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Problem 1 For the CCR algebra
W(HW(g) = ex™VIW(f +g)

the usual Fock space is recovered as the GNS-representation (#,, §2) for

wr(W() = e 1.

a) Show that this is a regular representation, i.e. t — w(W (tf)) is continuous at ¢ = 0.

b) Define the operator ® on H via

V(= G| VN

for those 1 where the limit expsts, as well as

1 N
a(f) = E(Cb(f) +id(if)). (1)

Show that [a(f),a(g)*] = (g, f), and a(f)Q =0 for all f, g € h.

Problem 2 Let A C R? be a connected bounded open region of R?, 3 < d € N, and define
A ={z € RY|z/L € A} for any L > 0. Let hy, = —A be the self-adjoint Hamiltonian
with Derichlet boundary condition on dAj, i.e., the closure of the Laplacian on {f €
C>*(Ar) | fian, = 0}, where the boundary JAy, is assumed to be sufficiently smooth. Then
hr enjoys a purely discrete spectrum, and the asymptotic distribution of eigenvalues \;
enjoys the Weyl law,

lim A™%2N()\) = const.

A—00

Here, N(\) stands for the number of eigenvalues that do not exceed A, and the constant
depends on the volume of Ay;. For >0 and 0 < z < 1, define

—Bhr,
pL(Zaﬁ) ! T|: - :|

- |AzL| T 2o P

Assuming Ay < A9, p > 0, let 2z := ePiL be the unique solution to

ﬁ = pL('zvﬁ)



with py < hy. Employing the expansion

(e, B) = oy (21, B),
n=1

with s
(n) 1 < (n)| _2Le "t
oL D) = o | T e

v,

and Q/J(L”) being the n'® eigenfunction of hy, n =1,2...
a) Prove that for n > 1

L () _
Jimpp”(zr, 6) = 0.

b) Show that

Jim 2 ) (21, B) = const.,

where the constant is finite, and independent of p.

The solutions to these exercises will be discussed on Monday, 25.06.



