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(i)⇒(iii): Vorlesung. (iii)⇒(i): (iii)⇒ V ⊆ span(v1, ..., vm) ⇒ V Basis. (iii)⇒(ii): trivial.

(ii)⇒(iii): ∀j(〈v−
∑

i〈v, vi〉vi, vj〉 = 〈v, vj〉−
∑

i〈v, vi〉〈vi, vj〉 = 〈v, vj〉−〈v, vj〉 = 0)
(ii)⇒ v−

∑
i〈v, vi〉vi = 0.

(iii)⇒(iv): 〈v, w〉 = 〈
∑

i〈v, vi〉vi,
∑

j〈w, vj〉vj〉 =
∑

i,j〈v, vi〉〈w, vj〉〈vi, vj〉 =
=

∑
i,j〈v, vi〉〈vj , w〉δij =

∑
i〈v, vi〉〈vi, w〉.

(iv)⇒(v): ‖v‖2 = 〈v, v〉 (iv)
=

∑
i〈v, vi〉〈vi, v〉 =

∑
i〈v, vi〉〈v, vi〉 =

∑
i |〈v, vi〉|2. (v)⇒(ii): trivial.
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(a) σ(A,B) =
∑n

i=1

∑n
k=1 aikbki =

∑
i,k aikbki.

σ symmetrisch:
∑

i,k aikbki =
∑

i,k bkiaik.

σ bilinear: σ((A + λA′), B) =
∑
i,k

(aik + λa′ik)bki =
∑
i,k

aikbki +
∑
i,k

λa′ikbki = σ(A,B) + λσ(A′, B).

σ nicht-ausgeartet: Sei Eij = (δkiδjl)k,l ∈ Rn×n. Dann σ(A,Eij) =
∑
k,l

aklδliδjk = aji.

∀B(σ(A,B) = 0) ⇒ ∀i, j(σ(A,Ei,j) = 0) ⇒ ∀i, j(aji = 0) ⇒ A = 0.

(b) (i) A ∈ U+ \ {0} ⇒ σ(A,A) =
∑

i,j aijaji =
∑

i,j a2
ij > 0.

A ∈ U− \ {0} ⇒ σ(A,A) =
∑

i,j aijaji = −
∑

i,j a2
ij < 0

(ii) 1. V = U+ + U−: A = 1
2 ((A + At) + (A−At)) und

(A + At)t = At + (At)t = At + A = A + At, (A−At)t = At − (At)t = At −A = −(A−At).

2. U+ ∩ U− = {0}: A ∈ U+ & A ∈ U−
(i)⇒ A = 0.

(iii) 1. U+⊥U−:
At = A & Bt = −B ⇒ σ(A,B) =

∑
i,j

aijbji =
∑
i,j

aji(−bij) = −
∑
i,j

ajibij = −σ(A,B) ⇒ σ(A,B) = 0.

2. Wegen U+⊥U− gilt U+ ⊆ U⊥
− . Beweis von U⊥

− ⊆ U+: A ∈ U⊥
− ⇒ ∀B ∈ U−(σ(A,B) = 0) ⇒

∀i, j(σ(A,Eij − Eji) = 0) ⇒ ∀i, j(σ(A,Eij) = σ(A,Eji)) ⇒ ∀i, j(aji = aij) ⇒ A ∈ U+.
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(a) Sei v1 := b − a = (1, 2, 2) und v2 := c − a = (−2,−1, 2). Dann 〈v1, v2〉 = −2 − 2 + 4 = 0 und
v1 × v2 = (6,−6, 3). Wegen letzterem setzen wir v3 := (2,−2, 1).

Ecken: a = (1, 2, 3), a + v1, a + v2, a + v1 + v2, a + v3, a + v1 + v3, a + v2 + v3, a + v1 + v2 + v3.

(b) (i) 〈v − w, v + w〉 = ‖v‖2 − ‖w‖2 ⇒ (‖v‖ = ‖w‖ ⇔ 〈v − w, v + w〉 = 0).

(ii) ‖v − w‖2 = ‖v‖2 − 2〈v, w〉+ ‖w‖2 & ‖v + w‖2 = ‖v‖2 + 2〈v, w〉+ ‖w‖2 =⇒(
‖v − w‖ = ‖v + w‖ ⇔ −〈v, w〉 = 〈v, w〉 ⇔ 〈v, w〉 = 0

)
.
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Bestimmung von Lös(A; 0)

A →
(

1 1 1 1 1 1
0 −1 0 −1 0 −1

)
→

(
1 0 1 0 1 0
0 1 0 1 0 1

)
. x1 = −x3 − x5 & x2 = −x4 − x6

Basis von Lös(A; 0): v1 :=


−1
0
1
0
0
0

, v2 :=


0
−1
0
1
0
0

, v3 :=


−1
0
0
0
1
0

, v4 :=


0
−1
0
0
0
1

,

w1 = 1√
2
v1, w2 = 1√

2
v2,

w′3 = v3 − 〈v3, w1〉w1 − 〈v3, w2〉w2 = v3 − 1
2v1 − 1

2 · 0 = v3 − 1
2v1 = 1

2 (2v3 − v1) = 1
2 (−1, 0,−1, 0, 2, 0)

w3 = 1√
6
(−1, 0,−1, 0, 2, 0)

w′4 = v4 − 〈v4, w1〉w1 − 〈v4, w2〉w2 − 〈v4, w3〉w3 = v4 − 0 · w1 − 1√
2
w2 − 0 · w3 =

(0,−1, 0, 0, 0, 1)− 1
2 (0,−1, 0, 1, 0, 0) = (0,− 1

2 , 0,− 1
2 , 0, 1) = − 1

2 (0, 1, 0, 1, 0, 2)

w4 = − 1√
6
(0, 1, 0, 1, 0, 2)

(w1, ..., w4) ist ONB von span(v1, ..., v4) = Lös(A; 0).

Sei f(ei) := wi. Dann 〈f(ei), f(ej)〉 = 〈wi, wj〉 = δij = 〈ei, ej〉 (i, j ∈ {1, ..., 4})


