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Problem 1 Let (Ω,F , P ) be a probability space and C1, . . . , Cn be a partition of Ω,
define C as for Ex. 1 sheet 4. Assume that

∀i : P (Ci) > 0 (1)

holds. Consider a function

f : Ω→ R, (2)

that is measureable and satisfies
∫

Ω
|f |2dP <∞, define ϕ(ω) :=

∑n
i=1 1Ci

ϕi with
for each i ∈ {1, . . . , n}

ϕi :=

∫
Ci
|f |2(ω)dP (ω)

P (Ci)
. (3)

As always you are allowed to use results from previous exercises on the same or a different
sheet.

a) Check that
∫

Ω
|f |dP <∞ and

∫
Ω

fdP =
n∑

j=1

ϕjP (Ci) =

∫
Ω

ϕdP (4)

hold.

b) Show that for each C-measureable function g : Ω→ R∫
Ω

fgdP =

∫
Ω

ϕgdP (5)

holds.

c) Show that ϕ is the orthogonal projection of f onto L2(Ω, C, P ) with respect to 〈·, ·〉.



Problem 2 Let Ω := {−1, 1}Zd
and F be given by the product σ-algebra introduced in

the lecture. Consider the event A := {ω = (ωx)x∈Zd ∈ Ω | ∃x ∈ Zd : ωx = 1} that there is
at least one site with spin up.

a) Show that A is measureable.

b) Show that there is a sequence (fn)n∈N of local maps such that fn → 1A (indicator
function of the set A) pointwise.

c) Show that 1A is not quasi-local.

Problem 3 Let Ω = {−1, 1}Z and f be given by

f(ω) =

{
limn→∞

1
2n+1

∑n
k=−n ωk if the limit exists

0 else
. (6)

Prove or disprove whether f is quasilocal.
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