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A jump pro ess for the positions of intera ting quantum parti les on
a latti e, with time-dependent transition rates governed by the state ve tor, was
rst onsidered by J.S. Bell. We review this pro ess and its ontinuum variants
involving \minimal" jump rates, des ribing parti les as they get reated, move, and
get annihilated. In parti ular, we sket h a re ent proof of global existen e of Bell's
pro ess. As an outlook, we suggest how methods of this proof ould be applied to
similar global existen e questions, and underline the parti ular usefulness of minimal
jump rates on manifolds with boundaries.
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MSC (2000). 60J75, 81T25

1 Introdu tion
This ontribution deals with Markov jump pro esses Qt des ribing the positional time evolution of nitely many intera ting quantum parti les. These
pro esses are hara terized by a spe i form of time-dependent jump rates
indu ed by the S hrodinger equation for the quantum state ve tor t of the
underlying quantum eld theory (QFT). As a typi al example, suppose that
the parti les live in the physi al three-spa e R3 . The pro ess Qt then takes
values in the spa e of all nite subsets of R3 , the on guration spa e of a variable number of identi al parti les ( orresponding to the Fo k spa e of QFT),
and the jumps of Qt des ribe the reation or annihilation of parti les; between these sto hasti jumps, Qt evolves deterministi ally a ording to some
ordinary di erential equation governed by t . Alternatively, one may think of
quantum parti les on a latti e; the jumps of Qt then re ord all hanges of the
parti le on guration. We will portray several pro esses of this type, present
some ommon prin iples, and in parti ular dis uss some results of three re ent
papers [GT03, DGTZ03 , DGTZ04℄, the work on whi h was supported by the
DFG Priority Program.
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As the state ve tor t determining the jump rates follows the timedependent S hrodinger equation, the jump rates themselves are expli itly
time-dependent, so that the pro esses Qt onsidered here do not admit an
invariant measure. However, the jump rates are designed in su h a way that
Qt does admit an equivariant measure, namely the quantum distribution j t j2 ,
whi h means that Qt has distribution j t j2 at any time t. This is the key feature justifying the parti ular form of the jump rates, and on the other hand
the main fa t on whi h one an build the analysis of these pro esses. So, the
issue here is not the analysis of distributional properties of a given pro ess,
but the onverse: the equivariant distribution is given, and the obje tive is
to prove the existen e of the asso iated pro ess, and to he k that it really
does have the equivariant distribution. In [GT03℄, we arried out this program
for the ase of a dis rete on guration spa e, in luding in parti ular a latti e
model proposed by J.S. Bell [Bel86℄; the main arguments will be sket hed in
Se t. 4.
From the probabilisti viewpoint, one has to over ome two diÆ ulties.
First, the transition rates exhibit singularities, in that they be ome ill-de ned
at ertain time and spa e points. One has to show that the pro ess avoids
these singularities. The se ond (and more important) task is to rule out the
possibility of explosion, i.e., the a umulation of in nitely many jumps in
nite time. Due to the unbounded growth of the rates near the singularities,
the standard methods fail, and one has to use the parti ular relation between
transition rates and equivariant distribution.
Besides the results on the dis rete ase mentioned above, we will also des ribe the ontinuum analogues of Bell's pro ess investigated in [DGTZ03a,
DGTZ03 , DGTZ04℄; as a spe ial ase these in lude Bohmian me hani s
[Boh52, Bel66, BDDGZ95, Dur01℄ for the appropriate Hamiltonian with a
onserved number of parti les. On the basis of what we learned from our existen e proof for Bell's model, we also propose here some new methods for
proving the existen e of Bohmian me hani s.
Let us now dis uss how the models onsidered here relate to the topi s of
other resear h in the DFG Priority Program and other arti les in this volume.
First, the existen e problem for a model of quantum eld theory is also the
subje t of the ontribution of S. Albeverio, Y. Kondratiev, M. Ro kner, and
T. Pasurek. The issue there is the existen e, and uniqueness, of Eu lidean
Gibbs measures for in nitely many intera ting quantum spins. These on ern
an equilibrium setting, and time appears only via path integration to make the
onne tion with the quantum states. The diÆ ulty there is the in nite number of spins, requiring parti ular assumptions on the intera tion. By way of
ontrast, the models onsidered here involve only nitely many parti les, but
in a nonequilibrium situation, and we do not need any parti ular assumptions
on the intera tion.
From the methodologi al side, there is a loser onne tion to the resear h
in the Priority Program dealing with population biology, in parti ular that by
R. Hopfner and E. Lo herba h (not in luded in this volume). The similarities
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on ern the reation and annihilation of parti les in the vi inity of other parti les, and the ne essity of proving non-explosion. Also, the spa e-dependen e
of the reprodu tion rates in Hopfner and Lo herba h's arti le implies nonexponential life-times of individuals, just as the time-dependent jump rates
onsidered here imply non-exponential interjump times. However, in our ase
the paths between the jumps are smooth and deterministi .
This note is organized as follows. In Se t. 2 we derive the fundamental
formula (8) for minimal jump rates, de ning the jump pro ess asso iated with
a ertain type of Hamiltonian. This involves onsideration of the equivariant
probability distribution (4) and probability urrent (6) provided by quantum
theory. In Se t. 3 we explain the onne tion with Bohmian me hani s and
with Bell's model. We also des ribe the pro ess for a on rete example QFT,
introdu ed in [DGTZ03a℄. In Se t. 4 we sket h the global existen e proof
for the dis rete ase, in luding Bell's model, that we developed in [GT03℄.
In Se t. 5 we point out how the methods of [GT03℄ ould be adapted to
other global existen e problems. In Se t. 6 we indi ate some perspe tives for
future resear h on erning a pro ess for quantum theory on a manifold with
boundaries, and the spe ial role the minimal jump rate (8) plays for this
pro ess.

2 Jump Rates Indu ed by S hrodinger Equations
We now introdu e the lass of jump pro esses we are on erned with, starting
with a general framework. For our purposes, a quantum theory is abstra tly
given by a Hilbert spa e H ontaining the state ve tors, a one-parameter
group Ut of unitary operators on H de ning the time evolution
t = Ut 0

(1)

of the state ve tor, and a measurable spa e (Q; F ) of on gurations des ribing the lo ations of parti les. Q is tied to H via a proje tion-valued measure
(PVM) P (dq ) on Q a ting on H , i.e., a mapping from the  -algebra F to
the family of proje tion operators on H that is, like a measure, ountably
additive (in the sense of the weak operator topology) and normalized, in that
P (Q) = I , the identity operator on H . If H = L2 (Q; C k ) with respe t to
some measure on Q then H is equipped with a natural PVM, namely P (B )
being multipli ation by the indi ator fun tion of the set B . In nonrelativisti quantum me hani s, another way of saying this is that P is the PVM
orresponding to the joint spe tral de omposition of all position operators.
By Stone's theorem, the unitary operators Ut are of the form
Ut = e iHt=~
(2)
with H a self-adjoint operator on H , alled the Hamiltonian. Equations (1)
and (2) together orrespond to the formal S hrodinger equation
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i~

d t
= H t:
dt

(3)

We will show how this S hrodinger equation, together with the PVM P , gives
rise to a natural Markov pro ess on Q.
In this se tion we fo us on the ase in whi h this Markov pro ess is a pure
jump pro ess. (Roughly speaking, this will require that the Hamiltonian is an
integral operator in the \position representation" de ned by P ; di erential
operators will be onsidered in Se t. 3.) So we ask: Is there any distinguished
Markovian jump pro ess (Qt ) on Q des ribing the evolution of the parti le
on guration, and what are its transition rates? To answer this question we
note that the quantum theoreti al probability distribution of the on guration
at time t is given by
t (  ) = h t jP (  ) t i:
(4)
(We generally assume that k 0 k = 1.) It is therefore natural to stipulate that
t is equivariant for (Qt ), meaning that Qt has distribution t at every time
t. Can one hoose some (time-dependent) transition rates (t ) for (Qt ) to
satisfy this requirement of equivarian e? Yes indeed, in view of (3) the time
derivative of t is given by

_ t (B ) = ~2 Im h t jP (B )H t i =

Z

Jt (B; dq0 ) ;

(5)

where

(6)
Jt (B; B 0 ) = ~2 Im h t jP (B )HP (B 0 ) t i
0
is the quantum theoreti al urrent between two sets B; B 2 F . On the other
hand, suppose (Qt ) is a pure jump pro ess on Q jumping at time t with rate
t (B; q0 ) from q0 2 Q to some on guration in B 2 F . Then its distribution
t = P Æ Qt 1 evolves a ording to the equation

_t (B ) =

Z

Q

t (B; q) t (dq)

Z

B

t (Q; q) t (dq):

(7)

To satisfy the ondition of equivarian e we need to nd jump rates t su h that
the right-hand sides of the evolution equations (5) and (7) oin ide whenever
t = t . We see that this is the ase when t is given by the Radon{Nikodym
derivative

2
+
Im h t jP (dq )HP (dq 0 ) t i
Jt+ (dq; dq0 )
0
~
t (dq; q ) =
=
(8)
t (dq0 )
h t jP (dq0 ) t i
of the positive part Jt+ of Jt in its se ond variable q 0 , provided this makes
sense. For, the antisymmetry of Jt then implies that
t (dq; q0 )t (dq0 ) t (dq0 ; q)t (dq) = Jt (dq; dq0 ) :
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To make formula (8) meaningful one needs some assumptions whi h
roughly require that H is an integral operator in the position representation given by P , and (Q; F ) is standard Borel. This is dis ussed in detail
in [DGTZ03 ℄, where (8) was written down for the rst time in this generality; spe ial ases had been used before in [Bel86, Sud87, DGTZ03a℄. For
the pre ise onditions we refer to Theorem 1 (Se t. 4.1) and Corollaries 1{3
(Se t. 4.2) of [DGTZ03 ℄. Under these onditions, formula (8) an (and has
to) be read as follows: A priori, Jt is a signed bi-measure on F  F (a measure
in ea h of the two variables q; q 0 ). This has to (and then an) be extended to
a signed measure on the produ t  -algebra F F . The positive part in (8)
is then to be understood in the sense of the Hahn{Jordan de omposition of
this extended measure. Next one notes that, for ea h B 2 F , Jt (B; )  t
be ause P (B 0 ) t = 0 whenever t (B 0 ) = 0. One an thus form the Radon{
Nikodym derivatives t (B; ) = Jt+ (B; dq 0 )=t (dq 0 ), whi h nally have to be
hosen in su h a way that t be omes a measure kernel.
A ording to our derivation above, the transition rates (8) have been hosen to satisfy the requirement of equivarian e. There was, however, still some
freedom of hoi e. The parti ular rate (8) is singled out by the following additional fa ts.
1. Suppose there exists a jump pro ess (Qt ) on Q with rates (8). As is evident
from the arguments above, the net probability urrent of (Qt ) between two
sets B; B 0 2 F ,
1
jt (B; B 0 ) = lim
"&0 "



P(Qt

2 B 0 ; Qt+" 2 B )

P(Qt



2 B; Qt+" 2 B 0 )

;

then oin ides with the quantum theoreti al urrent Jt de ned by (6).
Conversely, if (Q~ t ) is any pure jump pro ess having initial distribution 0
at time 0, some jump rates ~t and probability urrent |~t = Jt , it turns
out that ne essarily ~t (dq; q 0 )  t (dq; q 0 ) [RS90, BD99, DGTZ03 ℄. This
follows from the minimality of the Hahn{Jordan de omposition. The rates
(8) are therefore alled the minimal jump rates, and a pro ess with rates
(8) is distinguished among all pro esses with the right probability urrent
by having the least frequent jumps, or the smallest amount of randomness.
2. Always one of the transitions q 0 ! q or q ! q 0 is forbidden. More pre isely,
for every time t there exists a set St 2 F F whi h, together with its
transposition St+ , overs Q  Q (ex ept possibly the diagonal), and su h
that
t (fq : (q; q0 ) 2 St g; q0 ) = 0 for t -almost-every q0 .
Indeed, by the anti-symmetry of Jt , its positive and negative part Jt+
and Jt admit supports St+ and St that are transpositions of ea h other,
when e the result follows.
Put more simply, the me hanism is this: When the urrent Jt (dq; dq 0 ) is
positive, meaning that there should be a net ow from dq 0 to dq , then
t (dq; q0 ) > 0 and t (dq0 ; q) = 0, i.e., only jumps from q0 to q are allowed;
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the onverse holds in the ase of a negative urrent. Under all rates with
jt = Jt , the minimal rates (8) are hara terized by this property.

3 Bohmian Me hani s and Bell-Type QFT
In this se tion we dis uss three parti ular instan es in whi h jump rates of
the form (8) play a signi ant role.
A. Bohmian me hani s as ontinuum limit of jump pro esses. Consider
nonrelativisti quantum me hani s for N parti les: the on guration spa e is
Q = R3N , the Hilbert spa e H = L2 (R3N ; C k ) and the Hamiltonian

H=

N 2
X
~

i + V (x1 ; : : : ; xN )
i=1 2mi

(9)

with i the Lapla ian a ting on the variable xi , mi the mass of the i-th
parti le, and V the potential fun tion (possibly having values in the Hermitian
k  k matri es). We obtain a Markov pro ess on the on guration spa e in
the following way: rst dis retize spa e, i.e., repla e R3 by a latti e  = "Z3
and the Lapla ian i by the orresponding latti e Lapla ian "i . We then an
onsider the jump pro ess Q"t on N with rates (8). As the latti e shrinks,
" ! 0, one obtains [Sud87, Vin93℄ in the limit the deterministi pro ess Qt
satisfying the ordinary di erential equation

r
dQt;i
~
= Im t  i t (Qt;1 ; : : : ; Qt;N ) :
dt
mi
t t

(10)

Here Qt;i is the i-th omponent of Qt , i.e., the position of the i-th parti le,
t obeys the S hrodinger equation (3) with Hamiltonian (9), and 1 2 is
the inner produ t in C k . The pro ess (10) is known as Bohmian me hani s
[Boh52, Bel66, BDDGZ95, Dur01℄. For a suitable other hoi e of jump rates
[Vin93℄, also satisfying jt = Jt but greater than minimal, one obtains in the
ontinuum limit " ! 0 the di usion pro ess introdu ed by E. Nelson and
known as sto hasti me hani s [Nel85, Gol87℄.
What makes Bohmian me hani s (or, for that matter, sto hasti me hani s) parti ularly interesting to quantum physi ists is that in a Bohmian universe { one in whi h the parti les move a ording to (10) and the initial
on guration is hosen a ording to the j j2 distribution { the inhabitants
nd all their observations in agreement with the probabilisti predi tions of
quantum me hani s { in sharp ontrast with the traditional belief that it be
impossible to explain the probabilities of quantum me hani s by any theory
des ribing events obje tively taking pla e in the outside world.
B. Bell's jump pro ess for latti e QFT. The study of jump pro esses with
rates (8) has been inspired by Bohmian me hani s, in parti ular by the wish
for a theory similar to Bohmian me hani s overing quantum eld theory. The
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rst work in this dire tion was Bell's seminal paper [Bel86℄. For simpli ity, Bell
repla es physi al 3-spa e by a latti e  and onsiders a QFT on that latti e. A
on guration is spe i ed in his model by the number of fermions q (x) at every
latti e site x. Thus, with the notation Z+ = f0; 1; 2; : : :g, the on guration
spa e is
n
o
X
Q = () := q 2 Z+ : q(x) < 1 ;
x2
the spa e of all on gurations of a variable (but nite) number of identi al
parti les on the latti e. (In fa t, he imposes a bound on the total number of
parti les and assumes that  is nite, but this is not ne essary.) The PVM
P (  ) that he suggests arises from the joint spe tral de omposition of the
fermion number operators N (x) for every latti e site, i.e., P (q ) := P (fq g) is
the proje tion to the joint eigenspa e of the ( ommuting) operators N (x) for
the eigenvalues q (x). The jump rate Bell uses is the appropriate spe ial ase
of (8): the rate of jumping from q 0 to q is
2
+
Im h t jP (q )HP (q 0 ) t i
0
~
t (q; q ) =
:
h t jP (q0 ) t i

(11)

For studies of Bell's pro ess we refer to [Sud87, Vin93, BD99, Col03a, Col03b,
DGTZ03 , GT03℄, and for some numeri al simulations and appli ations to
[DR03, Den03℄. We return to it in more detail in the next se tion.
C. Bohmian me hani s with variable number of parti les. A third example
of a pro ess for a QFT was onsidered in [DGTZ03a℄. It arose from an attempt
to in lude parti le reation and annihilation into Bohmian me hani s by simply introdu ing the possibility that world lines of parti les an begin and end.
That is, the aim is to provide a generalization of the Bohmian motion (10)
to a on guration spa e of a variable number of parti les. Here we des ribe
this model in a simpli ed version. For the numerous similarities between our
model pro ess and Bell's dis rete pro ess, we alled it a \Bell-type QFT."
In [DGTZ03 , DGTZ04℄, methods are developed for obtaining a anoni al
Bell-type pro ess for more or less any regularized QFT.
A on guration of nitely many identi al parti les an be des ribed by
a nite ounting measure on R3 . Sin e the oin iden e on gurations, those
in whi h there are two or more parti les at the same lo ation, form a subset
of odimension 3, they are basi ally irrelevant, and it will be onvenient to
ex lude them from the on guration spa e. What remains, as the spa e of
\simple on gurations", is the set of all nite subsets of R3 ,


6= (R3 ) = q  R3 : #q < 1 :
Under the physi al onditions prevailing in everyday life, the most frequent
type of parti le reation and annihilation is the emission and absorption of
photons by ele trons. This an be des ribed in a model QFT as follows. Parti les (photons) move in a Bohmian way and an be emitted and absorbed by
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another kind of parti les (ele trons). For simpli ity, we will assume here that
the ele trons remain at xed lo ations, given by a nite set   R3 ; the ase of
moving ele trons is des ribed in [DGTZ03a℄. The on guration spa e is thus
the spa e of photon on gurations, Q = 6= (R3 ), and t a square-integrable
omplex-valued fun tion on Q; the Hilbert spa e H of these fun tions is
known as the bosoni Fo k spa e arising from L2 (R3 ).
The Markov pro ess Qt in Q has pie ewise smooth paths. It obeys the
deterministi motion (10), interrupted by sto hasti jumps. The pro ess is
pie ewise deterministi in the sense that, onditional on the times of two
subsequent jumps and the destination of the rst, the path in between these
jumps is deterministi . The jumps orrespond to reation or annihilation of a
photon near some point of  ; in parti ular, every jump hanges the number of
photons by one. The pro ess is thus a spe ial kind of a spatial birth-and-death
pro ess with moving individuals [Pre76℄.
The deterministi motion, during whi h the number of photons is kept
onstant, is de ned by (10); for simpli ity, we deviate a little from the physi al
fa ts and assume that the \photons" have a positive mass mph . The rate for
the transition q ! q [ x := q [ fxg, i.e., the reation of a new photon at the
lo ation x 2 R3 n q , has density (with respe t to Lebesgue measure dx)
h

2

1=2 Py2 '(x
~ Im t (q [ x) (#q + 1)
t (q [ x; q) =

t (q ) t (q )

i+

y) t (q)

where ' : R3 ! R is a xed fun tion, a spheri ally symmetri , squareintegrable potential supported by the ball of radius Æ > 0. Likewise, for any
x 2 q the rate for the transition q ! q n x := q n fxg, i.e., annihilation of the
photon at x, is
h

t (q n x; q) =

i
2 Im t (q n x) (#q) 1=2 P '(x y) t (q) +
y
2

~


t (q ) t (q )

These rates, together with vanishing rate for any other transition, are in fa t
a spe ial ase of (8), for a suitable integral operator HI in pla e of H . For the
de nition of HI and the derivation of the above expressions from (8) we refer
to Se t. 3.12 of [DGTZ03 ℄.
Now, HI is not the Hamiltonian of the relevant QFT, but its intera tion
part ; i.e., the omplete Hamiltonian is H = H0 + HI , where H0 , the free
Hamiltonian, is given by

H0 (q) =

#q
X

~2

i=1 2mph

i (q):

Observe that there is a orresponden e between the splitting H = H0 + HI and
the two onstituents of the pro ess, the motion (10) and the jump rates just
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given. Deterministi motion orresponds to H0 while the jumps orrespond to
HI . Indeed, the minimal pro ess, the one arising as a limiting ase from jump
pro esses with minimal rates (8), asso iated with H0 alone is the ontinuous
motion (10) while the minimal pro ess asso iated with HI is the pure jump
pro ess with the above rates.
This is an instan e of the general rule of pro ess additivity : If the minimal
pro ess asso iated with H1 has generator L1; t and the one asso iated with
H2 has generator L2; t , then the minimal pro ess asso iated with H1 + H2
has generator L1; t + L2; t , provided that the (formal) integral kernels of H1
and H2 have disjoint supports. The sum of the generators of a deterministi
ow and of a pure jump pro ess generates the pie ewise deterministi pro ess
that follows the ow between sto hasti jumps. In QFT, it is a typi al situation that H = H0 + HI where H0 is a di erential operator asso iated with
ontinuous motion while HI is an integral operator (often linking di erent
parti le numbers) asso iated with jumps.

4 Global Existen e of Bell's Jump Pro ess
In this se tion we deal with Bell's jump pro ess introdu ed as model B in the
last se tion. As we have shown in [GT03℄, this pro ess exists globally in time.
In fa t, for our proof it is not relevant whether the on guration orresponds
to the fermion number operators. We only need that Q is any ountable set,
and P (  ) a PVM on Q a ting on H . In fa t we an allow that P (  ) is a
positive-operator-valued measure (POVM), a on ept somewhat weaker than
a PVM.3 Here is our result.

Let H be a Hilbert spa e, H a self-adjoint operator on H , Q a
ountable set, and P (  ) a POVM on Q a ting on H . For every initial state
ve tor 0 with k 0 k = 1 satisfying
Theorem 1.

Z

t2
t1

dt

X

q;q0 2Q

t 2 domain(H )
P (q) t 2 domain(H )

8 t 2 R;
8 t 2 R; q 2 Q;
h t jP (q)HP (q0 ) t i < 1 8 t1; t2 2 R with t1 < t2 ;

(12a)
(12b)
(12 )

there exists a (right- ontinuous) Markovian pure jump pro ess (Qt )t2R on Q
with transition rates (11) su h that, for every t, Qt has distribution t =
h t jP (  ) t i. This pro ess is unique in distribution.

Some omments are ne essary. First of all, how ould the pro ess fail to
exist globally in time? Two kinds of atastrophes ould o ur. On the one
3

H

That is, P takes values in the positive (bounded, self-adjoint) operators on
(instead of the proje tion operators as a PVM) and shares the ountable additivity
and normalization of a PVM.
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hand, the jump rate (11) is singular at the nodes of (i.e., at su h q and t
for whi h h t jP (q ) t i = 0). While Qt is sitting on a on guration q it might
be ome a node, and then the pro ess would not know how to pro eed. It turns
out that this problem does not arise be ause, with probability one, there is
no t at whi h Qt is a node. This is be ause the in rease of the rates lose to
the nodes has the positive e e t of for ing the pro ess to jump away before
the singularity time is rea hed.
The se ond kind of possible atastrophe would be an explosion, i.e., an
a umulation of in nitely many jumps in nite time. The main task is to
show that this does not o ur, with probability one. The standard riteria for
non-explosion of pure jump pro esses are on ned to transition rates that are
homogeneous in time, relying heavily on the fa t that the holding times are
then exponentially distributed and independent onditionally on the positions;
see, e.g., Se t. 2.7 of [Nor97℄. This onditional independen e, however, fails to
hold in the ase of time-dependent jump rates, and the singularities of Bell's
transition rates do not allow any a priori bounds as they were used, e.g., in
[Pre76, RL53℄ to ex lude explosion. The only thing one knows is that the
pro ess is designed to have the pres ribed quantum distribution (4) at xed
(deterministi ) times, and it is this fa t we will exploit. We will sket h our
main arguments below.
Steps towards a proof of global existen e of Bell's pro ess have also been
made by G. Ba iagaluppi [Ba 96, BD99℄; his approa h is, however, very different from ours.
Con erning the te hni al assumptions (12) on H , P , and 0 we note the
following. For xed H and P , the onditions (12) de ne a set of \good" initial
state ve tors 0 for whi h we an prove global existen e; this set is obviously
invariant under the time evolution (1). In fa t, when H is a Hilbert{S hmidt
operator (i.e., tr H 2 < 1), the onditions (12) are satis ed for all POVMs
P and all 0 2 H ; this is also true when H is bounded and Q is nite.
(Usually, the Hamiltonian of a latti e QFT is not Hilbert{S hmidt but an,
at least, be approximated by Hilbert{S hmidt operators. And it is not unusual
in quantum eld theory that Hamiltonians need to be \ ut o " in one way
or another to make them treatable, or well-de ned at all.) Condition (12b)
ensures that the expression P (q )HP (q 0 ) t an be formed, and thus that (11)
is well-de ned whenever q 0 is not a node.
The main onstru tion is obvious. Starting from any xed initial time t0 ,
the pro ess Qt an be expressed for t > t0 in terms of Tk and Xk , the time
and the destination of the k -th jump after time t0 , via

Qt = Xk if Tk  t < Tk+1
with T0 := t0 and X0 = Qt0 . The variables Tk and Xk are de ned by their
onditional distributions:
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P(Tk+1

2 dt; Xk+1 = qjT0 ; X0 ; : : : ; Tk ; Xk ) =



fTk <tg t (q; Xk ) exp

1

Z

t

Tk
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s (Q; Xk ) ds dt;

where the role of the \failure rate fun tion" is played by

t (Q; q) =

X

q0 2Q

t (q0 ; q) ;

the total jump rate, to whatever destination, at q .
Here is the reason why the pro ess annot run into a node. By de nition,
the onditional probability of remaining at q until at least time t2 , given that
Qt1 = q, is
 Z t2

exp
t (Q; q) dt :
t1
We want to show that this probability vanishes whenever q is a node at t2
but not at any t with t1  t < t2 . Ignoring some te hni al subtleties, this an
be derived by the following simple al ulation. Sin e a sum of positive parts
ex eeds the positive part of the sum, we on lude from (11) that
X [ 2 Im h t jP (q )HP (q 0 ) t i℄+
~
t (Q; q0 ) =
h t jP (q0 ) t i
q2Q

2
(q 0 ) t i℄+
 [ ~ Imhh tjPjHP
:
t (q 0 ) t i

Omitting the positive part and using (5) we nd

d
(d=dt)h t jP (q 0 ) t i
t (Q; q0 ) 
=
logh t jP (q 0 ) t i
0
h t jP (q ) t i
dt
at every t with h t jP (q 0 ) t i > 0. Hen e, by the fundamental theorem of
al ulus,

Z

t2
t1

t (Q; q) dt 

logh t2 jP (q ) t2 i + logh t1 jP (q ) t1 i = 1;

sin e q is a node at t2 (so that the rst term is in nite) but not at t1 (so that
the se ond term is nite).
Another part of the proof we would like to sket h here is the ore of the
argument why the jump times annot a umulate. As a onvenient notation,
we introdu e an additional \ emetery" on guration 1 and set Qt := 1 for
all t after the explosion time supk Tk . Let S (t1 ; t2 ) be the number of jumps that
the pro ess performs in the time interval [t1 ; t2 ℄. The random variable S (t1 ; t2 )
is either a nonnegative integer or in nite. Our assumption (12 ) implies in fa t
that S (t1 ; t2 ) has nite expe tation, for all t1 < t2 , and thus is nite almost
surely. To see this we use the equation
Z t2 X
E S (t1 ; t2 ) =
t (q; q0 ) t (q0 ) dt;
(13)
t1 q;q0 2Q
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with t (q 0 ) = P(Qt = q 0 ). Intuitively, equation (13) an be understood as
follows. t (q; q 0 ) t (q 0 ) dt is the probability of a jump from q 0 to q in the innitesimal time interval [t; t + dt℄. Summing over q and q 0 , we obtain (the
expe ted total jump rate and thus) the total probability of a jump during
[t; t + dt℄. Integrating over t, we obtain the expe ted number of jumps. The
point of equation (13) is that its right-hand side involves ex lusively the onetime quantities t and t . Now, one an dedu e from the de nition of the
pro ess that
t (q)  h t jP (q) t i;
(14)
where any ase of stri t inequality would have to go along with a positive
probability P(Qt = 1) of a umulation before t. Combining (13) and (14),
we obtain
Z t2 X
E S (t1 ; t2 ) 
t (q; q0 ) h t jP (q0 ) t i dt
t1 q;q0 2Q
Z t2 X
2
0 +
=
~ Im h t jP (q )HP (q ) t i dt
t1 q;q0 2Q
Z t2 X
2
~
h t jP (q)HP (q0 ) t i dt < 1
t1 q;q0 2Q
by assumption (12 ) of Theorem 1. Indeed, this reasoning more or less di tates
the assumption (12 ).

5 Other Global Existen e Questions
Variants of the reasoning in the previous paragraph ould be used in the
future in other global existen e proofs. Here is an example on erning the
global existen e of Bohmian me hani s (with xed number of parti les). This
was rst proved in [BDGPZ95℄ under suitable assumptions on the potential
V and the initial wavefun tion 0 . One way in whi h a solution Qt of (10)
may fail to exist globally is by es aping to in nity (i.e., leaving every bounded
set in R3N ) in nite time. To ontrol this behavior, we suggest to onsider an
analogue of S (t1 ; t2 ): Let D(t1 ; t2 ) be the Eu lidean distan e in R3N traveled
by Qt between t1 and t2 . Then
Z t2 Z
E D(t1 ; t2 ) =
dt
dq jvt (q )j t (q );
(15)
t1
R3N
where vt is the Bohmian velo ity ve tor eld on R3N , with i-th omponent given by the right-hand side of (10), and the expe tation is taken
over the randomness oming from the initial on guration. If this expe tation an be shown to be nite, D(t1 ; t2 ) must be almost surely nite. Using
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t (q )j2 , the analogue of (14), we see that the es ape to in nity is
almost surely ex luded provided that
Z t2 Z
dt
dq j t (q ) r t (q )j < 1 whenever t1 < t2 :
3
N
t1
R

t (q)

j

This is a ondition analogous to (12 ); it is almost equivalent to the assumption A4 of [BDGPZ95℄. The proof there, however, is di erent, using skillful
estimates of the probability ux a ross suitable surfa es in on guration spa etime R3N  R surrounding the \bad" points (nodes, in nity, points where
is not di erentiable). The above argument based on (15) might ontribute to
a simpler global existen e proof [TT04℄.
The global existen e question is still open for the Bohm{Dira law of motion [Boh53, BH93℄, a version of Bohmian me hani s suitable for wavefun tions obeying the Dira equation. The Dira equation is a relativisti version
of the S hrodinger equation and reads
N
X


i~
=
i ~ i  ri + i mi 2
(16)
t
i=1
where t is a fun tion R3N ! (C 4 ) N , is the speed of light, mi the mass
of the i-th parti le, i the ve tor of Dira alpha matri es a ting on the i-th
spin index of the wavefun tion, and i the Dira beta matrix a ting on the
i-th index. The Bohm{Dira equation of motion reads


t i t (Q ; : : : ; Q )
(17)
t;1
t;N

t t
where  is the inner produ t in Dira spin-spa e. Sin e these velo ities are
bounded by the speed of light, the question of es ape to in nity does not arise
here. But the question of running into a node does be ause, like the minimal
jump rate (8), the velo ity formula (17) is ill-de ned at nodes.
This question an be treated in a way analogous to the previous arguments
based on (13) and (15). To this end, let L(t1 ; t2 ) be the total variation, between
t1 and t2 , of log j t (Qt )j2 ; in other words,
Z t2
d
L(t1 ; t2 ) =
dt
log j t (Qt )j2 :
d
t
t1
dQt;i
=
dt

It takes values in [0; 1℄ and is in nite if the traje tory Qt runs into a node
between t1 and t2 . This must be a null event if L(t1 ; t2 ) has nite expe tation;
for the latter we have the formula
Z t2 Z


E L(t1 ; t2 ) =
dt
dq
+ vt (q )  r log j t (q )j2 t (q );
t
t1
R3N
where vt is the ve tor eld on R3N whose i-th omponent is the right-hand
side of (17). Using t (q )  j t (q )j2 we obtain
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E L(t1 ; t2 )



Z

t2
t1

dt

Z

R3N

dq





+ vt (q )  r j t (q )j2 :
t

As the velo ities are bounded, the last expression is at most


Z t2 Z

2
2
dt
dq
j (q)j + rj t (q)j :
t t
t1
R3N
Inserting (16) and using that the alpha and beta matri es have norm 1 we see
that this in turn is not larger than


Z t2 Z
X


2


2
mi
dt
dq 2 t r t + ~
t t +2 tr t :
t1
R3N
i

Sin e k t k = 1, the last integral oin ides with
Z t
Z


2 X mi 2 (t2 t1 ) + 4 2 dt
dq
~
t1
R3N
i


tr t :

The question remains under whi h onditions on 0 the last term is nite for
arbitrary t1 < t2 . This is presumably the ase when 0 lies in S hwartz spa e
( ontaining all smooth fun tions f su h that f and all its derivatives de ay,
at in nity, faster than jq j n for any n > 0). To work out the proof remains
for future resear h [TT04℄.
While global existen e of the Bohm{Dira traje tories an presumably be
proved with the same methods as used in [BDGPZ95℄ for (10) (estimating the
ux a ross suitable surfa es surrounding the bad points), su h a proof requires
a lot of e ort. It seems that the argument just sket hed would be mu h easier
and more elegant.
Another global existen e question that is still open is that on erning the
pro ess de ned in [DGTZ03a℄ and des ribed above in Part C of Se t. 3, and for
similar pro esses, on a on guration spa e that is a disjoint union of manifolds,
following deterministi traje tories interrupted by sto hasti jumps.

6 Deterministi Jumps and Boundaries in Con guration
Spa e
In this last se tion we des ribe another appli ation of minimal jump rates,
one that has not yet been dis ussed in the literature and that raises some
questions for further resear h. Suppose that the on guration spa e Q is a
Riemannian manifold with boundaries, or more generally the disjoint union
of (at most ountably many) Riemannian manifolds with boundaries. We write
Q =  Q [ QÆ where  Q denotes the boundary and QÆ the interior.
We develop below an analogue of Bohmian me hani s on Q, onsisting of
smooth motion interrupted by jumps from the boundary to the interior or
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vi e versa. The jumps from  Q to QÆ are deterministi and o ur whenever
the pro ess hits the boundary. The jumps from QÆ to  Q are sto hasti , and
their rates are fully determined by requiring that (i) the pro ess is Markovian
and equivariant, and (ii) the onstru tion is invariant under time reversal, in
that the pro esses asso iated with t resp.  t are reverse to ea h other, in
distribution. These rates are, in fa t, another instan e of minimal jump rates.
Con guration spa es with boundaries arise from QFT if a parti ular kind
of \ultraviolet uto " is applied, whi h an be regarded as orresponding to
smearing out the harge of an ele tron over a sphere rather than a ball. Here is
an example. Consider again ele trons and photons, with the ele trons xed at
lo ations given by the nite set   R3 , and suppose that photons annot get
loser than a xed (small) distan e Æ > 0 to an ele tron, as they get absorbed
when they rea h that distan e. Thus, the available on guration spa e is

Q=



q 2 6=(R3 ) : d(q; )  Æ ;

(18)

where d(q;  ) is the Eu lidean distan e of the nite sets q and  . The spa e Q
is a ountable disjoint union of Riemannian manifolds with boundary,

Q=

1
[
n=0

q 2 Q : #q = n :

Its interior is QÆ = fq 2 6= (R3 ) : d(q;  ) > Æ g, and its boundary  Q = fq 2
6= (R3 ) : d(q; ) = Æg.
For this or any other on guration spa e with boundaries, the law of motion
r
dQt
~
= vt (Qt ) = Im t  t (Qt )
(19)
dt
m
t t
on QÆ must be ompleted by spe ifying what should happen to the pro ess at
the time  when it rea hes the boundary. (No spe i ation is needed, however,
for what should happen when two photons ollide, as this has probability zero
ever to o ur.) The spe i ation we onsider here is a deterministi jump law

Q + = f (Q )
for a xed mapping f :  Q ! QÆ . In our example (18), the obvious hoi e of
f is
f (q) = fx 2 q : d(x; ) > Æg;
whi h means that all photons having rea hed the riti al distan e Æ to some

ele tron disappear.
Sin e we want the theory to be reversible, we must also allow for spontaneous jumps from interior points to boundary points. Sin e we want the
pro ess to be an equivariant Markov pro ess, the rate for a jump from q 0 2 QÆ
to a surfa e element dq   Q must be, as one an derive,
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n(q)  vt (q) j t (q)j2 +
0
t (dq; q ) =
 (dq; q0 );
j t (q0 )j2

(20)

where n(q ) is the inward unit normal ve tor to the boundary at q 2  Q, the
dot  denotes the Riemannian inner produ t, and  (dq; q 0 ) is the measurevalued fun tion de ned in terms of the Riemannian volume measure  on Q
and the Riemannian surfa e area measure  on  Q by

(B \ f 1 (dq0 ))
;
 (B; q0 ) =
(dq0 )

with B   Q, and the right-hand side denoting a Radon{Nikodym derivative
(the existen e of whi h we presuppose). The measure  (  ; q 0 ) is on entrated
on the subset f 1 (q 0 ) of the boundary for almost every q 0 . For a probability
distribution on Q having a density fun tion  with respe t to , one obtains
the following probability transport equation at q 0 2 QÆ :

t 0
(q ) =
t

r

Z


t vt (q0 ) t ( Q; q0 ) t (q0 ) +

h

Q

i

 (dq; q0 ) n(q)  vt (q) t (q) :

(21)
For equivarian e we need that (21), with j t j2 in pla e of t , has the stru ture
of the transport equation for j t j2 that follows from the S hrodinger equation
(3),
 j t (q0 )j2 2
(22)
= ~ Im t (q 0 ) (H t )(q 0 ):
t

This is not automati ally the ase, but it follows from (and therefore suggests)
the following boundary ondition relating t j Q to t jQÆ : for all q 2  Q,

n(q)  r t (q) = (q) t (f (q))

(23)

where (q ) is any omplex number.4 This ondition pres ribes the normal
derivative of the wavefun tion on the boundary. Some boundary ondition
would be needed anyway to de ne the evolution of the wavefun tion, i.e., to
sele t a self-adjoint extension of the Lapla ian; whether (23) a tually suÆ es
for this, we have to leave to future resear h. Note that (23) is a linear ondition
and thus de nes a subspa e of the Hilbert spa e L2 (Q). From (23) and (19),
2
one obtains equivarian e with respe t to the formal Hamiltonian H = 2~m +
HI , where
Z

Z

hjHI i = 2~m2 (dq0 )  (dq; q0 )  (q0 )  (q)
QZ
ZQ
2
+ 2~m

4

Q

(dq)

Q

(q )

 (dq0 ; q)  (q0 ) (q0 ) (q):

More generally, if takes values not in C but in a higherdimensional omplex
ve tor spa e, (q ) would be a C -linear mapping from the value spa e at f (q ) to
the value spa e at q .
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Furthermore, the jump rate (20) is indeed the minimal jump rate (8) asso iated with HI , thanks to (23).
Let us emphasize the following aspe ts. First, starting from the pi ture
of a pie ewise deterministi pro ess that jumps whenever it hits the boundary, we arrived with remarkable ease at the probability transport equation
(21) and thus at the boundary ondition (23). Se ond, we have derived what
the intera tion Hamiltonian HI is; on e the destination mapping f and the
orresponding oeÆ ients had been sele ted, there was no further freedom.
Third, it turned out that the minimal jump rate is the only possible jump
rate in this setting. Its very minimality plays a ru ial role: a jump to a
boundary point q at whi h the velo ity eld is pointing towards the boundary, n(q )  vt (q ) < 0, would not allow any ontinuation of the pro ess sin e
there is no traje tory starting from q . The problem is absent if the velo ity
at q is pointing away from the boundary, n(q )  vt (q ) > 0. (We are leaving out
the ase n(q )  vt (q ) = 0.) On the other hand, jumps from q to f (q ) annot
o ur when vt (q ) is pointing away from the boundary sin e in that ase there
is no traje tory arriving at q . Thus, the jumps must be su h that at ea h time
t, one of the transitions q ! f (q) or f (q) ! q is forbidden, and the de ision
is made by the sign of n(q )  vt (q ).
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