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Aufgabe 13

(f + f2)(v) = −v ⇒ f(v) + f2(v) = f(v + f(v)) = −v ⇒
⇒ f2(v) = −(v + f(v)) ⇒ f3(v) = −f(v + f(v)) = −(−v) = v.

Aufgabe 14

(a) f(g(v)) = λv & λ 6= 0 & v 6= 0 ⇒ g(f(g(v))) = λg(v) & g(v) 6= 0 ⇒ λ EW von g ◦ f .

(b) 0 EW von f ◦ g ⇔ det(f◦g − 0·idV ) = 0 ⇔ det(f◦g) = 0 ⇔ det(f) · det(g) = 0.
Ebenso: 0 EW von g ◦ f ⇔ det(g) · det(f) = 0.

(c) Sei λ 6= 0. Wie unter (a) bewiesen gilt dann ∀v(0 6= v ∈ Eig(f◦g;λ) ⇒ 0 6= g(v) ∈ Eig(g◦f ;λ)).

g bildet also Eig(f◦g;λ) injektiv in Eig(g◦f ;λ) ab; folglich dimEig(f◦g;λ) ≤ dimEig(g◦f ;λ). Aus Symme-
triegründen gilt sogar dimEig(f◦g;λ) = dimEig(g◦f ;λ) und g�Eig(f◦g;λ) ist Isomorphismus.

Aufgabe 15

(a) det

 2 −2 4
0 0 3
1 −1 2

 = 2det

 1 −1 2
0 0 3
1 −1 2

 = 0. Folglich ist 1 ein Eigenwert von A.

(b) det

 3− t −2 4
0 1− t 3
1 −1 3− t

 = (1− t) · det
(

3− t 4
1 3− t

)
− 3 · det

(
3− t −2

1 −1

)
=

= (1− t)(t2 − 6t + 9− 4)− 3(t− 3 + 2) = (1− t)(t2 − 6t + 8) = (1− t)(2− t)(4− t).



Aufgabe 16

(a) f(v) = λv & fn = f & v 6= 0 ⇒ λv = f(v) = fn(v) = λnv & v 6= 0 ⇒ λ− λn = 0 ⇒

⇒ λ = 0 oder 1− λn−1 = 0 ⇒ λ ∈
{
{0, 1} falls n gerade
{0, 1,−1} falls n ungerade

(b) Es ist f = fA mit A :=


0 0 1 0 0 0
1 0 0 0 0 0
0 0 0 1 0 0
0 1 0 0 0 0
0 0 0 0 0 1
0 0 0 0 1 0

.

Eigenwerte: det(A− tE) = det


−t 0 1 0 0 0
1 −t 0 0 0 0
0 0 −t 1 0 0
0 1 0 −t 0 0
0 0 0 0 −t 1
0 0 0 0 1 −t

 =

−t · det


−t 0 0 0 0
0 −t 1 0 0
1 0 −t 0 0
0 0 0 −t 1
0 0 0 1 −t

− det


0 1 0 0 0
0 −t 1 0 0
1 0 −t 0 0
0 0 0 −t 1
0 0 0 1 −t

 =

t2 · det


−t 1 0 0
0 −t 0 0
0 0 −t 1
0 0 1 −t

− det


1 0 0 0
−t 1 0 0
0 0 −t 1
0 0 1 −t

 = −t3 · det

−t 0 0
0 −t 1
0 1 −t

− det

 1 0 0
0 −t 1
0 1 −t


= t4(t2 − 1)− (t2 − 1) = (t4 − 1)(t2 − 1) = (t− 1)2(t + 1)2(t2 + 1). Somit λ1 = 1 und λ2 = −1.

Eigenräume:

λ = 1: A− E
EZU−→


1 −1 0 0 0 0
0 1 0 −1 0 0
0 0 1 −1 0 0
0 0 0 0 0 0
0 0 0 0 1 −1
0 0 0 0 0 0

 ; λ = −1: A + E
EZU−→


1 1 0 0 0 0
0 1 0 1 0 0
0 0 1 1 0 0
0 0 0 0 0 0
0 0 0 0 1 1
0 0 0 0 0 0



Eig(A; 1) = {

 x1
...

x6

 : x1 = x2 & x2 = x4 & x3 = x4 & x5 = x6} = span(


1
1
1
1
0
0

 ,


0
0
0
0
1
1

),

Eig(A;−1) = {

 x1
...

x6

 : x1 = −x2 & x2 = −x4 & x3 = −x4 & x5 = −x6} = span(


1
−1
−1
1
0
0

 ,


0
0
0
0
−1
1

).

[ Andere Darstellung von f : f(


x1

x2

x3

x4

x5

x6

) =


x3

x1

x4

x2

x6

x5

. ]


