); Bk.4. `k�1QF;0 �; 9yA;Bx(s) with 9xB 2 �: As 3.5. `k�1QF;0 �; 9yA;A(s): Let t := dA(t0)(t0; s) where by I.H. ` �; A(t0); A(s).As in 2. we obtain ` A(t0)! A(t) and ` A(s)! A(t). Hen
e ` �; A(t).6. `k�1QF;0 �; 9yA;B and `k�1QF;0 �; 9yA;:B with B 2 QF:Let t := dA(t0)(t0; t1), where by I.H. ` �; A(t0); B and ` �; A(t1);:B.As in 2. we obtain ` �; A(t); B und ` �; A(t);:B. Hen
e ` �; A(t).7. � = �0;:F (0); F (s) and `k�1QF;0 �0;:F (x); F (S x); 9yA:We have to prove ` �0; A(t);:F (0); F (s) for some term t.We set r0 := �z�s:F (z) �� 1.Then ` :F (0); F (s); F (r0) and ` :F (0); F (s);:F (S r0).[[ By Lemma 2.7
, ` F (0) ^ :F (y)! F (p(y)) ^ :F (p(y) + 1) with p(y) := �z�y:F (z) �� 1. ℄℄Now we 
on
lude as follows�0; 9yA(y);:F (x); F (S x)Subst�0; 9yA(y);:F (r0); F (S r0)IV �0; A(t);:F (r0); F (S r0) :F (0); F (s); F (r0) Cut�0; A(t);:F (0); F (s); F (S r0) :F (0); F (s);:F (S r0) Cut�0; A(t);:F (0); F (s)Corollary 2.9. The provably re
ursive fun
tions of PRA are exa
tly the primitive re
ursive fun
tions.Proof: Obviously every primitive re
ursive fun
tion f is provably re
ursive in PRA: let A(~x; y) := (f~x = y).Now let A be a �1-formula with (i) PRA ` 8~x9yA(~x; y) and (ii) 8~a; b(f(~a) = b, N j= A[~a; b℄). First noti
ethat the statement of Theorem 2.9 also holds for A 2 �1: ` �; 9y9xB(x; y) =) ` �; 9zB(�1z; �2z) Th:2:9=)` �; B(�1t; �2t) =) ` �; 9xB(x; �2t). Then we 
on
lude as follows: PRA ` 8~x9yA(~x; y) ) PRA `9yA(~x; y) ) PRA ` A(~x; t(~x)) for some PR-term t. Then 8~a(N j= A(~x; t(~x))[~a℄) and thus, by (ii),8~a(f(~a) = tN [~a℄). 14



De�nition of I�1The (Tait style) system I�1 is the same as PRA only that the QF-indu
tion rule is repla
ed by the�1-indu
tion rule �; Fx(0) �;:F; Fx(S x)�; Fx(t) (F 2 �1 and x 62 FV(�; Fx(t)))Remark. As for PRA we see that the results 1.6-1.9 apply to I�1, now with � = �1.Theorem 2.10I�1 ` � with � � �1 =) PRA ` �.Beweis:By Theorem 1.8 we have (for some k) I�1 `k�1;0 �, i.e. there exists an I�1-derivation of � where all 
utformulas are in �1. We pro
eed by indu
tion on su
h a derivation.1. I�1 `k�1�1;0 9xA;� and I�1 `k�1�1;0 8x:A;� with A 2 QF:I�1 `k�1�1;0 9xA;� IH=) PRA ` �; 9xA (�).I�1 `k�1�1;0 8x:A;� Inversion=) I�1 `k�1�1;0 :Ax(y);� IH) PRA ` :Ax(y);� ) PRA ` 8x:A;� (�)) PRA ` �.2. � = �0; 9xA(x; t) and I�1 `k�1�1;0 �0; 9xA(x; 0), I�1 `k�1�1;0 �0;:9xA(x; y); 9xA(x; S y) with y 62 FV(�):(Due to our general 
onventions we also have x 62 FV(t) and x; y 62 FV(A(0; 0)). )By Inversion and I.H. we obtain PRA ` �0; 9xA(x; 0) and PRA ` �0;:A(x; y); 9xA(x; S y) where w.l.o.g.x 62 FV(�0).From this it follows by Theorem 2.9 that PRA ` �0; A(q; 0) and PRA ` �0;:A(x; y); A(p(x; y); S y) for 
ertainPR-terms p; q.There exists a PR-term r(y) su
h that PRA ` r(0) = q ^ r(S y) = p(r(y); y).Now we obtain PRA ` �0;:A(r(y); y); A(r(S y); S y), and then PRA ` �0;:A(r(0); 0); A(r(t); t) by (Ind).Together with PRA ` r(0) = q and PRA ` �0; A(q; 0) this yields PRA ` �0; A(r(t); t).From this we 
on
lude PRA ` �0; 9xA(x; t).
r(S y) = p(r(y); y) �0;:A(x; y); 9xA(x; S y)(Th:2:9)�0;:A(x; y); A(p(x; y); S y)(Subst)�0;:A(r(y); y); A(p(r(y); y); S y)�0;:A(r(y); y); A(r(S y); S y) (Ind)�0;:A(r(0); 0); A(r(t); t) r(0) = q�0;:A(q; 0); A(r(t); t) �0; A(q; 0) Cut�0; A(r(t); t) (9)�0; 9xA(x; t)3. In all other 
ases the 
laim follows immediately from the I.H.De�nition. A formula of the form 8~x9~yA with A 2 QF is 
alled a �02-formula.15



Corollary 2.10.I�1 is �02-
onservative over PRA, i.e. I�1 is an extension of PRA whi
h proves the same �02-senten
es asPRA. Espe
ially, I�1 has the same provably re
ursive fun
tions as PRA.Lemma 2.11.For ea
h �-formula C there is a �1-formula C 0 su
h that PRA ` C 0 ! C and I�1 ` C ! C 0.Proof:Let Cz be the �0-formula resulting from C when every unbounded quanti�er is bounded by z (z being anew variable). Let C 0 := 9zC0(z) where C0(z) 2 QF su
h that PRA ` C0(z)$ Cz.Obviously PRA ` 9zCz ! C, for ea
h �-formula C.By indu
tion on �-formulas one proves I�1 ` C ! 9zCz. We only treat the 
ru
ial 
ase C = 8x � tB.Then Cz = 8x � tBz. By I.H. I�1 ` B ! 9yBy and thus I�1 ` C ! 8x � t9yBy. Now by the Propositionbelow we obtain I�1 ` C ! 9z8x � tBzProposition. I�1 ` 8x � x19yBy ! 9z8x � x1Bz for ea
h �-formula BProof (in I�1): Assume 8x � x19yB(x)y (�).Now by indu
tion on x0 we prove 9z8x � x0(x � x1 ! B(x)z).Due to Lemma 2.8 this indu
tion is admissible in I�1.Start: ` B(0)y ! 8x � 0(x � x1 ! B(x)y) ) ` 9yB(0)y ! 9z8x � 0(x � x1 ! B(x)z)).Step: By IH we have a z with 8x � x0(x � x1 ! B(x)z).1. Assume Sx0 � x1. Then by (�) there is a y with B(S x0)y. Let z1 := maxfz; yg.Then 8x � Sx0(x � x1 ! B(x)z1).(Here we have used that for every �-formula B one has ` z � z1 ^ Bz ! Bz1 .)2. Otherwise 8x(Sx0 � x1 ! B(x)0).
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x3 A general framework for variable binding and substitutionIn this se
tion we will give a thorough treatment of substitution whi
h has been somewhat unpre
ise and upin the air up to now. At the beginning of x1 we have said that �-equivalent formulas (i.e., one whi
h 
oin
ideafter a suitable renaming of bound variables) will be identi�ed, so that formally spoken formulas would beequivalen
e 
lasses. This approa
h will not be pursued further. Instead we will modify the me
hanism ofvariable binding by making use of so 
alled de Bruijn indi
es instead of bound variables. So we 
ome to anotion of formula where �-equivalen
e is just identity, and substitution 
an be 
arried out without renaming.We �rst present a general \theory" of variable binding and substitution, and after that 
onsider the languageof 1st order predi
ate logi
 as a spe
ial 
ase.Let us assume the following pairwise disjoint sets of basi
 symbols.Vars : in�nite set of variables, denoted by x; y; z; :::;fÆk : k 2 INg : set of de Bruijn indi
es;F : set of fun
tion symbols, denoted by f ;B : set of binding symbols (binders), denoted by [.For every f 2 F an arity #(f) 2 IN is �xed; further we set #(Æk) := 0 and #([) := 1.F 0 := fÆk : k 2 INg [ F [ B, F 0m := fh 2 F 0 : #(h) = mg, Fm := F 0m \ F .Indu
tive De�nition of the set T 0 = T 0(Vars;F ;B) of quasiterms1. Vars � T 0;2. h 2 F 0m & t1; :::; tm 2 T 0 =) ht1:::tm 2 T 0.Notation: We use r; s; t to denote quasiterms.De�nition.FV(t) := set of all variables o

urring in t,lh(t) := length of t as string of basi
 symbols.De�nition of tx[n℄ 2 T 0 for t 2 T 01. For t 2 Vars [ fÆk : k 2 INg: tx[n℄ := n Æn if t = xt otherwise ;2. (ft1:::tm)x[n℄ := f(t1)x[n℄:::(tm)x[n℄;3. ([r)x[n℄ := [rx[n+1℄.De�nition. [x:r := [rx[0℄.Remark. (B0) FV([x:r) = FV(r) n fxg.Proof: FV([x:r) = FV([rx[0℄) = FV(rx[0℄) = FV(r) n fxg.Indu
tive De�nition of the set T = T (Vars;F ;B) of terms1. Vars � T ;2. f 2 Fm & t1; :::; tm 2 T =) ft1:::tm 2 T ;3. [ 2 B & r 2 T =) [x:r 2 T . 17



De�nitionA substitution is a mapping � : T 0 ! T 0, t 7! t� su
h that(i) x� 2 T for all x 2 Vars,(ii) (ht1:::tm)� = h(t1�):::(tm�) for all ht1:::tm 2 T 0 n Vars.SUB := set of all substitutions. � := idT 0 .We use �; �0 to denote substitutions.Lemma 3.1.(S0) 8t 2 T (t� 2 T );(S1) 8x 2 FV(t)(x� = x�0) () t� = t�0;(S2) � 2 SUB;(S3) �; �0 2 SUB =) � Æ �0 2 SUB.(S4) For every � 2 SUB; x 2 Vars; s 2 T there is a unique �sx 2 SUB with y�sx := n s if y = xy� otherwise .The proof of (S0) will be given below. The other statements are easily seen, where for (S3) one uses (S0).Remark. 8x 2 Vars(x� = x�0) =) � = �0. [
f. (S1)℄Notation: tx(s) := t(x=s) := t �sxRemark. x 62 FV(t) ) tx(s) = t. [
f. (S1),(S2)℄Lemma 3.2.(a) x 6= y ) (x 2 FV(t), t�yx 6= t).(b) FV(t�) = Sz2FV(t) FV(z�).(
) y 62 FV(([x:r)�) =) r�yx�sy = r�sx.(d) x 2 FV(t) =) FV(tx(s)) = (FV(t) n fxg) [ FV(s).(e) y 62 FV([x:r) =) rx(y)y(s) = rx(s).(f) rx(s)� = r�s�x .(g) y 62 FV(([x:r)�) =) rx(s)� = (r�yx)y(s�).Proof:(a) x 62 FV(t), 8z 2 FV(t)(z 6= x) Def:�yx, 8z 2 FV(t)(z�yx = z) (S1);(S2), t�yx = t.(b) Let x 6= y. Then: x 62 FV(t�) (a), t��yx = t� (S1);(S3), 8z 2 FV(t)(z��yx = z�) (a), 8z 2 FV(t)(x 62 FV(z�)).(
) 1. x�yx�sy = y�sy = s = x�sx.2. x 6= z 2 FV(r) ) z 2 FV([x:r) (b)) y 62 FV(z�) ) z�yx�sy = z��sy (S1);(S2)= z� = z�sx.Now the 
laim follows by (S1),(S3).(d) FV(tx(s)) (b)= Sz2FV(t) FV(zx(s)) = Sz2FV(t)nfxgfzg [ FV(s) = (FV(t) n fxg) [ FV(s).(e) follows from (
) with � = �.(f) 1. xx(s)� = s� = x�s�x . 2. y 6= x) yx(s)� = y� = y�s�x . Now the 
laim follows by (S1),(S3).(g) rx(s)� (f)= r�s�x (
)= r�yx�s�y . 18



Lemma 3.3. For r; r0 2 T the following holds(B1) [x:r = [x:r0 =) r = r0.(B2) y 62 FV(([x:r)�) =) ([x:r)� = [y:r�yx.The proof will be given below.Lemma 3.4. For r; r0 2 T we have(a) y 62 FV([x:r) =) [x:r = [y:rx(y).(b) [x:r = [y:r0 =) r0 = rx(y).(
) [x:r = [y:r0 () 8s 2 T (rx(s) = r0y(s)).Proof:(a) follows from (B2) with � := �.(b) [x:r = [y:r0 (B0)) y 62 FV([x:r) (B2)) [y:r0 = [x:r = [y:rx(y) (B1)) r0 = rx(y). (
) \)": [x:r = [y:r0 (b))y 62 FV([x:r) & rx(y) = r0 L:3:2e) rx(s) = rx(y)y(s) = r0y(s).\(": r = rx(x) = r0y(x) L:3:2d) FV(r) = FV(r0y(x)) � (FV(r0) n fyg) [ fxg )) y 62 FV(r) n fxg = FV([x:r) (a)) [x:r = [y:rx(y) = [y:r0y(y) = [y:r0.De�nition.[T := f[x:r : x 2 Vars & r 2 T g� : [T �T ! T , �([x:r; s) := rx(s) (due to Lemma 3.4
, � is well de�ned)Lemma 3.5.(a) r; s 2 T ) ([x:r)� 2 [T & �(([x:r)�; s) = r�sx.(b) t 2 [T & y 62 FV(t) ) t = [y:�(t; y).(
) t 2 [T & s 2 T ) �(t; s)� = �(t�; s�).Proof:(a) Let y 62 FV(([x:r)�). Then �(([x:r)�; s) = �([y:r�yx; s) = (r�yx)y(s) L3:2
= r�sx.(b) Let t = [x:r. Then t = [y:rx(y) = [y:�(t; y).(
) Let t = [x:r. �(([x:r)�; s�) (a)= r�s�x 3:2f= rx(s)� = �([x:r; s)�.Remark. Given a term [x:r and a substitution � with dom(�) = fy : y 6= y�g �nite, one may assumew.l.o.g. that x 62 FV(([x:r)�) [ dom(�), and so ([x:r)� = [x:r�xx = [x:r�.Proof of (S0), (B1), (B2)Indu
tive de�nition of sets Tn = Tn(Vars;F ;B) of quasiterms1. Vars [ fÆk : k < ng � Tn;2. f 2 Fm & t1; :::; tm 2 Tn =) ft1:::tm 2 Tn;3. r 2 Tn+1 & [ 2 B ) [r 2 Tn:Remark. n < m ) Tn � Tm. T 0 = Sn2IN Tn. 19



Lemma 3.6.(a) t 2 Tn ) tx[n℄ 2 Tn+1.(b) T = T0.(
) t 2 Tn ) t� 2 Tn.(d) t; t0 2 Tn & tx[n℄ = t0x[n℄ ) t = t0.(e) t 2 Tn & y = x� 62 Sz2FV(t)nfxg FV(z�) ) tx[n℄� = (t�)y [n℄.Proof:(a) obvious.(b) \T � T0": r 2 T0 (a)) rx[0℄ 2 T1 ) [x:r = [rx[0℄ 2 T0.\T0 � T ": One easily proves: (*) t0 2 Tn+1 & x 62 FV(t0) ) 9t 2 Tn(t0 = tx[n℄).Now by indu
tion on lh(t) on proves (t 2 T0 ) t 2 T ):Let t = [r0 with r0 2 T1. Take x 62 FV(r0). Then by (*) there is an r 2 T0 with r0 = rx[0℄.Now lh(r) = lh(r0) < lh(t) and therefore by I.H. r 2 T and thus t = [rx[0℄ = [x:r 2 T .(
) follows from (b) by indu
tion on Tn.(d) 1. t 2 Vars [ fÆk : k < ng: Then also t0 2 Vars [ fÆk : k < ng.1.1. t = x: t0x[n℄ = tx[n℄ = Æn ) t0 = x.1.2. t 6= x: t0x[n℄ = tx[n℄ = t 6= Æn ) t0 = t0x[n℄ = t.2. t = [r with r 2 Tn+1: Then t0 = [r0 with r0 2 Tn+1 and [rx[n+1℄ = tx[n℄ = t0x[n℄ = [r0x[n+1℄.Hen
e rx[n+1℄ = r0x[n+1℄ and by I.H. r = r0 whi
h yields t = t0.(e) 1. t = x: tx[n℄� = Æn = yy[n℄ = (x�)y [n℄.2. x 6= t 2 Vars [ fÆk : k < ng: tx[n℄� = t� = (t�)y[n℄, sin
e y 62 FV(t�).3. t = [r with r 2 Tn+1: tx[n℄� = [rx[n+1℄� IH= [(r�)y [n+1℄ = ([(r�))y [n℄ = (t�)y [n℄.(S0) t 2 T 3:6b) t 2 T0 3:6
) t� 2 T0 3:6b) t� 2 T .(B1) r; r0 2 T & [x:r = [x:r0 3:6b) r; r0 2 T0 & rx[0℄ = r0x[0℄ 3:6d) r = r0.(B2) y 62 FV(([x:r)�) L:3:2b= Sz2FV([x:r) FV(z�) (B0)= Sz2FV(r)nfxg FV(z�) )) ([x:r)� (B0);(S1)= ([x:r)�yx = [ rx[0℄�yx 3:6b;e= [(r�yx)y[0℄ = [y:r�yx.Now we 
ome ba
k to the language of 1st order predi
ate logi
.Let Vars := fv0; v1; :::g, and L a 1st order language as introdu
ed in x1.L-terms and L-formulas are introdu
ed literally as in x1, but with the di�eren
e that now QxA is 
onsideredas a shorthand for Qx:A, i.e., L-terms and L-formulas are 
onsidered as elements of T (Vars;F ;B) withF := L [ f:;_;^g and B := f8; 9g.In the following, � ranges over substitutions having the property that x� is an L-term for ea
h x 2 Vars.Moreover we assume that dom(�) := fx 2 Vars : x� 6= xg is �nite.20



Lemma 3.7(a) If t is an L-term then t� is an L-term.(b) If C is an L-formula then C� is an L-formula.Proof by indu
tion on the de�nition of L-terms and L-formulas:The only nontrivial 
ase is C = 8xA. Choose y 62 FV(C�). Then C� = 8yA�yx, and by I.H. A�yx is anL-formula. This yields the 
laim.De�nition of the truth value [[C℄℄M� of a formula C in an interpretation (M; �)LetM be an L-stru
ture with universe M , and let �; � range overM-assignments,i.e., fun
tions � : Vars!M .For ea
h M-assignment �, the value [[t℄℄M� 2 M of an L-term t and the truth value [[A℄℄M� 2 f0; 1g of anL-formula are de�ne as usual. Only the quanti�er 
ase requires some additional 
are; here we make use ofsome previously �xed fun
tion v whi
h assigns to ea
h formula C a variable v(C) 62 FV(C):If C = 89xA with x = v(C) then [[C℄℄M� := minmaxf[[A℄℄M�ax : a 2Mg.Of 
ourse, this de�nition is only reasonable if [[C℄℄M� does not depend on the 
hoi
e of x, i.e., if [[8xA℄℄M� =minf[[A℄℄M�ax : a 2Mg also in 
ase that x 6= v(8xA). This will be shown now.Lemma 3.8. 8z 2 FV(C)(�(z) = �(z)) =) [[C℄℄M� = [[C℄℄M� .Proof: If C = 8xA with x = v(C) then [[C℄℄� = minf[[A℄℄�ax : a 2Mg IH= minf[[A℄℄�ax : a 2Mg = [[C℄℄� .Lemma 3.9. 8z 2 FV(C)([[z�℄℄M� = [[z℄℄�) =) [[C�℄℄M� = [[C℄℄� .Proof: Let C = 8xA with x = v(C); then C� = 8yA�yx with y = v(C�).[[C�℄℄� = [[8yA�yx℄℄� = minf[[A�yx℄℄�ay : a 2Mg IH+(�)= minf[[A℄℄�ax : a 2Mg = [[C℄℄� .(�) 1. [[x�yx℄℄�ay = a = [[x℄℄�ax .2. If z 2 FV(A) n fxg = FV(C) then y 62 FV(z�) (sin
e y 62 FV(C�)) and thus[[z�yx℄℄�ay = [[z�℄℄�ay L:3:8= [[z�℄℄� = [[z℄℄� = [[z℄℄�ax .Lemma 3.10. [[8xA℄℄� = minf[[A℄℄�ax : a 2MgProof: Let y := v(8xA). Then 8xA = 8yAx(y), and thus[[8xA℄℄� = minf[[Ax(y)℄℄�ay : a 2Mg L:3:9+(�)= minf[[A℄℄�ax : a 2Mg.(�): 
f. (�) with � := � in the proof of 3.9.Lemma 3.11.All rules of PRA and I�1 are 
losed under substitution.Proof:1. �; A�;8xA with x 62 FV(�):In this 
ase we only have to 
onsider substitutions � with y := x� 2 Vars n FV(��; (8xA)�).y = x� 62 FV((8xA)�) ) (8xA)� = 8y A�yx = 8y A�.21



2. �; Ax(t)�; 9xA : Let y 62 FV((9xA)�). Then (9xA)� = 9y A�yx and Ax(t)� = (A�yx)y(t�).3. (:(s = t);:Ax(s); Ax(t))� = :(s� = t�);:(A�yx)y(s�); (A�yx)y(t�), if y 62 FV((8xA)�).4. �;:F; Fx(S x)�;:Fx(0); Fx(t) or �; Fx(0) �;:F; Fx(Sx)�; Fx(t) with x 62 FV(�; Fx(t)):Then (as in 1.) y = x� 62 FV(��;:Fx(t)�) whi
h implies y 62 FV((8xF )�).Hen
e Fx(t)� = (F�)y(t�), Fx(0)� = (F�)y(0), (Fx(Sx))� = (F�)y((Sx)�) = (F�)y(S y).Moreover if F 2 QF [�1, resp.℄ then F� 2 QF [�1, resp.℄x4 An alternative presentation of the Tait style sequent 
al
ulusWe introdu
e a new notion of derivation for the Tait style sequent 
al
ulus whi
h di�ers from the usual one(introdu
ed in x1) in so far as the new derivations have so-
alled inferen
e symbols (denoting inferen
es) andnot sequents assigned to their nodes. The sequent \belonging" to a 
ertain node � of a derivation d is notexpli
itely displayed, but 
an be 
omputed by tree re
ursion from d (similarly as the free assumptions in anatural dedu
tion style derivation). This approa
h is parti
ularly useful for our further purposes.Proof systemsA proof system S is given by{ a set of formal expressions 
alled inferen
e symbols (synta
ti
 variable I){ for ea
h inferen
e symbol I a set jIj (the arity of I), a sequent �(I) and a family of sequents (��(I))�2jIj.The elements of �(I) [ S�2jIj��(I) ℄ are 
alled the prin
ipal formulas [ minor formulas ℄ of I.{ for ea
h inferen
e symbol I a set Eig(I) whi
h is either empty or a singleton fxg with x 2 VarsnFV(�(I));in the latter 
ase x is 
alled the eigenvariable of I.NOTATIONBy writing(I) : : :�� : : : (�2I)� [ !x! ℄we express that I is an inferen
e symbol with jIj = I , �(I) = �, ��(I) = ��, Eig(I) = ; [ Eig(I) = fxg ℄.If jIj = f0; :::; ng we write �0 �1 : : : �n� , instead of : : :�� : : : (�2I)� .Inferen
e symbols I with jIj = ; will be 
alled axioms.By writing \ (I) � " we de
lare I as an axiom with �(I) := �.For almost all inferen
e symbols (ex
ept axioms) the sequents �(I);��(I) are singletons or empty.Example:By (CutC) C :C; we express that for ea
h formula C, the expression I := CutC is an inferen
e symbolwith jIj = f0; 1g, �(I) = ;, �0(I) = fCg, �1(I) = f:Cg.NOTATION:::��:::(� 2 I)� I :() jIj = I & �(I) � � & 8� 2 I(�� � � [��(I)) (� is derived from (��)�2I by I)Espe
ially :::�;��(I):::(� 2 I)�;�(I) I . 22



Indu
tive de�nition of S-derivationsIf I is an inferen
e symbol of S, and (d�)�2jIj is a family of S-derivations su
h that Eig(I)\FV(�) = ; where� := �(I) [S�2jIj(�(d�) n��(I)),then d := I(d�)�2jIj (or Id0:::dn�1 if jIj = f0; :::; n�1g) is an S-derivation with�(d) := � (endsequent of d),last(d) := I (last inferen
e (symbol) of d),
rk(d) := sup(frk(I)g [ f
rk(d�) : � 2 jIjg) where rk(I) := n rk(C)+1 if I = CutC0 otherwise (
ut-rank of d),hgt(d) := supfhgt(d�) + 1 : � 2 jIjg (height of d).Until further noti
e we will only 
onsider derivations with 
rk(d) < !.AbbreviationsS 3 d `�m � :() d is an S-derivation with �(d) � �, 
rk(d) � m, hgt(d) � �;S `�m � :() S 3 d `�m � for some S-derivation d.The meaning of S 3 d ` � and S ` � should now be 
lear.RemarkIf (8� 2 jIj)S 3 d� ` �;��(I) where I 2 S and Eig(I) \ FV(�) = ;,then S 3 I(d�)�2jIj ` �;�(I) .De�nition. A proof system S is 
alled �nitary if all its inferen
e symbols have �nite arity; otherwise S is
alled in�nitary.The �nitary proof system PL1(AxA;:A) A;:A if A is a literal(VA0^A1) A0 A1A0^A1 (WkA0_A1) AkA0_A1 (k 2 f0; 1g)(Vx8xA) A8xA !x! (Wt9xA) Ax(t)9xA (t 2 Ter)(CutC) C :C;Displaying derivations:To in
rease readability we often write derivations in tree form, i.e. we write d0 : : : dnI instead of Id0:::dn.Another way of representing derivations is to write them as trees of sequents (as before) and to display therespe
tive inferen
e symbols at the right or left end of ea
h inferen
e line. Mostly we will not show the fullinferen
e symbol I but only some kind of abbreviation (e.g. the outermost logi
al symbol of the prin
ipalformula of I) or nothing.Example:d = WS0G VF (S0)^:F (SS0)W0GVF (0)^:F (S0)AxF (0)AxF (S0) AxF (SS0) =23



= AxF (0) AxF (S0)VF (0)^:F (S0)W0G AxF (SS0)VF (S0)^:F (SS0)WS0G = :F (0); G; F (0) :F (S0); F (S0) (^):F (0); G; F (0) ^ :F (S0); F (S0) (9):F (0); G; F (S0) :F (SS0); F (SS0) (^):F (0); G; F (S0) ^ :F (SS0); F (SS0) (9):F (0); G; F (SS0)where G := 9x(F (x) ^ :F (Sx)),The proof system Z of 1st order arithmeti
The language of Z is L0(X ) := L0[fX0; X1; :::g, where X0; X1; ::: are unary predi
ate symbols; we 
all themset variables. But note that they are not 
onsidered as variables in the proper sense (e.g. FV(Xi0) = ;).We use X as synta
ti
 variable for X0; X1; :::.Re
all that the logi
al axioms (LogAx) and the PRA-axioms (G1)-(PR3.1) had all been presented in theform �;� with arbitrary �. We 
all � the prin
ipal part of the respe
tive axiom.AX (Z) := set of all prin
ipal parts � of axioms (LogAx), (G1)-(PR3.1) in the extended language.The inferen
e symbols of Z are those of PL1 plus(Ax�) � for � 2 AX (Z) ,(Indx;tF ) :F; Fx(Sx):Fx(0); Fx(t) !x! .In this se
tion I is always an inferen
e symbol of Z, and d; d0; ::: denote Z-derivations.De�nitionAx�� := Ax�� , VA� := VA� , WkA� := WkA� , CutC� := CutC� , Ws9xA� := Ws�(9xA)� ,Vx8xA� := Vx�(8xA)� , Indx;tF � := Indx�;t�F� .In the last two 
ases it is required that x� 2 Vars n FV(�(I)�).Then the following holds for every Z-inferen
e I:{ I� is a Z-inferen
es belonging to the same rule as I, (
f. proof of L....){ jI�j = jIj and Eig(I�) = Eig(I)�,{ �(I�) = �(I)�,{ (8i 2 jIj)�i(I�) = �i(I)�.De�nition of d�For d = Id0:::dn�1 we set d� := (I ~�)d0~� : : : dn�1~� with~� := � �yx if Eig(I) = fxg where y 2 Var n FV(�(d)�)� if Eig(I) = ;In the �rst 
ase, if x 62 FV(�(d)�) we take y := x.Remark. Let d = Id0:::dn�1.(a) d� = d.(b) If � = �tx with FV(t) = ; then d� = � d if Eig(I) = fxgI�d0�:::dn�1� otherwiseProof of (b):We have x 62 FV(�(d)�) and therefore ~� = ( �xx = � if Eig(I) = fxg�zz = � if Eig(I) = fzg 6= fxg� if Eig(I) = ;24



Lemma 4.1. Z 3 d ` � ) Z 3 d� ` ��.Proof: Let d = Id0:::dn�1. W.l.o.g. �(d) = �.(1) �~� = ��, sin
e Eig(I) \ FV(�) = ;.(2) Eig(I ~�) \ FV(��) = ;, sin
e Eig(I ~�) = Eig(I)~� and (Eig(I) = fxg ) x~� 62 FV(��)).d ` � ) �(I) � � & 8i < n(di ` �;�i(I)) IH+(1)) �(I)~� � �� & 8i < n(di~� ` ��;�i(I)~�) ) �(I ~�) ��� & 8i < n(di~� ` ��;�i(I ~�)) (2)) d� ` ��.De�nition. FV(I) := �FV(�(I)) [ FV(t) if I = Wt9xA or Indx;tFFV(�(I)) otherwiseRemark. Eig(I) \ FV(I) = ;.De�nition. FV(Id0:::dn�1) := FV(I) [Si<n(FV(di) n Eig(I))Lemma 4.2(a) FV(�(d)) � FV(d),(b) FV(d(x=t)) = FV(d) n fxg , if t 2 T0.Proof: Let d = Id0:::dn�1.a) �(d) = �(I) [Si<n(�(di) n�i(I)) and FV(�(d)) \ Eig(I) = ; (�).FV(�(I)) � FV(I) � FV(d).FV(�(di) n�i(I)) (�)� FV(�(di)) n Eig(I) IH� FV(di) n Eig(I) � FV(d).b) Abb.: � := (x=t).1. Eig(I) = fxg: Then d� = d and x 62 FV(d). Hen
e FV(d�) = FV(d) = FV(d) n fxg.2. Otherwise: Then d� = I�d0�:::dn�1�, and by IH FV(di�) = FV(d�) n fxg.Moreover one easily veri�es that FV(I�) = FV(I) n fxg.Hen
e FV(d�) = FV(I�) [Si(FV(di�) n Eig(I�)) IH=(FV(I) n fxg) [Si �(FV(di) n fxg) n Eig(I)� =�(FV(I) [Si(FV(di) n Eig(I))� n fxg = FV(d) n fxg.De�nitionA Z-derivation d is 
alled 
losed i� FV(d) = ;.Lemma 4.3(a) Ea
h Z-derivation d 
an be transformed into a Z-derivation d0 with �(d0) � �(d) and FV(d0) � FV(�(d));in parti
ular, d0 is 
losed if �(d) is 
losed.(b) If d = Id0:::dn�1 is 
losed and Eig(I) = ; then d0; :::; dn�1 are 
losed.(
) If d = Id0 is 
losed and Eig(I) = fxg then d0(x=t) is 
losed for ea
h t 2 T0.Proof:(a) Indu
tion on the 
ardinality of FV(d):If FV(d) � FV(�(d)) then d0 := d.Now assume that x 2 FV(d) n FV(�(d)). Then �(d(x=0)) � �(d)(x=0) = �(d),and (by L.4.2b) FV(d(x=0)) = FV(d) n fxg. Hen
e the 
laim follows by IH.(b) FV(di) � FV(d) [ Eig(I).(
) FV(d0) � FV(d) [ fxg = fxg ) FV(d0(x=t)) = FV(d0) n fxg = ;.25



x5 Proof theoreti
 analysis of Z via the in�nitary system Z1De�nitionLet R be an L0-formula with FV(R) = fx; yg su
h that the relation�:= f(m;n) 2 IN2 : IN j= Ry;x(m;n)g is wellfounded.By re
ursion over � one de�nes the �-norm jnj� of n 2 IN:jnj� := supfjmj� + 1 : m � ng.k�k := supfjnj� + 1 : n 2 INg.Abbreviations.jtj� := jtN j� for t 2 T0,s � t := Ry;x(s; t) , 8y�t F (y) := 8y(y�t! F (y)).We use F to denote expressions �xF (F a formula). For F = �xF we set F(t) := Fx(t).Prog�(F) := 8x(8y�xF(y) ! F(x)),TI�(F ; t) := Prog�(F)! 8x�tF(x),TI�(F) := Prog�(F)! 8xF(x).Finally TI�(X) := TI�(�xXx), et
.In this se
tion we will show that "0 is the least ordinal � su
h that trans�nite indu
tion up to � is notprovable in Z; more pre
isely we will establish the followingResults.(I) Z ` TI�(X) =) k � k < "0 (for any arithmeti
 �).(II) For ea
h � < "0 there is a primitive re
ursive wellordering �� of ordertype � su
h that Z ` TI��(X).Sket
h of the proof of (I):We de�ne an in�nitary proof system Z1, whi
h (essentially) results from Z by(i) repla
ing ea
h inferen
e symbol Vx8xA by its in�nitary version(V8xA) : : : Ax(t) : : : (t2T0)8xA (!-rule)(ii) adding the axioms A (for A 2 TRUE0) and Xs;:Xt (for s; t 2 T0 with sN = tN )Then we prove the following Theorems whi
h together yield the above result.(Embedding) Z ` � =) Z1 `!2m � for some m < !.(Cut Elimination) Z1 `�m+1 � =) Z1 `3�m �.(Boundedness) Z1 `�0 TI�(X) =) k�k � 2�.
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The in�nitary proof system Z1The language of Z1 
onsists of all 
losed L0(X )-formulas (senten
es).We introdu
e the following relation ' between L0(X )-senten
es and (possibly in�nitary) 
onjun
tions ordisjun
tions of L0(X )-senten
e:A0 ^ A1 ' Vi2f0;1gAi, 8xA ' Vt2T0Ax(t), A0 _ A1 ' Wi2f0;1gAi, 9xA ' Wt2T0Ax(t)Then we have{ A ' ��2JA�& � 2 J =) rk(A�) < rk(A),{ A ' ��2JA� =) :(A) ' ��2J:A�, where W := V, V := W,De�nitionAX (Z1) := set of all sequents � su
h that{ all elements of � are 
losed literals,{ � \ TRUE0 6= ; or � 
ontains a subset fXs;:Xtg with sN = tN .Note that f� 2 AX (Z) : FV(�) = ;g � AX (Z1).Remark. �0;�00 2 AX (Z1) =) (�0 n fCg) [ (�00 n f:Cg) 2 AX (Z1)Proof: Assume �0 n fCg 62 AX (Z1) and �00 n f:Cg 62 AX (Z1).Then (w.l.o.g.) C = Xt and :Xs 2 �0 n fCg and Xr 2 �00 n f:Cg with sN = tN = rN .Z1-inferen
es(Ax�) � if � 2 AX (Z1)(VA) : : : A� : : : (�2J)A if A ' V�2JA�(W�A) A�A if A ' W�2JA� and � 2 J(CutC) C :C;(Rep) ;;Remark. At moment we 
ould do without Rep inferen
es. They will be
ome important later.NOTATIONUntil further noti
e we use d; d0; d1; e; ::: as synta
ti
 variables for Z1-derivations.d ' 8>><>>: d�: : :�� : �� : : : I� : � :, d = I(d�)�2jIj & 8� 2 jIj(�(d�) � �� & hgt(d�) � �� < �) & :::��:::(�2jIj)� I ,where :::��:::(�2jIj)� I :, �(I) � � & 8� 2 jIj(�� � �;��(I)).Note that d ' � : : : : : :� : � I implies �(d) � � and hgt(d) � �.27



Theorem and De�nition 5.1For ea
h formula C we de�ne an operator RC su
h that:d `�m �; C & e `�m �;:C & rk(C) � m =) RC(d; e) `�#�m �.Proof:RC(d; e) is de�ned by re
ursion on �#�.1. C 62 �(last(d)): Then d ' 8>><>>: d�: : :�; C;�� : �� : : :(�2I) I�; C : � where I := last(d), I := jIj.By IH we get RC(d�; e) `��#�m �;�� for all � 2 I . Further we have ��#� < �#� for all � 2 I .Hen
e RC(d; e) := I(RC(d�; e))�2I '8>><>>: RC(d�; e): : :�;�� : ��#� : : :(�2I) I� : �#� is a derivation as required.1'. :C 62 �(last(e)): symmetri
 to 1.2. C 2 �(last(d)) and :C 2 �(last(e)):2.1. C is a literal: Then last(d) = Ax�0 and last(e) = Ax�00 with �0 2 AX (Z1) and �00 2 AX (Z1).Hen
e � := (�0 n fCg) [ (�00 n f:Cg) � �, and � 2 AX (Z1) (
f. above). We set RC(d; e) := Ax�.2.2. C ' W�2JC�:Then :C ' V�2J:C� and d '8>><>>: d0�; C; C� : �0 _�C�; C : � , e ' 8>><>>: e�: : :�;:C;:C� : �� : : :(�2J) ^:C�;:C : � .By IH we get RC(d0; e) `�0#�m �; C� and RC(d; e�) `�#��m �;:C�.Further rk(C�) < rk(C) � m.Hen
e RC(d; e) := CutC�RC(d0; e)RC(d; e�) ' 8>><>>: RC(d0; e)�; C� : �0#� RC(d; e�)�;:C� : �#�� CutC�� : �#� .2.2'. C ' V�2JC�: symmetri
 to (Case 2.2).Theorem and De�nition 5.2We de�ne an operator E su
h that the following holds: d `�m+1 � =) E(d) `3�m �.Proof:1. d '8>><>>: d0�; C : �0 d1�;:C : �1 CutC� : � : Then rk(C) � m and, by IH, E(d0) `3�0m �; C and E(d1) `3�1m �;:C.Hen
e RC(E(d0); E(d1)) `3�0#3�1m � by Theorem 5.1. So we 
ould de�ne E(d) to be RC(E(d0); E(d1)).But for reasons whi
h be
ome 
lear later we set E(d) := RepRC(E(d0); E(d1)).2. otherwise: E(d) := I(E(d�))�2I ' 8>><>>: E(d�): : :�;�� : 3�� : : :(�2I) I� : 3� if d =8>><>>: d�: : :�;�� : �� : : :(�2I) I� : �28



Theorem 5.3 (Inversion)(a) A ' V�2JA� & Z1 `�m �; A =) Z1 `�m �; A� for ea
h � 2 J .(b) Z1 `�m �; A0 _A1 =) Z1 `�m �; A0; A1.De�nition. L0(X) := L0 [ fXg,A 
losed L0(X)-formula (sequent) is 
alled X-positive if it 
ontains no subformula :Xt.j=� A :, (N ; fn : jnj� < �g) j= A,j=� fA1; :::; Akg :, j=� A1 _ ::: _AkTheorem 5.4 (Boundedness). Let � be X-positive.Z1 `�1 :Prog�(X);:Xs1; :::;:Xsk;� & js1j�; :::; jskj� � � =) j=�+2� �.Corollary. Z1 `�1 TI�(X) =) k�k � 2�.Proof of the Corollary:Z1 `�1 TI�(X) 5:3) Z1 `�1 :Prog�(X); Xn for all n 5:4) jnj� < 2� for all n ) k�k � 2� .Proof of Lemma 5.4 by indu
tion on �:Abbreviations: � := f:Xs1; :::;:Xskg.Let d `�1 :Prog(X);�;�.1.1. last(d) = Ax� and � \ TRUE0 6= ;: Then � \ TRUE0 6= ; and the 
laim is trivial.1.2. last(d) = Ax� and Xt;:Xs � � with tN = sN :Then Xt 2 � and :Xs 2 �. Hen
e jtj� = jsj� � � < �+ 2� and thus j=�+2� �.2. last(d) = Ws0:Prog(X): Then `�01 :Prog(X);�;�;8y�s0Xy ^ :Xs0 with �0 < �.By 5.3a (Inversion) we get (1) `�01 :Prog(X);�;�;8y�s0Xy, and (2) `�01 :Prog(X);:Xs0;�;�.By IH from (1) we get j=�+2�0 �;8y�s0Xy.(Case 1) j=�+2�0 �: Then also j=�+2� �, sin
e �0 � � and � is X-positive.(Case 2) j=�+2�0 8y�s0Xy: Then jmj� < �+ 2�0 for all m � sN0 , i.e. js0j� � �+ 2�0 .From this together with js1j�; :::; jskj� � � and (2) by IH we obtain j=�+2�0+2�0 �, and thus j=�+2� �.3. last(d) = VC with C ' V�2IC� 2 �: Then, for all � 2 I , `��1 :Prog(X);�;�; C� and �� < �. Hen
e, byIH, j=�+2�� �; C� for all �. Sin
e � is X-positive, this implies j=�+2� �; C� for all �, and thus j=�+2� �; C.4. last(d) = W�C with C 2 �: as 3.5. last(d) = Rep: immediate by IH.6. last(d) = CutC with C 2 TRUE0: Then by I.H. j=�+2�0 �;:C and thus j=�+2� �.7. last(d) = CutY s with Y 6= X : Then `�01 :Prog(X);�;�;:Y s whi
h implies `�01 :Prog(X);�;�;:(0 = 0).Now the 
laim follows as in 6.8. last(d) = CutXs0 : Then (1) `�01 :Prog(X);�;�; Xs0 and (2) `�01 :Prog(X);:Xs0;�;�.By IH from (1) we get j=�+2�0 �; Xs0.(Case 1) j=�+2�0 �: Then also j=�+2� �.(Case 2) j=�+2�0 Xs0: Then js0j� < �+ 2�0 . From this together with js1j�; :::; jskj� � � and (2) by IH weobtain j=�+2�0+2�0 �, and thus j=�+2� �. 29



Embedding of Z in Z1From now on we denote Z1-derivations by d; e; 
.For ea
h 
losed Z-derivation d we de�ne its interpretation d1 2 Z1 as follows:1. (Vx8xAd0)1 := V8xA�d0(x=t)1�t2T0 ,2. (Indx;tF d0)1 := � 
x;tF if n = 0CutF (n)en�1
x;tF if n > 0 wheren := tN , 
x;tF `2rk(F )0 :Fx(n); Fx(t), e0 := d0(x=0)1, ei := CutF (i)ei�1d0(x=i)1 for i > 0 .(Indx;tF d0)1 = d0(x=0)1 d0(x=1)1CutF (1) d0(x=2)1... d0(x=n�1)1CutF (n�1) 
x;tFCutF (n)3. Otherwise: (Id0:::dn�1)1 := Id10 : : : d1n�1 .De�nition of ~o(d) and dg(d) for ea
h Z-derivation dLet d = Id0:::dn�1.~o(d) := � ~o(d0) + ! if I = Indx;tFsupi<n(~o(di)+1) otherwisedg(d) := max(fdg(I)g [ fdg(di) : i < ng) where dg(I) := � rk(C)+1 if I = CutC or Indx;tC0 otherwiseCorollary. ~o(d�) = ~o(d) and dg(d�) = dg(d).Theorem 5.5.If d is a 
losed Z-derivation then Z1 3 d1 `~o(d)dg(d) �(d).Corollary. Z ` � and � 
losed =) Z1 `!�km � for some k;m < !.Proof: Let � := �(d).1. d = Vx8xAd0: Then for ea
h t 2 T0, Z 3 d0(x=t) ` �; Ax(t) where d0(x=t) is 
losed.Further we have � := ~o(d0(x=t)) = ~o(d0) < ~o(d) and dg(d0(x=t)) = dg(d0) � dg(d).I.H. =) Z1 3 d0(x=t)1 `�dg(d) �; Ax(t) (8t 2 T0) =) Z1 3 d1 `~o(d)dg(d) �.2. d = Indx;tF d0: Sin
e d is 
losed, t 2 T0. Let n := tN . As above we get (by I.H.) for all i 2 IN,Z1 3 d0(x=i)1 `�m �;:Fx(i); Fx(i+1) where � := ~o(d0) and m := dg(d). Now by indu
tion on i we getei `�+im �; Fx(i+1): (i) e0 = d0(x=0)1 `�m �; Fx(1) (note that :Fx(0) 2 �). (ii) i > 0: d0(x=i)1 `�m�;:F (i); F (i+1) and ei�1 `�+i�1m �; F (i) rk(F)<m=) ei = CutF (i)ei�1d0(x=i)1 `�+im �; F (i+1).n = 0: d1 = 
x;tF `�+!0 :F (0); F (t).n > 0: en�1 `�+n�1m �; F (n) and 
x;tF `k0 :F (n); F (t) rk(F )<m=) d1 = CutF (n)en�1
x;tF `�+!m �; F (t) (= �).3. d = Id0:::dn�1 otherwise: Then, sin
e d is 
losed, d0; :::; dn�1 are 
losed, and I is also an inferen
e symbolof Z1. Hen
e the 
laim follows immediately from the I.H.Theorem 5.6 Z ` TI�(X) =) k�k < "0. [Proof by 5.5, 5.2, 5.4(Corollary).℄30



Fragments of ZLet Zm be the subsystem of Z where the indu
tion rule is restri
ted to formulas F with rkQF(F ) < m.We are now going to sharpen Theorem 5.6 by showing that if Zm ` TI�(X) (m � 1, � transitive) thenk�k < !m+1, where !0 := 1, !n+1 := !!n . For this we need a sharper version of Theorem 5.4 (due toBe
kmann).De�nitions.For U � IN let jnjU := supfjijU+1 : i � n& i 62 Ug, and U� := fn 2 IN : jnjU < �g [ U .j=�U A :, (N ; U�) j= A,j=�U fA1; :::; Akg :, j=�U A1 _ ::: _ AkLemma 5.7.� transitive & U 0 = U [ fmg & jmjU � �0 < � =) 8n(jnjU � jnjU 0 + 1) & (U 0)�0 � U�.Theorem 5.8.For transitive � and X-positive � we have:Z1 `�1 :Prog�(X);:Xs1; :::;:Xsk;� =) j=�U � with U := fsN1 ; :::; sNk g.Proof by indu
tion on � using Lemma 5.7.De�nition�0(�) := �, �m+1(�) := ��m(�) . !m := !m(1), i.e. !0 = 1; !1 = !; !2 = !!; !3 = !!! (= !(!!)); ::::Theorem 5.9. � transitive and Zm ` TI�(X) =) k�k < n!2 if m = 0!m+1 if m > 0Proof:Let � be 
losed. By partial 
ut-elimination and Lemma 4.3, if Zm ` � then there exists a 
losed Zm-derivationd of � with rkQF(C) < m for all 
ut or indu
tion formulas C.Then also rkQF(C) < m for all 
ut-formulas C of d1.So we have d1 `!�kQF;m � for some k � 1.By inspe
ting the proofs of 5.1 and 5.2 one sees that the following holds:d `�QF;n+1 � =) E(d) `3�QF;n �.Hen
e Em(d1) `3m(!�k)QF;0 �. Moreover there is an ` 2 IN so that rk(C) � ` for all 
ut formulas C of Em(d1).Abbreviation. Z1 `�n;0 � :, d `�n � for some Z1-derivation d in whi
h all 
ut formulas are quanti�erfree.The following propositions are easily proved (where (1) and (2) are needed for the proof of (3)):(1) Z1 `�n;0 �; A0 ^ A1 ) Z1 `�n;0 �; Ai;(2) Z1 `�n;0 �; A0 _ A1 ) Z1 `�n;0 �; A0; A1;(3) Z1 `�n+1;0 � & n � 1 ) Z1 `2��n;0 �.By the above we have Z1 `3m(!�k)`+1;0 �. From this by (3) we get Z1 `2`�3m(!�k)1 �.So we have: Zm ` TI�(X) ) Z1 `�1 TI�(X) 5:8+5:3) k�k � � = 2` � 3m(! � k) < n!2 if m = 0!m+1 if m � 131



Arithmetization of ordinals < "0In the following a; b; 
; x; y; z denote natural numbers.We assume that IN<! ! IN, (a0; :::; an�1) 7! ha0; :::; an�1iis a bije
tive 
oding of �nite sequen
es of natural numbers su
h that(1) 0 = h i and ai < ha0; :::; ani < ha0; :::; an+1i for i � n;(2) For ea
h n the fun
tion INn+1 ! IN, (a0; :::; an) 7! ha0; :::; ani is primitive re
ursive;(3) The fun
tion � : IN2 ! IN, ha0; :::; am�1i�hb0; :::; bn�1i := ha0; :::; am�1; b0; :::; bn�1i is primitive re
ursive.De�nition of (OT;�)By simultaneous re
ursion we de�ne a set OT � IN of ordinal notations and a binary relation � on OT.1. a 2 OT () a = ha0; :::; an�1i with a0; :::; an�1 2 OT and an�1 � : : : � a0.2. a � b i� a = ha0; :::; am�1i 2 OT, b = hb0; :::; bn�1i 2 OT and one of the following two 
ases holds(i) m < n and ai = bi for all i < m;(ii) 9k < minfm;ng[ ak � bk & ai = bi for i < k ℄.Remark. OT and � are primitive re
ursive.De�nition of o : OT! "0o(ha0; :::; an�1i) := !o(a0) + : : :+ !o(an�1)Lemma 5.10. o maps (OT;�) isomorphi
 onto ("0; <).Corollary. (OT;�) is a wellordering and jaj� = o(a) for a 2 OT.Proof of jaj� = o(a): If a 2 OT then jaj� = supfjbj�+1 : b � ag IH= supfo(b)+1 : b � ag 5:10= o(a).De�nition.For a; b; k 2 IN we set a b�!b�k := a � hb; : : : ; b| {z }k i and a b�!b := a b�!b�1, !b := hbi.Remark. If a b�!b�k 2 OT then o(a b�!b�k) = o(a) + !o(b)�k.Lemma 5.11. Provably in PRA we have(a) (OT;�) is a linear ordering.(b) If a � 
 � a b�!b then there are d � b and k 2 IN su
h that 
 � a b�!d�k.Proof of (b):Let a = ha0; :::; am�1i and 
 = h
0; :::; 
n�1i. From ha0; :::; am�1i � h
0; :::; 
n�1i � ha0; :::; am�1; bi it followsthat that m < n, ai = 
i for i < m, and 
n�1 � : : : � 
m � b. Hen
e 
 � a b�!
m � (n�m+1).Provability of TI��0 := �0 := set of all quanti�erfree L0(X )-formulas.�m+1 := f9xA : A 2 �ng, �m+1 := f8xA : A 2 �mg,�n-IA denotes the subsystem of Z where the indu
tion rule is restri
ted to �n-formulas.As shown in the exer
ises, �n-IA and �n-IA prove the same sequents.In the following we understand �n and �n modulo provable equivalen
e in �0-IA.In this sense �n+1 (�n+1, resp.) is 
losed under ^, _, 8 (9, resp.). Moreover �n [ �n � �n+1 \ �n+1.32



De�nition. F(y) := 8x(8z � xF(z)! 8z � x b�!y F(z))g.Remark. If F 2 �n+1 then F 2 �n+2.Proof: F(y) = 8x(A _ B) with A 2 �n+1 � �n+2, B 2 �n+1 � �n+2.Lemma 5.12. �n+1-IA ` Prog�(F)! Prog�(F) for F 2 �n+1.Proof:Assumptions: (1) Prog(F), (2) 8y � bF(y), (3) 8z � aF(z).To prove: 8z � a b�!bF(z). Let G(y; k) := 8z � a b�!y�kF(z).Then F(y)! (G(y; k)! G(y; k+1)), and from (3) we get G(y; 0).Now by �n+1-IA we obtain F(y)! 8kG(y; k), and then (4) 8y � b8kG(y; k) by (2).Now let z � a b�!b. If z � a then F(z) by (1) and (3).If a � z then 9y � b9k(z � a b�!y�k) and thus F(z) by (4).De�nition.For � < "0 let �n-TI(�) denote the axiom s
heme TI�(F ; d� e) (F 2 �n), where d� e := o�1(�) 2 OT.Lemma 5.13. �n+1-IA + �n+2-TI(�) ` �n+1-TI(!�).Proof:Let F 2 �n+1. Then F 2 �n+2, and the 
laim follows from �n+1-IA ` Prog(F)! Prog(F),�n+2-TI(�) ` Prog(F)! F(d� e), and �0-IA ` F(d� e)! 8z � d!� eF(z).Corollary. �n+1-IA ` �2-TI(!n(k)) and �1-TI(!n+1(k)).Proof:�n+1-IA + �n+2-TI(k) ` �n+1(!k1 ) ` : : : ` �2-TI(!kn) ` �1-TI(!kn+1).It remains to prove �n+1-IA ` �n+2-TI(k).A
tually we show (by meta-indu
tion on k) �0-IA ` TI(F ; dk e) for any F .Obviously �0-IA ` 8z � d0 eF(z) and �0-IA ` Prog(F)! 8z � dk eF(z)! 8z � dk+1 eF(z) for ea
h k 2 IN.Hen
e �0-IA ` Prog(F)! 8z � dk eF(z) for ea
h k 2 IN.Theorem 5.14.(a) �m+1-IA ` �1-TI(�) for ea
h � < !m+2.(b) �m+1-IA 6` �1-TI(!m+2).Proof of (b):Note that �m+1-IA is 
ontained in Zm+1. Let � < "0 and ��:= f(i; j) : i � j � d� eg.�m+1-IA ` �1-TI(�) (�)=) Zm+1 ` TI��(X) =) � = k��k < !m+2.(�) Prog��(X) = 8x(8y �� x(y 2 X) ! x 2 X) =) 8x(8y � x(y 2 X)! x 2 X) = Prog�(X) �n-IA(�)=)8x � d� e(x 2 X) =) 8x(x 2 X), sin
e [x 6� d� e) 8y �� x(y 2 X)) x 2 X ℄.33



x6 Notations for in�nitary derivations; the proof system Z�Sin
e for every true L0-senten
e there exists a Z1-derivation of heigth < !, the method of x5 (by whi
h wehave shown the unprovability of TI"0(X)) is not suitable for showing the unprovability (in Z) of L0-senten
es.Espe
ially one 
annot obtain bounds on the provably re
ursive fun
tions of Z by this method. One way toa
hieve this would be introdu
e an e�e
tive version of Z1 where in�nitary derivations are 
oded by indi
esfor re
ursive fun
tions. Here we 
hoose a di�erent way where the �nite derivations of an extension Z� of Zserve as 
odes (notations) for Z1-derivations.The proof-system Z�The system Z� results from Z by adding the inferen
e symbol (E) ;;and de�ning o(h) and deg(h) for Z�-derivations h = Ih0:::hn�1 as followso(h) := 8><>: o(h0)#o(h1) if I = CutCo(h0) � ! if I = Indx;tC3o(h0) if I = Esupi<n(o(hi)+1) otherwise , deg(h) := � deg(h0)�� 1 if I = Emax(fdeg(I)g [ fdeg(hi) : i < ng) otherwisewhere deg(I) := � rk(C) if I = CutC or Indx;tC0 otherwiseWe use h; h0; ::: as synta
ti
 variables for Z�-derivations.Remark: The de�nitions of o(h) and deg(h) are motivated by the interpretation h 7! h! (introdu
ed below)and Theorems 5.1,5.2. For example, sin
e, a

ording to Theorem 5.2, o(E(h!0 )) � 3o(h!0 ) and deg(E(h!0 )) �deg(h!0 )�� 1 holds, we have de�ned o(Eh0) := 3o(h0) and deg(Eh0) := deg(h0)�� 1.The de�nition of I� and d� for inferen
e symbols and derivations of Z is extended to Z� by E� := E.Closed derivations are de�ned as in Z.Lemma 6.1.(a) o(h�) = o(h) and deg(h�) = deg(h).(b) Z� 3 h ` � ) Z� 3 h� ` ��.(
) If h = Ih0:::hn�1 is 
losed and Eig(I) = ; then h0; :::; hn�1 are 
losed.(d) If h = Ih0 is 
losed and Eig(I) = fxg then h0(x=t) is 
losed for ea
h t 2 T0.Interpretation of Z� in Z1For ea
h 
losed Z�-derivation h we de�ne its interpretation h! 2 Z1 as follows:1. (Vx8xAh0)! := V8xA�h0(x=t)!�t2T0 ,2. (CutCh0h1)! := RC(h!0 ; h!1 ) ,3. (Eh0)! := E(h!0 ) ,4. (Indx;tF h0)! := �Rep 
x;tF if n = 0RepRF (n)(en�1; 
x;tF ) if n > 0 wheren := tN , 
x;tF `<!0 :Fx(n); Fx(t), e0 := h0(x=0)!, ei := RF (i)(ei�1; h0(x=i)!) for i > 0 .5. Otherwise: (Ih0:::hn�1)! := Ih!0 : : : h!n�1 . 34



RemarkWith the help of Theorems 5.1,5.2 one easily veri�es that h! is a Z1-derivation with h! `o(h)deg(h) �(h).Let us look at the Ind-
ase:Let �0 := o(h0), �i+1 := �i#�0 and m := deg(h) = maxfrk(F ); deg(h0)g.From h0(x=i)! `�0m �;:F (i); F (i+1) and ei�1 `�i�1m �;:F (0); F (i) we obtainei = RF (i)(ei�1; h0(x=i)!) `�im �;:F (0); F (i+ 1).n > 0: From en�1 `�n�1m �;:F (0); F (n) and 
x;tF `k0 :F (n); F (t) we obtainRepRF (n)(en�1; 
x;tF ) `�0�!m �;:F (0); F (t).n = 0: Then 
x;tF `�0�!0 :F (0); F (t). (1 � �0 ) ! � �0 � !)De�nition of tp(h) and h[�℄ for 
losed Z�-derivations h and � 2 jtp(h)jBy re
ursion on the build-up of h we de�ne a Z1-inferen
e tp(h) and 
losed Z�-derivation(s) h[�℄ in su
h away that h! = tp(h)�h[�℄!��2jtp(h)j = : : : h[�℄! : : : (�2jtp(h)j)tp(h)The de�nition 
lauses for h = CutCh0h1 and h = Eh0 
an be read o� from the 
orresponding 
lauses in thede�nitions of RC and E .1.1. h = Ax�: tp(h) := Ax�.1.2. h = VCh0h1: tp(h) := VC , h[i℄ := hi.1.3. h = VxCh0: tp(h) := VC , h[t℄ := h0(x=t).1.4. h = W�Ch0: tp(h) := W�C , h[0℄ := h0.2. h = Indx;tF h0: tp(h) := Rep, h[0℄ := � 
x;tF if n = 0CutF (n)en�1
x;tF if n > 0 wheren := tN , Z 3 
x;tF `1 :F (n); F (t), e0 := h0(x=0), ei := CutF (i)ei�1h0(x=i) for i > 0 .3. h = Eh0:3.1. tp(h0) = CutC : tp(h) := Rep, h[0℄ := CutCEh0[0℄Eh0[1℄,3.2. otherwise: tp(h) := tp(h0), h[�℄ := Eh0[�℄.4. h = CutCh0h1:4.1. C 62 �(tp(h0)): tp(h) := tp(h0), h[�℄ := CutCh0[�℄h1.4.2. :C 62 �(tp(h1)): tp(h) := tp(h1), h[�℄ := CutCh0h1[�℄.4.3. C 2 �(tp(h0)) and :C 2 �(tp(h1)):4.3.0. rk(C) = 0: tp(h) := Ax� with � := (�(tp(h0)) n fCg) [ (�(tp(h1)) n f:Cg).4.3.1. C = 9xA: Then tp(h0) = WtC for some t 2 T0, and tp(h1) = V:C .tp(h) := CutAx(t), h[0℄ := CutCh0[0℄h1, h[1℄ := CutCh0h1[t℄.4.3.2. C = 8xA or A0^A1 or A0_A1: analogous to 4.3.1.De�nition. h Æ̀�m � :() h is a 
losed Z�-derivation with �(h) � �, o(h) � �, deg(h) � m.35



Theorem 6.2If h Æ̀�m� and I = tp(h) then the following holds:(a) �(I) � �,(b) I = CutC ) rk(C) < m,(
) For ea
h � 2 jIj: h[�℄ Æ̀��m�;��(I) with �� < �.Proof by straightforward indu
tion on the build-up of h:W.l.o.g. FV(�) = ;.1. h = Ax�: Then I = Ax� and thus �(I) = � = �(h) � � and jIj = ;.2.1. h = Vy8xAh0: Then I = V8xA, �(I) = f8xAg � � and h0 Æ̀�0m �; Ax(y) with �0 < �.By L.6.1a,b we get h[t℄ = h0(y=t) Æ̀
m�; Ax(t) for ea
h t 2 T0.2.2. h = Wt9xAh0: Then t 2 T0, I = Wt9xA, �(I) = f9xAg � � and h0 Æ̀�0m �; Ax(t) with �0 < �.2.3. h = VA0^A1h0h1 or h = WkA0_A1 : analogous to 2.1 and 2.2.4.1. h = CutCh0h1 with C = 9xA, tp(h0) = WtC , tp(h1) = V:C : Then t 2 T0 and tp(h) = CutA(t).Let 
 := o(h0), � := o(h1).Then h0 Æ̀
m�; C , h1 Æ̀�m�;:C and rk(A(t)) < rk(C) � m.By IH we obtain h0[0℄ Æ̀
0m�; C;A(t) with 
t < 
, and h1[t℄ Æ̀�tm�;:C;:A(t) with �t < �.Hen
e h[0℄ = CutCh0[0℄h1 Æ̀
0#�m �; A(t) and h[1℄ = CutCh0h1[t℄ Æ̀
#�tm �;:A(t)with 
0#� ; 
#�t < 
#� = o(h) � �.4.2. h = CutCh0h1 with tp(h0) = I and C 62 �(I): Let 
 := o(h0), � := o(h1).Then h0 Æ̀
m�; C , h1 Æ̀�m�;:C.By IH we obtain h0[�℄ Æ̀
�m�; C;��(I) with 
� < 
, for all � 2 jIj.Hen
e h[�℄ = CutCh0[�℄h1 Æ̀
�#�m �;��(I) with 
�#� < 
#� = o(h) � �.h0 Æ̀
m�; C & tp(h0) = I & C 62 �(I) IH) �(I) � � & (I = CutA ) rk(A) < m).4.3. h = CutCh0h1 with rk(C) = 0 and C 2 �0 := �(tp(h0)), :C 2 �1 := �(tp(h1)):Then I = Ax� with � := (�0 n fCg) [ (�0 n f:Cg), and by IH �i � �(hi). Hen
e �(I) = � � �(h) � �.5. h = Eh0 with tp(h0) = CutC : Then tp(h) = Rep , h[0℄ = CutCEh0[0℄Eh0[1℄ and deg(h0) � m+1.Let 
 := o(h0). Then h0 Æ̀
m+1�.By IH we have rk(C) < m+1 and h0[0℄ Æ̀
0m+1�; C , h0[1℄ Æ̀
1m+1�;:C with 
0; 
1 < 
.Hen
e Eh0[0℄ Æ̀3
0m �; C and Eh0[1℄ Æ̀3
1m �;:C.From this together with rk(C)�m we get h[0℄ = CutCEh0[0℄Eh0[1℄ Æ̀3
1#3
1m � and 3
0#3
1<3
 = o(h) � �.6. h = Indx;tF h0: Then I = Rep, rk(F ) � m, and h0 Æ̀
m�;:F (x); F (S x) with 
 := o(h0), 
 + ! � �.h[0℄ = h0(y=0) h0(y=1)CutF (1) h0(y=2)... h0(y=n�1)CutF (n�1) 
y;tFCutF (n) with Z 3 
y;tF `1 :F (n); F (t).36



Lemma 6.3 (Consisten
y of Z)Let Z�? be the set of all 
losed Z�-derivations h with �(h) = ; & deg(h) = 0.(a) h 2 Z�? =) h[0℄ 2 Z�? & o(h[0℄) < o(h),(b) There is no Z-derivation d with �(d) = ;.Proof:(a) h 2 Z�? 6:2a) �(tp(h)) � �(h) = ; & deg(h) = 0 6:2b) tp(h) = Rep.h 2 Z�? & tp(h) = Rep 6:2
) h[0℄ 2 Z�? & o(h[0℄) < o(h).(b) By trans�nite indu
tion up to "0 from (a) we get Z�? = ;.Now assume that d is a Z-derivation with �(d) = ;. W.l.o.g. we may assume that d is 
losed.Let m := deg(d). Then Emd = E:::Ed 2 Z�?. Contradi
tion.Theorem 6.4. PRA+QF-TI("0) ` Con(Z).Proof: The (trans�nite) indu
tion formula in 6.3b is the �1-formula F (�) := 8h(o(h) = �! h 62 Z�?):8� � �F (�) & o(h) = � & h 2 Z�? 6:3a) (o(h[0℄) = o(h[0℄)! h[0℄ 62 Z�?) & h[0℄ 2 Z�? ) ?.It remains to prove that �1-TI("0) 
an be derived from QF-TI("0).Let F (x) = 8yA(x; y) with A 2 QF.There are primitive re
ursive fun
tions q; r; p su
h that p(d� e; k) = d!��+ k e for all � < "0, k < !, andPRA ` x 2 OT ! p(x; y) 2 OT ^ q(p(x; y)) = x ^ r(p(x; y)) = y;PRA ` 8x; y(q(y) � q(x)! y � x).Abbreviation: G(z) :� A(q(z); r(z))(*) Prog�(F )! Prog�(G).Proof: Assume (1) Prog�(F ), (2) 8z � 
G(z).To prove: G(
), i.e. A(q(
); r(
)). By (1) this 
an be obtained from 8x � q(
)8yA(x; y).a � q(
) & b := p(a; k) ) q(b) = a � q(
) ^ r(b) = k ) b � 
 (2)) G(b) ) A(a; k).Now we 
on
lude as follows: Prog�(F ) (�)) Prog�(G) QF-TI=) 8zG(z)) 8zA(q(z); r(z)))) 8x 2 OT8yA(x; y) ) 8x 2 OTF (x) Prog(F)=) 8xF (x), sin
e (x 62 OT! 8y(y 6� x)).De�nitionLet degQF(h) be de�ned in the same way as deg(h) only that rk(C) is repla
ed by rkQF(C):degQF(Ih0:::hn�1) := � degQF(h0)�� 1 if I = Emax(fdegQF(I)g [ fdegQF(hi) : i < ng) otherwisewhere degQF(I) := � rkQF(C) if I = CutC or Indx;tC0 otherwise .Lemma 6.5 (Re�nement of 6.2)For every 
losed Z�-derivation h we have:(a) tp(h) = CutC =) rkQF(C) < degQF(h).(b) degQF(h[�℄) � degQF(h) for ea
h � 2 jtp(h)j. 37



Chara
terization of the provably re
ursive fun
tions of ZLet (OT;�) be the wellordering of ordertype "0 as introdu
ed in x5.Theorem 6.6If �m+1-IA ` 8x9yA(x; y) (A a quanti�erfree L0-formula) then there are primitive re
ursive fun
tionsg : IN2 ! IN, � : IN2 ! IN and an � < !m+2 su
h that 8n(�(n; 0) = d� e) and IN j= 8xA(x; f(x)) ,where f(n) := g(n;minfk : �(n; k+1) 6� �(n; k)g).Proof:We assume a 
anoni
al arithmetization (
oding) q 7! dq e of syntax (terms, formulas, sequents, �nitederivations, derivation terms et
.). A set M of synta
ti
al obje
ts is 
alled primitive re
ursive if theset fdq e : q 2 Mg is primitive re
ursive. An operation (fun
tion) � on synta
ti
al obje
ts or ordi-nals < "0 is 
alled primitive re
ursive if there is a primitive re
ursive fun
tion f : INn ! IN su
h thatf(dq1 e; :::; dqn e) = d�(q1; :::; qn) e for all (q1; :::; qn) in the domain of �.Assume �m+1-IA ` 8x9yA(x; y). By partial 
ut-elimination there exists a Z-derivation d of 9yA(x; y) withrkQF(C) � m for all 
ut or indu
tion formulas C. Then degQF(d) � m and o(d) < !! = !2. This d will be�xed for the whole proof. W.l.o.g. we may assume that FV(d) � fxg. Hen
e d(n) := d(x=n) is 
losed forany n 2 IN. We may also assume that no set variable X o

urs in d.Let L�0 be a �nite subset of L0 (= PR), su
h that(i) 0; S 2 L�0 and ea
h fun
tion symbol o

urring in d belongs to L�0 ,(ii) with p 2 L�0 also ea
h fun
tion symbol o

urring in (the de�nition of) p belongs to L�0 .Let eZ� be the restri
tion of Z� to L�0 .Let TRUE�QF (FALSE�QF) be the set of all quanti�erfree true (false) L�0 -senten
es. It is wellknown thatTRUE�QF (and FALSE�QF) is primitive re
ursive, and that there is a primitive re
ursive fun
tion whi
h forany two L�0 -terms s; t of equal value 
omputes a eZ�-derivation 
 of s=t with o(
) < ! and deg(
) � 1.Obviously the fun
tions �(�), o(�) , deg(�) , tp(�) are primitive re
ursive, and � [ � ℄ restri
ted to eZ� is primitivere
ursive too.Let D be the set of all 
losed eZ�-derivations.De�nition of the primitive re
ursive fun
tion red : D [ f0g ! D [ f0gred(h) := 8>>><>>>: 0 if h = 0 or tp(h) = Ax� or tp(h) = Ws9yB with By(s) 2 TRUE�QFh[1℄ if tp(h) = CutC with C 2 TRUE�QFh[1℄ if tp(h) = VA0^A1 with A0 2 TRUE�QFh[0℄ otherwiseDe�nition. h(n; k) := red(k)(E:::E|{z}m d(n)) , � := 3m(o(d)).degQF(h(n; 0)) = degQF(d)�� m � m�� m = 0, and o(h(n; 0)) = � < 3m(!!) = !m+2.Explanation. h(n; 0)! is a Z1-derivation of 9yA(n; y) with all 
ut-formulas in QF. The de�nition of h(n; k)
aptures the following informal pro
edure. One goes upwards in the derivation h(n; 0)! sear
hing for a true38



instan
e A(n; t). At Cut- and ^-inferen
es one 
hooses that bran
h where the minor formula is false. Thesear
h stops if one arrives at an inferen
e Wt9yA(n;y) with A(n; t) 2 TRUE�QF.Proposition. If h(n; k) 6= 0 then(a) o(h(n; k)) � �,(b) degQF(h(n; k)) = 0,(
) �(h(n; k)) � f9yA(n; y)g [ FALSE�QFProof by indu
tion on k:(a), (b) are obvious, sin
e o(h[i℄) < o(h) , degQF(h[i℄) � degQF(h) , o(h(n; 0)) = � , degQF(h(n; 0)) = 0.(
) k = 0: �(h(n; 0)) = �(d(n)) = f9yA(n; y)g.k > 0: IH ) �(h(n; k�1)) � f9yA(n; y)g [ FALSE�QF h(n;k)6=0 & 6:2a & 6:5a & (b)=)) tp(h(n; k�1)) = Wt9yA(n;y) with A(n; t) 2 FALSE�QF or Rep or CutC with C 2 QF or VB or WiB withB 2 FALSE�QF 6:2
) �(h(n; k)) � �(h(n; k�1)) [ FALSE�QF � f9yA(n; y)g [ FALSE�QF.De�nition.�(n; k) := do(h(n; k)) e (where o(0) := 0)g(n; k) := ( tN if k > 0 and tp(h(n; k�1)) = (Wt9yA(n;y))0 otherwisef(n) := g(n;minfk : �(n; k+1) 6� �(n; k)g).Now let k be the least number su
h that �(n; k+1) 6� �(n; k).Assumption: h(n; k) 6= 0. Then [by Prop.(
)℄ tp(h(n; k)) 6= Ax and thus�(n; k+1) = o(h(n; k+1)) 6:2
� o(h(n; k)) = �(n; k). Contradi
tion.Hen
e h(n; k) = 0 and thus k > 0 and [by De�nition of red℄ tp(h(n; k�1)) = Ax or tp(h(n; k�1)) = Wt9yB(y)with B(t) 2 TRUE�0 . By Proposition (
) and Theorem 6.2a from this we get tp(h(n; k�1)) = Wt9yA(n;y) withA(n; t) 2 TRUE�0 . Hen
e f(n) = g(n; k) = tN and IN j= A(n; f(n)).The Hardy-Hierar
hyDe�nition (Fundamental sequen
es for ordinals < "0)1. 0[n℄ := 1[n℄ := 0.2. !�+1[n℄ := !� � (n+1).3. !�[n℄ := !�[n℄, for � 2 Lim.4. �[n℄ := �0 + :::+ �k�1 + �k[n℄, if � =NF �0 + :::+ �k.Proposition. (�+1)[n℄ = �.De�nition. N� := N�1 + : : :+N�k + k if � = !�1 + : : :+ !�k with k � 0 and �k � : : : � �1 < "0Lemma 6.7(a) � 2 Lim =) 8n(�[n℄ < �[n+1℄) & � = supf�[n℄ : n 2 INg;(b) � > 0 =) N�[0℄ < N�(
) �[n℄ < � < � =) �[n℄ � �[0℄ 39



(d) �[n℄ < � < � =) N�[n℄ < N�(e) � < � =) � � �[N�℄Proof:(a),(b) obvious.(
) Indu
tion on �. Let � =NF �0 + :::+ �k.1. Assume !� � (n+1) < � < !�+1. Then k > n and �0 = ::: = �n = !�.From this we get !� � (n+1) � �0 + :::+ �k�1 + �k[0℄ = �[0℄.2. Assume !�[n℄ < � < !� und � 2 Lim. Then !�[n℄ � �0 = !
 < !�.If k = 0 then �[n℄ < 
 < � and therefore (by IH) �[n℄ � 
[0℄. Hen
e !�[n℄ � !
[0℄ = !
 [0℄ = �[0℄.If k > 0 then !�[n℄ � �0 + :::+ �k�1 + �k[0℄ = �[0℄.3. Assume � =NF �0 + :::+�m, m > 0 and �[n℄ = �0 + :::+�m�1+�m[n℄ < � < �. Then m � k, �m[n℄ <�m+ :::+�k < �m and �i = �i for i < m. By IH we get �m[n℄ � (�m+ :::+�k)[0℄ = �m+ :::+�k�1+�k[0℄and then �[n℄ � �0 + :::+ �k�1 + �k[0℄ = �[0℄.(d) By (
) we have �[n℄ = �[0℄:::[0℄. Hen
e N�[n℄ � N�[0℄ < N�.(e) Let � 2 Lim. A

ording to (a),(d) we then have 8n(N�[n℄ < N�[n+1℄), and therefore 8n(n � N�[n℄).Now the 
laim is obtained as follows: �[N�℄ < � < � ) N�[N�℄ (d)< N� � N�[N�℄. Contradi
tion.De�nition of H� : IN! IN for � < "0H0(n) := n, H�(n) := H�[n℄(n+1) for � > 0.Lemma 6.8(a) H�(n) < H�(n+ 1),(b) �[m℄ < � < � ) H�[m℄(n+1) � H�(n),(
) � < � & N� � n ) H�(n) < H�(n),(d) � > 0 ) H�(n) = minfk � n : �[n℄:::[k�1℄ = 0g = n+minfl : �[n℄[n+1℄ : : : [n+l�1℄ = 0g.Proof:(a),(b) simultaneous indu
tion on �: Let � > 0.(a) 1. � 2 Lim: H�(n) = H�[n℄(n+1) IHa< H�[n℄(n+3) IHb� H�[n+1℄(n+2) = H�(n+1).2. � = �0+1: H�(n) = H�0(n+1) IHa< H�0(n+2) = H�(n+1).(b) From �[m℄ < � < � we obtain �[m℄ � �[n℄ < � by Lemma 6.7. If �[m℄ = �[n℄ then H�[m℄(n+1) =H�[n℄(n+1) = H�(n). Otherwise H�[m℄(n+1) IHb� H�[n℄(n) IHa< H�[n℄(n+1) = H�(n).(
) Indu
tion on �: � < � L:6:7e) � � �[N�℄ � �[n℄ (a)+IH) H�(n) < H�(n+1) � H�[n℄(n+1) = H�(n).(d) Let k � n minimal su
h that �[n℄:::[k�1℄ = 0.Then H�(n) = H�[n℄(n+1) = :::: = H�[n℄:::[k�1℄(k) = H0(k) = k.Abbreviation.NF (�; �) :, (� = 0 or � = 0 or[� = !�0 + :::+ !�n & � = !�0 + :::+ !�m with �0 � ::: � �n � �0 � ::: � �m ℄ .Proposition. NF (�; �) & � > 0 ) (�+ �)[n℄ = �+ �[n℄ & NF (�; �[n℄).40



Lemma 6.9(a) NF (�; �) ) H�+� = H� ÆH� .(b) H!�+1(n) = H(n+1)!� (n+1) and H!�(n) = H!�[n℄(n+1) for � 2 Lim.(
) For ea
h primitive re
ursive fun
tion f there exists a k 2 IN su
h that 8~x( f(~x) < H!k(maxf~xg) ).Proof:(a) Indu
tion on �: 1. H�+0(n) = H�(n) = H�(H0(n)).2. � > 0: H�+�(n) = H(�+�)[n℄(n+1) = H�+�[n℄(n+1) IH= H�(H�[n℄(n+1)) = H�(H�(n)).(b) H!�+1(n) = H!��(n+1)(n+1) (a)= H(n+1)!� (n+1).(
) From (b) it follows that (k; n) 7! H!k (n) is (a variant of) the A
kermann fun
tion.Theorem 6.10Let � : IN� IN! OT be primitive re
ursive, and � < !m+2 su
h that 8n( �(n; 0) � d� e ).Then there is an ~� < !m+2 su
h that minfl : �(n; l+1) 6� �(n; l)g < H~�(n) (8n).Proof:Abbreviation: �̂(n; l) := o(�(n; l)), where o(�) is the isomorphism from (OT;�) onto ("0; <).W.l.o.g. 8n( �̂(n; 0) = � ).Let w(i; n; l) := N(!i � (�̂(n; l+1)+1)). One easily sees that w is primitive re
ursive.Let g(i; n; l) := maxfw(i; n; l); i; n; lg.There exists a k � 1 su
h that g(i; n; l+1) < H!k(maxfi; n; lg) and g(i; n; 0) < H!k(maxfi; ng) (8i; n; l).Then we have(1) g(k; n; l+1) < H!k (g(k; n; l)) (8n; l).Abbreviation: '(n; l) := H!k��̂(n;l)(g(k; n; l)).(2) �̂(n; l+1) < �̂(n; l) ) '(n; l+1) < '(n; l).Proof: H!k��̂(n;l+1)(g(k; n; l+1)) (1)< H!k��̂(n;l+1)H!k(g(k; n; l)) = H!k�(�̂(n;l+1)+1)(g(k; n; l)) (�)�� H!k��̂(n;l)(g(k; n; l)) = '(n; l).(�) !k � (�̂(n; l+1)+1) � !k � �̂(n; l) and N(!k � (�̂(n; l+1)+1)) = w(k; n; l) � g(k; n; l).(3) 9l � '(n; 0)('(n; l+1) 6< '(n; l) ).Proof: [8l � j('(n; l+1) < '(n; l) )) j < '(n; 0)℄ and therefore not 8l � '(n; 0)('(n; l+1) < '(n; l) ).(2) & (3) & � = �̂(n; 0) ) 9 l � H!k��(g(k; n; 0))[ �(n; l+1) 6� �(n; l) ℄.H!k��(g(k; n; 0)) < H!k��H!k(maxfk; ng) � H!k�(�+1)+k(n).� < !m+2 = !!m+1 ) !k�(�+1) + k < !k � (�+2) < !k � !!m+1 = !!m+1 = !m+2.Theorem 6.11If �m+1-IA ` 8x9yA(x; y) (A a quanti�erfree L0-formula) then there is an � < !m+2su
h that 8n9 l < H�(n) IN j= A(n; l). 41



Proof:By Theorem 6.6 there are primitive re
ursive fun
tions g; � and an �0 < !m+2 su
h that 8n( �(n; 0) = d�0 e )and IN j= 8xA(x; f(x)), where f(n) := g(n; f�(n)) , f�(n) := minfl : �(n; l+1) 6� �(n; l)g).By 6.10 there exists � < !m+2 with 8n(f�(n) < H�(n)). Further there exists k < ! with8n; i( g(n; i) < H!k(maxfn; ig) ), hen
e f(n) < H!k(maxfn; f�(n)g) � H!kH�(n).Sin
e !m+2 = supi2IN!m+1(i), there is 
 := !m+1(i) su
h that !k; � < 
.It follows that there is an n0 su
h that H!kH�(n) � H
H
(n) = H
+
(n) for all n � n0.Hen
e f(n) < H!kH�(n0+n) � H
+
(n0+n) = H
+
+n0(n) (and 
+
+n0 < !m+2).Corollary. �m+1-IA 6` ` 8n9l(!m+2[n℄[n+1℄:::[l℄ = 0 ) '.Proof: Assume �m+1-IA ` `8n9l(::::) '.Then there is an � < !m+2 su
h that 8n9l < H�(n)(!m+2[n℄[n+1℄:::[l℄ = 0 ), i.e.8n9l < H�(n)(H!m+2(n) � l+1 ). This implies 8n(H!m+2(n) � H�(n) ).But by L.6.8
 we have 8n � N(�)(H�(n) < H!m+2(n) ). Contradi
tion.Below we will show �m+1-IA ` ` 8n9l(�[n℄[n+1℄:::[l℄ = 0 ) ' for ea
h � < !m+2.De�nition. F� := H!� (Fast-Growing Hierar
hy)Corollary. F0(n) = n+1, F�+1(n) = F (n+1)� (n+1), F�(n) = F�[n℄(n+1) for � 2 Lim.Remark.In the literature the Hardy- and the Fast-Growing Hierar
hy o

ur in several variants.The most 
ommon of these are:h0(n) := n, h�+1(n) := h�(n+1), h�(n) := h�[n℄(n);f0(n) := n+1, f�+1(n) := f (n+1)� (n), f�(n) := f�[n℄(n).One easily sees that (i) h!� = f�, and (ii) h�(n) � H�(n) < h�(n+ 1).Proof of (ii) by indu
tion on �:1. h�+1(n) = h�(n+1) IH� H�(n+1) = H�+1(n) = H�(n+1) IH< h�(n+2) = h�+1(n+1).2. � 2 Lim: h�(n) = h�[n℄(n) IH� H�[n℄(n) < H�[n℄(n+ 1) = H�(n), andH�(n) = H�[n℄(n+1) L:6:8b� H�[n+1℄(n) IH< h�[n+1℄(n+1) = h�(n+1).
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De�nition. By PRWO(�) we denote the axiom s
heme8~x(f(~x; 0) � d� e! 9y(f(~x; y+1) 6� f(~x; y))) (f primitive re
ursive).Theorem 6.12.(a) PRA+PRWO(�) ` `8n9l(�[n℄:::[l℄ = 0) '.(b) �1-IA + �2-TI(�) ` PRWO(!�).Corollary.�m+1-IA ` PRWO(�) and `8n9l(�[n℄:::[l℄ = 0) ' for ea
h � < !m+2.Proof:Let p(ha; ni) := ha[n℄; n+1i, and f(a; n; k) := �p(k)(ha; ni)�0 where �[�℄ : IN2 ! IN is the 
anoni
al primitivere
ursive fun
tion su
h that d� e[n℄ = d�[n℄ e for all � < "0, n 2 IN. We now argue in PRA.PRWO(�) ) 8n9k(f(d� e; n; k+1) 6� f(d� e; n; k)) ) 8n9k(f(d� e; n; k) = 0) ) 8n9k(d� e[n℄ : : : [k℄ = 0).(b) Abb.: D(x; n) := 8k(f(x; n+k+1) � f(x; n+k)).Assumptions:(1) 8b � a8
; n(D(x; n)! (f(x; n) � 
 b�!b ! 9k(f(x; n+k) � 
))),(2) D(x; n),(3) f(x; n) � 
 b�!a.We prove: 9k(f(x; n+k) � 
).1. a = 0: f(x; n) � 
 b�!0 (2)) f(x; n+1) � f(x; n) � 
.2. a = ha0; :::; ami with am 6= 0 (i.e. o(a) 2 Lim): immediate by (1).3. a = b b�!0: Then by (3), f(x; n) � 
 b�!b�l for some l.By �1-IA on i we prove: 9k(f(x; n+k) � 
 b�!b�(l �� i)).3.1. i = 0: trivial.3.2. i! i+1: Let i < l. From (2) we get (2') 8k:D(x; n+k).9k(f(x; n+k) � 
 b�!b�(l �� i)) (1);(20)) 9k9k0(f(x; n+k+k0) � 
 b�!b�((l�� i)�� 1) = 
 b�!b�(l�� (i+1))).So within �1-IA we have shown: (1)) 8
; n(D(x; n)! (f(x; n) � 
 b�!a ! 9k(f(x; n+k) � 
))).By �2-TI(�) this yields 8n(D(x; n)! (f(x; n) � d!� e! 9k(f(x; n+k) � 0))).Hen
e 8n(D(x; n)! f(x; n) � d!� e! ?), and then 8n(f(x; n) � d!� e! :D(x; n)).Proof of the Corollary: Lemma 5.13(Corollary) =) �m+1-IA ` �2-TI(�) for ea
h � < !m+1 6:12b=)=) �m+1-IA ` PRWO(�) for ea
h � < !m+2.
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x7 Combinatorial independen
e results (To be revised)Goodstein's TheoremFor 1 � n 2 IN and x 2 IN let Sn(x) be the number obtained by writing x in 
omplete Cantor normal format base n+1 and then repla
ing the base n+1 by n+2.The Goodstein sequen
e for a 2 IN (GS(a; n))n2IN is de�ned byGS(a; 0) := GS(a; 1) := a; GS(a; n+ 1) := Sn(GS(a; n))�� 1 for n � 1.We will prove:(i) Every Goodstein sequen
e terminates (i.e. 8a9n:GS(a; n) = 0);(ii) Z 6` `8a9n:GS(a; n) = 0 0.De�nition von ��b : ! ! "0 f�ur 2 � b < ! und b < � < "0��b (x) := ���b (x1) �n1+ : : :+���b (xk) �nk, falls x =Pki=1 bxi �ni mit x1 > : : : > xk und n1; :::; nk 2 f1; :::; b�1g.Sn(x) := �n+2n+1(x) (n � 1, x 2 !). Abk.: �n(x) := �!n+1(x) (n � 1, x 2 !).Lemma 7.1 Sei n � 1.(a) x < y < ! ) Sn(x) < Sn(y) & �n(x) < �n(y),(b) �n(x) = �n+1Sn(x).Sei nun an := GS(a; n). Dann gilt:an > 0 ) Sn(an) > 0 ) �n+1(an+1) = �n+1(Sn(an)� 1) 7:1a< �n+1(Sn(an)) 7:1b= �n(an).De�nition Pn(0) := 0; Pn(�+ 1) := �; Pn(�) := Pn(�[n℄).Lemma 7.2 Sei n > 0.(a) � > 0) Pn(�) < �,(b) Pn(�+ �) = �+Pn(�), falls NF (�; �),(
) Pn(!�) = Pn(!Pn(�) � (n+1)), falls � > 0,(d) Pn(�n(x)) = �n(x�� 1),(e) n � 1 ) �nGS(a; n) = Pn:::P2�1(a).Lemma 7.3(a) � > 0 ) h�(n) = hPn(�)(n+ 1).(b) h�(n) = minfk � n : Pk�1:::Pn(�) = 0g.Satz 7.4Z 6` 8x9y[ GS(x; y) = 0 ℄.ProofSei e(0) := 1; e(m+ 1) := 2e(m).Annahme: Z ` 8x9y[ GS(x; y) = 0 ℄.) Z ` 8x9y[ GS(e(x) + x; y) = 0 ℄ 6:12) 9� < "08m9n < H�(m)[ GS(e(m) +m;n) = 0 ℄ )) 9p; n[n < H!p(p) & GS(e(p) + p; n) = 0 ℄. (p � N(�) mit � < !p; vergl. 6.9
)GS(e(p)+p; n) = 0 ) n � 2 & Pn:::P2(!p+p) = �nGS(e(p)+p; n) = 0 ) H!p+p(1) < h!p+p(2) � n+1 )H!p(p) = H!p+p(0) < H!p+p(1) � n. Widerspru
h. 44



The Paris-Harrington ResultAbbreviations:Let k;m; n; r 2 IN (= !), � a 
ardinal, N a set. [N ℄m := fX � N : 
ard(X) = mgLet f be a fun
tion with dom(f) = [N ℄m:X is f -homogeneous () ; 6= X � N & f�[X ℄m 
onstant.N �! (�)mr :, 8f : [N ℄m ! r9X(X f -homogeneous & 
ard(X) � �)N ��! (�)mr :, 8f : [N ℄m ! r9X(X f -homogeneous & 
ard(X) � maxf�;min(X)g) (for N � IN)Ramsey Theorem 8m; r 2 !(! �! (!)mr )Finite Ramsey Theorem 8m; r; � 2 !9N 2 !(N �! (�)mr )PH 8m; r; � 2 !9N 2 !(N ��! (�)mr )(Proof of the Finite Ramsey Theorem in PA: 
f. Hajek, Pudlak Ch.2, Se
.1)Proof of PH: Let m; r; � 2 ! be �xed. To prove: 9n 2 !8f :�(f; n)where �(f; n) :, f : [n℄m ! r & 8X(X f -hom ) 
ard(X) < maxf�;min(X)g) .Assumption: 8n9f �(f; n). By K�onig's Lemma there is a fun
tion f�[!℄m ! r su
h that(+) 8n�(f��[n℄m; n) .By Ramsey's Theorem there exists an in�nite f�-homogeneous set X � !. We 
hoose N < ! su
h that
ard(X \N) > maxf�;min(X)g. For f := f��[N ℄m we then have f�[X \N ℄m = f��[X \N ℄m = 
onstant.Hen
e X\N is f -homogeneous and 
ard(X \N) > maxf�;min(X)g = maxf�;min(X\N)g, i.e., :�(f;N).Contradi
tion to (+).[[ Constru
tion of f�: Let �n := ff : �(f; n)g andM(f) := fi : 9g 2 �i(f � g)g. | Starting with f0 := ; wede�ne a sequen
e (fn)n2! su
h that fn 2 �n & fn � fn+1 & 
ard(M(fn)) � !, and we set f� := Sn2! fn.De�nition of fn+1: Let E := ff 2 �n+1 : fn � fg. Then M(fn) = fng [ Sf2EM(f), and E is �nite.This together with 8i > n8f 2 �i( f�[n+1℄m 2 �n+1 ) implies the existen
e of an fn+1 2 E su
h that
ard(M(fn+1)) � !.℄℄Theorem 7.5 8m � 18k(H!m(k)(k+1) < Rm(k) ) with Rm(k) := minfN : N ��! (2m+k+4)m+1k+�i<m3igCorollarya) Zm 6` 8�; r9N(N ��! (�)m+1r ) (m � 1)b) Z 6` 8m;�; r9N(N ��! (�)m+1r )Proof of the Corollary:a) Assumption: Zm ` 8�; r9N(N ��! (�)m+1r ). Then Zm ` 8�; r9N(N ��! (2m+k+4)m+1k+�i<m3ig ).By 6.12 there is an � < !m+1 su
h that 8k(Rm(k) < H�(k)).Let k 2 ! su
h that � < !m(k) and N(�) � k.Then H!m(k)(k+1) 7:5< Rm(k) < H�(k) < H!m(k)(k). Contradi
tion.b) Z ` 8n; �; r9N(N ��! (�)n+1r )=) Zm ` 8n; �; r9N(N ��! (�)n+1r ) for suitable m=) Zm ` 8�; r9N(N ��! (�)m+1r ). 45



x8 The 
ollapsing fun
tions  �In this se
tion we introdu
e 
ertain ordinal fun
tions  �, and a primitive re
ursive ordinal notation system(OT;�) based on these fun
tions, whi
h will later be used to establish an ordinal analysis of the theoriesIDn of �nitely iterated indu
tive de�nitions.Here we are working in ZFC.In parti
ular we assume the Axiom of Choi
e, so that every in�nite su

essor 
ardinal ��+1 is regular.�; �; 
; Æ; �; �; �; �; �; � denote ordinals.Notation. 
� := ��; 
��+1 := n 1 if � = 0
� if � > 0 ; �+ := minf
�+1 : � < 
�+1g.< := the 
lass of all un
ountable regular 
ardinals.De�nition.Given a 
ountable set F of ordinal fun
tions and an ordinal � letCl(F ;�) := the 
losure of � under + and all fun
tions in F .Lemma 8.1.If F is a 
ountable set of ordinal fun
tions, then for ea
h � 2 <the set f� < � : Cl(F ;�) \ � � �g is 
losed unbounded in �.Proof:unbounded: Let �0 < � be given. We set �n+1 := minf� : Cl(F ;�n) \ � � �g, � := supn<! �n.Sin
e 8� < �( 
ard(Cl(F ; �)) < � ), we obtain (by indu
tion on n) �n < �, and then �0 � � < � andCl(F ;�) \ � � Sn<! Cl(F ;�n) \ � � Sn<! �n+1 � �.
losed: If � = sup(X)&8�2X(Cl(F ; �) \ � � �) then Cl(F ;�) \ � � S�2X Cl(F ; �) \ � � S�2X � = �.De�nition.Let �0 be a �xed 
ountable ordinal.By trans�nite re
ursion on � we de�ne ordinals  �(�) (� < �0) by �(�) := minf� � 
��+1 : C(�; �) \ 
�+1 � �g with C(�; �) := Cl(f e ��� : � < �0g;�),where e ��� is the restri
tion of  � to f� < � : � 2 C(�;  �(�))g.Abbreviation. C�(�) := C(�;  �(�))Remark. C�(�) \ 
�+1 =  �(�)Theorem 8.2 (Basi
 properties of  �)(a)  �(�) < 
�+1 (
ollapsing property);(b)  �(0) = 
��+1, and ea
h  �(�) is an additive prin
ipal number;(
) �0 < �1 =)  �(�0) �  �(�1) & C�(�0) � C�(�1);(d) �0 < �1 & �0 2 C�(�0) =)  �(�0) <  �(�1);(e)  �(�0) =  �(�1) & �0 2 C�(�0) & �1 2 C�(�1)| {z }normalform 
ondition =) �0 = �1.46



Proof:(a) By L.8.1 f� < 
�+1 : � � 
��+1 & C(�; �) \ 
�+1 � �g 6= ;,and therefore  �(�) = minf� � 
��+1 : C(�; �) \ 
�+1 � �g < 
�+1.(b) Obviously C(0;
��+1) = 
��+1, and therefore  �(0) = 
��+1. �(�) is 
losed under +, sin
e  �(�) = C�(�) \ 
�+1.(
) C(�0;  �(�1)) \ 
�+1 � C(�1;  �(�1)) \ 
�+1 =  �(�1) )  �(�0) �  �(�1) ) C�(�0) � C�(�1).(d) �0<�1 & �0 2 C�(�0) (
)) �0<�1 & �0 2 C�(�0) � C�(�1)Def:C�+(a)=)  �(�0) 2 C�(�1) \ 
�+1 =  �(�1).(e) If �0 < �1 then the assumption �0 2 C�(�0) together with (d) yields  �(�0) <  �(�1).Lemma 8.3C0(�) = C(�; 1)Proof by indu
tion on �:Let us assume that C0(�) = C(�; 1), for all � < � (IH). We have to prove  0(�) � C(�; 1). Let � > 0(otherwise  0(�) = 1 � C(�; 1)). As we will show below, the IH implies that � := C(�; 1) \ 
1 is in fa
t anordinal. Then C(�; �) \ 
1 � C(�; 1) \ 
1 = � and thus  0(�) � �, sin
e � � 1 = 
�1 .Claim: 
 2 C(�; 1) \ 
1 ) 
 � C(�; 1).Proof by side indu
tion on the de�nition of C(�; 1):1. 
 =  0(�) with � < �:By the above IH we have C0(�) = C(�; 1). Hen
e 
 =  0(�) � C(�; 1) � C(�; 1).2. 
 = 
0 + 
1 with 
0; 
1 2 C(�; 1) \ 
1:Then by SIH 
0; 
1 � C(�; 1) whi
h (together with 
0 2 C(�; 1)) yields 
0 + 
1 � C(�; 1).Corollary.  0(�) = C(�; 1) \ 
1Lemma 8.4.If 
 = 
0+ :::+ 
n with additive prin
ipal numbers 
0 � ::: � 
n then: 
 2 C(�; �) , 
0; :::; 
n 2 C(�; �).Proof of \)" by indu
tion on the de�nition of C(�; �):For 
 < � or n = 0 the 
laim is trivial. Otherwise 
 = � + � with �; � 2 C(�; �).Then � = 
0 + :::+ 
k�1 + �1 + :::+ �l and � = 
k + :::+ 
n, and the 
laim follows by I.H.In order to avoid some te
hni
al 
ompli
ations we now assume �0 = !.From now on the letters �; �; �; � range over numbers < !.Below we will introdu
e a system of ordinal notations based on the ordinal fun
tions  �. The 
anoni
al wayfor that is to 
onsider the set T of all terms whi
h are generated from the 
onstant 0 by means of fun
tionsymbols �; D0; D1; ::: for the ordinal fun
tions +;  0;  1; :::. Then one looks for a (primitive) re
ursive
hara
terization of the relation <o:= f(a; b) 2 T�T : o(a) < o(b)g, where o(a) 2 On is the 
anoni
alinterpretation of a 2 T. It turns out that the relation <o has a parti
ularly simple 
hara
terization when itis restri
ted to the subset OT � T of those terms a 2 T whi
h are in \normalform" (i.e. o(b) 2 C�(o(b)) forea
h subterm D�b of a, and o(an) � : : : � o(a0) for ea
h subterm a0� : : : �an of a).47



Now we de�ne the set T of terms, a linear ordering � on T, for any a 2 T and � < ! a set G�a of subtermsof a, and the set OT of ordinal terms (i.e. terms in normalform) in su
h a way that, for all a; 
 2 OT,(a) 
 � a , o(
) < o(a) and (b) G�
 � a , o(
) 2 C�(o(a)).(Here G�a � 
 abbreviates 8x 2 G�a(x � 
).)Indu
tive de�nition of T1. 0 2 T.2. If a 2 T and � < !, then D�a 2 T; we 
all D�a a prin
ipal term.3. If a0; :::; an 2 T are prin
ipal terms and n � 1, then (a0�:::�an) 2 T.De�nition. For a 2 T let `(a) be the length (number of symbols) of a.Notation. For prin
ipal terms a0; :::; an�1 and n � 0 we set a0�:::�an�1 := ( 0 if n = 0a0 if n = 1(a0�:::�an�1) if n > 1So every a 2 T 
an be uniquely written as a = D�0a0� : : :�D�n�1an�1 with n � 0 and a0; :::; an�1 2 T.Further we de�ne: (a0�:::�an�1)� (b0�:::�bm�1) := a0�:::�an�1�b0�:::�bm�1,and a � n := a�:::�a| {z }n for prin
ipal terms ai; bi; a.De�nition of o : T �! Ono(D�0a0� : : : �D�n�1an�1) :=  �0o(a0) + : : :+  �n�1o(an�1)De�nition of a � b for a; b 2 T1. 0 � b :() b 6= 02. D�a � ~a � D�b � ~b :() � < � or ( � = � & a � b ) or ( � = � & a = b & ~a � ~b )Remark. � is a linear ordering on T, but it's not a wellordering (e.g. : : : � D0D0D10 � D0D10 � D10).Abbreviations. For X;Y � T and a 2 T letX � Y :, 8x 2 X9y 2 Y (x � y);X � a :, 8x 2 X(x � a);a � X :, :(X� a) [, 9x 2 X(a � x)℄.De�nition of G�a1. G�(a0�:::�an�1) := Si<nG�ai, 2. G�D�a := � fag [G�a if � � �; if � < �Indu
tive de�nition of OT1. 0 2 OT.2. a 2 OT & G�a � a ) D�a 2 OT.3. a0; :::; an 2 OT (n � 1) prin
ipal terms with an� : : :�a0 =) (a0�:::�an) 2 OT.The elements of OT are 
alled ordinal terms. We identify n 2 IN with the ordinal term D00�:::�D00| {z }n .Abbreviation. 
0 := ! := D01, 
� := D�0 for � > 0.48



Theorem 8.5. For a; 
 2 OT we have(a) 
 � a , o(
) < o(a);(b) G�
 � a , o(
) 2 C�(o(a)).Proof by indu
tion on the length of 
 simultaneous for (a),(b):(a) We only prove \)". The reverse impli
ation follows from \)", sin
e � is total.Let 
 = D�
0 �
1�:::�
m, a = D�a0 �a1�:::�an with prin
ipal terms 
1; :::; 
m; a1; :::; an.1. � < �: From 
m � : : : � 
1 � D�
0 we get by IH o(
m) � : : : � o(
1) � o(D�
0) =  �o(
0) < 
�+1 andthus o(
) < 
�+1 � 
� � o(D�a0) � o(a).2. � = � and 
0 � a0: By IH o(
0) < o(a0). Sin
e D�
0 2 OT, we have G�
0 � 
0 and thus by IHo(
0) 2 C(o(
0);  �o(
0)). Hen
e  �o(
0) <  �o(a0) by Theorem 8.2d. Now o(
) � o(a) follows as in 1.(using that  �o(a) is additively 
losed).3. � = � & 
0 = a0 & 
1�:::�
m � a1�:::�an: Immediate by IH.(b) Abbreviation: C := C�(o(a)).1. 
 = 
0�:::�
n: Then o(
0); :::; o(
n) are additive prin
ipal numbers with o(
0) � ::: � o(
n) by I.H.(a).G�
 � a , Vi�nG�
i � a IH, Vi�no(
i) 2 C L:8:4, o(
) 2 C.2. 
 = D�
0 with � < �: Then G�
 = ; and o(
) 2 
�+1 � 
� � C.3. 
 = D�
0 with � � �: Then G�
0 � 
0 and therefore by I.H. o(
0) 2 C�(o(
0)) (�).\)": f
0g [G�
0 = G�
 � a IH) o(
0) < o(a) & o(
0) 2 C (�)) o(
) =  �o(
0) 2 C.\(": 1. � = �:  �o(
0) = o(
) 2 C \ 
�+1 =  �o(a) ) o(
0) < o(a) IH) 
0 � a G�
0�
0=) G�
 � a.2. � < �:  �o(a) < 
�+1 � o(
) 2 C )  �(o(
0)) = o(
) =  �(�) for some � 2 C with � < o(a) and� 2 C�(�) (�)+Th:8:2e=) o(
0) = � < o(a) & o(
0) = � 2 C IH) G�(
) = f
0g [G�
0 � a.Corollary. (OT;�) is a wellordering.De�nition. OT0 := fa 2 OT : a � D10gTheorem 8.6.(a) fo(a) : a 2 OTg = C(
!; 1), and the mapping o�OT is inje
tive.(b) fo(a) : a 2 OT0g =  0(
!) = kOT0;� k (= order type of the wellordering (OT0;�)).Proof:(a) 1. Obviously C(
! ; 1) � 
! (+). 2. From 8.5a it follows that o�OT is inje
tive.3. By indu
tion on the de�nition of C(
!; 1) we prove: 
 2 C(
! ; 1)) 9a 2 OT(
 = o(a)).3.1. 
 = 0: trivial.3.2. 
 = � + �: � = o(a0�:::�an), � = o(b0�:::�bm)) with ai; bi 2 OT and a0 � : : : � an, b0 � : : : � bm.Then, for some k � n+1, a := a0�:::�ak�1�b0�:::�bm 2 OT and 
 = o(a).3.3. 
 =  �(�) with � < 
! & � 2 C(
!; 1) & � 2 C�(�):By IH we have b 2 OT with � = o(b). o(b) 2 C�(o(b)) 8:5) G�b � b) D�b 2 OT and 
 = o(D�b).4. a 2 OT ) o(a) 2 C(
! ; 1): Proof by indu
tion on `(a), using 8.2a and 8.5b.a = D�b 2 OT) b 2 OT & G�b � b IH) o(b) 2 C�(
! ; 1) & o(b) 2 C�(o(b)) (+)) o(a) =  �(o(b)) 2 C(
!; 1).(b) Note that o(D10) =  1(0) 8:2b= 
1. Therefore (and by 8.5a, 8.6a), a 7! o(a) maps OT0 order preservingonto C(
!; 1) \ 
1 8:3= C0(
!) \ 
1 =  0(
!). This implies kOT0;� k =  0(
!).49



Fundamental sequen
esIn order to get a better insight into the stru
ture (T;�) and a better understanding of the 
ollapsing fun
tions � we now present an assignment of (fundamental) sequen
es to the elements of T. For ea
h term a 2 T wede�ne its (
o�nality) type tp(a) 2 f0; 1; !g [ f
�+1 : � < !g and a family (a[x℄)x2jtp(a)j of terms a[x℄ 2 T,su
h that the following holds, where j0j := ;, j1j := f0g, j!j := IN, j
�+1j := fD�b : b 2 Tg:Theorem 8.7.(a) x 2 jtp(a)j =) a[x℄ � a(b) x; x0 2 jtp(a)j & x � x0 =) a[x℄ � a[x0℄(
) tp(a) = 1 =) a = a[0℄� 1(d) a; 
 2 OT & 
 � a & tp(a) 6= 1 =) 9x 2 OT \ jtp(a)j( 
 � a[x℄ )(e) a; x 2 OT & x 2 jtp(a)j =) a[x℄ 2 OTNote that, a

ording to Theorem 8.7, only for a 2 OT and only relative to (OT;�) is the family (a[x℄)x2jtp(a)ja fundamental sequen
e of a in the proper sense. But later we will give a natural interpretation of the termsa 2 T as wellfounded trees (so-
alled tree ordinals) whi
h harmonizes with the assignment (a; x) 7! a[x℄.De�nition of tp(a) and a[x℄ for a 2 T, x 2 jtp(a)j1. tp(0) := 0.2. tp(D00) := 1, (D00)[0℄ := 0.3. tp(D�+10) := 
�+1, (D�+10)[x℄ := x.4. tp(a) = 1 ) tp(D�a) := !, (D�a)[i℄ := (D�a[0℄) � (i+1).5. tp(a) 2 f!g [ f
�+1 : � < �g ) tp(D�a) := tp(a), (D�a)[x℄ := D�a[x℄.6. tp(a) = 
�+1 & � � � ) tp(D�a) := !, (D�a)[i℄ := D�a[xi℄ with x0 := 
�, xn+1 := D�a[xn℄.7. tp(a0�:::�an) := tp(an), (a0�:::�an)[x℄ := (a0�:::�an�1)� an[x℄ (n � 1).For te
hni
al reasons we also set a[n℄ := a[0℄, if tp(a) = 1.Proof of Theorem 8.7:(a),(b),(
) are easily veri�ed by indu
tion on `(a).(d) is also proved by indu
tion on `(a). Here all 
ases ex
ept 5., 6. are straightforward. So let us assumeD�
� ~
 � D�a. Then 
 � a, and by IH 
 � a[x℄ for some x 2 OT \ jtp(a)j. Hen
e D�
� ~
 � D�a[x℄.If tp(a) 2 f!g [ f
�+1 : � < �g, we have (D�a)[x℄ = D�a[x℄ and we are done.Now let us assume that tp(a) = 
�+1 with � � �.By indu
tion on `(a) one 
an prove(1) tp(a) = 
�+1 & 
 2 OT & a[
�℄ � 
 � a =) 9x = D�(b�1) 2 OT( b 2 G�
 & 
 � a[x℄ )from whi
h we 
on
lude(2) tp(a) = 
�+1 & 
 2 OT & a[
�℄ � 
 & f
g [G�
 � a =)=) 9b 2 OT( `(b) < `(
) & fbg [G�b � a & 
 � a[D�(b�1)℄)50



Obviously (2) suggests to de�ne x0 := 
�, xn+1 := D�a[xn℄ in order to obtain by indu
tion on `(
)(3) tp(a) = 
�+1 & 
 2 OT & f
g [G�
 � a =) 9n(
 � a[xn℄).(Indu
tion step: premise & a[x0℄ � 
 (2)) 9b 2 OT( `(b) < `(
) & fbg [G�b � a & 
 � a[D�(b�1)℄) IH)) 9b 2 OT9n( b � a[xn℄ & 
 � a[D�(b�1)℄ ) ) 9b 2 OT9n(
 � a[D�(b�1)℄ � a[D�a[xn℄℄ = a[xn+1℄) )Now 9n(D�
� ~
 � (D�a)[n℄) is obtained as follows:OT 3 D�
� ~
 � D�a ���=) G�
 � G�
 � 
 � a (3)) 9n(D�
� ~
 � D�a[xn℄ = (D�a)[n℄).Proof of (1):1. a = 
�+1: Then 
 = D�
0 � ~
 � D�(
0�1). Let b := 
0.2. a = a0 � a1 with tp(a1) = 
�+1:Then 
 = a0 � 
1 with a1[
�℄ � 
1 � a1, and the 
laim follows immediately from the IH.3. a = D�a0 with � < �: Then tp(a0) = 
�+1 and a[x℄ = D�a0[x℄.Further 
 = D�
0 � ~
 with a0[
�℄ � 
0 � a0.By IH we get 
0 � a0[x℄ for some x = D�(b�1) 2 OT with b 2 G�
0.Sin
e � < �, G�
0 � G�
. From 
0 � a0[x℄ we get 
 � D�a0[x℄ = a[x℄.For the proof of 8.7e we need some preparations.De�nition.b��xa :() b � a & 8�8
(b � 
 � a) G�b � G�
 [G�x).Lemma 8.8.b��xa & G�a � a & G�x � b =) G�b � b.Proof: We have G�b � G�a [G�x � a.Assumption: b � G�b. Then there exists a subterm d of b with minimal length su
h that b � G�d � a.By the minimality of d we have d = D�
 with G�
 � b � 
 � a. Using b��xa and G�x � b we obtainG�b � G�
 [G�x � b. Contradi
tion.Lemma 8.9.b0��x b =) a� b0��xa� b and D�b0��xD�b.Proof:1. Suppose a� b0 � 
 � a� b. Then 
 = a� 
0 with b0 � 
0 � b.Hen
e G�(a� b0) = G�a [G�b0 � G�a [G�
 [G�x = G�
 [G�x.2. Suppose D�b0 � 
 � D�b. Then 
 = (D�
0)� 
1 with b0 � 
0 � b. If � < �, then G�(D�b0) = ;.Now let � � �. Using the premise b0��x b we obtain G�b0 � G�
0 [G�x, and thenG�(D�b0) = fb0g [G�b0 � f
0g [G�
0 [G�x � G�
 [G�x.Lemma 8.10.(a) a 2 T & tp(a) = 
�+1 & x 2 jtp(a)j =) a[x℄��xa.(b) a 2 T & tp(a) 2 f1; !g =) a[j℄��0 a 51



Proof by indu
tion on `(a):(a) By 8.7a we have a[x℄ � a. | Suppose a[x℄ � 
 � a. We have to prove G�a[x℄ � G�
 [G�x.1. a = D00 or a = D�+10: trivial.2. a = D�b with tp(b) = 
�+1 & � < �:By I.H. we get b[x℄��x b and then a[x℄ = D�b[x℄��xD�b = a by 8.9.3. a = (a0�:::�an) (n � 1):By I.H. we get an[x℄��xan and then a[x℄ = (a0�:::�an�1)� an[x℄��x (a0�:::�an�1)� an = a by 8.9.(b) By 8.7a we have a[j℄ � a. | Suppose a[j℄ � 
 � a. We have to prove G�a[j℄ � G�
.1. a = D�b with tp(b) = 1: Then a[j℄ = (D�b[0℄) � (j+1) and G�a[j℄ = G�(D�b[0℄).By I.H. and 3.5 we get D�b[0℄��0D�b = a.We also have D�b[0℄ � 
 � a and therefore G�(D�b[0℄) � G�
.2. a = D�b and tp(b) = 
�+1 with � � �: Then a[j℄ = D�b[xj ℄ with x0 = 
�, xi+1 = D�b[xi℄.Suppose that � � �, sin
e otherwise G�a[j℄ = ;.From a[j℄ � 
 � a it follows that 
 = (D�
0)� 
1 with b[xj ℄ � 
0 � b.By (a) we have 8i(b[xi℄��xib). By side indu
tion on i we prove G�b[xi℄ � G�
0 [ f1g for i � j:b[xi℄��xib & b[xi℄ � 
0 � b ) G�b[xi℄ � G�
0 [G�xi (�)� f
0g [G�
0 [ f1g.(�) G�xi(� f0; 1g if i = 0= fb[xi�1℄g [G�b[xi�1℄ SIH� f
0g [G�
0 [ f1g if i > 0Now we obtain G�a[j℄ = fb[xj ℄g [G�b[xj ℄ � f
0g [G�
0 [ f1g (+)� G�
. [(+) b[0℄ � b[x0℄ � 
0 ) 1 � 
0.℄3. a = D�b with tp(b) = ! or a = (a0�:::�an) (n � 1) with tp(an) = !: as in (a).Proof of 8.7e by indu
tion on `(a):1. a = (a0�:::�an) 2 OT (n � 1): Then a0; :::; an 2 OT and an[x℄ � an � : : : � a0.By I.H. we have an[x℄ 2 OT. Hen
e a[x℄ = (a0�:::�an�1)� an[x℄ 2 OT.2. a = D�b 2 OT: Then b 2 OT and G�b � b.2.1. tp(b) = 1: By I.H. and 8.10 we obtain b[0℄ 2 OT and b[0℄��0b.From b[0℄��0b and G�b � b we get G�b[0℄ � b[0℄ by 8.8. Hen
e a[x℄ = (D�b[0℄) � (x+1) 2 OT.2.2. a = D�b with tp(b) 2 f!g [ f
�+1 : � < �g: By I.H. and 8.10 we have b[x℄ 2 OT and b[x℄��x b.Sin
e x 2 jtp(b)j with tp(b) 2 f!g [ f
�+1 : � < �g, we have G�x � b[x℄.By 8.8 from b[x℄��x b & G�b � b & G�x � b[x℄ we get G�b[x℄ � b[x℄. Hen
e a[x℄ = D�b[x℄ 2 OT.2.3. tp(b) = 
�+1 with � � �: Then a[x℄ = D�b[xj ℄ with x0 = 
�, xi+1 = D�b[xi℄.We have to show D�b[xj ℄ 2 OT.(1) G�b[xi℄ � G�b[xi℄ [ sin
e � � � ℄(2) 8i(xi 2 OT) b[xi℄ 2 OT) [ by I.H. ℄(3) G�xi � b[xi℄ ) G�b[xi℄ � b[xi℄ [ b[xi℄��xib & G�b � b & G�xi � b[xi℄ 8:8) G�b[xi℄ � b[xi℄ ℄(4) G�xi � b[xi℄[Side Ind. on i: G�x0 � f0; 1g � b[x0℄. G�(xi+1) = fb[xi℄g [G�b[xi℄ SIH+(3)� b[xi℄ � b[xi+1℄ ℄(5) xi 2 OT and a[i℄ 2 OT. 52



Proof by indu
tion on i: 1. x0 = 
� 2 OT.2. xi 2 OT (2)�(4)) b[xi℄ 2 OT & G�b[xi℄ � b[xi℄ (1)) xi+1 = D�b[xi℄ 2 OT and a[i℄ = D�b[xi℄ 2 OT.Lemma 8.110 6= a 2 OT0 =) tp(a) 2 f1; !g and o(a) = � o(a[0℄) + 1 if tp(a) = 1supn2IN(o(a[n℄)+1) if tp(a) = !Proof:We only show that o(a) = supn2IN(o(a[n℄)+1) if tp(a) = !. Let a 2 OT0 with tp(a) = !.Then a[n℄ � a & a[n℄ 2 OT0 (by 8.7a,e) and o(a[n℄) < o(a) (by 8.5a). Now let 
 < o(a). Then (by 8.6b)
 = o(
) for some 
 2 OT0 with 
 � a. Theorem 8.7d yields 
 � a[n℄ for some n 2 IN. Hen
e 
 < o(a[n℄).Lemma 8.12.(a) � < "0 ) � 2 C0(�) &  0(�) = !�.(b) 0 < � & � < "
�+1 ) � 2 C�(�) &  �(�) = !
�+� = 
� � !�.Proof: Exer
ise.Lemma 8.13.a 2 OT =) (a � D0
�+1 , no D� with � > � o

urs in a).Proof:\)": a = D0a1�:::�D0an with G0ai � ai � 
�+1.By indu
tion on `(a) one obtains: a 2 T & fag [G0a � 
�+1 ) a 2 T(�) := T(0; �; D0; :::; D�).[a = D�a0 & fag [G0a � 
�+1 = D�+10 ) � < �+1 & fa0g [G0a0 = G0a � 
�+1. ℄\(": left to the reader.Tree ordinalsIndu
tive de�nition of 
lasses T� of tree ordinals1. 0 := ( ) 2 T�2. � 2 T� ) �+1 := (�) 2 T�3. 8n 2 IN(�n 2 T�) ) (�n)n2IN 2 T�4. � < � & 8� 2 T�(�� 2 T�) ) (��)�2T� 2 T�T<! := S�<! T� . The elements of T<! are 
alled tree ordinals (denoted by �;�;
).NoteEvery � 2 T� is of the form (��)�2I with I 2 f;; f0g; INg [ fT� : � < �g.We de�ne k(��)�2Ik := sup�2I(k��k+ 1).Abbreviations0 := 0, n+1 := n+1 , 1 := 1 , 
0 := (n)n2IN, 
�+1 := (�)�2T�De�nition of �+ � and � � n�+ 0 := � , �+ (��)�2I := (�+ ��)�2I if I 6= ;,� � 0 := 0, � � (n+1) := (� � n) +�Proposition. (a) �;� 2 T� ) �+ � 2 T�, (b) �+ (�+ 
) = (�+ �) + 
53



De�nition of D � : T<! �! T�The de�nition of D � (�) pro
eeds by transf. re
. on � simultaneously for all � < !.D 0 (0) := 1 , D � (0) := 
� if � 6= 0D � (�+1) := �D � (�) � (n+1)�n2IND � ((��)�2I) := 8><>:�D � (��)��2I if I 2 fINg [ fT� : �<�g�D � (��n)�n2IN if I = T� with � � �with �0 := 
�; �n+1 := D � (��n)RemarkFor � = (��)�2I 2 T� n f0g we have D � (�) = (�D � (�0) � (n+1)�n2IN if I = f0g�D � (��)��2I otherwise .This means that on T� the fun
tion D � behaves like the ordinal fun
tion� 7! !
�+� (if � > 0) or � 7! !� (if � = 0).Now we are going to prove that kD 0D (m)� (0)k equals  0 (m)� (0). By 
omparing the de�nition of D � with theassignment of fundamental sequen
es above and taking Theorems 8.5, 8.7 into 
onsideration this should bemore or less 
lear. To obtain a rigorous proof we introdu
e the 
anoni
al interpretation t : T �! T<! andshow that this respe
ts the fundamental sequen
es (a[x℄)x2jtp(a).De�nition of t : T �! T<!. t(D�0a0�:::�D�n�1an�1) := D �0 t(a1) + : : :+ D �n�1 t(an�1)Theorem 8.14. For ea
h a 2 T we have(i) tp(a) = 1 ) t(a) = t(a[0℄) + 1,(ii) tp(a) = ! ) t(a) = (t(a[n℄))n2IN,(iii) tp(a) = 
�+1 ) t(a) = (��)�2T� with 8x 2 j
�+1j(t(a[x℄) = �t(x))Proof:Let FS(a) abbreviate the 
laim (i)&(ii)&(iii). Then in a straightforward way one proves(1) FS(a) & FS(b) =) FS(b�a), (2) FS(a) =) FS(D�a) ,from whi
h one obtains (8a 2 T)FS(a) by indu
tion on `(a).Theorem 8.15. a 2 OT0 =) o(a) = kt(a)kProof by indu
tion on o(a):Let a 6= 0. By L.8.11 tp(a) 2 f1; !g and o(a) = � o(a[0℄) + 1 if tp(a) = 1supn2IN(o(a[n℄)+1) if tp(a) = ! .If tp(a) = ! then t(a) 8:14= (t(a[n℄))n2IN and thereforekt(a)k = supn2IN(kt(a[n℄)k+1) IH= supn2IN(o(a[n℄) + 1) L:8:11= o(a)The 
ase \tp(a) = 1" is treated in the same way.Corollary. kD 0D (m)� (0)k =  0 (m)� (0).Proof:kD 0D (m)� (0)k Def= kt(D0D(m)� 0)k 8:14= o(D0D(m)� 0) Def=  0 (m)� (0).54



x11 Wellfoundedness proofs in ID�T0 := f0g [ fD0a0�:::�D0an : a0; :::; an 2 T; n � 0g.Let � < ! be �xed.A�(X; a) :, tp(a) 2 f0; 1; !g [ f
�+1 : � < �g & 8x 2 W (tp(a))(a[x℄ 2 X),where W (0) := ;, W (1) := f0g, W (!) := IN, W (
�+1) := j
�+1j \W� = fD�b 2W� : b 2 Tg.A�(X) := fx 2 T : A�(X; x)g.W� := TfX � T : A�(X) � XgX(a) := fy 2 T : a� y 2 XgX := fy 2 T : 8x 2 X(x�D�y 2 X)gW � := fx 2 T : 8� < �(D�x 2 W�gLemma 11.1.(a) A�(X) � X & a 2 X =) A�(X(a)) � X(a) (� � �).(b) a; b 2W� =) a� b 2 W� (� < �).Lemma 11.2. A�(X) � X =) A�(X) � X .Lemma 11.3. A�(W �) �W �.Lemma 11.4. If a 2 T 
ontains no symbol D� with � > �, then A�(X) � X ! a 2 X .Lemma 11.5. If a 2 T0 
ontains no symbol D� with � > �, then a 2W0.Theorem 11.6. jID� j =  0("
�+1).Proof: 1. By Corollary 10.5 we have jID� j �  0("
�+1).2. Let � <  0("
�+1); then � < kD 0 (D (m)� (0))k for some m.Let a := D0D(m)� 0. As shown above, ID� ` a 2 W0; hen
e � < kD 0 (D (m)� (0))k = kt(a)k = jajW0 � jID� j.
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x9 Theories for Iterated Indu
tive De�nitionsDe�nitionLet M be a set, and � : P(M)! P(M) monotone, i.e. 8X;Y 2 P(M)(X � Y ) �(X) � �(Y ) ).I� := TfX 2 P(M) : �(X) � Xg (the interse
tion of all �-
losed subsets of M)We say that the set I� is indu
tively de�ned by �.De�nitions of this kind are 
alled (generalized) indu
tive de�nitions.Lemma 9.1(a) �(X) � X =) I� � X , for ea
h set X �M .(b) �(I�) = I�. So, I� is the least �-
losed set and also the least �xpoint of �.(
) I� \ �(X) � X =) I� � X .Proof:(a) trivial.(b) HS: �(I�) � I�. Proof: 8X(�(X) � X ) I� � X) � mon:) 8X(�(X) � X ) �(I�) � �(X) � X) )�(I�) � TfX : �(X) � Xg = I�. | HS ) Y := �(I�) � I� ) �(Y ) � �(I�) = Y (a)) I� � Y = �(I�).(
) I� \ �(X) � X ) �(I� \X) � �(I�) \ �(X) = I� \X (a)) I� � I� \X � X .De�nition. I�� := �(I<�� ) with I<�� := S�<� I�� (� 2 On)Lemma 9.2.(a) � < � ) I�� � I�� ; (b) I�+1� = �(I��) ;(
) I<�� = I�� for some � 2 On ; (d) If I<�� = I��, then 8� � �(I�� = I�).Proof:(a) trivial.(b) I�+1� = �(I<�+1� ) (a)= �(I��).(
) Otherwise F : On! P(M); � 7! I�� would be inje
tive. But then P(M) would not be a set.(d) 1. By indu
tion on � we get I�� � I� for all �: I.H. ) I<�� � I� ) I�� = �(I<�� ) � �(I�) = I�.2. I<�� = I�� = �(I<�� )) I� � I<�� � I�� for � � �.De�nition.For ea
h relation R �M�M let �R : P(M)! P(M), �R(X) := fx 2M : 8yRx(y 2 X)g.A

(M;R) := I�R (the a

essible part of (M;R) )(A

(M;R) = TfX�M : 8x2M(8yRx(y 2 X)) x 2 X)g)Lemma 9.4.Let R be a binary relation on M , and A

 := A

(M;R).(a) 8x[x 2M & 8yRx(y 2 A

) , x 2 A

 ℄.(b) 8x 2 A

[8yRx(y 2 X)) x 2 X ℄ =) A

 � X , for every X �M . (R�A

 is wellfounded)(
) R wellfounded () M = A

. 56



Proof:(a) follows from 9.1b. (b) follows from 9.1
.(
) \)": By (a) we have 8x 2M(8yRx(y 2 A

)) x 2 A

).By R-indu
tion from this we get 8x 2M(x 2 A

).\(": follows from (b).De�nition. For x 2 I� let jxj� := minf� : x 2 I��gLemma 9.5. If � = �R then jxj� = supfjyj�+1 : yRxg for every x 2 A

(M;R).Proof:x 2 I�� , x 2 �(I<�� ), 8yRx(y 2 I<�� ), 8yRx(jyj� < �).Hen
e jxj� = minf� : x 2 I��g = minf� : 8yRx(jyj� < �)g = supfjyj�+1 : yRxgSyntaxIf P is a unary predi
ate symbol, and A;F are formulas, and F = �xF then A(P=F) denotes the result ofsubstituting F for P in A, i.e. the formula resulting from A be repla
ing every atom Pt by F(t).De�nition. Let L be 1st-order language, andX a set variable (unary predi
ate symbol) not in L. A positiveoperator form in L is an L [ fXg-formula A in whi
h X o

urs only positively (i.e. A has no subformula:Xt) and whi
h has at most one free variable x.We use the following abbreviations: A(F ; t) := A(X=F ; x=t) , A(F) � F := 8x(A(F ; x)! F(x)).For ea
h positive operator form A we introdu
e a (new) unary predi
ate symbol PA.De�nition of the languages L� (0 � � < !)L0 := PR [ f=g, the language of arithmeti
 as so far.L�+1 := L0 [ fPA : A positive operator form in L� gL<! := S�<! L�Remark. L� � L�+1.De�nition of lev(A)lev(A) := 0 if A is an L0[X ℄-literallev(PAt) := lev(A), lev(:PAt) := lev(A) + 1lev(A ^ B) := lev(A _ B) := maxflev(A); lev(B)glev(8xA) := lev(9xA) := lev(A)lev(PA) := lev(A) , lev(�) := maxflev(A) : A 2 �gRemarklev(PA) < � for ea
h predi
ate symbol PA in L� ,lev(A) � � for ea
h L�-formula A.From now on A;B;C denote L<!-formulas. 57



The proof system ID�The language of ID� is L� .The inferen
e symbols of ID� are those of Z (in the language L�) together with(ClPAt) A(PA; t)PAt (IndPA;tF ) :(A(F)�F);:PAt;F(t)The in�nitary proof systems ID1� (� < !)The language of ID1� 
onsists of all 
losed L<!-formulas A.We use P [P�, resp.℄ as synta
ti
 variable for the predi
ate symbols PA [with lev(A) = �, resp.℄.De�nitionAX (ID1� ) := set of all sequents � su
h that{ all elements of � are 
losed literals,{ � \ TRUE0 6= ; or � 
ontains a subset fPs;:Ptg with sN = tN and lev(P ) < �.The inferen
e symbols of ID1� are the following(Ax�) � if � 2 AX (ID1� ) , and the symbols (VA), (WtA), (CutC) of Z in the language L<!;(ClPAt) A(PA; t)PAt (lev(PA) � �) (
Pt) Pt : : :�Ptq : : : (q 2 jP j); (lev(P ) < �)jP j := set of all 
utfree ID1� -derivations, where � := lev(P ) , �Ptq := �(q) n fPtgThe set ID1� of all ID1� -derivations is introdu
ed by an indu
tive de�nition (as given in x4 for arbitrary proofsystems S) under the assumption that the sets ID1� for � < � are already de�ned. | ID1<! := S�<! ID1� .As usual we write ID1� 3 d `m � to express that d is a derivation (in ID1� ) with �(d) � � and 
rk(d) � m.(For the de�nition of 
rk(d) (
ut-rank of d) 
f. x4.)The (
Pt)-rule 
an be motivated as follows (with � := lev(P ) < �):Imitating the 
onstru
tive interpretation of impli
ation we start by saying:\An ID1� -derivation of Pt! B is an operation q 7! dq transforming every
utfree ID1� -derivation of Pt into an ID1� -derivation of B ".This may be repla
ed by the stri
ter version:\An ID1� -derivation of Pt! B is an operation q 7! dq transforming every
utfree ID1� -derivation of A! Pt into an ID1� -derivation of A! B (for any formula A)".In terms of the Tait-
al
ulus used here this amounts to the following rule:(e
Pt) If for ea
h � and ea
h 
utfree ID1� -derivation q of �; P t ,dq is an ID1� -derivation of �;�, then (dq)q2jP j is an ID1� -derivation of :Pt;� ".Now (
Pt) is just a 
ombination of (e
Pt) and (CutPt).58



The following de�nitions and Theorem 9.6 are needed for the embedding of ID� into ID1� , i.e., for deriving:(A(F)�F);:PAt;F(t) by means of (
PAt).De�nitions (Substitution)For ea
h 
losed L�-formula A let 
A be the 
anoni
al 
utfree ID1� -derivation of :A;A.etA;F := WtGVA(F ;t)^:F(t)
A(F ;t)
F(t) � :A(F ; t);A(F ; t) :F(t);F(t)A(F ; t)^:F(t);:A(F ; t);F(t)G;:A(F ; t);F(t) with G := :(A(F) � F).Given P = PA, a predi
ate F , and a sequent � we de�ne an operation S�P;F : ID1lev(P ) ! ID1<! whi
htransforms any derivation d 2 ID1lev(P ) of �;� into a derivation d� := S�P;F(d) of G;�;�(P=F). Roughlyspeaking d� results from d by substituting 
ertain o

urren
es of P by F . In doing so, some inferen
es(ClPt)A(P; t)Pt are turned into A(F ; t)F(t) whi
h is not an inferen
e of ID1<!.Therefore those inferen
es (ClPt) are repla
ed by d�0G;A(F ; t) etA;FG;:A(F ; t);F(t) (Cut)G;F(t)The pre
ise de�nition of S�P;F (d) runs as followsS�P;F�I(d�)�2I� := 8>>><>>>:CutA(F ;t)S�[�0(I)P;F (d0)etA;F if I = ClPt with Pt 2 �I��S�[��(I)P;F (d�)��2I if I = VA or WtA with A 2 �I�S�P;F(d�)��2I otherwisewhere (VA)� := VA(P=F) , (WtA)� := WtA(P=F).Abbreviation. A[�℄ := �A� if A = A0 _̂A1 and � 2 f0; 1gB(x=�) if A = 98xB and � 2 TThe following theorem is easily veri�ed. Note that the axioms Axf:Pt;P tg do not belong to ID1lev(P ) !Theorem 9.6ID1lev(P ) 3 d `0 �;� & rk(A(F ; x)) < m =) S�P;F (d) `m :(A(F)�F);�;�(P=F).Proof:Abb.: G := :A(F) � F , A� := A(P=F) , �� := �(P=F) = fA� : A 2 �g , (VA)� := VA� , (WtA)� := WtA�Let ID1lev(P ) 3 d = I(d�)�2I `0 �;�. Then �(I) � �;� and ID1lev(P ) 3 d� `0 �;�;��(I) for all � 2 I .1. I = ClPt with Pt 2 �: By IH S�[�0(I)(d0) `m G;�;��;A(F ; t).By de�nition etA;F `0 G;:A(F ; t);F(t). Hen
e S�(d) `m G;�;��, sin
e F(t) 2 ��.2. I = VA or WtA with A 2 �: Let �� := � [��(I). Then by IH S��(d�) `m G;�;��� .Now ��(I)� = fA[�℄�g = fA�[�℄g = ��(I�) and �(I�) = fA�g � ��.Hen
e S��(d�) `m G;�;��;��(I�) (8� 2 I) and thus S�(d) = I��S��(d�)��2I `m G;�;��.3. Otherwise: Then �(I) � � or A = A� for all A 2 �(I). Hen
e �(I) � �;��.By IH S�(d�) `m G;�;��;��(I), for all � 2 I . Hen
e S�(d) = I�S�(d�)��2I `m G;�;��.[[If �(I) 6� �, then I = Ax� with (� \ TRUE0 6= ; or f:P 0t; P 0sg � � with lev(P 0) < lev(P )) orI = ClP 0t with lev(P 0) � lev(P ) & P 0 6= P .℄℄ 59



Embedding of ID� into ID1�For ea
h 
losed ID�-derivation h we de�ne an ID1� -derivation h1 su
h that h1 `m �(h) for some m 2 IN.0. (Ax�)1 := Ax�1. (Vx8xAh0)1 := V8xA�h0(x=t)1�t2T02. (Indx;tF h0)1 := � 
x;tF if n = 0CutF (n)en�1
x;tF if n > 0 wheren := tN , 
x;tF `2rk(F )0 :Fx(n); Fx(t), e0 := h0(x=0)1, ei := CutF (i)ei�1h0(x=i)1 for i > 0 .3. (IndP;tF )1 := Axf:Pt;P tg : : :SfPtgP;F (q) : : : (q 2 jPtj)
Pt4. Otherwise: (Ih0:::hn�1)1 := Ih10 : : : h1n�1Theorem 9.7 (Embedding)ID� 3 h ` � & h 
losed =) ID1� 3 h1 `m � for some m 2 IN.Proof: straightforward.Espe
ially (IndP;tF )1 `m :(A(F)�F);:Pt;F(t) (where P = PA) is obtained from:q 2 jPtj ) ID1lev(P ) 3 q `0 �Ptq ; P t Theorem9:6) SfPtgP;F (q) `m :(A(F)�F);�Ptq ;F(t).AbbreviationsV-For := set of all formulas of the shape A ^ B or 8xA.V+-For := TRUE0 [V-For [ set of all formulas PAt.Theorem 9.8By tree re
ursion one 
an de�ne operations J tC ; RC ; E ; D� on ID1<! with the following properties:(V-Inversion) d `m �; C & C 2 V-For =) J tC(d) `m C[t℄ .(Redu
tion) e `m �; C & d `m �;:C & C 2 V+-For & rk(C) � m =) RC(e; d) `m �.(Elimination) d `m+1 � =) E(d) `m �.(Collapsing) d `0 � & lev(�) � � ) ID1� 3 D�(d) `0 �.Proof:For d = I(d�)�2I 2 ID1<! and e 2 ID1<! we de�neJ tC(d) := (J tC(dt) if I = VCI�J tC(d�)��2I otherwise (C 2 V-For)RC(e; d) :=8>><>>:CutC[t℄J tC(e)RC(e; d0) if I = Wt:Ce if I = Axf:C;CgI�RC(e; d�)��2I otherwise (i.e., if :C 62 �(I)) (C 2 V+-For)60



E(d) := 8><>:RC(E(d0); E(d1)) if I = CutC with C 2 V+-ForR:C(E(d1); E(d0)) if I = CutC with :C 2 V+-ForI�E(d�)��2I otherwise .D�(d) := (D�(dD�(d0)) if I = 
Pt with � := lev(P ) � �I�D�(d�)��2I otherwiseOne easily veri�es that the so de�ned operations have the asserted properties.Let us look at D�(d) for d = 
Pt(dq)q2f0g[jP j `0 � with lev(�) � � � � := lev(P ).Then d0 `0 �; P t and dq `0 �;�Ptq for all q 2 jP j (y).By IH ID1� 3 q0 := D�(d0) `0 �; P t. Hen
e q0 2 jP j and �Ptq0 � �.Now (y) yields dq0 `0 �, and by IH we get ID1� 3 D�(dq0) `0 �.Remark: The de�nition of D�(d) almost automati
ally arises if one pursues the goal to eliminate from d all
P -inferen
es with lev(P ) � �.De�nitionFor A with lev(A) = 0 let I�A := fn : A(I<�A ; n)g, where I<�A := S�<� I�A (� 2 On) .jnjA := minf� : n 2 I�Ag (if n 2 S�2On I�A)jID� j := supfjnjA : lev(A) = 0 & ID� ` PAng (proof-theoreti
 ordinal of ID�)RemarkThe proof theoreti
 ordinal of a theory Th is 
ommonly de�ned as the supremum of the ordertypes of primitivere
ursive wellorderings � whi
h are provably wellfounded in Th. In the language L� the wellfoundedness of� is expressed by the formula 8xPA�x where A�(X; x) := 8y(y � x ! Xy). Sin
e the ordertype of � isequal to supfjnjA� +1 : n 2 I<
A�g, it easily follows that the proof theoreti
 ordinal of ID� is less or equal tothe ordinal jID� j de�ned above. That a
tually both ordinals 
oin
ide follows from Theorem 1.3.11 in [Po98℄where it is shown that the proof theoreti
 ordinal of a theory Th � PA is equal to its �11-ordinal.For d 2 ID1<! let kdk := hgt(d), i.e. kI(d�)�2Ik := sup�2I(kd�k+1) (length, depth, height of d).By (N ; I<�) we denote the expansion of the standard model N whereea
h predi
ate 
onstant PA of level 0 is interpreted by I<�A .Theorem 9.9 (Boundedness)ID10 3 d `0 � & lev(�) = 0 =) (N ; I<kdk) j= �Proof by indu
tion on kdk.
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Theorem 9.10.If h is a 
losed ID�-derivation of � with lev(�) = 0 then(N ; I<�) j= � with � = kD0(Em(h1))k for some m 2 IN.Proof:ID� 3 h ` � Embedding=) ID1� 3 h1 `m � for some mCutelim=) ID1� 3 Em(h1) `0 �Collapsing=) ID10 3 D0(Em(h1)) `0 �Boundedness=) (N ; I<�) j= � with � := kD0(Em(h1))kDe�nition�� := supfkD0(Em(h1))k : m 2 IN and h a 
losed ID�-derivation with endsequent of level 0 gThen Theorem 9.10 shows that jID� j � �� . In what follows we will prove �� � supm2IN 0 m� (0) =  0("
�+1).RemarkNote the similarity between\ D�(d) = D�(dD�(d0)) if d = 
P �d���2f0g[jP j with � = lev(P ) � � "and\ (D�a)[1℄ = D�a[D�a[
�℄℄ if a 2 T and tp(a) = 
�+1 with � � � ".This observation will be pursued in x10.x10 Majorization of in�nitary derivations by tree ordinalsWe are now going to relate in�nitary derivations d 2 ID1� to tree ordinals �. From every derivation d 2 ID1�one obtains a tree ordinal o(d) essentially by deleting all inferen
e symbols (and possibly other data) assignedto the nodes of d (namely o(I(d�)�2I) := �o(d�)��2I). Now the �rst idea whi
h 
omes into mind is that o(d)should equal t(a) for suitable a 2 OT (at least if d = h1 with h 2 ID�). But this doesn't work; instead one
an establish a weaker relation between o(d) and t(a), namely that in a 
ertain sense o(d) is \embeddable"into t(a). Below we will de�ne a relation d / � (d is majorized by �) between in�nitary derivations d andtree ordinals �, whi
h 
orresponds to this informal notion of embeddability.The main properties of / will be:(i) d /� & d 2 ID10 ) kdk � k�k,(ii) d /� & d 2 ID1� ) E(d) / D � (�),(iii) d /� ) D�(d) / D � (�).Mainly by means of (i)-(iii) we will establish that kD0(Em(h1))k � kD 0Dm+2� (0)k and thusjID� j � �� � supm2IN kD 0Dm� (0)k, i.e. jID� j � supm2IN 0 m� (0) =  0("
�+1).62



The following de�nition and lemma are auxiliary.De�nition of �	, �0 and ��	 := ��0 if � = �0+1 or � = (�i)i2IN�
� if � = (��)�2T���0 � :() (� 6= 0 & � = �	) or (� = (�i)i2IN & 9i2IN(� = �i))� (� , resp.) is the transitive (transitive and re
exive, resp.) 
losure of �0.Lemma 10.1(a) � 6= 0 ) (
��)	 = 
��	 & D � (�)	 = D � (�	)(b) 1� D � (�)(
) �� � ) 
+ �� 
+�(d) �� � ) D � (�)� D � (�)(e) n� 
� � 
�+1Proof of (a):1. � = �0+1: D � (�)	 = D � (�0) � 1 = D � (�	).2. � = (�i)i2IN: D � (�)	 = D � (�0) = D � (�	).3. � = (��)�2T�: D � (�)	 = D � (�
�) = D � (�	).Proof of (
):1. � 6= 0 & � = �	: Then D � (�) = D � (�	) = D � (�)	.2. (� = (�i)i2IN & � = �n): Then D � (�) = (D � (�i))i2IN & D � (�) = D � (�n).De�nition of d /� (Majorization)d /� (� majorizes d) if, and only if, one of the following 
lauses holds:(/ 1) d = I(di)i2jIj with I 6= 
P and � = �+1 with di / � for all i 2 jIj(/ 2) d = 
P�(dq)q2f0g[jP�j & � = (��)�2T� & 8q 2 f0g[jP�j 8� 2 T�(q / �) dq /��)(/ 3) d / � & �� �(By 
onvention 0 /� for any �.)Lemma 10.2. d /� & � 2 T0 =) kdk � k�k.Theorem 10.3.(a) d /� =) J kC(d) /�(b) d /� =) S�P;F (d) /
� +� for ea
h �(
) e / � & d /� =) RC(e; d) / �+�(d) d /� 2 T� =) E(d) / D � (�)(e) d /� =) D�(d) / D � (�)Proof by indu
tion on �:We only 
arry out the essential 
ases of (
),(d),(e).(
) 1. d = Axf:C;Cg: R(e; d) = e / ���+�. 63



2. d = Wk:Cd0 & � = �0+1 & d0 /�0:R(e; d0) IH/ �+�0 & J (e) (a)/ ���+�0 =) R(e; d) = CutJ (e)R(e; d0) / (�+�0) + 1 = �+�.3. d = 
P�(dq)q2I & � = (��)�2T� & 8q 2 I8� 2 T�(q / �) dq /��):IH ) 8q 2 I8� 2 T�(q / �) R(e; dq) / �+��) ) R(e; d) = 
P��R(e; dq)�q2I / (�+��)�2T� = �+�.(d) 1. d = CutCd0d1 with C 2 V+-For, and � = �0+1 & d0; d1 / �0: IV ) E(di) / D � (�0) (
)) E(d) =RC(E(d0); E(d1)) / D � (�0) + D � (�0) = D � (�0) � 2 ) E(d) / �D � (�0) � (n+1)�n2IN = D � (�).2. d = 
P�(dq)q2f0g[jP�j & � = (��)�2T� & 8q 2 f0g[jP�j 8� 2 T�(q / �) dq /��):Sin
e � 2 T� , we have � < � and D � (�) = �D � (��)��2T�.IH ) 8q 2 f0g[jP�j 8� 2 T�(q / �) E(dq) / D � (��)) Def) E(d) = 
P�(E(dq))q2f0g[jP�j / �D � (��)��2T�.(e) 1. d = I(di)i2I with I 6= 
P and � = �+1 with di / � for all i 2 I : IH ) 8i(D�(di) / D � (�) ) )) D�(d) = I(D�(di))i2I / D � (�) + 1� D � (�) +
�� D � (�) + D � (�)� D � (�+ 1).2. d = 
P�(dq)q2I & � = (��)�2T� & 8q 2 I8� 2 T�(q / �) dq /��):2.1. � < �: IH ) 8q 2 I8� 2 T�(q / �) D�(dq) / D � (��)) )) D�(d) = 
P�(D�(dq))q2I / (D � (��))�2T� = D � (�).2.2. � � �: Then D�(d) = D�(dD�(d0)) and D � (�) = (D � (��n))n2IN with �0 = 
�, �n+1 = D � (��n).0 / �0 ) d0 /��0 IH=) q := D�(d0) / D � (��0) = �1 =) dq /��1 IH=)D�(d) = D�(dq) / D � (��1)� �D � (��i)�i2IN = D � (�).Theorem 10.4 (Embedding). For ea
h 
losed ID�-derivation h we have h1 /
� �(2+n(h)),where n(Ih0:::hm�1) := maxf0; n(h0); :::; n(hm�1)g+ 1.Proof:By de�nition (IndP;tF )1 = Axf:Pt;P tg : : :SfPtgP;F (q) : : : (q 2 jPtj)
Pt .By Theorem 10.3b we have 8q 2 jP�j8� 2 T�(q / �) SfPngP;F (q) /
� + �) whi
h togetherwith 8� 2 T�(Axf:Pt;P tg /
� + �) yields (IndP;tF )1 /
� +
lev(P )+1�
� +
� = 
� �2.The other 
ases are easy.Theorem 10.5. Let � > 0. If h is a 
losed ID� -derivation of � with lev(�) = 0 then(N ; I<�) j= � with � = kD 0 (Dm� (0)k for some m 2 IN.Proof:Theorem 9.10 ) (N ; I<�) j= � with � = kD0(Em(h1))k for some m < !.h1 Th:10:4/ 
� �(2+n) Def� D � (1) L:10:1b;d� D � D � (0) Th:10:3d;e=)D0(Em(h1)) / D 0Dm+2� (0) L:10:2=) kD0(Em(h1))k � kD 0Dm+2� (0)k.CorollaryjID� j � supm2IN kD 0 (Dm� (0)k =  0("
�+1). 64



Two Appli
ationsLet bT := fa 2 T : a prin
ipal term g and ObT := OT \ bT.As one easily sees, the set bT 
an be indu
tively generated bya0; :::; an�1 2 bT (n � 0) & � < ! =) D�(a0�:::�an�1) 2 bT.Hen
e bT is nothing other than the set of all �nite, ordered trees with labels � < !, and ea
h term a =a0�:::�an�1 2 T 
an be 
onsidered as a tree with immediate subtrees a0; :::; an�1 2 bT and an unlabeled root.The assignment of (fundamental) sequen
es (a[x℄)x2jtp(a)j 
an then be seen as the de�nition of a redu
tionpro
edure (or rewriting relation) a ,!x a[x℄ on T. In [Bu87℄ this redu
tion pro
edure (restri
ted to T0 :=fD0a0�:::�D0an�1 : a0; ::::; an�1 2 Tg) had been 
ooked up as a so-
alled hydra game, where in the ith roundof the game (or battle) the hydra a transforms itself into a new hydra a[ni℄. Using Theorem 8.14 and Theorem10.5 one easily 
on
ludes that the hydra game terminates (i.e., 8a 2 T08(ni)i2IN9k( a[n0℄[n1℄ : : : [nk℄ = 0 ) ),and that this fa
t is not provable in ID<!:Let W0 be indu
tively de�ned by the rule: a 2 T0 & [ a 6= 0) 8n(a[n℄ 2W0) ℄ =) a 2 W0.Then \a 2 W0" says that ea
h ,!-redu
tion sequen
e starting with a terminates. Hen
e \8a 2 T0(a 2 W0)"expresses termination of the hydra game. Now using Theorem 8.14 by indu
tion on t(a) we get8a 2 T0( a 2W0 & jajW0 = kt(a)k ).The unprovability result is obtained as followsID� ` 8x(D0Dx�0 2W0) Th:10:5=) 9m8n( jD0Dn� 0jW0 < kD 0Dm� (0)k ) =)=) 9m( jD0Dm� 0jW0 < kt(D0Dm� 0)k = jD0Dm� 0jW0 ). Contradi
tion.Another interesting observation about the system (OT;�) is due to Okada [Ok88℄ and provides a rathershort proof of H. Friedman's result that the extended Kruskal Theorem on �nite labeled trees implies thewellfoundedness of (OT;�) (provably in ACA0). This runs as follows.First we de�ne a binary relation v on bT su
h that a v b is equivalent to \there exists a homeomorphi
embedding f : a! b satisfying Friedman's gap 
ondition (in
luding the gap 
ondition for the root)".De�nition of a v b for a; b 2 bTLet a = D�(a0�:::�am�1) and b = D�(b0�:::�bn�1).a v b i� one of the following two 
lauses holds(i) � = � and 9 inje
tive q : f0; :::;m�1g ! f0; :::; n�1g su
h that ai v bq(i) for i < m,(ii) � � � and 9j < n( a v bj ).Then we de�ne a relation ���� and prove 8a; b 2 ObT( a v b ) a �� b ).De�nitiona �� b :, a � b & 8�(G�a � G�b) (with X � Y :, 8x 2 X9y 2 Y (x � y) )65



Lemma 4.1(a) a �� b =) D�a �� D�b(b) D�a �� b & � � � & G�b � b =) D�a �� D�bProof:(a) a �� b & G�D�a 6= ; ) G�D�a = fag [G�a � fbg [G�b = G�D�b.(b) 1. D�a �� b & � � � � � ) G�D�a � G�b � G�D�b. Hen
e 8�(G�D�a � G�D�b).2. Proof of D�a � D�b: Let � = � (otherwise the 
laim is trivial). Then a 2 G�(D�a) � G�b � b.Theorem 4.2a; b 2 ObT & a v b =) a � bProof: By indu
tion on `(b) we prove the stronger statement a �� b.Let a = D�(a0�:::�am�1) and b = D�(b0�:::�bn�1).(i) � = � & 8i < m(ai v bq(i)) & 8i; j < m(i 6= j ) q(i) 6= q(j)): By IH we have ai �� bq(i) for i < m. Fromthis we get (a0�:::�am�1) �� (b0�:::�bn�1) and then by L.4.1a a = D�(a0�:::�am�1) �� D�(b0�:::�bn�1) = b.(ii) � � � and 9j < n( a v bj ): By IH we have a �� bj �� (b0�:::�bn�1) =: 
. Sin
e b = D�
 2 OT, we alsohave G�
 � 
. By L.4.1b this yields a = D�(a0�:::�am�1) �� D�
 = b.
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