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The method of lo
al predi
ativity as developed by Pohlers in [10℄,[11℄,[12℄ andextended to subsystems of set theory by J�ager in [4℄,[5℄,[6℄ is a very powerfultool for the ordinal analysis of strong impredi
ative theories. But up to nowit su�ers 
onsiderably from the fa
t that it is based on a large amount ofvery spe
ial ordinal theoreti
 prerequisites. This is true even for the mostre
ent (very polished) presentation of lo
al predi
ativity in (Pohlers [15℄).The purpose of the present paper is to expose a simpli�ed and 
on
eptuallyimproved version of lo
al predi
ativity whi
h | besides some very elemen-tary fa
ts on ordinal addition, multipli
ation, and exponentiation | requiresonly amazingly little ordinal theory. (All ne
essary nonelementary ordinaltheoreti
 prerequisites 
an be developed from s
rat
h on just two pages, aswe will show in se
tion 4.) The most important feature of our new approa
hhowever seems to be its 
on
eptual 
larity and 
exibility, and in parti
ularthe fa
t that its basi
 
on
epts (i.e. the in�nitary system RS1 and the notionof an H-
ontrolled RS1-derivation) are in no way related to any system ofordinal notations or 
ollapsing fun
tions. Our intention with this paper isto make the fas
inating �eld of `admissible proof theory' (
reated by J�agerand Pohlers) more easily a

essible for non-prooftheorists, and to provide ate
hni
ally and 
on
eptually well developed basis for further resear
h in thisarea. We think a good way to a

omplish this goal is to apply our method toone parti
ularly interesting (and strong) theory, namely the system KPi �rstanalyzed by J�ager and Pohlers in [9℄, and to 
arry out the ordinal analysisfor this theory in full detail. A

ordingly the whole paper is devoted to theproof of the following1The �nal version of this paper was written while the author was visiting CarnegieMellon University during the a
ademi
 year 1990/91. I would like to express my sin
erethanks to Wilfried Sieg (who invited me) and all members of the Philosophy Departmentof CMU for their generous hospitality.



MAIN THEOREMIf � is a �1-senten
e (in the language L of set theory) su
h that KPi proves8x(Ad(x)! �x ) then L� j= �, where � :=  
1("I+1).We assume that the reader has some familiarity with Kripke-Platek set theoryand with theories for iterated admissible sets like KPi. Therefore here we onlyadd two short remarks 
on
erning the signi�
an
e of the above theorem. Forextensive ba
kground information we refer the reader to [6℄,[8℄,[13℄,[15℄,[16℄.1. The meaning of the formula 8x(Ad(x) ! �x) is \L!CK1 j= �", and theordinal � is in fa
t less than !CK1 . So the theorem gives a spe
i�
 ordinal� < !CK1 su
h that L� is a model of ea
h �1-senten
es � for whi
h KPi provesthat L!CK1 is a model of �.2. As shown in (Rathjen [19℄) the above theorem implies that � is an upperbound for jKPij, the proof-theoreti
 ordinal of KPi de�ned byjKPij := supfj � j : � prim.re
.wellord. with KPi ` \ � is wellfounded"g;where j � j denotes the ordertype of �.(For the readers 
onvenien
e we repeat the proof given in [19℄. Suppose that�is a primitive re
ursive wellordering of ! su
h that KPi` \ � is wellfounded",and let �� be the �1-senten
e expressing that there is a fun
tion f : ! ! Onwith f(n) = ff(m) : m � ng (8n2!). Then by [8℄(Theorem 4.6) we haveKPi` 8x(Ad(x)! �x�), and the Main Theorem yields L� j= ��, i.e. there ex-ists a fun
tion f 2 L� with dom(f) = ! and f(n) = ff(m) : m � ng (8n2!).But this implies j � j = ran(f) 2 L�, i.e. j � j < �.)RemarkThe method introdu
ed in this paper 
an also be used to simplify 
onsider-ably Rathjen's [19℄ ordinal analysis of KPM, a theory mu
h stronger thanKPi. This will be 
arried out in a forth
oming paper [3℄. For the sake of
ompleteness we want to mention that another ordinal analysis of KPM hasbeen obtained independently by T. Arai [1℄.



1 The language LRS of rami�ed set theoryLet L denote the usual �rst order language of set theory whose only nonlogi-
al symbol is the binary predi
ate 
onstant 2. The language LAd is obtainedfrom L by adding the unary predi
ate 
onstant Ad. The language LRS oframi�ed set theory is obtained from LAd by adding a 
ertain 
lass T of in-dividual 
onstants, the so-
alled set terms or RS-terms. The de�nition of Twill be given below. Before that we introdu
e some te
hni
al notions andabbreviations. In this 
ontext we use the letters u; v to denote both, indi-vidual variables and RS-terms. Individual variables are indi
ated by w; x; y; z.The atomi
 formulas of LRS are u 2 v ; :(u 2 v) ; Ad(u) ; :Ad(u). Theformulas of LRS are built up from atomi
 formulas by means of ^;_; 8; 9. Thenegation :A of an LRS-formula A is de�ned via de Morgan's laws. A quan-ti�er (o

urren
e) 8x [ 9x ℄ in a formula A is 
alled restri
ted (or bounded)if its range (i.e. the subformula following that quanti�er) is of the formx 2 v ! B(x) [x 2 v ^B(x)℄ with x 6� v. A formula A is 
alled a �0-formulaif it 
ontains no unrestri
ted quanti�er. The �0-formulas of the language LRSare 
alled RS-formulas. As usual the formula obtained from A by restri
tingevery unrestri
ted quanti�er to u is denoted by Au.From now on we use A;B;C to denote RS-senten
es (i.e. 
losed RS-formulas),and A(x1; : : : ; xn); et
. to denote RS-formulas whi
h have all their free vari-ables among x1; : : : ; xn. Correspondingly we use �;  ; �(x1; : : : ; xn); et
. todenote senten
es and formulas of the language LAd. Finite sequen
es of vari-ables are abbreviated by ~x; ~y; : : : .AbbreviationsA(~x)! B(~x) :� :A(~x) _B(~x)8x2vB(x; ~y) :� 8x(x 2 v ! B(x; ~y)) (x 6� v) h�ll9x2vB(x; ~y) :� 9x(x 2 v ^B(x; ~y)) (x 6� v)u � v :� 8x2u(x 2 v)u = v :� u � v ^ v � uu 62 v :� :(u 2 v)u 6= v :� :(u = v)tran(u) :� 8x2u8y2x(y 2 u)in�nite(u) :� 9x2u(x � x) ^ 8x2u9y2u(x 2 y)



De�nition 1.1 (RS-terms and their levels)1. For every ordinal � the 
onstant L� is an RS-term of level �.2. If �(x; y1; : : : ; yn) is an LAd-formula whi
h 
ontains at least one freeo

urren
e of x, and if a1; : : : ; an are RS-terms of levels < � (where� > 0), then [x 2 L� : �L�(x; a1; : : : ; an)℄is an RS-term of level �.We denote the 
lass of all RS-terms by T , and the 
lass of all RS-terms oflevel less than � by T�.In the following RS-terms are denoted by the letters a; b; 
; s; t.Note that all variables o

urring in an RS-term are bound.De�nition 1.2 (De�nition of k(�) and j�j)If � is an RS-term or RS-formula we setk(�) := f� 2 On : L� o

urs in �g and j�j := max(k(�) [ f0g)Here all o

urren
es of L�, i.e. also those inside of subterms of � are 
ounted.(Example: k([x 2 L� : L� 2 x℄ 2 L
) = f�; �; 
g.)For te
hni
al reasons we also de�ne k(0) := k(1) := ;; j0j := j1j := 0.RemarkFor ea
h t 2 T we have level of t = jtj 2 k(t).Hen
e T� = ft 2 T : jtj < �g.De�nition 1.3For RS-terms a; b with jaj < jbj we seta Æ2 b :� ( B(a) if b � [x 2 L� : B(x)℄a 62 L0 if b � L� and a 6 Æ2 b :� :(a Æ2 b).We now are going to introdu
e a semanti
s for the language LRS. For this we�x some 
lass R of ordinals whi
h will then be used for de�ning the mean-ing of the predi
ate 
onstant Ad. The intended interpretation of Ad is the
lass fL� : ! < � admissible g. Therefore we should take R as the 
lassf� : ! < � admissible g. But for the purpose of this paper it is mu
h more
onvenient to de�ne R as a 
lass of un
ountable regular 
ardinals as we willdo in se
tion 4. For the meantime it suÆ
es to make the following



Assumption: R is a nonempty 
lass of "-numbers.In the following the letters �; �; � always denote elements of R.De�nition 1.4 (Semanti
s of LRS )By re
ursion on jaj we de�ne, for ea
h a 2 T , a set s(a) as follows:1. s(L�) := s[T�℄ := fs(t) : t 2 T�g2. s([x 2 L� : �L�(x; a1; : : : ; an)℄) :=fs(t) : t 2 T� & (s(L�);2; Ad�) j= �(s(t); s(a1); : : : ; s(an))g,where Ad� := fs(L�) : � < �g,and 2 is the standard membership relation.Now let M be the �rst order stru
ture for LRS 
onsisting of- the universe s[T ℄ := fs(t) : t 2 T g,- the membership relation 2,- the 
lass Ad := fs(L�) : � 2 Rg,- the family (s(a))a2T .Then for ea
h LRS-senten
e � we set: j= � :()M j= �.Obviously s[T ℄ as well as all s(L�) (� 2 On) are transitive, and one easilyveri�es the following equivalen
es:(j= 1) j= Ad(a) () 9� � jaj( j= L� = a )(j= 2) j= a 2 b () 9t2Tjbj( j= t Æ2 b ^ t = a )(j= 3) j= 9x2bA(x) () 9t2Tjbj( j= t Æ2 b ^ A(t) )(For the proof of (j= 1) one has to use the fa
t that jaj < � implies s(a) 2 s(L�)and thus s(a) 6= s(L�).)Lemma 1.5Let (L�)�2On be the 
onstru
tible hierar
hy.Then for ea
h L-senten
e � and ea
h � � min(R) we havej= �L� () L� j= �.Proof.For � � min(R) let T �� := ft 2 T� : Ad does not o

ur in tg. Using8� � min(R)( Ad� = ; ) we obtain s[T�℄ = s[T �� ℄, for all � � min(R). Now



by indu
tion on � it follows that L� = s[T�℄ = s(L�). Hen
ej= �L� , s[T ℄ j= �L� , s(L�) j= �, L� j= �.The next de�nition is motivated by (j= 1)� (j= 3).De�nition 1.6 2To ea
h RS-senten
e A we assign a 
ertain (in�nitary) 
onjun
tion V(A�)�2Jor disjun
tion W(A�)�2J of RS-senten
es and we indi
ate this assignment bywriting A ' V(A�)�2J ; A ' W(A�)�2J , resp.1. Ad(a) :' W(t = a)t2J with J := fL� : � 2 R & � � jajg2. a 2 b :' W(t Æ2 b ^ t = a)t2J with J := Tjbj3. 9x2bA(x) :' W(t Æ2 b ^ A(t))t2J with J := Tjbj4. (A0 _ A1) :' W(A�)�2f0;1g5. :A :' V(:A�)�2J , if A is one of the formulas under 1.{4.As an immediate 
onsequen
e of (j= 1� j= 3) we obtain the following lemma.Lemma 1.7(i) j= V(A�)�2J () 8�2J(j= A�)(ii) j= W(A�)�2J () 9�2J(j= A�)In the formulation of the above lemma we have already used the followingnotational 
onvention to whi
h we sti
k through the whole paper.Notational 
onventionBy writing V(A�)�2J [W(A�)�2J , resp.℄ we indi
ate a 
ertain RS-senten
e Asu
h that A ' V(A�)�2J [A ' W(A�)�2J , resp.℄.We now de�ne a rank-fun
tion for RS-senten
es in su
h a way that8�2J(rk(A�) < rk(A)) whenever A ' VW(A�)�2J .De�nition 1.8 (the rank of RS-senten
es and RS-terms)The rank rk(�) of an RS-senten
e or RS-term � is de�ned by indu
tion on the2this elegant way of turning a formal language into a fragment of in�nitary propositionallogi
 I have �rst seen in an unpublished manus
ript by W.W.Tait



number of symbols o

urring in � as follows:1. rk(L�) := ! � �2. rk([x 2 L� : A(x)℄) := maxf! � �+ 1; rk(A(L0)) + 2g3. rk(Ad(a)) := rk(:Ad(a)) := rk(a) + 54. rk(a 2 b) := rk(a 62 b) := maxfrk(a) + 6; rk(b) + 1g5. rk(9x2bA(x)) := rk(8x2bA(x)) := maxfrk(b); rk(A(L0)) + 2g6. rk(A ^ B) := rk(A _ B) := maxfrk(A); rk(B)g+ 1Lemma 1.9Let A ' W(A�)�2J or A ' V(A�)�2J . Then the following holds.a) rk(A) = ! � jAj+ n, for some n 2 !b) rk(A�) < rk(A), for all � 2 J
) k(�) � k(A�) � k(A) [ k(�), for all � 2 J .d) rk(A) = ! � � =) A � 9x2L�B(x) or A � 8x2L�B(x)e) rk(A) = rk(:A)Proof.The easy proofs of a),
),d),e) are left to the reader. The proof of b) is ob-tained by su

essively verifying the following propositions.(1) j
j < jA(L0)j =) rk(A(
)) = rk(A(L0))(2) j
j < � =) rk(A(
)) < maxf!�; rk(A(L0)) + 1g(3) j
j < jbj =) rk(
 Æ2 b) + 1 < rk(b)(4) rk(L0 2 L0) = 6 and rk(L0 2 b) = rk(b) + 1 for b 6� L0(5) rk(L0=L0) = 9 andrk(a = b) = maxfrk(a); rk(b)g+ 4, if a 6� L0 or b 6� L0(6) j
j < jbj =) rk(
 Æ2 b ^ 
 = a) < rk(a 2 b) andrk(
 Æ2 b ^ A(
)) < rk(9x2bA(x))(7) � � jaj =) rk(L� = a) = rk(a) + 4We 
lose this se
tion by some additional de�nitions and abbreviations.De�nition 1.101. A formula whi
h 
ontains no unrestri
ted universal quanti�er is 
alled a�1-formula.2. The set of all RS-senten
es A � �L�(~a) with �(~x) 2 �1 and ~a 2 T� isdenoted by �(�).



3. For A � �L�(~a) 2 �(�) we set A(u;�) :� �u(~a), and we abbreviate AL� byA�, and A(L� ;�) by A(�;�).De�nition 1.111. T 0;1 := T [ f0; 1g and J j� := f� 2 J : j�j < �g for J � T 0;1.2. We use � to denote �nite sequen
es 
onsisting of RS-senten
es and ele-ments of T 0;1, and for � = (�1; : : : ; �n) we set k(�) := k(�1) [ : : : [ k(�n):3. Finite sequen
es of RS-senten
es are 
alled RS-sequents and indi
ated bythe letters �;�0. For � = (A0; : : : ; An) we set j= � :()j= A0 _ : : : _ An.De�nition 1.12For ea
h ordinal � we set �R := ( minf� 2 R : � < �g if 9�2R(� < �)� otherwiseThe letters �; �; 
; Æ; �; �; �; �; � always denote ordinals. On denotes the 
lassof all ordinals, Lim the 
lass of all limit numbers, and P(On) the 
lass of allsubsets of On. Every ordinal � is identi�ed with the set f� 2 On : � < �g ofits prede
essors. For � � � we set [�; �℄ := f� : � � � � �g and [�; �[:= f� :� � � < �g. An ordinal � with !� = � is 
alled an "-number. �#� denotesthe natural sum of � and �, in parti
ular !�1# : : :#!�n = !�p(1)+: : :+!�p(n),where p is a permutation of f1; : : : ; ng with �p(1) � : : : � �p(n).2 An intermediate Proof SystemIn this se
tion we introdu
e an intermediate in�nitary proof system RS? whi
his just strong enough to prove all axioms of KPi. In se
tion 3 we will embedRS? into another in�nitary system RS1 whi
h so to speak is the main systemof this paper and for whi
h we will prove a 
ut-elimination and 
ollapsingtheorem. The main advantage of RS? is that here we need not to keep 
on-trol over the lengths of derivations, sin
e the 
omplexity of the endsequent ofa derivation d always provides a suÆ
iently good upper bound for the lengthof d. Before starting with RS? let's give the 
omplete list of KPi-axioms.Axioms of KPi(Ext) 8x8y8z[x = y ! (x 2 z ! y 2 z) ^ (Ad(x)! Ad(y))℄(Found) 8~z [8x(8y2x �(y; ~z ) ! �(x; ~z )) ! 8x�(x; ~z )℄(Pair) 8x8y9z(x 2 z ^ y 2 z)(Union) 8x9z8y2x8u2y(u 2 z)



(�0-Sep) 8~z 8w9y[8x2y(x2w ^ �(x; ~z)) ^ 8x2w(�(x; ~z )! x2y)℄ (� 2 �0)(�0-Col) 8~z 8w[8x2w9y�(x; y; ~z )! 9w18x2w9y2w1 �(x; y; ~z )℄ (� 2 �0)(Ad.1) 8x[Ad(x)! tran(x) ^ 9w2x in�nite(w)℄(Ad.2) 8x8y[Ad(x) ^ Ad(y) ! (x 2 y _ x = y _ y 2 x)℄(Ad.3) 8x[Ad(x)!  x℄, for every instan
e  of(Pair),(Union), (�0-Sep),(�0-Col)(Lim) 8x9y(Ad(y) ^ x 2 y)The system KPi without (�0-Col) is 
alled KP`.De�nition 2.11. For ea
h sequent � = (A1; : : : ; An) we de�ne its norm k�k byk�k := !rk(A1)# : : :#!rk(An):2. For X � On we set X? := X [ f!g [ f� + 1 : � 2 Xg [ f�R : � 2 Xg.De�nition 2.2 (The in�nitary system RS?)We de�ne RS? as the 
olle
tion of all derivations (i.e. wellfounded trees ofRS-sequents �) generated by the following four inferen
e rules (where the lasttwo are just axiom s
hemes):(^)? : : :�; A� : : : (� 2 J)�;V(A�)�2J(_)? �; A�0; : : : ; A�n�;W(A�)�2J if �0; : : : ; �n 2 J and k(�0; : : : ; �n) � k(�;W(A�)�2J)?(Ad)? : : :�; B(L�) : : : (� � jaj)�; Ad(a)! B(a)(Ref)? �; A! 9z2L�A(z;�) if A 2 �(�) and � 2 R(Found)? �; 9x2L�(8y2xA(y) ^ :A(x)); 8x2L�A(x)In RS? we identify sequents whi
h di�er only with respe
t to the order oftheir elements. So a
tually we are working with multisets of RS-senten
es.The formula B(a) in (Ad)? is 
alled the prin
ipal formula of the respe
tiveinferen
e.



Remarks1. Note that every formula A ' V(A�)�2J with J = ; (e.g. A � a 62 L0) isderivable in RS? simply by anappli
ation of (V)?.2. Note that in (W)? some of the formulas A�0 ; : : : ; A�n may be identi
al, sothat for example �;A;A;B;B;B�;A_B and �;B;B�;A_B are instan
es of (W)?.3. If �0 is a premise of an RS?-inferen
e with 
on
lusion � then k�0k < k�k.De�nition 2.3j?� � :() 8>>><>>>: there exists an RS?-derivation d of � su
h thati) rk(B(a)) < � holds for everyprin
ipal formula B(a) of an (Ad)?-inferen
e in dii) if � = 0 then d 
ontains no appli
ation of (Ref)? or (Found)?j? � :() j?0 �(So j? � means that � is derivable by means of (V)? and (W)? alone.)Lemma 2.4 (Derived rules of RS?)(Weak) j?� � =) j?� �; C(V =W) 8�2J( j?� �; A�; B� ) & J � J 0 =) j?� �;V(A�)�2J ;W(B�)�2J 0.(TND) j? :A;A(TND') j?� �; B =) j?� �;:A;A ^B(8�) 8t2T�( j?� �; A(t) ) =) j?� �; 8x2L�A(x)(9�) j?� �; A(t) & t 2 T� & k(t) � k(�; A(x))? =) j?� �; 9x2L�A(x)Proof. The proofs are almost trivial. We just give some short hints.ad (V =W): Here one uses the fa
t that k(�) � k(A�).ad (TND): This is proved by trans�nite indu
tion on rk(A) using (V =W).ad (9�): We have 9x2L�A(x) ' W(t Æ2 L� ^ A(t))t2T� with(t Æ2 L�) � (t 62 L0) ' V(: : :)�2;.Lemma 2.5a) j? b 62 bb) j? a � a
) j? b 6 Æ2 a; b 2 a, if jbj < jaj.



d) j? a 6= b; b = ae) j? a Æ2 L� and j? a 2 L�, if jaj < �f) j? tran(L�)g) j? 9x2L�in�nite(x) , if � > !h) j? Ad(L�) , for every � 2 R.Proof.a) This is proved by trans�nite indu
tion on rk(b) as follows. By I.H. (in-du
tion hypothesis) we have j? t 62 t for all t 2 Tjbj. From this we obtainj? t 6 Æ2 b; t Æ2 b ^ t 62 t (by (TND')) and then j? t 6 Æ2 b; 9x2b(x 62 t) (by (W)?).Now by two more appli
ations of (W)? we get j? t Æ2 b ! t 6= b (8t 2 Tjbj),and then (by (V)?) j? b 62 b.From now on su
h simple proofs will be given in a more 
ondensed form,namely just by a (hori
ontal or verti
al) sequen
e of statements `j ?(�) �' su
hthat every but the �rst statement in the sequen
e follows from its immediateprede
essor(s) by means of one or two instan
es of the rules (V)?; (W)?; (Ad)?;(Ref)?; (Weak); (V =W); (TND); (TND'); (8�); (9�). The above proof wouldthen look like this:(I.H.)j? t 62 t j? t 6 Æ2 b; t Æ2 b ^ t 62 t j? t 6 Æ2 b; 9x2b(x 62 t) j? t 6 Æ2 b; t 6= bj? t Æ2 b! t 6= b (8t 2 Tjbj) j? b 62 b.b) Indu
tion on rk(a): (I.H.) j? b � b j? b = b j? b 6 Æ2 a; b Æ2 a ^ b = bj? b 6 Æ2 a; b 2 a (8b 2 Tjaj) j? 8x2a(x 2 a).
) This follows from the above proof of b).d) Obvious.e) Sin
e (a 62 L0) ' V(A�)�2;, we have j? a 62 L0 , i.e. j? a Æ2 L�. From thisand b) we obtain j? a Æ2 L� ^ a = a and then by (W)? j? a 2 L�.f) j? t 2 L� (8b2T�; t2Tjbj) j? 8x2L�8y2x(y 2 L�).g) j? b 2 Ljbj+1 j? 9z2L!(b 2 z) (8b2T!) j? 8y2L!9z2L!(y 2 z)j? in�nite(L!) j? 9w2L�in�nite(w). Note that k(L!) = f!g � k(: : :)?.h) j? L� = L� j? Ad(L�).



Abbreviation�; [a 6= b℄ :� �;:a � b;:b � aLemma 2.6j? [a 6= b℄ ; [L
 6= a℄, if jbj < 
Proof by indu
tion on 
. Let � := jaj ; � := jbj < 
.j? [s 6= t℄ ; [L� 6= s℄ (by I.H.)j? t Æ2 b! t 6= s ; [L� 6= s℄ (8t2T�)j? s 62 b ; [L� 6= s℄j? s Æ2 a ^ s 62 b ; s 6 Æ2 a ; s 6= L�j? 9x2a(x 62 b) ; s 6 Æ2 a ; s 6= L� (8s2T�)j? [a 6= b℄ ; L� 62 aj? [a 6= b℄ ; 9x2L
(x 62 a)j? [a 6= b℄ ; [L
 6= a℄Lemma 2.7If A(x1; : : : ; xn) is an RS-formula su
h that every xi (i=1; : : : ; n) has at mostone free o

urren
e in A(~x) thenj? [s1 6= t1℄; : : : ; [sn 6= tn℄;:A(s1; : : : ; sn); A(t1; : : : ; tn)Corollaryj? s 6= t;:A(s); A(t) , for every RS-formula A(x).Proof of the 
orollary.Given A(x), there is a formula B(x1; : : : ; xn) su
h that A(x) � B(x; : : : ; x)and every xi o

urs at most on
e in B(x1; : : : ; xn). By the lemma we havej? [s 6= t℄; : : : ; [s 6= t℄ ; :B(s; : : : ; s) ; B(t; : : : ; t), and from this we getj? s 6= t ; :A(s) ; A(t) by (W)?.Proof of the lemma by indu
tion on rk(A(~s))#rk(A(~t))(CASE 1) A(x1; x2) � x1 2 x2.j? [s1 6= t1℄ ; [s 6= t℄ ; s 6= s1 ; t = t1 (by I.H.)j? [s1 6= t1℄ ; t 6 Æ2 t2 _ t 6= s ; s 6= s1 ; t Æ2 t2 ^ t = t1 (8t2Tjt2j)



j? [s1 6= t1℄ ; s 62 t2 ; s 6= s1 ; t1 2 t2j? [s1 6= t1℄ ; s Æ2 s2 ^ s 62 t2 ; s 6 Æ2 s2 _ s 6= s1 ; t1 2 t2 (8s2Tjs2j)j? [s1 6= t1℄ ; [s2 6= t2℄ ; s1 62 s2 ; t1 2 t2(CASE 2) A(x) � Ad(x).j? [s 6= t℄ ; L� 6= s ; L� = t (8� � minfjsj; jtjg) (by I.H.)j? [s 6= t℄ ; L� 6= s ; Ad(t) (8� � minfjsj; jtjg)j? [s 6= t℄ ; L� 6= s ; Ad(t) (8� � jsj) [ by 2.6 j? [s 6= t℄; L� 6= s (8� > jtj) ℄j? [s 6= t℄ ; :Ad(s) ; Ad(t).(CASE 3) A(~x) � 9y2x1B(x2; : : : ; xn; y): similar to CASE 1 .The remaining 
ases are easy.Lemma 2.8j? b 62 a; b Æ2 a.Proof.j? t 6 Æ2 a ; t 6= b ; b Æ2 a (by 2.7)j? t 6 Æ2 a _ t 6= b ; b Æ2 a (8t2Tjaj)j? b 62 a ; b Æ2 aTheorem 2.9a) For every limit ordinal � we havej? (Ext)� ^ (Found)� ^ (Pair)� ^ (Union)� ^ (�0-Sep)�.b) For every � 2 R we have j?1 (�0-Col)�.
) For every limit ordinal � su
h that 8�<�9�2R(�<�<�) we havej?� (KP`)� , i.e. j?� �� holds for every axiom � of KP`.Proof.a) (Ext):By 2.7 we have j? a 6= b; a 62 
; b 2 
 and j? a 6= b;:Ad(a); Ad(b), for alla; b; 
 2 T . Hen
e j? (Ext)�.(Found): trivial.(Pair):Let a; b 2 T� and Æ := maxfjaj; jbjg+ 1Then j? a 2 LÆ ^ b 2 LÆ from whi
h we get j? 9z2L�(a 2 z ^ b 2 z), sin
e



Æ 2 (k(a) [ k(b))? and Æ < �.(Union):For every a 2 T� we havej? s 2 Ljaj (8s2Tjaj)j? 8x2t(x 2 Ljaj) (8t2Tjaj)j? 8y2a8x2y(x 2 Ljaj)j? 9z2L�8y2a8x2y(x 2 z)(�0-Sep):Let �(x; z1; : : : ; zn) 2 �0 and a; 
1; : : : ; 
n 2 T�. We have to provej? 9y2L�( 1(y; a;~
 ) ^  2(y; a;~
 ))where  1(y; a;~
 ) :� 8x2y(x 2 a ^ �(x;~
 ))and  2(y; a;~
 ) :� 8x2a(�(x;~
 )! x 2 y).For this let Æ := maxfjaj; j
1j; : : : ; j
njg+1, and d := [x 2 LÆ : x 2 a^�(x;~
 )℄.Then d 2 T� and k(d) � k( 1(y; a;~
 ))?:Therefore it suÆ
es to prove (1) j?  1(d; a;~
 ) and (2) j?  2(d; a;~
 ) .But (1) follows immediately from the fa
t that t Æ2 d � t 2 a ^ �(t;~
 ) andtherefore j? t Æ2 d! t 2 a ^ �(t;~
 ) (8t2TÆ).And (2) is obtained as follows:j? t 6 Æ2 a ; t 2 aj? t 6 Æ2 a ; :�(t;~
 ) ; t 2 a ^ �(t;~
 )j? t 6 Æ2 a ; :�(t;~
 ) ; t Æ2 d ^ t = tj? t 6 Æ2 a ; :�(t;~
 ) ; t 2 d (8t2Tjaj)j? 8x2a(�(x;~
 )! x 2 d)b) is an immediate 
onsequen
e of (Ref)?.
) 1. If � is an instan
e of (Ext),(Found),(Pair),(Union), (�0-Sep), then j? ��holds by a).2. Suppose that � is an axiom (Ad1) or (Ad3). Then � � 8x(Ad(x)! �(x))with �(x) 2 �0, and by 2.5 f,g and 2.9 a,b we have j?1 �(L�) for all � 2 R.Sin
e 8a2T�(rk(�(a)) < !� = �), by (Ad)? we get 8a2T�( j?� Ad(a)! �(a))and thus j?� ��.



3. In the same way as under 2. we obtain j?� (Ad 2)�.4. Now we prove j? (Lim)�. Let a 2 T� and � := jajR. Then jaj < � < � ,� 2 k(9y2L�(Ad(y)^ a 2 y))? and j? Ad(L�)^ a 2 L� (by 2.5). From this weget j? 9y2L�(Ad(y) ^ a 2 y) by (9�).3 H-
ontrolled derivationsIn this se
tion we introdu
e the in�nitary proof system RS1 and the notionof an H-
ontrolled RS1-derivation. We then prove that every RS?-derivation
an be transformed into an H-
ontrolled RS1-derivation and that the 
lassof H-
ontrolled RS1-derivations is 
losed under predi
ative 
ut-elimination.De�nition 3.1 (The in�nitary system RS1)We de�ne RS1 as the 
olle
tion of all derivations (i.e. wellfounded trees ofpairs �:� ) generated by the following inferen
e rules(V) : : :�; A� : �� : : : (� 2 J)�;V(A�)�2J : � (�� < �)(W) �; A�0 : �0�;W(A�)�2J : � (�0 < �; �0 2 J; j�0j < �)(Cut) �;:C : �0 �; C : �0� : � (�0 < �)(Ref) �; A : �0�; 9z2L�A(z;�) : � (�0 + 1 < �; A 2 �(�))In RS1 we identify every RS-sequent � = (A1; : : : ; An) with its underlyingset fA1; : : : ; Ang, so that for example �;A_B;A:��;A_B:�+1 is an instan
e of (W).The 
ut-rank of an RS1-derivation d is de�ned as the least ordinal � su
hthat rk(C) < � for all 
ut-formulas C in d.If � :� is the bottommost pair of d 2RS1 we 
all d a derivation of �:� or aderivation of � with ordinal �.We write j�� � to express that there exists an RS1-derivation of � :� with
ut-rank � �.A

ording to Lemma 1.7 the rules (V); (W); (Cut) are 
orre
t with respe
t toour standard semanti
s of LRS. This gives us the following lemma.



Lemma 3.2 (Truth-Lemma)� = min(R) & k(�) � � & j�� � =) j= �Note that | apart from the restri
tions `j�0j < �' in (W) and `�0+1 < �' in(Ref) | the just de�ned notion of RS1-derivation is 
ompletely standard.Therefore, a

ording to (Tait [20℄), RS1 allows predi
ative 
ut-elimination,i.e. every derivation of � : � with 
ut-rank � !� 
an be transformed into aderivation of �:'�� where all 
ut-formulas are of the form 98z2L�A(z;�) with� < !� ; A 2 �(�). Moreover it is fairly obvious that every RS?-derivation of� 
an be transformed into an RS1-derivation of � :k�k. But of 
ourse thesefa
ts are not suÆ
ient to establish nontrivial upper bounds for the prooftheoreti
 ordinals of KPi, KP` or similar theories.In order to get su
h bounds we introdu
e the 
on
ept of H-
ontrolled RS1-derivations. Compared to the already existing methods this 
on
ept has thegreat advantage of being entirely independent from any system of 
ollapsingfun
tions or ordinal notations. Collapsing fun
tions are now lo
alized verysharply just to that part of the story where they really show up in the for-mulation of the result(s), i.e. the Collapsing Theorem.We 
ontinue with some preliminaries to the de�nition of H-
ontrolled RS1-derivations. Let SEQ be the 
lass of all RS-sequents. We identify ea
h RS1-derivation in the usual way with a fun
tion d : dom(d) �! SEQ�On wheredom(d) is a subset of fh�0; : : : ; �n�1i : n 2 ! & �0; : : : ; �n�1 2 T 0;1g 
losedunder initial segments. The elements of dom(d) are 
alled the nodes of d, andthe empty sequen
e h i 2 dom(d) is 
alled the bottom node or root of d. Fors 2 dom(d) and d(s) = (� : �) we 
all � (�, resp.) the sequent (ordinal, resp.)at node s, and set k(d(s)) := k(�) [ f�g.(To avoid a possible misunderstanding we point out that the index of thepremise �; A�0 of an (W)-inferen
e is 0 and not at all �0. So, if the 
on
lusionof an (W)-inferen
e is at node s, then its premise is at node s �h0i.)De�nition 3.3 (H-
ontrolled RS1-derivations)Fun
tions H : P(On) �! P(On) are hen
eforth 
alled operators.Let H be an operator, and d : dom(d) �! SEQ�On an RS1-derivation.We say that d is H-
ontrolled if, and only ifk(d(s)) � H(k(s)) for all s 2 dom(d):



The intuitive idea behind this de�nition is that, for ea
h node s of d, H tellsus whi
h ordinals are allowed (or available) at s.De�nition 3.4Let H be an operator and � a �nite sequen
e of RS-senten
es and elementsof T 0;1. Then we de�ne the operator H[�℄ : P(On) �! P(On) byH[�℄(X) := H(k(�) [X):AbbreviationsLet H be an operator and f some ordinal fun
tion.� 2 H :, � 2 H(;)X � H :, X � H(;)H � X :, H(;) � XH is 
losed under f :, 8X2P(On)[ H(X) is 
losed under f ℄Remarks1. Note that `� 2 H[�℄' (`X � H[�℄', resp.) is synonymous with `� 2H(k(�))' (`X � H(k(�))', resp.).2. We always have H[�;�0℄ = H[�℄[�0℄.In order to 
ome up with a smooth theory of H-
ontrolled derivations we willfrom now on restri
t our 
onsiderations to operators H whi
h satisfy 
ertainminimal 
losure 
onditions. These operators will be 
alled ni
e.De�nition 3.5 (Ni
e operators)i) A set X � On is 
alled ni
e i�0 2 X & 8n2!8�0; : : : ; �n( !�0# : : :#!�n 2 X , f�0; : : : ; �ng � X )ii) An operator H is 
alled ni
e i� the following holds for all X;X 0 2 P(On):(H.1) H(X) is ni
e.(H.2) X � H(X)(H.3) X 0 � H(X) =)H(X 0) � H(X)Lemma 3.6If H is a ni
e operator then the following holds for all �.a) H[�℄ is ni
e.b) k(�) � H =)H[�℄ = H
) 8X;X 02P(On)[ X 0 � X =)H(X 0) � H(X) ℄d) H is 
losed under addition, multipli
ation and exponentiation to base !.e) If H is 
losed under � 7! �R then X? � H(X) for all X 2 P(On).



De�nition 3.7Hj�� � :() 9H-
ontrolled RS1-derivation of (� : �) with 
ut-rank � �Abbreviation: Hj�� �; (:)C :() Hj�� �;:C & Hj�� �; C.The following Theorem provides a 
hara
terization of Hj�� � by trans�nitere
ursion on � whi
h as well 
ould be taken as the de�nition of Hj�� �.A
tually in what follows we are always working with this derivability relationand not with spe
i�
 derivations.Theorem 3.8Hj�� � if, and only if, f�g [ k(�) � H and one of the following 
ases holds:(V) V(A�)�2J 2 � & H[�℄j��� �; A� & �� < � (8� 2 J)(W) W(A�)�2J 2 � & Hj�0� �; A�0 & �0 < � & �0 2 J j�(Cut) rk(C) < � & Hj�0� �; (:)C & �0 < �(Ref) 9z2L�A(z;�) 2 � & Hj�0� �; A & �0+1 < � & A 2 �(�)General AssumptionIn the following H always denotes some ni
e operator.Now we are going to prove the three main results of this se
tion, i.e. the Em-bedding Theorem, the Predi
ative Cut-Elimination Theorem, and the Bound-edness Lemma for H-
ontrolled RS1-derivations.Lemma 3.9a) Hj�� � & � � �0 2 H & � � �0 & k(�0) � H =) Hj�0�0 �;�0b) Hj�� �; A _ B =) Hj�� �; A; B
) Hj�� �; 8x2L�A(x) & � < � & � 2 H =) Hj�� �; 8x2L�A(x)Proof by indu
tion on �.Lemma 3.10If H is 
losed under � 7! �R, then j?� � implies H[�℄jk�k� �.Proof.Abbreviation: Hj?� � :, H[�℄jk�k� �.We prove that Hj?� is 
losed under the inferen
e rules of RS?.



1. Suppose that � = �0; A with A ' V(A�)�2J and Hj?� �0; A� for all � 2 J .Let � := k�k ; �� := k�0; A�k. Then �� < � 2 H[�℄ and H[�0; A�℄j��� �0; A�for all � 2 J . Sin
e k(�0; A�) � k(�; �), the latter implies H[�℄[�℄j��� �0; A� forall � 2 J . Hen
e H[�℄j�� � by (V).2. Suppose that � = �0; A with A ' W(A�)�2J and Hj?� �0; A�0 ; : : : ; A�nwhere �0; : : : ; �n 2 J and k(�0; : : : ; �n) � k(�)?. Let � := k�k and �0 :=k�0; A�0 ; : : : ; A�nk. Sin
e k(�0; A�0 ; : : : ; A�n) � k(�; �0; : : : ; �n) � k(�)? �H[�℄, the assumption yields H[�℄j�0� �0; A�0 ; : : : ; A�n . From this and the fa
tthat �0 + ! � � 2 H[�℄ we obtain H[�℄j�� � by n+1 appli
ations of (W).(Note that j�ij < kAk � k�k = �.)3. Suppose that � = �0; Ad(a)!B(a) with rk(B(a)) < � and Hj?� �0; B(L�)for all � � jaj. Let � := k�k ; �0 := k�0;:Ad(a); B(a); B(a)k. Then we have�0; � 2 H[�℄ ; 8� � jaj(k�0; B(L�)k < �0) and H[�; L�℄j�0� �0; B(L�) for all� � jaj. By 2.7 we have j? L� 6= a;:B(L�); B(a). By 1. and 2. above Hj?� is
losed under (V)? and (W)?. Hen
e H[�; L�℄j�0� L� 6= a;:B(L�); B(a), for all� � jaj, and by (Cut) we get H[�; L�℄j�0+1� �0; L� 6= a; B(a), for all � � jaj.This yields H[�℄j�0+2� �0;:Ad(a); B(a) and then H[�℄j�� �0; Ad(a)! B(a),sin
e �0 < � 2 Lim.4. Let A 2 �(�). By 2.4 we have j? :A;A and therefore H[A℄j�0� :A;Awith �0 := k:A;Ak. From this by (Ref) and (W) we get H[C℄jkCk� C withC :� A! 9z2L�A(z;�).5. Suppose that � = �0; C; 8x2L�A(x) with C � 9x2L�(8y2xA(y) ^ :A(x)).Let 
t := kCk + !jtj. By indu
tion on jaj we prove H[C; a℄j
a� C; 8x2aA(x)for all a 2 T with jaj � �. This yields H[�℄jk�k� �, sin
e k(C; L�) � k(�) andkCk+!jL�j � k�k. So let jaj � �. By I.H. we have (1)H[C; t℄j
t� C; 8y2tA(y)for all t 2 Tjaj. By 1. and 2. above we have (2) H[A(t)℄j�t� :A(t); A(t)with �t := k:A(t); A(t)k. Sin
e k(A(t)) � k(C; t) and �t � 
t for t 2 T�,



from (1) and (2) we obtain H[C; t℄j
t+2� C; t Æ2 L� ^ 8y2tA(y) ^ :A(t); A(t)for all t 2 Tjaj. By (W) we get H[C; t℄j
t+3� C;A(t) for all t 2 Tjaj. Hen
eH[C; a℄j
a� C; 8x2aA(x).Lemma 3.11Let � 2 H. Then for every logi
ally valid sequent �(~x) of LAd-formulas thereis an m < ! su
h that H[~a℄j!!�+m!� ��(~a) for all ~a 2 T�.Proof. Abbreviation: H ` �(~x) :, 9m < ! 8~a 2 T�[ H[~a℄j!!�+m!� ��(~a) ℄.It suÆ
es to prove that `H `' is 
losed under the rules of Tait's (
utfree)
al
ulus for �rst order predi
ate logi
.1. By 2.4 and 3.10 for every atomi
 formula �(~x) and ~a 2 T� we haveH[~a℄j!!�0 :��(~a); ��(~a).2. Suppose that 8y�(~x; y) 2 �(~x) and H ` �(~x); �(~x; y) with y 62 f~xg. Thenfor some � = !�+m we have (�) H[~a; b℄j!�!� ��(~a); ��(~a; b) (8~a; b 2 T�).Let ~a 2 T� be �xed.2.1. Suppose that 8y is unrestri
ted. Then (8y�(~a; y))� � 8y2L���(~a; y) andfrom (�) we get H[~a℄j!�+1!� ��(~a); 8y2L���(~a; y).2.2. Suppose that �(~x; y) � y 2 xi !  (~x; y). In this 
ase (8y�(~a; y))� �8y2ai��(~a; y), and from (�) we get H[~a; b℄j!�!� ��(~a); b 62 ai;  �(~a; b) for allb 2 T�. By 2.5
 and 3.10 we also have H[~a; b℄j!�!� b 2 ai; b 6 Æ2 ai for all b 2 Tjaij.By (Cut) we obtain H[~a; b℄j!�+1!� ��(~a); b 6 Æ2 ai;  �(~a; b) (8b2Tjai j). Now weapply (W) and (V) and get H[~a℄j!�+1!� ��(~a); 8y2ai �(~a; y).3. The 
ase of an 9-inferen
e is treated similarly to 
ase 2.4. The ^- and _-
ases are easy.From 2.9, 3.10 and 3.11 we get the following theorem.Theorem 3.12 (Embedding)Suppose that � 2 H with � 2 R & 8� < �9�2R(� < � < �), and that His 
losed under � 7! �R. Then for ea
h theorem � of KPi there is an m < !su
h that Hj !�+m�+m ��.



We now turn to the Predi
ative Cut-Elimination Theorem.Lemma 3.13 (Inversion)Hj�� �;V(A�)�2J & �0 2 J =)H[�0℄j�� �; A�0Proof by indu
tion on �.Lemma 3.14 (Redu
tion)Suppose that C ' W(C�)�2J and rk(C) = � 62 R. Then the following holds:Hj�� �0;:C & Hj�� �; C =) Hj� + �� �0;�.Proof by indu
tion on �.We treat only the 
ru
ial 
ase where �; C is the 
on
lusion of an (W)-inferen
ewith prin
ipal part C. So assume that Hj�0� �; C; C�0 with �0 2 J j� and�0 < � 2 H. Then by I.H. we have (1) Hj�+ �0� �0;�; C�0.We also have �0 2 H ; :C ' V(:C�)�2J ; k(�0) � k(C�0) � H. Thelatter yields H[�0℄ = H. Therefore by 3.13 and 3.9a from Hj�� �0;:C weget (2) Hj�+ �0� �0;�;:C�0. Now we apply (Cut) to (1),(2) and obtainHj� + �� �0;�, sin
e rk(C�0) < rk(C) = � and � + �0 < � + � 2 H.Note that, sin
e rk(C) 62 R, C 
annot be the main part of a (Ref)-inferen
e.De�nition 3.15 (The Veblen fun
tion ')'�� := '�(�) , where '� is de�ned by trans�nite re
ursion on � as theordering fun
tion of the 
lass f!� : � 2 On & 8�2�( '�(!�) = !� )gCorollary (Basi
 properties of ')('.1) '0� = !� ; '1� = "�('.2) �; � < '�� =) � + � < '��('.3) �0 < � =) '��0 < '��('.4) �0 < � =) '�0('��) = '��Theorem 3.16 (Predi
ative Cut-Elimination)If H is 
losed under the Veblen-fun
tion ' then the following holds:Hj ��+ !� � & [�; �+ !�[\R = ; & � 2 H =) Hj'��� �.



Proof by main indu
tion on � and subsidiary indu
tion on �.Again we only treat the 
ru
ial 
ase.Assume Hj �0� + !� (:)C;� & �0 < � 2 H & rk(C) < �+ !�:Then by S.I.H. we have (1) Hj'��0� (:)C;�:From �; � 2 H we get (2) '�� 2 H.CASE 1: rk(C) < �. In this 
ase we apply (Cut) to (1) and use the fa
t that'��0 < '�� 2 H. This gives us Hj'��� �:CAES 2: rk(C) = � + !�1 + : : :+ !�n with n � 0; � > �1 � : : : � �n.From k(C) � H it follows that rk(C) 2 H and thus �1; : : : ; �n 2 H.The Redu
tion-Lemma applied to (1) yields (3) Hj'��0 + '��0rk(C) �,and from this we obtain (4) Hj'��rk(C) �, sin
e '��0 + '��0 < '�� 2 H.Now using �1; : : : ; �n 2 H ; rk(C) = � + !�1 + : : : + !�n and '�i('��) ='�� (i = 1; : : : ; n) by n appli
ations of the main I.H. we get Hj'��� �.CorollaryHj ��+1 � & � 62 R =) Hj!�� �Lemma 3.17 (Boundedness)Hj�� �; C & � � � < � & C 2 �(�) & � 2 H =)Hj�� �; C(�;�)Proof by indu
tion on �.1. Suppose that C ' V(C�)�2J and H[�℄j��� �; C; C� with �� < � 2 H, forall � 2 J . Then, sin
e C 2 �(�), we have C(�;�) ' V(C(�;�)� )�2J : By (twoappli
ations of) the I.H. we obtain H[�℄j��� �; C(�;�); C(�;�)� (8�2J) and fromthis Hj�� �; C(�;�) by an appli
ation of (V).2. Suppose that C ' W(C�)�2J and Hj�0� �; C; C�0 with �0 2 J j� and �0 <� 2 H. Then C(�;�) ' W(C(�;�)� )�2J 0 with J 0 = J or J 0 = J j�. Sin
e � � �and �0 2 J j�, we also have �0 2 J 0j�. Therefore by I.H. and (W) we obtainHj�� �; C(�;�) as in the �rst 
ase.3. Suppose that C � 9z 2 L�A(z;�) and Hj�0� �; C; A with A 2 �(�) and



�0 + 1 < � 2 H. Then by two appli
ations of the I.H. we obtain(1) Hj�0� �; C(�;�); A(�0;�). We also have (2) Hj�0� �; C(�;�); L�0 62 L0.By (V) from (1),(2) we get (3) Hj�0+1� �; C(�;�); L�0 62 L0 ^ A(�0;�).Now observe that C(�;�) ' W(� 62 L0 ^ A(�;�))�2T� , and that for � := L�0 wehave � 2 J j� and A(�;�) � A(�0 ;�). Therefore by (W) from (3) we obtainHj�� �; C(�;�).4. In all other 
ases the assertion follows immediately from the I.H. .
4 The Collapsing TheoremIn this se
tion we 
an no longer do with the extremely weak assumptionthat R is just a 
lass of "-numbers, but we have to assume mu
h stronger
losure properties for the elements of R. The most natural approa
h wouldbe to de�ne R as the 
lass of all admissible ordinals > !. But from thete
hni
al side it is mu
h more 
onvenient to assume that the elements of Rare un
ountable regular 
ardinals. Under this assumption one 
an prove mu
hmore easily that the fun
tions  � (� 2 R) de�ned below are indeed 
ollapsingfun
tions, i.e. that  �� < � holds for all � 2 On; � 2 R. Moreover usingregular 
ardinals instead of admissibles does not a�e
t the size of the ordinal� whi
h we will obtain as an upper bound for the proof theoreti
 ordinal ofKPi.De�nition 4.1
0 := 0 ; 
� := �� for � > 0.We assume the existen
e of a weakly ina

essible 
ardinal, i.e. a regular�xpoint of � 7! 
�, and setI := minf� : � regular & 
� = �gR := f� : ! < � � I & � regularg = fIg [ f
�+1 : � < IgAs before we use �; �; � to denote elements of R.



De�nition 4.2 (The 
ollapsing fun
tions  �)By trans�nite re
ursion on � we de�ne ordinals  �� and sets C(�; �) � Onas follows �� := minf� : � 2 C(�; �) & C(�; �) \ � � �gC(�; �) := ( the 
losure of � [ f0; Ig under the fun
tions+ ; ' ; � 7! 
� ; (�; �) 7!  �� (� < �; � 2 R)(Note that by I.H.  �� is already de�ned for all � < �; � 2 R.)We then set  � : On �! On;  �(�) :=  ��.De�nition 4.3 (The operators H
)H
(X) :=\fC(�; �) : X � C(�; �) & 
 < �gThe remainder of this se
tion is devoted to the proof of the following theorem,
alled Collapsing Theorem or Impredi
ative Cut-Elimination Theorem.H0j �I+1 � & � � �(
1) =) j�� � with � :=  
1(!I+1+�)This theorem in 
ombination with 3.12, 3.16, 3.17, 3.2, 1.5 then yields the�nal result that jKPij �  
1"I+1.The above de�ned fun
tions  � (� 2 R) 
onstitute a subsystem of the system(	� : � < �0) introdu
ed in (J�ager [7℄) whi
h on the other hand was obtainedby extending our system ( � : � < 
!) from (Bu
hholz [2℄). A
tually theabove de�nition looks a little bit di�erent from that in (J�ager [7℄), but nev-ertheless, restri
ted to � � I, both de�nitions are equivalent.Before proving the Collapsing Theorem we have to prove some basi
 proper-ties of the fun
tions  � and the sets C(�; �).Abbreviation: C�(�) := C(�;  ��).Lemma 4.4a) � < � =) 
ardinality(C(�; �)) < �b) C(�; �) = S�<� C(�; �), for ea
h limit ordinal �
) � 2 C(�; �)d) C�(�) \ � =  ��Proof. All statements are immediate 
onsequen
es of de�nition 4.2.



Lemma 4.5a)  �� < � &  �� 62 C�(�)b) �0 < � & �0 2 C�(�) =)  ��0 <  ��
)  �� 62 f
� : � < 
�g [ f0g & 8�; � <  ��( '�� <  �� )d) 
� 2 C(�; �) =) � 2 C(�; �)e) !�0# : : :#!�n 2 C(�; �) =) f�0; : : : ; �ng � C(�; �)f) � = 
�+1 =) 
� <  �� < 
�+1g) 
 I� =  I�h) 
� � 
 � 
�+1 & 
 2 C(�; �) =) � 2 C(�; �)i) �0 � � =)  ��0 �  �� & C�(�0) � C�(�)Proof.a) Let �0 := minf� : � 2 C(�; �)g ; �n+1 := minf� : C(�; �n) \ � � �gand � := supf�n : n 2 !g. Using 4.4a) we obtain 8n2!(�n � �n+1 < �).Hen
e � < �; � 2 C(�; �) and C(�; �) \ � = SfC(�; �n) \ � : n 2 !g �Sf�n+1 : n 2 !g = �. By de�nition of  �� this yields  �� � � < �. FromC�(�) \ � =  �� < � it follows that  �� 62 C�(�).b) �0 < � & �0 2 C�(�) together with � 2 C�(�) implies  ��0 2 C�(�).Using a) and 4.4d) we obtain  ��0 2 C�(�) \ � =  ��.
) Let us assume that  �� = 
� with � = 0 or � < 
�. Then by de�nitionof C�(�) we would have  �� 2 C�(�) whi
h 
ontradi
ts a). | The se
ondpart is an immediate 
onsequen
e of  �� = C�(�) \ � and the fa
t that �and C�(�) both are 
losed under '.d) Let us assume that � < 
� and � 62 C(�; �). Then 
� 62 � [ f0; Igand, a

ording to 
), 
� 6=  �� (8�; �). Moreover we have 8�; �( 
� 2f� + �; '��g =) 
� 2 f�; �g ). Therefore the set C(�; �) n f
�g 
ontains� [ f0; Ig and is 
losed under +; '; � 7! 
� ; (�; �) 7!  �� (� < �; � 2 R). Byde�nition of C(�; �) this implies C(�; �) � C(�; �)nf
�g, i.e. 
� 62 C(�; �).e) This is proved in the same way as d), now using the fa
t that the ordinals
� and  �� are 
losed under '.f) From 
�+1 = � 2 C�(�) it follows by d) and e) that � 2 C�(�). Hen
e
� 2 C�(�) \ � =  ��.



g) Let 
� �  I� < 
�+1. Then 
�+1 < I and therefore 
�+1 62 CI(�), sin
e
�+1 62  I� = CI(�) \ I. It follows that � 62 CI(�) and thus  I� � � � 
�.h) We assume � 62 C(�; �). Then also 
�;
�+1 62 C(�; �). Obviously�[f0; Ig � Y := C(�; �)n [
�;
�+1℄ and Y is 
losed under +; '; � 7! 
� . Byf) and g) it follows that Y is also 
losed under (�; �) 7!  �� (� < �; � 2 R).Hen
e C(�; �) � C(�; �) n [
�;
�+1℄, i.e. C(�; �) \ [
�;
�+1℄ = ;.i) By f) it follows that � 2 C(�0;  ��). We also have C(�0;  ��) \ � �C(�;  ��) \ � =  ��. By the de�nition of  ��0 from � 2 C(�0;  ��) andC(�0;  ��) \ � �  �� it follows that  ��0 �  ��.As an immediate 
onsequen
e of the above lemma we get the following whi
hsummarizes the basi
 
losure properties of the operators H
.Lemma 4.6a) H
 is a ni
e operator.b) H
 is 
losed under '.
) � � 
 & �; � 2 H
(X) =)  �� 2 H
(X)d) 
� � � � 
�+1 & � 2 H
(X) =) 
�;
�+1 2 H
(X)e) 
 < Æ =) H
(X) � HÆ(X)Abbreviations�K := f�
� : � � Ig with �
� := ( 
� + 1 if 
� 2 R
� otherwiseA(�; 
; �; �) :, � 2 �K & 
; �; � 2 H
 [�℄ & k(�) � \���C�(
 + 1)Lemma 4.7Suppose A(�; 
; �; �). Then the following holds:(A1) � 2 H
 [�℄ & 
0 = 
 + !�+� =) 
0 2 H
 [�℄ &  �
0 2 H
0 [�℄(A2) � 2 H
 [�℄ & 
 + !�+� < � =)  �(
 + !�+�) <  ��(A3) � � � =) H
 [�℄ \ � �  � (
 + 1)(A4) 
0 < 
 + !�+� & �0 + �0 < �+ � =) 
0 + !�0+�0 < 
 + !�+�Proof.1. From �; 
; � 2 H
 [�℄ by 4.6a) it follows that 
0 2 H
 [�℄. From 
0; � 2H
[�℄ & 
 � 
0 we get  �
0 2 H
0 [�℄ by 4.6
),e).



2. Let 
0 := 
 + !�+�. Then 
0 2 H
[�℄ (by (A1)), and H
[�℄ � C�(
 + 1),sin
e k(�) � C�(
 + 1). By 4.5b),i) from 
0 2 C�(
 + 1) and 
 < 
0 < � itfollows that  �
0 <  ��.3. H
 [�℄ \ � � C� (
 + 1) \ � =  � (
 + 1).4. Obvious.RemarkIn (A2) above the 
ru
ial interplay between H
 and  � shows up most 
learly.Assuming A(�; 
; �; �) the fun
tion � 7!  �(
+!�+�) provides an order pre-serving map from H
[�℄ into �.Theorem 4.8 (Collapsing and impredi
ative 
utelimination)A(�; 
; �; �) & � � �(�) & H
 [�℄ j�� � =)=) Hb�[�℄ j � b� � b� � with b� := 
 + !�+�.Proof by main indu
tion on � and subsidiary indu
tion on �.Abbreviation: Hj�� � :, Hj�� �.First note that from A(�; 
; �; �) and � 2 H
[�℄ by (A1) ; (A2) we get:(1)  � b� 2 Hb�[�℄(2) A(�0; 
; �; �) & �0 2 H
 [�0℄ & �0 < � =)  �
�0 <  � b�.Now we distinguish 
ases a

ording to the last inferen
e of H
 [�℄ j�� �:1. Suppose that A ' V(A�)�2J 2 � and H
[�℄[�℄ j��� �; A� with �� < � for all� 2 J . Sin
e A 2 � � �(�), there is a � 2 k(A)\� su
h that 8� 2 J(j�j � �).Sin
e k(A) � H
 [�℄, by (A3) it follows that 8� � �(� <  � (
 +1)) and thus8� 2 J8� � �(k(�) � C� (
 + 1)). Hen
e A(�; �; 
; �; �) and therefore (byS.I.H.) Hb�[�℄[�℄ j �
��� �; A� for all � 2 J . From this we obtain Hb�[�℄ j � b�� �by (V) and (1),(2).2. Suppose that W(A�)�2J 2 � and H
[�℄ j�0� �; A�0 with �0 2 J and �0 < �.By S.I.H. we obtain H b�0 [�℄ j �
�0� �; A�0 and then Hb�[�℄ j � b�� � using (W),(1), (2) and k(�0) � k(A�0) \ � � H
 [�℄ \ � �  �(
 + 1) �  � b�.3. If the last inferen
e was an instan
e of (Ref) then the assertion followsimmediately from (1), (2), and the S.I.H. .



Before treating (Cut) we prove the following proposition.(2) Assume 
 � 
0 < b� & 
0 2 H
0 [�℄ & rk(C 0); � < � � � andH
0 [�℄ j�� �; (:)C 0. Then Hb�[�℄ j � b�� �.Proof. Let � := maxfrk(C 0); �g + 1 and � 2 On su
h that 
� < � < 
�+1.Then for �0 := �
� we have [�0; �0 + !�℄ \ R = ; and �0 2 H
0 [�℄ (sin
e � 2H
0 [�℄). By (Cut) we obtain H
0 [�℄ j � + 1�0 + !� �, and then by the Predi
ativeCut-Elimination TheoremH
0 [�℄ j�0�0� with �0 := '�(�+1). From �0 2 H
0 [�℄together with 
 � 
0 2 H
0 [�℄ and A(�; 
; �; �) we obtain A(�; 
0; �; �0).Sin
e �0 < �, we 
an now apply the M.I.H. and obtain H��[�℄ j ���� � with�� := 
0 + !�0+�0 . Sin
e �0 + �0 < � � � & 
0 < b�, we have �� < b� and ��� �  � b�. Hen
e Hb�[�℄ j � b�� �.4. Suppose that H
 [�℄ j�0� �; (:)C with �0 < � and rk(C) < �.4.1. rk(C) < �.Sin
e k(C) � H
[�℄, we then have rk(C) 2 H
[�℄ \ � �  �(
 + 1) �  � b�,and the assertion follows immediately from the S.I.H.4.2. � � rk(C) 62 R.Let � := rk(C)R. Then � � rk(C) < � � � & � 2 H
 [�℄. Hen
eA(�; 
; �; �). Sin
e C;:C 2 �(�), the S.I.H. yields H b�0 [�℄ j �
�0� �; (:)C.From 
; �0; � 2 H
[�℄ & 
 < 
�0 we obtain 
�0 2 H b�0 [�℄. Now the assertionfollows by (2).4.3. � � rk(C) = �.W.l.o.g. we have C � 9x2L�A(x) 2 �(�). We also have � � � 2 H
 [�℄ andthus A(�; 
; �; �). Now the S.I.H. gives us H b�0 [�℄ j�� �; C with � :=  �
�0.By the Boundedness-Lemma from this we get(3) H b�0 [�℄ j�� �; 9x2L�A(x).Now we apply Lemma 3.9
) to the premise H
 [�℄ j�0� �;:C.Sin
e :C � 8x2L�:A(x) and � 2 H b�0 [�℄ \ �, this gives us(4) H b�0 [�℄ j�0� �; 8x2L�:A(x).



From A(�; 
; �; �) and 
 < 
�0 2 H
 [�℄ we get A(�; 
�0; �; �). Therefore we
an apply the S.I.H. to (4) and obtain(5) H
0 [�℄ j �
0� �; 8x2L�:A(x) with 
0 := 
�0 + !�+�0 .For C 0 :� 9x2L�A(x) we now have
 � 
0 < b� & 
0 2 H
0 [�℄ & rk(C 0);  �
0 < � � � & H
0 [�℄ j �
0� �; (:)C 0.Hen
e by (2) we obtain Hb�[�℄ j � b�� �.CorollaryH0j �I+1 � & � � �(
1) =) j�� � with � :=  
1(!I+1+�).Theorem 4.9 (MAIN THEOREM)Let � :=  
1("I+1). Then for ea
h �1-senten
e � of L we have:KPi ` 8x( Ad(x)! �x ) =) L� j= �:Proof.Suppose that KPi ` 8x( Ad(x)! �x ). Then we get su

essively(1) H0j!I+mI+m 8x2LI( Ad(x)! �x ) , for some m 2 IN [ by 3.12, 4.6 a,d ℄(2) H0j!I+mI+m L
1 6 Æ2 LI;:Ad(L
1); �
1 [ by 3.9b, 3.13, 
1 2 H0 ℄(3) H0j!I+mI+m :Ad(L
1); �
1 [ sin
e L
1 6 Æ2 LI ' W(A�)�2; ℄(4) H0j!I+m+1I+m �
1 [ by 2.5h, 3.10, (Cut) ℄(5) H0j �I+1 �
1 with � < "I+1 [ by 3.16 (Corollary) ℄(6) j�� �
1 with � :=  
1(!I+1+�) [ by 4.8 (Corollary) ℄(7) j�� �� [ by 3.17 ℄(8) L� j= � [ by 3.2, 1.5, 4.5i ℄As shown in the introdu
tion 4.9 together with [8℄(Th.4.6) yieldsCorollary. jKPij �  
1("I+1).
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