ELECTRODYNAMIC ABSORBER THEORY
A MATHEMATICAL STUDY







Doctoral Thesis

ELECTRODYNAMIC ABSORBER THEORY
A MATHEMATICAL STUDY

Dirk - André Deckert

Dissertation an der Fakultit fiir Mathematik, Informatik und Statistik der
Ludwig-Maximilians-Universitidt Miinchen
TheresienstraBe 39, 80333 Miinchen, Germany.

Submission: October 26, 2009
Rigorosum: January 7, 2010

Supervisor and First Reviewer:
Prof. Dr. Detlef Diirr
Mathematisches Institut der Ludwig-Maximilians-Universitidt Miinchen
Theresienstral3e 39, 80333 Miinchen, Germany.

Second Reviewer:
Prof. Dr. Herbert Spohn
Zentrum Mathematik, Technische Universitéit Miinchen
Boltzmannstr. 3, 85747 Garching, Germany.

External Reviewer:
Prof. Dr. Gernot Bauer
Fachbereich Elektrotechnik und Informatik der Fachhochschule Miinster
Bismarckstra3e 11, 48565 Steinfurt, Germany.






Abstract

This work treats mathematical questions which arise in classical and quantum electrodynamics
when describing the phenomena of radiation reaction and pair creation. It consists of two major
parts:

In the first part classical dynamics are studied which allow for radiation reaction: For classical,
non-rotating, rigid charges we give explicit representation formulas of strong solutions to the
Maxwell equations, prove global existence and uniqueness of strong solutions to the Maxwell-
Lorentz equations in a general setting in which we also allow for a class of infinite energy
solutions, negative masses of the charges, and for both cases, Maxwell-Lorentz equations of
motion with self-interaction (ML+SI) and without (ML-SI). We prove that possible solutions to
the Wheeler-Feynman equations with bounded accelerations and momenta are also solutions to
the ML-SI equations. This gives rise to a unique characterization of Wheeler-Feynman solutions
by position, momenta and their Wheeler-Feynman fields at one instant of time. Moreover, we
give a reformulation of Wheeler-Feynman electrodynamics for rigid and non-rotating charges
in terms of an initial value problem for Newtonian Cauchy data. With it we prove existence
of Wheeler-Feynman solutions on finite time intervals corresponding to the Newtonian Cauchy
data. We discuss how this method could yield global existence of solution to the Wheeler-
Feynman equations.

In the second part quantum dynamics are studied for systems of an infinite number of Dirac
electrons which interact only with a prescribed external field that allows for pair creation: We
construct the time-evolution for the second quantized Dirac equation subject to a smooth and
compactly supported, time-dependent electrodynamic four-vector field. Earlier works on this
(Ruijsenaars) observed the Shale-Stinespring condition and showed that the one-particle time-
evolution can be lifted to Fock space if and only if the external field has zero magnetic compo-
nents. The basic obstacle in the construction is that there is neither a distinguished Dirac sea, i.e.
Fock space vacuum, nor a distinguished polarization. Therefore, the key idea (suggested already
by Fierz and Scharf) is to implement this time-evolution between time-varying Fock spaces. We
show that this implementation is unique up to a phase. All induced transition amplitudes are
unique and finite.

In a last part we give a brief outlook on our perspective of a divergence free, electrodynamical
theory for point-like charges which accounts for both phenomena, radiation reaction as well as
pair creation. It is based on the idea that the Dirac sea represents the absorber medium proposed
by Wheeler and Feynman. The presented mathematical results can be considered as first steps
towards it.

Keywords: Absorber Electrodynamics, Radiation Reaction, Pair Creation, Wheeler-Feynman
Solutions, Maxwell Solutions, Liénard-Wiechert Fields, Maxwell-Lorentz Solutions, Functional
Differential Equations, Infinite Wedge Spaces, Second-Quantized Dirac Time-Evolution, Quan-
tum Electrodynamics, Quantum Wheeler-Feynman Interaction



Zusammenfassung (Translation of the Abstract)

Diese Arbeit behandelt mathematische Fragen, die im Zusammenhang mit der Strahlungsriick-
wirkung und der Paarerzeugung in der klassischen Feldtheorie sowie in der Quantenfeldtheorie
stehen. Sie besteht aus zwei Hauptteilen:

Im ersten Teil werden klassische Dynamiken studiert, die es ermdglichen den Effekt der Strah-
lungsriickwirkung zu beschreiben: Fiir klassische, nicht-rotierende, starre Korper geben wir ex-
plizite Darstellungsformeln fiir starke Losungen der Maxwell Gleichungen an und beweisen die
globale Existenz und Eindeutigkeit von starken Losungen der Maxwell-Lorentz Gleichungen
in einem allgemeinen Rahmen. Dieser erlaubt es eine Klasse von Losungen unendlicher Ener-
gien, negativen Massen der Ladungen, sowie beide Fille, Maxwell-Lorentz Gleichungen mit
Selbstwechselwirkung (ML+SI) und ohne (ML-SI) zu behandeln. Wir beweisen weiter, dass
mogliche Wheeler-Feynman Losungen mit beschrinkten Beschleunigungen und Impulsen auch
Losungen der ML-SI Gleichungen darstellen. Dies ermoglicht eine eindeutige Charakterisierung
der Wheeler-Feynman Lésungen anhand von Ort, Impuls, und ihrer Wheeler-Feynman Felder
zu einem bestimmten Zeitpunkt. Zudem geben wir eine Umformulierung der Wheeler-Feynman
Elektrodynamik fiir starre und nicht-rotierende Ladungen in ein Anfangswertproblem fiir New-
tonsche Cauchy Daten an und beweisen damit die Existenz von Wheeler-Feynman Losungen
auf endlichen Zeitintervallen entsprechend Newtonscher Cauchy Daten. Wir diskutieren wie mit
Hilfe dieser Vorgehensweise die globale Existenz von Losungen zu den Wheeler-Feynman Glei-
chungen gezeigt werden konnte.

Im zweiten Teil studieren wir Quantendynamiken fiir Systeme mit unendlich vielen Dirac Elek-
tronen, die nur mit einem vorgeschriebenen duBeren Feld wechselwirken, welches Paarerzeu-
gung ermoglicht: Wir konstruieren die Zeitentwicklung fiir die zweitquantisierte Dirac Glei-
chung in Abhingigkeit von einem glatten und kompakten, zeitabhiingigen, elektrodynamischen
Viervektorfeld. In friiheren Arbeiten auf diesem Gebiet (Ruijsenaars) wurde die Shale-
Stinespring Bedingung beriicksichtigt, und es wurde gezeigt, dass die Einteilchenzeitentwick-
lung genau dann auf den Fock Raum gehoben werden kann, wenn die magnetischen Kompo-
nenten des duleren Feldes null sind. Das wesentliche Hindernis bei dieser Konstruktion ist, dass
es weder einen ausgezeichneten Dirac See, d.h. Fock Raum Vakuum, noch eine ausgezeichnete
Polarisation gibt. Aus diesem Grund ist die Schliisselidee (wie bereits von Fierz und Scharf vor-
geschlagen), diese Zeitentwicklung zwischen zeitlich variierenden Fock Rdumen umzusetzen.
Wir zeigen, dass diese Umsetzung bis auf eine Phase eindeutig ist. Alle sich dadurch ergeben-
den Ubergangsraten sind eindeutig und endlich.

In einem letzten Teil geben wir aus unserem Blickwinkel einen kurzen Ausblick auf eine diver-
genzfreie, elektrodynamische Theorie iiber Punktladungen, welche beide Phinomene, sowohl
Strahlungsriickwirkung als auch Paarerzeugung beschreibt. Sie basiert auf der Idee, dass der Di-
rac See das von Wheeler und Feynman eingefiihrte Absorbermedium darstellt. Die prisentierten
mathematischen Resultate konnten als erste Schritte in diese Richtung angesehen werden.
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Style of Writing

Although this doctoral thesis is written by only one author, the chosen form of writing employs
the use of first person plural throughout the work for two reasons: First, research is never done by
a single person alone. In this sense phrases like “we conclude” are used to recall all people who
contributed to a “conclusion” in one way or another. Second, for an interested reader phrases
like “we prove” are also meant in the sense that the author and the reader go through a “prooft™
together to check if it is correct.
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Chapter 1

Preface

1.1 Interaction between Light and Matter

Although the interaction between light and matter determines most of our daily experience (the
other bigger part being due to gravitation), a detailed mathematical study of this natural phe-
nomena had to wait until James C. Maxwell published his Maxwell equations in the Royal
Society in 1864 and Hendrik A. Lorentz formulated his Lorentz force law 28 years later. In
their equations the electric field E and the magnetic field B are used to represent the physical
entity, which we call light, while the part of matter that may interact with light is modeled by the
charge source density p and the charge current density j. Maxwell’s equations are supposed to
describe the static as well as the time-dependent interaction of the electric and magnetic fields
with prescribed charge sources and charge currents while, in turn, the Lorentz force law rules
the classical motion of charges which are subject to prescribed electric and magnetic fields. One
of the great innovations of Maxwell’s equations was the description of radiation which was later
verified by Heinrich R. Hertz in 1888. With its help Nikola Tesla invented a radio device capa-
ble of wireless communication in 1894, and two years later Alexander S. Popov made the use
of radiation part of everyday life in form of the radio receiver at the All-Russia exhibition. The
interplay of mathematics and physics along the works of Lorentz, Hermann Minkowski, Albert
Einstein and many others in the late 19th and early 20th century led to the unification of the
electric and magnetic forces into one, the electromagnetic force. This development reduced the
initially more than 20 equations to two and gave a further insight into the symmetries and the
structure of space-time. The electric field E and the magnetic field B were no longer regarded as
separate entities but as one, namely the electromagnetic field F. Also in the early 20th century,
based on the work of Paul A. M. Dirac, Vladimir A. Fock, Werner K. Heisenberg and Wolfgang
E. Pauli, an embedding into quantum mechanics was accomplished which initiated the field of
quantum electrodynamics. Quantum electrodynamics was the prototype of modern field theory
that gave rise to the Standard Model which is supposed to describe the elementary properties of
matter and their interaction mediated by its gauge fields among which light, the photon field, is
one of them. Abdus Salam, Sheldon L. Glashow and Steven Weinberg succeeded in the further
unification of the weak and the electromagnetic interaction into the electroweak interaction. This
again initiated the dream of a grand unification of all elementary interactions (the electroweak,
the strong and the gravitational) into one theory.

Despite the undoubtedly enormous successes of classical and quantum field theory in the de-
scription of the interaction between light and matter, it turned out that there were two phenom-
ena whose mathematical description approved to be problematic and does not yet stand on solid
mathematical grounds: radiation reaction, the deceleration of radiating charges, and pair cre-
ation, the process of creation of a particle-antiparticle pair induced by an electromagnetic field:
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Radiation Reaction. Early on Max Abraham and Lorentz himself tried to include the effect
of radiation reaction into an electrodynamic theory by coupling the Maxwell equations to the
Lorentz force law. This way the Maxwell equations govern the time-evolution and the emission
and absorption of the electromagnetic field F' by the charge source and current density (o,j)
generated by charged matter, while simultaneously, the Lorentz force law rules the motion of
the charged matter under the influence of the same field F. In these models whenever charged
matter is accelerated, an electromagnetic field (e.g. like the electrons in a radio antenna) will
be emitted. However, these just emitted field reacts back on its source to decelerate it such that
the emitting charge has to pay for the radiated energy by loss of its own kinetic energy; hence
the name radiation reaction or radiation damping. Unfortunately, these models work only for
extended charges and fail for point-like charges. At first sight the reason for this is only mathe-
matical. The field strength at position x of the electromagnetic field induced by a point charge
behaves roughly like one over the square of the distance between the position of the charge and
the point x, giving infinity (i.e. undefined) if x equals the position of the point charge. But right
there the Lorentz force needs to evaluate the field strength of F' to compute the back reaction on
the charge. So for point charges the coupled Maxwell and Lorentz equations, however physi-
cally reasonable, make mathematically no sense. Nevertheless, from a physical point of view,
as for example discussed in [Fre25] and [Dir38], it would be very desirable to have an electro-
dynamic theory for point charges for the following reasons: First, the electrons which should be
described by such an electrodynamic theory are considered to be elementary particles having no
further structure. Even if in the future we might learn that electrons too have an inner structure,
at least on a classical scale, any electrodynamic theory should be robust enough to survive the
limit from extended charges to point charges (the classical electron radius lives on a length scale
of 107m!). Second, rigid extended charges, even if correctly Lorentz-boosted, are incompati-
ble with special relativity [Nod64]. And third, the shape of the charge distribution introduces an
unwanted arbitrariness into the theory of electrodynamics. Therefore, numerous attempts have
been made to reformulate the electrodynamic theory for point charges in order to obtain a math-
ematically well-defined theory. Examples are Dirac’s mass renormalization program [Dir38],
the Born-Infeld theory [BI34] and Wheeler-Feynman electrodynamics [WF45, WF49]. Dirac
suggested to keep the Maxwell equations but to replace the Lorentz force law by the so-called
Lorentz-Dirac equation which is motivated by a mass renormalization recipe. This approach is
plagued by the fact that the Lorentz-Dirac equation allows for unphysical (dynamically unstable,
so-called run-away) solutions which arise as an artefact from Dirac’s renormalization program
[Dir38, Roh94, Spo04] in which the masses of the charges acquire a negative sign [BDO1].
Concerning the second approach, Born and Infeld proposed to keep the Lorentz force law but to
replace the Maxwell equations by a nonlinear variant. The role of the nonlinearity is to smoothen
out the aforementioned singularities of the electromagnetic fields on the trajectories of the point
charges. Though the regularity of the electrodynamic fields suffices to yield finite self-energies
and even to formulate a Hamilton-Jacobi theory, it is insufficient to render the Lorentz force law
well-defined [Kie04]. In contrast to these two attempts, which in some sense present ad hoc
cures of the ill-defined system of Maxwell-Lorentz equations and which are plagued by new
difficulties, Wheeler-Feynman electrodynamics (WFED) presents a conceptually new formula-
tion of electrodynamics. It is based on an old and well-known idea of the action-at-a-distance
(free of electromagnetic fields) which is by definition free of divergences and fully compatible
with special relativity. The action-at-a-distance idea actually goes back to Carl F. Gaufl [Gau45],
Karl Schwarzschild [Sch03], Hugo M. Tetrode [Tet22] and Adriaan D. Fokker [Fok29]. In the
case of prescribed charge trajectories the equations of motion of another charge in WFED turns
into the Lorentz force law. Furthermore, one can show for large many particle systems that
their trajectories are also solutions to the aforementioned Lorentz-Dirac equation if they fulfill
a certain thermodynamical condition, the so-called absorber assumption. This is important as,
according to the present state of knowledge, some so-called physical solutions to the Lorentz-
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Dirac equation (the ones which do not exponentially fast approach speed of light) are believed
to correctly account for classical radiation reaction — although somehow surprisingly it has not
been thoroughly tested in experiments yet [SpoO4]. It must be stressed that as in WFED the
Lorentz-Dirac equation is only fulfilled effectively whenever the absorber assumption holds, the
charge trajectories always obey the Wheeler-Feynman equations. This way unphysical solutions
are unexpected in WFED as no renormalization procedure is involved and in particular as the
masses of the charges stay untouched. The price for these advantages is a mathematically more
difficult equation of motion which includes state-dependent advanced and delayed arguments
and lacks a physically satisfactory existence and uniqueness theory.

Pair Creation. In the early 20th century it was soon realized that the Dirac equation which
governs the quantum mechanical motion of electrons gives rise to a major problem. It allows
for electrons with positive and negative kinetic energy, and, even worse, transitions from the
positive to the negative part of the energy spectrum and vice versa. This aggravates the interpre-
tation of its solutions as wave functions describing electrons problematic. So either the Dirac
equation was not completely correct or one had to find an explanation why we do not see elec-
trons with negative kinetic energy. Dirac himself proposed a solution in 1930 [Dir30] which
was later republished in [Dir34]. He assumed that all negative energy states for which the Dirac
equation allows are occupied by electrons which make up the Dirac sea. Then the Pauli exclu-
sion principle would prevent a positive energy state to make a transition to a negative one since
they are all filled. The Dirac sea, however, cannot be observed due to its homogeneity. Only a
departure from this homogeneity, for example, in form of a transition of a Dirac sea electron to
the positive kinetic energy under the influence of a nearby nuclei should be observable. Each
of such transitions would leave a hole in the Dirac sea, which then effectively behaves like an
electron but with opposite charge. The electron with positive kinetic energy together with the
hole are then called an electron-positron pair. The reunion of the hole and the electron is re-
ferred to as pair annihilation. Three years later Carl D. Anderson verified Dirac’s predictions
experimentally [And33]. However, though powerful, the description of pair creation with the
help of the Dirac sea comes at the cost of having to deal with an infinitely many particle system
in which quantities such as the charge current diverge and, apart from the scattering theory, the
time-evolution of the Dirac sea on a fixed Fock space was only constructed for external fields
with zero magnetic components [SS65, Rui77].

As it stands, though there exist physical recipes (renormalization programs of all kinds) that
yield predictions which are in great agreement with the according experiments, a mathematically
sound and physically satisfactory description of radiation reaction and pair creation has not been
established yet.

1.2 Scope of this Work

This brings us to the mathematical contributions of this work which are guided by the following
two objectives:

1. Existence and Uniqueness results for classical dynamics which are capable of describing
radiation reaction.

2. Existence and Uniqueness results for quantum dynamics which are capable of describing
pair creation.

The reason why we study the first objective classically is the following: In simple toy models
of quantum electrodynamics like the Nelson model it is not difficult to see that the ultraviolet
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divergences (the mentioned singularities of the electrodynamic field) are inherited from classi-
cal field theory [Dec0O4]. Therefore, we believe that it is necessary that one first understands
radiation reaction classically before considering its quantum analogue — especially as quantum
theory did not provide any mechanism that could possibly cure the problem, which has been
wishful thinking for a long time (in fact, quantum theory brought along an additional problem,
the so-called infrared divergence).

The first objective is content of Part I,7. After an introduction into the classical description of
radiation reaction in Chapter 2,7, the following two chapters give an existence and uniqueness
result for global solutions to the Maxwell-Lorentz equations with and without self-interaction,
cf. Chapter 3p.15, means to speak about Wheeler-Feynman solutions in terms of initial values of
the Maxwell-Lorentz equations without self-interaction and an existence result for solutions to
the Wheeler-Feynman equations on finite time intervals, cf. Chapter 4p.4s.

The second objective is treated in Part II,.10s where we construct a time-evolution for systems
with an infinite number of Dirac electrons subject to a classical external field and identify the
degree of freedom in the construction.

Besides the relevance of the presented mathematical results in contemporary classical and quan-
tum field theory we regard them also as first steps towards a different electrodynamic theory
which is content of Part IIl,.1s0 of this work. There we conclude with a brief outlook and dis-
cussion of an informal and yet not quite complete proposal for a divergence free electrodynamic
theory for point-like charges, the so-called electrodynamic absorber theory, in which the Dirac
sea represents the absorber medium proposed by Wheeler and Feynman so that radiation reaction
as well as pair creation emanate from one and the same physical origin.

The mathematics in the first two parts are self-contained and can be read independently while
the physical content will converge towards the end of this work. The third and last part contains
solely physics only on an informal but conceptual level. A summary of the used notation can be
found at the end.
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Radiation Reaction






Chapter 2

Complete Absorption and Radiation
Reaction

The purpose of this chapter is to put the later presented mathematical results of this part in per-
spective to their application in classical electrodynamics. Classical electrodynamics is usually
seen [Jac98, Roh94] as a theory about the interaction between light and charged matter. Light
is represented in the theory as the electrodynamic field which is an antisymmetric second-rank
tensor F on 3 + 1 dimensional Minkowski space M := (R X R3, g) for which we use the metric
tensor g = diag(1,-1,—-1,—1), while charged matter is represented by the four-vector current
density j on M. For prescribed j the time-evolution of the electrodynamic field F is ruled by the
Maxwell equations

Ay, F* (x) = —4n j*(x) and FFP(x) + 0“FP (x) + PF(x) = 0.

Throughout this exposition we use Einstein’s summation convention for Greek indices, i.e.
Xy, = ZZ’VZO xMgt"y” and physical units such that the speed of light is ¢ = 1. As addressed
in the preface, Maxwell’s equations give rise to a description of electro- and magneto-statics as
well as radiation.

Moreover, given an electromagnetic field F the motion of N point-like charges, which are rep-
resented by R-parameterized world lines 7 +— zﬁ‘ (t) for labels 1 < i < N in Minkowski space M,
obey the Lorentz force law

miZ (1) = eiF* (2(1)) 2iy(7)

where m; # 0 denotes the mass and e; is a coupling constant (their charge). The overset dot
denotes a differentiation with respect to the parametrization 7 of the world line. In other words,
the Lorentz force describes the motion of test charges in an external field.

While for great many physical applications it suffices to consider only either the Lorentz force
law for a given electrodynamical field or vice versa the Maxwell equations for a given four-vector
charge current density only, radiation reaction can only be described by a fully interacting system
of charges and fields. The first approach to include radiation reaction in the Maxwell-Lorentz
equations is usually done in the following way. One defines the four-vector current density ]f as
induced by the world line of the ith given by

P = e f i -2 = f dr 206 (x - 7(7)).
Zi R

The integral over dz’; denotes the integral over the world line of the ith charge and 6* denotes
the four-dimensional Dirac delta distribution. Due to the linearity of the Maxwell equations we

Maxwell
equations

Lorentz force
law

Four-vector
current density
induce by ith
charge trajectory



ML+SI
equations

Liénard-
Wiechert
potentials

may split up the electromagnetic F' into a sum of fields F;, each induced by the ith four-vector
current density, so that the coupled equations, usually called the Maxwell-Lorentz equations
with self-interaction (ML+SI equations), read

Oy F™ (x) = —4n (%) and FFPx) + 9 F (x) + PF(0) = 0 2.1
together with
N
mz(0) = e )| P (2(0)) 2i(7) (2.2)
j=1

for indices 1 < i < N. At first sight it seems appealing that the j = { summand in the Lorentz
force law lets the ith field, which is induced by the ith charge, react back on it. When looking
informally at the constants of motion of this system of N charges and fields, it appears that
whenever a charge accelerates, the energy put into the radiation fields has to be paid for by loss
of kinetic energy of the charge. However, at second sight one realizes a serious problem. For its
discussion we need the explicit form of solutions to the Maxwell equations (2.1) for prescribed
four-vector current densities j;. It is convenient to write a field F as

F* = 9HAY — 9" AF (2.3)

for some four-vector field A on Minkowski space. The existing freedom in the choice of A can be
restricted further to fulfill the gauge condition 6,A* = 0. Then the left-hand side of the Maxwell
equations can be written as

0A¥ = —4n ) (24)

where O = 0,0" denotes the d’Alembert operator. Let us denote the advanced, respectively,
retarded Green’s function by A*(x) whereas “+” stands for advanced, respectively, “—" stands
for retarded. These Green’s functions are uniquely determined by the condition A*(x) = 0 for
+x° > 0. With the help of these Green’s functions one finds two special solutions to the Maxwell
equations

= [ dyse-nfo=a [ dyseey [ do-m @)
M M Zi
the so-called Liénard-Wiechert potentials. Written more explicitly they read

12 (x0)

(x = zi(7i. (X)) 2} (7i+(x))

A’Zi(x) =¢; (2.6)

for world line parameters 7; . which are implicitly defined through
D@ (1) = 1 + e = zi(ri ()| and (1) = x° = |lx — zi(zi— ()

where we use the notation x = (x°,x) for a space-time point in Minkowski space, x° being the
time and x the space component with Euclidian norm || - ||. By linearity of the wave equation
(2.4) any solution A; is of the form

1
Ho_ AH u H
A= A+ (AL A7) 2.7)
where A; fulfills the free wave equation DAf.‘ o = 0. Hence, by the form of the equations (2.6)
the electromagnetic A; which is induced by the ith charge trajectory is singular on this trajectory.
Translating the potentials A; back into fields F; by (2.3) while keeping the appropriate indices
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therefore yields that also F; is singular on the ith charge trajectory. But exactly there the Lorentz
force law (2.2) needs to evaluate them in order to compute the back reaction on the charge. In
other words, the coupled set of equations, i.e. the Maxwell equations (2.1) together with the
Lorentz force law (2.2) are ill-defined and there is no way to make sense of of the Maxwell-
Lorentz equations for point-like charges.

This fact compels us to consider a different formulation of electrodynamics which is based on the
absorber idea of Wheeler and Feynman and wich we shall call electrodynamic absorber theory:

The electrodynamic absorber theory is a theory about the motion of N charges and their N
electrodynamic fields which obey the Maxwell equations (2.15:)

Oy F (x) = —4n ! (x) and FFP(x) + 8 F (x) + PF(x) = 0 2.1)
together with a different Lorentz force law
. M .
m#m—agﬁ;mmnMn (2.8)
J#I

We shall refer to these equations as Maxwell-Lorentz equations without self-interaction which
we abbreviate with: ML-SI equations. Before we go on let us capture four important points:

1. As long as charge trajectories do not cross, there is no reason to expect ill-defined equa-
tions of motion as the self-interaction summand j = i is explicitly excluded in the Lorentz
force law.

2. The equations are relativistically invariant and the charges are mathematically treated as
point particles.

3. With prescribed fields the world lines of the charges obeying the ML-SI equations agree
with the ones of usual electrodynamics.

4. With prescribed charge current densities the fields obeying the ML-SI equations agree
with the one of usual electrodynamics.

Now, since self-interaction was explicitly excluded the question is how this theory is capable
of describing radiation reaction? The answer is: By special initial conditions which we shall
describe now. Supposing the total number of charges N is very large and they are distributed in a
sufficiently homogeneous way, then it is conceivable that for a test charge at space-time point x in
some distance to all of the N particles the net force acting on it is only due to the free fields F; g,
cf. (2.7ps). We shall refer to such a homogeneous sea of N charges as the absorber or absorber
medium and whenever we say outside of the absorber we mean in the space-time region that is
in a sufficient spatial distance to all the charges of the absorber medium. In mathematical terms
according to the Lorentz force (2.8), the condition of a test charge at x outside of the absorber
being subject to free fields only reads

N N
DR~ ) Fio) (2.9)
i=1 i=1

which in analogy to Wheeler-Feynman electrodynamics we shall call the complete absorption
assumption or simply absorber assumption. Here, “~” should remind us that equality holds
only in a thermodynamic limit N — oo and in sufficient distance to the absorber. However, in
the following we will for simplicity just replace the “~” by an “=". By (2.7,s) this equation turns

into

N N
Z (F,"+ + F,"_) =0 ie. Z (Ai’+ + Ai,_) =0
i=1 i=1

ML-SI equations

Radiation
reaction

Absorber
assumption
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Effective Lorentz
force under
complete
absorption

No “unphysical”
run-away
solutions

which is an equation that has been studied by Wheeler and Feynman in [WF45, Equation (37)].
They argued that since Zfi | Fi+» respectively Zf\i | Fi—, represents a converging, respectively
outgoing, wave at large distances to the absorber which cannot interfere destructively for all
times. Therefore, outside of the absorber it must hold that Zﬁ\; 1Air =0 = Zfi 1 Ai— and, hence
also that

M=

(Ai- - Ai) = 0. (2.10)
i=1

This expression is a solution to the free wave equation as O(A; - —A; +) = 0 by (2.4,s). Therefore,
we may finally conclude that (2.10) holds everywhere. Translating this result back in terms of
fields (2.9y.9) implies

(Fi-—Fi+)=0 (2.11)

M=

i=1

everywhere in Minkowski space. We can now use this condition together with the Lorentz force
(2.8p9) to derive the effective Lorentz force on the ith charge in the absorber

uv
. 1 .
migl (@) = e; ) @) = ei| ) Fio+ Y Fit 5 (Fio = Fin)| @i(0) &),
JFE J#i J#i
(2.12)

Thus, according to the three terms on the right-hand side, the ith particle effectively feels a
Lorentz force due to the free fields of all other charges, the retarded fields of all other charges
and a third term which turns out to be the same that Dirac made responsible for radiation reaction
in [Dir38]. He computed its value to be

1 2 5

5 (F2 = FY) @) = 56 (2103 (@) - 2 () (2.13)
which by involving the third derivative displays its dissipative behavior from which the name
radiation damping comes from. Another remarkable feature of the ML-SI equations is that in
contrast to any other theories describing radiation damping, the ML-SI equations still allow for
bound states (the Schild solutions [Sch63]). Let us capture the discussed features:

1. An accelerating charge effectively feels a damping due to the sum of the advanced fields
of the other absorber charges acting on it.

2. No renormalization program like in [Dir38] was used to derive the radiation damping term
so that model parameters like the mass stay unchanged.

3. The description of radiation damping with the ML-SI equations does not rule out bound
states.

Before we continue we need to make three remarks with regard to the effective Lorentz force
(2.12):

First, if the complete absorption assumption (2.9,.) holds, then any solution to the Lorentz force
equation (2.8,9) is also a solution to the effective Lorentz force equation (2.12). However, since
by equation (2.13) the effective Lorentz force involves three derivatives with respect to the world
line parametrization 7 it naturally allows for more solutions than the Lorentz force (2.8,9) which
involves only two such derivatives. Therefore, not every solution to the effective Lorentz force
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equation can be considered as being physical, simply because they do not necessarily obey the
fundamental equation (2.8.9) of the theory. It is expected that such unphysical solutions are, for
example, the so-called run-away solutions which were already studied by Dirac in [Dir38] as
they are due to the fact that the negative bare masses which are needed for the renormalization
procedure lead to dynamical instability as argued in [BDO1].

Second, we observe that both terms ) i Fjoas well as % (F;- — F;) are free fields which raises
the question if they could (at least partially) cancel each other for all times so that radiation
damping cannot be observed. Though one might be able to find initial conditions to the ML-SI
equations such that this is the case (which is not trivial as a change of F; o implies a change of all
world lines which in turn implies a change of % (F;- — F;4)), for general initial conditions this
seems to be a rather improbable conspiracy. In case of doubt, the term 3’ ;; F';o can be measured
in the vicinity of a world line of a charge by a precise measurement of the curvature of the world
line of the ith charge as one can create situations in which a charge with constant velocity feels
no force (e.g. in a Faraday cage or Millikan experiment) such that we may set

Z(Fj,() +Fj,_) ~ 0.

J#i

If the charge is then accelerated, for example by gravitation, one would have direct access to
measure the damping term % (Fi- — F;+). There are of course more sophisticated ways to mea-
sure this term [Spo04, Chapter 9.3]. However, it has to be noted that until today no quantitative
measurement of the radiation damping term has been conducted. Only qualitative measurements
via the energy loss predicted by Lamor’s formula have been experimentally verified.

Third, the effective Lorentz force is still time-symmetric because from (2.11,.10) it also follows
that

y 1 .
miZ (@) = e ) F G0 = ei| ) Fig + 3 Fi + 5 (Fi = FI2) | @) ().
Jj#i Jj#i J#i
This is not surprising because both the ML-SI equations as well as the absorber assumption

are completely time-symmetric. The irreversible phenomena of radiation must therefore be at-
tributed to special initial conditions as it is always the case in statistical mechanics.

To continue the discussion we finally note that the Lorentz force (2.8,.9) can informally be derived
by variation principle for a given external field. The construction of the action principle is as
follows. Let A;o(x)|0-¢ be given at time 1% = 0. Then compute with this initial value the
corresponding unique solution to the free wave equation DA’Z 0(x) = 0. The world line of the N

charges then obey the principle of minimal action for the action integral

N N N
1
Slzi,---h2nl = _Zmif \Jddidziy, - 5 Zeifdzi,p Zejf dz; 6((zi = zj)ulzi — 2j¥")+
i=1 % i=1 < Zj

J#
N N
-Dley f dzi A (@)
=1 j#i V&
Minimization with respect to the world lines z1, .. ., z, yields
1
TAGENSY (F% +o [P+ F*j{v_]) @(1)2iy(7) (2.14)

J#i

where we used (2.3ps5) and the Liéard-Wiechert potentials (2.6p5). By construction, the world
lines zj,...,zy obeying this equation are a solution to the ML-SI equations, i.e. the Lorentz

Action principle
for ML-SI
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Wheeler-
Feynman
equations of
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force (2.8p9) and the Maxwell equations (2.1,s), for any initial conditions such that the initial
fields are given by

1
Fi(x)| 0_y = |Fio + 3 (Fi+ + Fi,+)] (x)

x0=0
where we have used (2.3,s) again.

This formulation suggests to look at an important special case of the solution to the ML-SI
equations: Consider initial conditions such that

Fio(x)] 09 = O for some time x° = 0. (2.15)

Because Fi is a free field it follows that it must be zero for all times. Hence, the Lorentz force
(2.14,.11) simplifies to

M) = ez [Fis + Fi 1" @) 20 (2.16)

which is the well-known equation of motion of Wheeler-Feynman electrodynamics. Note that
since the fields F; . are functionals of the world line z; as defined in (2.6ps), the fields are no
dynamical degrees of freedom anymore. In the special case of initial conditions (2.15) we wind
up with a theory only about world lines of charges. Hence, on the one hand, as we have al-
ready begun, the ML-SI equations can be regarded as the fundamental equations of a theory
about charges and fields which includes Wheeler-Feynman electrodynamics, a theory only about
charges, as a special case (provided that initial conditions (2.15) exist). On the other hand, one
could regard Wheeler-Feynman electrodynamics as the fundamental theory because it is only
about charges and therefore certainly more minimal and maybe more appealing. The reason
why we started with the ML-SI equations instead of the Wheeler-Feynman equations is that
the Wheeler-Feynman equations are more subtle than they look and it is not clear at all what a
corresponding existence and uniqueness theory of solutions would look like (furthermore, ac-
cording to the above reasoning everything we say for the ML-SI equations holds also for the
Wheeler-Feynman equations). Since the fields on the right-hand side (2.16) are functionals of
the charge trajectories as defined in (2.6,s), the Wheeler-Feynman equations form a coupled set
of differential equations with state-dependent delayed and advanced arguments. This type of
equation cannot be treated with conventional mathematical tools from the theory of nonlinear
partial differential equations and has been sparsely studied in the literature. While some special
solutions to the Wheeler-Feynman equations of motions were found [Sch63], general existence
of solutions to these equations has only been settled in the case of restricted motion of two equal
charges on a straight line in R? [Bau97]. An even greater, outstanding problem is the question
how the solutions can be uniquely characterized, and above all if it is possible to pose a well-
defined initial value problem for Wheeler-Feynman electrodynamics by specifying Newtonian
Cauchy data, i.e. position and momenta of the charges at time zero.

We summarize the last facts:

1. Inthe electrodynamic absorber theory, radiation reaction is a statistical mechanical, multi-
particle phenomena.

2. When the complete absorption assumption holds the radiation reaction on ith charge due
to the (V — 1) other charges is completely determined by the motion of the ith charge.

3. ML-SI can be formulated via a variational problem and includes Wheeler-Feynman elec-
trodynamics as a special case.
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The physical reasoning so far gave rise to two promising ways to account for radiation reaction,
via the ML-SI equations or via the Wheeler-Feynman equations. Here starts our mathemat-
ical work: In Chapter 3,15 we discuss the issue of existence and uniqueness of solutions to
the Maxwell-Lorentz equations. This will also provide a characterization of possible Wheeler-
Feynman solutions and a way to reformulate the question of the existence of Wheeler-Feynman
solutions for Newtonian Cauchy data. Both topics are content of Chapter 4,4 where we also
show existence of solutions to the Wheeler-Feynman solutions on finite time intervals for New-
tonian Cauchy data. However, in order to circumvent the issue of crossing trajectories we treat
only the Maxwell-Lorentz and Wheeler-Feynman equations for classical, rigid, non-rotating
charge densities instead of point-like charges, even though this clashes with our reasoning that
a physical theory should be about point-like charges argued in the preface. The limit to point-
like charges remains open but note that in contrast to the Maxwell-Lorentz equations with self-
interaction, the ML-SI as well as the Wheeler-Feynman equations bare no mathematical obsta-
cles for such a limit; e.g. two charges of equal sign surely do not lead to a crossing of trajecto-
ries — even with charges of opposite sign a crossing of the trajectories is prohibited for almost
all initial conditions by angular momentum conservation. In other words, the limit to point-like
sources in the case of ML-SI and Wheeler-Feynman equations is then only mathematical work
but does not require any further physical input like Dirac’s renormalization program. In partic-
ular, we expect that besides a change of the used norms the presented proofs will conceptually
not change much for point-like sources.

Overview of the
mathematical
results
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Chapter 3

Maxwell-Lorentz equations of Motion

3.1 Chapter Overview and Results

This chapter treats the initial value problem of the so-called Maxwell-Lorentz equations for
rigid charges. These equations are essentially the equations (2.1ps) and (2.2,s) discussed in
the preceding chapter with the difference that the charges are smeared out by some smooth
and compactly supported functions on R?. These equations then describe a system of N € N
classical, non-rotating, rigid charges interacting with their electromagnetic fields. Using non-
relativistic notation in a special reference frame (cf. Section 5.1,95) they are formed by coupling
the Lorentz force law:

op;
0qiy =vp;,) = ; S >
m;+pi,
v (3.1)
atpi,t = Z €ij fd3x oi(x — qi,z) [Ej,t(x) +Vir A Bj,t(x)] s
j=1
to the Maxwell equations:
OEi; =V ABi;—4mv(p; Joi(- — q,,) V-E;; =4noi(- — q,;) (3.2)
0:Bi; = -V ANE;, V-B;,=0. '

The equations on the right-hand side are commonly called the Maxwell constraints. We denote
the partial derivative with respect to time ¢ by 9,, the divergence by V- and the curl by VA.
Vectors in R are written as bold letters, e.g. x € R?. At time ¢ the ith charge for 1 < i < N
is situated at position g; , in space R? and has momentum Di: € R3. It carries the classical mass
m; € R\ {0}). The geometry of the rigid charge is given in terms of a charge distribution (i.e.
form factor) o; which is assumed to be an infinitely often differentiable function R — R with
compact support. The factors o; := sign(m;) are introduced to allow also for negative masses,
while the matrix coefficients e;; € R for 1 < i, j < N allow to adjust the action of the jth field
on the ith particle. Each charge is coupled to an own electric and magnetic field E;, and B;,,
which are R? valued functions on R3. Whereas in the classical literature only one electric and
magnetic field is considered, we have given every charge its own field which will later permit us
to explicitly exclude self-interaction.

While the existence and uniqueness theory build in this chapter will not depend on a particular
choice of the coupling matrix (e;;)1<; j<y We still want to point out relevant choices for classical
electrodynamics: The first is

ejj=1 for 1<i,j<N. (ML+SI)

Lorentz force
law

Maxwell
equations
including the
constraints
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3.1. Chapter Overview and Results

Sketch of the
mathematical
results in this

chapter

Note that for this choice the ith field generated by the ith charge is allowed to act back on the
charge. We refer to this case as the Maxwell-Lorentz equations with self-interaction: ML+SI
equations. By linearity of the Maxwell equations this case is equivalent to having only one elec-
tric E; = Zfi | Ei; and one magnetic field B, = Zf\i | Bis. Several well-known difficulties such
as dynamical instability and unavoidable divergences in the point particle limit are connected to
this approach. Recovering the mass renormalized Lorentz-Dirac equation [Dir38] by an appro-
priate point particle limit as well as recovering the Maxwell-Vlasov equations in an appropriate
hydrodynamic scaling limit are considered outstanding problems. The second and with respect
to our argument in the preceding chapter more important choice is

1 fori#j

ejj = 1- 51'1' = {0 otherwise for 1<i,j<N. (ML-SI)

Here the self-interaction is explicitly excluded. This choice we shall refer to as Maxwell-Lorentz
equations without self-interaction: ML-SI equations.

Let us sketch the mathematical results in this chapter. For the discussion it is convenient to write
equations (3.1,.15) and (3.2,.15) in a more compact form:

or = Ag; + J(¢r) (3.3)

where we use the notation ¢; := (g;,.P; > Eis, Bis)1<i<n, a linear operator A given by the expres-
sion

Ap; 2= (0,0,VAB;;, -V ANE;)i<i<n

and a nonlinear operator J given by the expression

N
J(pr) = v, ), Z ej fd3x oilx —q;,) [Ej,t(x) +vir A Bj,t(x)] ,—4mov(p; Joi(- — q;4,0
J=1 1<i<N

At first we regard (3.3) as an abstract nonlinear partial-differential equation for solutions ¢ - ¢,
taking values in an abstract Banach space and work out conditions on A and J which suffice for a
global existence and uniqueness theorem of solutions for this Banach space. We use the standard
methods of nonlinear functional analysis. First, we demand the linear operator A to generate a
group (W;),er on its domain so that we are able to rewrite (3.3) in its integral form as

A
o= W+ f ds Wi—sJ(p5) (3.4)
0

for any initial value ¢;|;=9 = ¢. Furthermore, we demand that the nonlinear operator J is Lips-
chitz continuous in its argument. For small enough times ¢ this leads to the fact that the integral
equations (3.4) read as a fixed point map on an appropriate Banach space is a contraction map
which provides local existence of solutions by Banach’s fixed point theorem. Under the as-
sumption of an a priori bound on solutions to (3.4) local existence can be extended to global
existence for all times. Uniqueness is simply implied by the uniqueness assertion of Banach’s
fixed point theorem. The precise existence and uniqueness assertion together with its proof is
given in Section 3.3,.1.

Having this abstract result the next question is in which Banach space solutions ¢ — ¢, of the
Maxwell-Lorentz equations take their values. Usually one would allow solutions to the ML+SI
equations to have electric and magnetic fields in L>(R3, R?®), the space of square integrable R3
valued functions on R3, which would imply that the energy of the system is finite at all times.
However, as we have discussed in the introductory Chapter 2,7 Wheeler-Feynman solutions are
also solutions to the ML-SI equations and in order to exploit this feature we need to choose the
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Banach space of solutions big enough to allow for all physically expected Wheeler-Feynman
solutions — in other words we need to allow for electric and magnetic fields which are of the
Liénard-Wiechert form of the charge trajectories. By the form of the Liénard-Wiechert fields
(2.6ps), which are in our case also smeared out by the charge densities p;, one can compute that
it is sufficient for Liénard-Wiechert fields to be in L? if the corresponding charge trajectories
have accelerations that decay for times t — =*oo as well as bounded velocities with a bound
smaller than one. At the present state of knowledge not much is known about Wheeler-Feynman
solutions except the analytic Schild solutions [Sch63] and Bauer’s existence theorem on the
straight line [Bau97]. Bauer’s result states that the Wheeler-Feynman solutions on a straight
line are exactly of that form but, unfortunately, the Schild solution which describes two charges
of opposite sign moving in circular orbits around each other implies that the modulus of the
acceleration of the charges does not decay for times t+ — +oco. Hence, the corresponding Liénard-
Wiechert fields are not necessarily in L. As we want to allow at least for solutions which behave
as badly as the Schild solution we consider the space L2 for the fields which comprises all
functions F such that \/wF is in L? for some smooth weight function w. This way we deliver the
missing decay of the accelerations of the charges. The properties of these weighted spaces and
their corresponding Sobolev spaces are the content of Section 3.4,2s. Note that weighted function
spaces appear naturally in the Fourier characterization of Sobolev spaces with weight functions
w that increase at spatial infinity in order to make the functions more regular. However, we use
them for weight functions w that decay at spatial infinity in order to allow for more irregular
functions.

With this consideration in mind we specify the Banach space in which the possible solutions
t — ¢, take their values to be

N
H,y = (DR oR @ LL(R, R) @ L2(R*,R?)
i=1

for any smooth and non-zero weight function decaying slower than exponentially at spatial in-
finity. Last but not least it is left to show that the abstract existence of uniqueness theorem for
(3.35.16) holds also on H,,. First, we need to check if A generates a group (W;);cr on its natural
domain in H,,. Because of the weight the measure in L? is not translational invariant anymore
and we cannot expect A to be self-adjoint. Therefore, we make use of the Hille-Yosida theorem
to show the existence of the group (W;),cg which relies on the resolvent properties of A. Sec-
ond, the Lipschitz continuity of the nonlinear operator J must be checked which is a long but
straight-forward computation. And finally, we need an a priori estimate for solutions to (3.4y.16)
which is the most sensitive part of the proof as we do not have any constants of motion (for the
ML-SI equations there are no known constants of motion on equal time hypersurfaces whereas
for the ML+SI equations the energy is not well-defined for general fields in L2). Fortunately,
it turns out that the norm of J(¢;) can be bounded by a constant that only depends on the po-
sition of the charges at time ¢ times the norm of ¢,. As the speed of light is smaller than one,
we infer from this together with Gronwall’s Lemma that the norm of any solution to (3.4p.16) is
bounded uniformly on each compact time interval which is the needed a priori estimate. This
yields global existence and uniqueness of solutions to (3.3,.16) for initial conditions in the domain
of the operator A.

Furthermore, by the form of the Maxwell-Lorentz equations one sees that the Maxwell con-
straints are respected for all times by the time-evolution. This fact allows us to show that the
regularity of solutions depends on the regularity of the initial conditions and we show that the
Maxwell-Lorentz equations admit strong global solutions. This is the main content of Section
3.5p30.

The main result of this chapter is:

Main results
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3.2. Solutions to the Maxwell-Lorentz equations of Motion

Literature review

Class of fields
and weight
functions

o Existence, uniqueness and regularity of solutions to the Maxwell-Lorentz equations for
N rigid charges, possibly negative masses and infinite energy initial conditions and both
cases with and without self-interaction, given in Theorem 3.5,20 and Theorem 3.6;.0.

In order to compare our results with the contemporary work in this field, we would like to call
attention to the following literature on the topic of Maxwell-Lorentz equations: In the case of
o; = 1, e;j = 1 and spherical symmetric charge densities g; for 1 < i, j < N, these equations are
usually referred to as the Abraham Model; see [Spo04] which provides an excellent and compre-
hensive overview of the topic of charge distributions interacting with their own electromagnetic
fields. The question of existence and uniqueness of solutions to these equations for one particle
interacting with its own fields,i.e. N=1,0; =1,e1; = 1,0; € Cg"(RiR) and square integrable
initial fields E s|;=0, B1 /l1=0, has been settled by two different techniques: While in [KS00] one
exploits the energy conservation to gain an a priori bound needed for global existence, a Gron-
wall argument was used in [BDO1] which made it possible to allow also for negative masses
m; < 0. Recent works also provided results on the long-time behavior of solutions in [KS00]
as well as in [IKS02] for soliton-like solutions, on the dynamical instability for negative masses
in [BDO1] and on conservation laws in [Kie99]. Furthermore, a generalization to a spinning
extended charge was treated in [AKO1] which also contains an exhaustive list of references on
the subject.

3.2 Solutions to the Maxwell-Lorentz equations of Motion

In this section we formalize and state the global existence and uniqueness theorem for so-
lutions to the Maxwell-Lorentz equations (4.34,60) with the following choice of parameter:
0i € C?"(R3,R), eijj € Rand m; € R\ {0} for1 <i,j < N. As motivated in the introduc-
tion we aim at an initial-value problem for given positions and momenta p?,q? € R3 as well
as electric and magnetic fields E?,B? : R® — R3 at time #; € R general enough to allow
for Liénard-Wiechert fields produced by any strictly time-like charge trajectory, see Definition
4.5p.60, with bounded acceleration, i.e. there exists an d,,, < oo such that sup,.g [|0,y@ )| < amax,
as Cauchy data. Theorem 4.18;66 states that such electric and magnetic Liénard-Wiechert fields
are in C*(R3,R?), and Corollary 4.22,6 gives us their decay behavior O([1 + |jx — qoll]_l) for
|x|]| — oo. Hence, in general these fields are not in L*(R3,R3) which forces us to regard the
initial value problem for the following, bigger class of fields:

Definition 3.1. Let
W = {w eC®LRT\{O) [T Cy R, P, eN:wx +y) < (1+ CWIIxII)PWW(v)} (3.5

be the class of weight functions. For any w € ‘W and Q C R> we define the space of weighted
square integrable functions Q — R3 by

L}(QR) := {F Q- R

f & x w)|IF@)|? < oo}.

For global regularity arguments we need more conditions on the weight functions which for
k € N gives rise to the definitions:

W= {we W|3C, e RY 1 D" Vil < Co Vvl < K (3.6)
and

W> :={weW|we WF forany k € N}.
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The choice of W is quite natural (compare [HOS)) as it provides a tool to treat the new measure
w(x)d>x almost as if it were translational invariant which it is not unless w equals a constant.
Applying its definition twice we obtain for all w € ‘W the estimate

(1+ Culyl) ™ wx) < wx +y) < (1 + CylylD™wix) (3.7)

which also states that w € ‘W = w~! € W. In particular, the weight w(x) = (1 + |lx|[>)~! is in
W because

wle+y) = T+ e+ P < T+ (el + lyl)* < (4 + IxP)A + (i), (3.8)

and therefore the desired Liénard-Wiechert fields, which are, as mentioned, of order O([1 + ||x —
qolll™h) for |lx]| — oo, are in L2 (R3, R?) for w(x) := (1 + |Ix|*)~".

The space of initial values is then given by:

Definition 3.2. We define the Newtonian phase space P := R®, the field space Phase Space for
the
Maxwell-Lorentz
— 72/mM3 P3 2 m3 w3
Tw .= LW(R R @ LW(R ,RY) equations of
Motion

and the phase space for the Maxwell-Lorentz equation of motion
H, =PdF,.

Any element ¢ € H,, consists of the components ¢ = (q;,p;,Ei,Bi)1<i<n, i.e. positions g,
momenta p; and electric and magnetic fields E;, B; for each of the 1 <i < N charges.

Wherever not explicitly noted otherwise, any spatial derivative will for the rest of this section be
understood in the distribution sense, and the Latin indices shall run over the charge labels 1... N.
We shall also need the weighted Sobolev spaces H"/(R3,R3) := {F € L2Z(R*,R?) | VAF €
L2(R3,R3)} and HF(R?,R?) := {F € L2(R3,R%) | D?F € L2(R* R3) V |a| < k} for any k € N,
Furthermore, we define the following operators:

Definition 3.3. Ler A and A be given by the expressions Operator A

Ag = (0,0,A(E;., B)) 0,0,-V AE;,V ABy))

1<i<N ~ ( 1<i<N’

fora ¢ = (q;,p;,Ei, Bi)i1<i<n. The natural domain is given by

N
Dy(A) = @ R} o R? © H (R}, R?) @ H'(R3,R?) € H,.

i=1
Furthermore, for any n € N U {oo} we define
D,(A") := {g € D,,(A) | A*¢ € D\y(A) fork =0,...,n— 1}.

Definition 3.4. Let m; # 0, o; := sign(m;) and e;; € R, 1 < i, j < N. Together with v(p;) := Operator J

P e define J : H,, — D,,(A%) by the expression

p?+m?

N
OE [v(p», e f &x 0i(x — 4) (E;(x) + v(p) A B(x)), —4mv(poi(- - g),0
=1

1<i<N

fora ‘p = (qi7pi7EiaBi)1SiSN € 7-{\4/'
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Note that J is well-defined because o; € CY° (R3,R). With these definitions the Lorentz force law
(3.15.15), the Maxwell equations (3.2.15), neglecting the Maxwell constraints, can be collected in
the form

@r = A + J(¢1).
The two main theorems of this section are:

Global existence  Theorem 3.5. Let the space H,, and the operators A : D,,(A) —» ‘H,,, J : H,, — D,,(A*) be the

and “”iq“fi’r’?ﬁ: ones introduced in Definitions 3.2, 3.3 and 3.4. Let the weight function w € ‘W' and let n € N
0 ,0

Maxwell-Lorentz and ¢° = (q;.p; ,E?,B?)lsisN € D,,(A") be given. Then the following holds:

equations

(i) (global existence) There exists an n times continuously differentiable mapping
¢ R—>H,, 1 ¢ =(qPipEir, Bin)i<isn
such that j—;go, € D, (A" ) forallt € R and 0 < j < n, which solves
@ = Agr + J(@r) (3.9)
for initial value ;=g = ¢°.

(ii) (uniqueness) The solution ¢ is unique in the sense that if for any interval A C R there is
any once continuously differentiable function ¢ : A — D,,(A) which solves the Equation
(3.9) on A and there is some t* € A such that ¢ = @p then ¢; = @, holds for allt € A. In
particular, for any T > 0 such that [-T,T] C A there exist C,,C, € Bounds such that

sup lleillgg, < C (7. lloill 2. 1w~ oilli2, 1 < i < N) 11 llg, - (3.10)
te[-T,T]
and
sup e = @illa, < Co(T, iyl 1@l ity = ol - (3.11)
te[-T.,T]

(iii) (constraints) If the solution t — ¢, = (q; ,,P; 1> Eisr, Bit)1<i<n obeys the Maxwell constraints
V-E;; =4no(- — q;,), V-Bi;=0 (3.12)
foronet =t €R, then they are obeyed for all times t € R.

Regularity of the Theorem 3.6. Assume the same conditions as in Theorem 3.5 hold. In addition, let w € ‘W2
Maxwe”s'éﬁl’ti)’z Lett = ¢ = (q;,P;»Eir, Bis)i<i<n be the solution to the Maxwell equations 3.9 for initial
value ¢;li—0 = goo € D, (A™). Now let n = 2m for some m € N, then forall 1 <i < N:

(i) It holds for any t € R that E;;, B;, € H5".

(ii) The electromagnetic fields viewed as maps E; : (t,x) = E;;(x) and B; : (t,x) — B;(x)
are in LIQOC(R4,R3) and have a representative in C"2(R*, R>) in their equivalence class,
respectively.

(iii) Forw € kaor k > 2 and every t € R we have also E;,B;; € H]} and C < oo such that:

sup Z IDYE; )l < CllEillyx,  and  sup Z ID“Bi; ()l < CliBislly.  (3.13)

xeR3 1<k xeR3 |01k

For their proofs we will need tools for the study of the L2,(R?, R3) and corresponding weighted
Sobolev spaces, which we discuss in subsection 3.4.25. But first we establish suitable conditions
in which we expect a well-defined initial value problem for (3.14,21) on Banach spaces in sub-
section 3.3,21. The proofs of the above theorems then follow by straightforward computations
which we show in 3.5p3.
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3.3 A Global Existence and Uniqueness Result on Banach Spaces

For this subsection we assume 35 to be only a Banach space, denote its norm by ||-||g, and assume
the existence of operators A and J with the following properties:

Definition 3.7. Let A : D(A) C B — B be a linear operator with the properties: Abstract
operator A

(i) A is closed and densely defined.
(ii) There exists ay > 0 such that (—oo, —y) U (y, 00) C p(A), the resolvent set of A.
(iii) The resolvent R (A) = ﬁ of A with respect to A € p(A) is bounded by I/ll;—y i.e. for all
¢ € B,14] > y we have [IRy(A)¢lis < =14l
For n € N U {co} we define D(A™) := {¢ € D(A) | Aktp e DA) fork=0,...,n—1}.

Definition 3.8. Forannjy € N let J : D(A) — D(A™) be a mapping with the properties: Abstract

operator J

(i) Forall0 < n < nyand ¢, ¢ € D(A) there exist C,"™,c,™ e Bounds such that

1A (@)llg < C;Plells) 1A (@) = J@)ls < C;Iglls, [@llg) llp — @lis.

(ii) Forall0 <n <nyjandT > 0, t € (-T,T) and any ¢,y € C"((-T,T), D(A")) such that
kaktpt € D(A™) for k < n, the operator J fulfills for j+1<n—1:

(@) LAlJ(g) € DA™y and
(b) t— d—'/-AlJ(got) is continuous on (=T, T).

dt

With these operators we shall prove:

Theorem 3.9. Let A and J be the operators introduced in Definitions (3.7) and (3.8) then: Abstract global
existence and

uniqueness
(i) (local existence) For each <p0 € D(A™) with n < ny, there exists a T > 0 and a mapping
o € C'"((=T,T), D(A™)) which solves the equation

&1 = A + J(@r) (3.14)
for initial value ¢,|;=¢ = tpo. Furthermore, j—;go, € D(A"‘k)for k<nandte (-T,T).

(ii) (uniqueness) If ¢y € Cl((—f, f),D(A)) for somefi 0 is also a solution to (3.14) and
@ili=0 = @ili=0, then ¢, = ¢, forallt € (=T, T) N (=T, T).

(iii) (global existence) Assume in addition that for any solution () of Equation (3.14) with
Oili=0 € D(A™) and a T < oo there exists a constant Cs = Cs(T) < oo such that

sup |ledllg < C5(T) (3.15)
te[-T,T]

then (i) and (ii) holds for any T € R.
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Abstract
contraction

group

Proof of
Theorem 3.9p.21

The proof uses the idea of the one in [BDO1]. However, here we consider general operators A
and J on an abstract Banach space. This generality will later allow us to prove existence and
uniqueness of solutions to the Maxwell-Lorentz equations for any N particle system even in the
case of infinite energy initial conditions which generalizes the result in [BDO1], where only one
particle with finite energy initial conditions has been considered. The strategy is to use the Hille-
Yosida theorem to show that A generates a contraction group (W;),cr. Definition 3.7 collects all
properties needed for A to be a generator. Then, with the help of (W;),cg we shall show the
existence and uniqueness of local solutions to the integral equation

!
@ = Wi + f W, J(ps) ds
0

via Banach'’s fixed point theorem. All these solutions, as we shall show, are readily also solutions
to the Equation (3.14.21). Global existence is then achieved with the help of the assumed a priori
bound.

Lemma 3.10. A introduced in Definition 3.7y21 generates a y-contractive group (W;),cr on B,
i.e. a family of linear operators (W;),cr on B with the properties that for all ¢ € D(A),¢ € B and
s, t€R:

(iii) Wip € D(A) (vi) GWip = AWep

(i) limo W, ¢ = ¢ .
(iv) AWp = W Ap

(ii) Wirsp = W, Wio (v) Woe € C'(R, D(A)) (vii) [Widlls < eMglls.
Proof. A simple application of the Hille-Yosida Theorem [HP74]. O
Next we prove local existence and uniqueness of solutions:

Proof of Theorem 3.9,21. (i) Since we want to apply Banach’s fixed point theorem, we define a
Banach space on which we later define our self-mapping. For T > 0 let

Xrp = {w(.) [=T,T] = DA™ | 1 = Alg, € CO(=T, T), D(A")) for j < n

n
and llgly, = _sup " [47gils < o).
Te[-T.T1 45

(X7, |l - llx;,,) 1s @ Banach space because it is normed and linear by definition, and complete
because A on D(A) is closed (see Computation in Appendix 5.1,97). Note that the mapping
t— thoo is an element of X7, because for all € R and j < n) we have r — Al thoo = W,Ajgoo
which is continuous and ||W,A7¢%|lg < e”]|A7/¢||g by Lemma 3.10 and because ¢° € D(A™).
Let

My, g0 = {90(~) € Xt | edli=o = ¢°, oy = W llx,., < 1},

which clearly is a closed subset of X7 ,,. Next we show that
t
Sg0t My, 0 = My, g0 o) - S ole] = Wig” + fo Wi_sJ(g) ds (3.16)

is a well-defined, contracting self-mapping provided T is chosen sufficiently small. The fol-
lowing estimates are based on the fact that for all ¢, € M7, o we have the estimate ||l¢/|lg <
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1+ [[Wllg < 1+ eMjgllg < 1+ 7||¢0|g for each ¢ € [-T, T]. Let also @) € My, 40, then
the properties of J, see Definition 3.8,21, yield the helpful estimates for all r € [T, T]:

IA7J (el < C(T) and IAY(J (1) = J@ ) < Co(Dllg: — illg. (3.17)

for

CoT) := GV llgillg) < €V (1 + Migllg) and a18)
(1) := GO+ Mgllg, 1+ ¢ llg). '
Hence, C4(T), C;(T) depend continuously and non-decreasingly on 7.

We show now that S o is a self-mapping. Since 7 - W, is in Mr,, 0, it suffices to show that

the mapping ¢ — A/ fot W,_sJ(@s) ds is D(A"/) valued, continuous and that its || - || Xr,, DOrm is
finite for j < n. Consider ¢() € M7, ,0, so for some 1 > 0 we get

AT W5y I (@ssn) — AW, J(@)lls
< N AT (J(@gin) = T@)lig + eI(1 = WA T(p))lig
< G i = pills + €I = WA (@ )lls — 0

by continuity of t — ¢, estimate (3.17) and properties of (W;),cg. We may thus define
!
oD@ = f ATW,_J(ps) ds
0

as B valued Riemann integrals. Let a%)(t) =% ZkN: ! Al W,_ﬁkj(goﬁ ) be the corresponding

Riemann sums. Clearly a;'v(t) € D(A" ) since J : D(A) — D(A") and limy .o AJoy (1) = (1)
forall € R and j < n. But A is closed which implies 0°(¢) € D(A") and 0/(¢) = A/o(r). Next
we show continuity. With estimate (3.17) we get for r € (-7, T):

lAYor(t + h) — Ala(Dllg = lo/ (t + h) — 7/ Dlls

t+h t
< [ Wity ds+ [ Wi = DA ds
t

t+h 4
<o [ seally+ e [ o - Daisen
t

Bds

For i — 0 the right-hand side goes to zero as the integrand of the second summand ||(W;, —
1A’ J(ps)llg does, which by (3.17) is also bounded by (1 + e?7)Cy(T) so that dominated conver-
gence can be used. The self-mapping property is ensured by (3.17):

n
IS poleir] = Wore'llxy, = sup >
e[-1.71 95

1
Ajf Wt—s-](()os) ds
0

B

n

!
<™ sup > f 1471 (ey)lls ds < Te' C(T)(n + 1).
te[-T.T1 5= YO

On the other hand for some ¢, € My, ,0 we find

n t
IS polg)] - S ol@ollly,, = sup > [IA7 f Wies[J(py) = J@9)] dslls
e[-1.71 5 0

n

!
<o’ sup f A1) = J@lls ds < Te" C(Dllpc) - Follxy,
1e[~T.T] =g JO
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Since T +— C4(T) and T — C;(T) are continuous and non-decreasing, there exists a 7 > 0 such
that

T [CoT)n+ 1)+ C(T)] < 1. (3.19)

Thus, for this choice of T', S 40 is a contracting self-mapping on the closed set M7, .0 so that due
to Banach’s fixed point theorem S o has a unique fixed point ¢ € My 4.

Next we study the differentiability of this fixed point, in particular of t — A/¢, on (=T, T) for
J<(m=1). As ¢ =S pleo], Definition (3.16;.22), and goo € D(A") we have

Aj90t+hh— Alg, _ Wt+hh— WlAjQDO + ol(t + h) % (f)

By the properties of (W);er we know limy,_,g = Aj+lt,00. Furthermore,

f Wt+h sAJJ(CPs) ds+f Wt K

For h — 0 the first term on the right-hand side converges to A/J(¢;) because of

A]J(gos) ds

t+h

1 . .
Wisn-sA'J(@s) ds — AV J(¢;)

i = sup | Wene Al J(p) - A0,

B se(t,t+h)

t

and the continuity of W,,,_sA’J(¢,) in h and s. For h — 0 the second term converges to
fot Wt_sAj”J(gos) ds by dominated convergence as the integrand converges to Wt_sAjJr]J(gos),
and the following gives a convenient bound of it:

AJJ( N, < T NAM J ().

2
B

1 (h ,
= ”Z f Wt—sWh’AJ-HJ(SDS) dn’
0

Collecting all terms, we have shown that
d . . . . t . .
A= AW + AT + AT f Wiy (py) ds = AT g+ ATI(p)).
0

Note that the right-hand side is continuous because j < (n — 1), ¢() € Mr,, o0 and (3.17,2).
Hence A’ga(.) € C'((-T,T), D(A"/)) and thJgot € DA™ Y forall t € (=T, T). Next we prove
fort € (=T,T) and k < nthat ¢, € C"((-=T,T), D(A")), j—:k% € D(A" k) by induction. We claim
that

dk k=1 k11

holds, is continuous in # on (=7, T) and in D(A" ). We have shown before that this holds for
k = 0. Assume it is true for some (k — 1) < n — 1. We compute

d d! ' . =2 j-1-1 k171
oo = A A J(so,)+zdk11AJ<¢I>—A¢,+Zd“,

AlJ(gr).

The first term on the right-hand side is continuous in ¢ on (-7,7T) and in D(A" %) as shown
before. Now Definition (3.8,21)(iip21), where we have defined the operator J, was chosen to
guarantee that these properties hold also for the second term.

(ii) Clearly, ¢, and ¢, are both in X7, ; for any 0 < 7 < min(7, T) because they are at least
once continuously differentiable. Since ¢;|;=0 = ¢rl:=¢ holds, we can choose T} > 0 sufficiently
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small such that ¢ and ¢, are also in My, ; ,0 and in addition that S, is a contracting self-
mapping on My, ;0. Asin (i) we infer that there exists a unique fixed point <p(1_) € My, ;40 of
S 4o which solves (3_.14p.21). Since ¢, and @, also solve (3.14p21), it must hold tIElt @ = @) :50}
on [-T1,T,]. Let T be the supremum of all those 7 and let us assume that 7 < min(7, T).
We can repeat the above argument with e.g. initial values ¢|;=r, = @li=r, at time t = T.
A_gain we_ﬁnd a T, > 0 and a fixed point 90(2_) € Mr,,1. Of S so that ¢; = gotzj = @; on
[T — T,,T — T>]. The same can be done for initial values ¢;|;=—1, = @l=—7, at time t = —T.
This yields ¢, = ¢, for ¢ € [T —T>,T + T>] and contradicts the maximality of 7. Hence, ¢,
equals ¢y on [-T,T]1N[-T,T].

(iii) Fix any T >0. Thea priori bound (3.15,21) tells us that if any solution ¢ : (-T,T) — DA™
with ¢;|—0 = ¢° € D(A") exists, then SUP,¢(_F 7 lleells < CS(T) < oo. By looking at equations
(3.19;24) and (3.18,.23) we infer that there exists a T,,,;, > 0 such that for each r € [—T, T] the time
span T for which S, on M7, ,, fulfills Tyin < T. Let ¢ be the fixed point of S o on M7, ,, 0

for Ty > 0, and let T be the supremum of such T|. Assume T < T. By taking an initial value
CuTe for 0 < € < Ty, near to the boundary, (i) and (ii) extends the solution beyond (-7, T)

and contradicts the maximality of 7. |

REMARK 3.11. Definition 3.8p.21(iip21) is only needed if one aims at two or more times differ-
entiable solutions.

3.4 The Spaces of Weighted Square Integrable Functions

In this subsections we collect all needed properties of the introduced weighted spaces. The
following assertions, except Theorem 3.21,.2, are independent of the space dimension. That is
why we often use the abbreviation L2 = L2(R?, R?) and C®° = CP(R?, R?). With w € W the L2
analogues of almost all results of the L? theory which do not involve the Fourier transform can
be proven with only minor modifications. For open Q C R3, L2 (Q,R?) is clearly a linear space
and has an inner product:

.8 = fg Pxw@)fg®). f.g € QR (3.20)

Theorem 3.12. For any w € ‘W, open Q C R?, L2(Q, R?) with (3.20) is a Hilbert space and
C>(Q,R3) lies dense.

Proof. (see Proof in Appendix 5.2,97) This is a standard result as \/wd"x is an absolute contin-
uous measure with respect to the Lebesgue measure d>x on R, |

Note as in any Hilbert space the Schwarz inequality holds, i.e. for all f,g € L2 we have

If.&)2 | = |< Vif, Vwg) .| < IINwAl2ll vigllz = Iz ligll 2 - We shall also need:

Definition 3.13. Forallw e W, Q CR3 and k > 0 we define

HY(QRY) = {fe L(QR) | DY € QR Jal < k},
Ak 3 2 3 i 2 3 .
HY (Q,RY) = {fe L) | alf e @R for0 < j< k},

HON(Q, R = {fe Ly(Q,RY) | VAfeLyQ, R3)}

Properties of L2,

Weighted
Sobolev spaces
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H are Hilbert
spaces

Relation
between H¥ and
H#

loc

Properties of
weights in W*

which are equipped with the inner products

=~

f.&ut = Z (D°f.Dg)12 ) » (. &us) = Z 'f, AJ Lz(g)

ll<k j=0

.8 pewq) = .82 (VAL VAR 2

respectively. In the following we use a superscript #, e.g. H?, as a placeholder for k, r*, and
curl for any k € N, respectively. We shall also need the local versions, i.e. H;f}c ={fe leoc |fe
H*(K), for every open K cc R3}, where cC is short for compactly contained. Usually we
abbreviate H*, = HX (R3,R?), write L2, = H®, and drop the subscript w if w = 1.

Theorem 3.14. For any w € ‘W, H* are all Hilbert spaces.

Proof. The proof is the same for all three cases. We only show it for the case of va, k € N
R-Linearity, the inner product and the norm are inherited from L2, and the definition of the weak
derivative. Let Uﬂ)neN be a Cauchy sequence in HX, then (D”fg)neN are Cauchy sequences in
L2 for every a < k. By completeness of L2, there exist f* € L2 such that |[f* — f%]| 2 — 0 for
n — co. Now for all ¢ € CX(R3, R) we have

Dflg] : = (-1) f &x f/x)Dp(x) = (1! lim f dx f(x)D" p(x)

= lim | d®x DY x)p(x) = f DS (0)e(x) =: f*[¢]

n—oo

as the L2 convergence implies the convergence in distribution sense. Hence, f* = Df almost
everywhere on R3. O

Lemma 3.15. Let w € ‘W, then: (i) For an open O cC R3, i.e. a compactly contained subset
of R3, one has H?(0) = H*(O) in the sense of normed spaces. (ii) A function f is in H* (K) for
every open K cC R3 ifand only if fe H

loc

Proof. (1) Given w € ‘W Equation (3.7,.19) ensures that there are two finite and non-zero con-
stants 0 < Cy := infyep W(x), Cy := SUp,cp W(x) < oo. Thus, we get Cyllflly#0) < Ilﬂle(O) <
CollAllg#(0)- This yields also (ii). O

Lemma 3.16. Let w € WX, then for every multi-index |a| < k there also exists constants
0 < C? < oo such that |D*w| < C*w on R>.

Proof. We compute

a3

D = D" Nww = 91193207 (Vw vw) = a7 > (‘l’;) 07" Aw)(@5 Vw)

13=0

ay,a2,a3
_ (0/ I

ll)(lz)(l3)(D(dl l,aa—h,a3-13) \/_)(D(ll Jhsl3) \/_)

11,02,13=0

Using |D* y/w| < +/w we find |D?%| < C*w for

@1,2,a3 a a
. 1) (a2
C:= Z (11)(12)(13)C lo= (a1=h,a2—h,a3— 13)C lo= (l,ba,13)-
11,l,13=0
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Lemma 3.17. Let k € N and w € ‘WX, then in the sense of sets \\wH* = H*. Set equivalence
VwH? = H*

Proof. The proof is the same for all three spaces. We only show it for the case of HX: Recall
(3.7p.9) from which we deduce w < w(0) and therefore f € H* = - ¢ HK = f ¢ VH:. On

w
the other hand, let f € HX then

INWAG, = > ID"(NwPIiz, = > 197195205 (VI

lal<n lal<k
(0%} a
3 -1 / 2
= > 16795 Y (l )(a‘;* V@I,
la|<k 1;3=0 3
a1,a2,3 o 2 o 2 o 2 )
|| 1 2 3 a1 =[] qar—Il) qaz—I3 11 ql> ql3
<22 30 (o) () () Bt azas o gl
|a|$n 11,12,13:0
But as w € ‘W¥, there is some finite constant C,, such that 8‘1"_116‘2’2_1262”3_13 \/v_v’ < C,,w and,
hence,
ay,a0,a3 o 2 o 2 a 2 5
|a| 1 2 3 11 qly ql3
<
"_Zz Z (11) (lz) (13) Cuo 818283g L2
|a|<k 11,l,13=0
<Cy ”ﬂ|12qu <
for
1,a2,a3 a 2 « 2 o 2
. || 1 2 3
ci= 32 3 () () () e
la|<k I1,l2,13=0
This implies vwHY > wf € H. m]
Theorem 3.18. Let k € N and w € ‘W¥, then C? is a dense subset of va. C> dense in HY,

Proof. For all three cases the proof is essentially the same. Only the case of HJ; is a bit more
involved as one needs to estimate the derivatives 9;0;, 1 < i, j < 3, in terms of the Laplacian.
Therefore, we only prove the latter case. Let f € Hj,, then we need to show that for every € > 0
there is a g € C2° such that ||f — gllg: < €. Take a ¢ € C?“(R3, [0, 1]) such that ¢(x) = 1 for

[lx]| < 1. Define ¢,(x) := (p(ﬁ) We get

“f_fﬁon”i% Sf

&Ex w@)|f@)IF — 0 (3.21)
R3\B,(0) n—co

and

1

1
laf = &G el < af = e flzz + —sllaen flz + ~ (3.22)

i ai‘-;"n 64
i=1

With Cy; 1= SUpP,c xer3 2jal<3 |D“g0 (§)|, which is finite, we have ||A¢, j]IL%V < C12|V]|L‘zv and the
first two terms on the right-hand side go to zero for n — co. On the other hand, on compact sets
K c R? we have H4(K,R?) = HA(K,R?) by Lemma 3.17 and therefore f € H;, . Thus, we can

apply partial integration and, using the abbreviation w = w Z?: l(a,-go,,)z, yield

i Oitpn 84
i=1

2
Ly,

2 3
<> f dx w0 fx)) <
L2 i=1

3
> fd3x 0w o f + w Bf f] ()
i=1
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3.4. The Spaces of Weighted Square Integrable Functions

Hilbert space
equivalence
HE' = HZ

In the first terms on the right-hand side we apply the chain rule f 9;f = %Bifz and integrate by
parts again so that

Zf #x Yo +ods]w) < iz N I NPz

By definition of Wk and Lemma 3.16p26 we have |D*w| < C®w on R3. Let C,; := 22 €75
then |312w| <27C,*Cw and |w| < 3C%w uniformly in n on R3. We get

81

.. < ) C122C13”ﬂ|ia +3C, |<Af9f>La’

and finally using Schwarz’s inequality

23: Oipn 64
i=1

uniformly in n. Going back to Equation (3.22,27) we then find that also the last term on the right-
hand side goes to zero as n — oco. Combining equations (3.21,27) and (3.22,27) we conclude that
there is an h € H;, with compact support and [|f — k|52 < 5. Now let ¢ € C®(R?,R) and define
Yn(x) = n3lp(nx). It is a standard analysis argument that || — h * ||z — O for n — oo so that
for n large enough ||k — h = |2 < 5. Since h and ¢, have compact support g := h * i, € C;.
With that [[f — gllg2 < ||f — hllgz + Ik — kb * Ynllg2 < € which concludes the proof. O

2
81
<C,’? (7C13 + 3) ”ﬂﬁ{@
L

REMARK 3.19. By the standard approximation argument this theorem allows us to make use
of partial integration in the spaces H?, with respect to the appropriate differential operators.

Theorem 3.20. Let w € ‘W2, then for any k € N in the sense of Hilbert spaces H@k = H*,

Proof. First we prove Hfy = H;,. Now f € H;, implies [[fllzz < [Ifll2 and therefore f € HY,. Next
let g € C. By definition

3 3
gl = WG, + D ldiglly, + D, 190l (3.23)
i=1 ij=1

Using partial integration in the second term on the right-hand side we obtain

3 3 3
Sty =Y [ @x [w@gP|w =) [dx [ oggrwides].
i=1 i=1 i=1

The chain rule 9;g g = %aicg)l and another partial integration in the first term on the right-hand
side yields

3
1 3
L= fd3x [Ea%w (g)* -wdg g] <Cy (Ellgllia + |(Ag,g)L3V|)
i=1

for the finite constant C}; defined in the proof of Theorem 3.18,27. By Schwarz’s inequality

3
5C
2 I0igli7, < = gl (3.24)
i=1
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Next we estimate the last term in Equation (3.23). By partial integration we get
3 3
S odsgl, = Y [ @x [w @agr] o
Q=1 Ry
3
- Z f dx (0w 0,0, dig +w 0:03g dig| (%)
ij=1
3
= Z f d’x 00w 0,8 Oig + Ow O3g O,g + 0w 0,8 O7g +w g O7g| (x)
i,j=1
3 3 3
<Cy Z |<6jg, 8ig>L& + Z (2g. 03] + Z ’<8J~g, Ag)g% + llaglz; |-
ij=1 i=1 j=1
Now Schwarz’s inequality and the estimate (3.24,.2s) gives the estimate
3
D 10:05gll7, < 14C,lgll..
i,j=1
and therewith
lgllgz < V14C 5[l - (3.25)
Let now f € Hj. According to Theorem 3.18,27, there is a sequence (f},),en in C2° such that
If = fullza — 0 asn — co. Estimate (3.25) implies that (f, )xen is also a Cauchy sequence in H2.
Thus, subject to Theorem 3.14p.26, there is a h € HVZV such that for |¢| < 2, ||DYf,, — D"hlngv -0
as n — oo. For ¢ € C*(R?,R) we find
fleri= [ dx g = tim [ Ex oty = [ @ ptwnco) = hi
and we conclude that f = h almost everywhere and H = H? in the sense of sets. Furthermore,
the estimate (3.25) for g = f, states in the limit n — oo the equivalence of the norms in H}, and
va, e fllge < ”f“H&, < \/14C13|]ﬂ|H3,. Hence, H}, = HVZV in the sense of normed spaces.
The equivalence of H‘ﬁk = H?! for any k > 1 is still left to prove. We prove this by induction.
Let us assume the claim is true for some k € N. Let f € vak“ which implies that for j < k + 1,
Aif € L2, i.e. for j < k we have A/f € HS = H?. Hence, for j < k and |8] < 2 it is true that
DPaife L2, ie. DPf e H@k. According to the induction hypothesis, D’f € H2* for |8| < 2 which
implies f € H2**2 and concludes the proof. |
Theorem 3.21. Let O cC R? be open, w € W and k > 2, then: Sobolev’s
Lemma and
Morrey’s
(i) f € HfV(O, R3) implies that there is a g € C/(O,R?), 0 < | < k — 2, such that almost Inequality for
weighted spaces

everywhere f = g on O.

(ii) f € H{‘V(O, R3)f0r all O cc R3 implies that there is a g € C'(R3,R, 0 <1< k-2, such
that almost everywhere f = g on R>.

(iii) Let O = R3 and w € ‘W¥*. Then for each k there is a C < oo such that

sup " ID°fG)l < Clifl (3.26)

xeR3 lal<k
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3.5. Proof of Main Theorem and Regularity

Proof of
Theorem 3.5p.20

A fulfills the
abstract
requirements

Proof. (1) For any compactly contained open set O CC R3, fe va(O, R3) implies f € H*(O,R?)
subject to Lemma 3.15,26. Sobolev’s Lemma [SR75, 1X.24] states that there is then a g €
Cl(O,R}) for0 <l <n- % with f = g almost everywhere on O. (ii) Applying (i) we get for
every open O cC R? a gp € C/(0,R?) such that almost everywhere f = g,,. Let O1, 0, cC R3 be
two such sets with the corresponding functions g, and g, , respectively. Assume O N O # 0.
By (i) we know that except on a set, let us say M C O; N O3, of measure zero, it holds that
8o, =J = &p, on O1 N O3. Due to the continuity for allx € Oy N O and € > 0 thereisad > 0
€

such that [x — y||[rs < 6 implies [Ig,(x) —go,Wllrs < 5, fori =1,2. Letx € M and choose € > 0,
then there is an y € (O N O2) \ M such that g, (¥) = f(y) = g, () and, hence,

ligo, ®) — 80, ®)llrs < g0, *) — &0, Wllrs + 1180, ) — &0, Wllrs +1180,¥) — &0, ®)lIr>
= lgo,®) — 8o, Wllr: + g0, ¥) — g0, ®)llgs < €

and therefore g, = g, on O1 N O,. This permits us to define a function g € C'(R3,R?) by
setting g = g, for every open O cc R3. (iii) For w € ‘W we know subject to Lemma 3.17,2
that f € H*(R?,R?). Applying Sobolev’s lemma as in (i) we yield the same result for O = R3
which provides the conditions for Morrey’s inequality (3.26;.20) to hold, see [LieO1, Chapter 8,
Theorem 8.8(iii), p.213]. O

REMARK 3.22. Note that this is the only result that depends on the dimension of R>.

3.5 Proof of Main Theorem and Regularity

Proof of Theorem 3.5p20. Assertion (i) and (ii). We intend to use the general local existence and
uniqueness Theorem 3.9,21 for 8 = H,,. In order to do so we need to show that the operators A
and J from Definitions 3.3,.19 and 3.4,.10 have the properties given in Definitions 3.7,21 and 3.4.19,
respectively. This will be done in Lemma 3.23 and Lemma 3.26,3:. Furthermore, we need to
establish an a priori bound for the local solutions such that Theorem 3.9,21(iii) can be applied.

Lemma 3.23. The operator A introduced in Definition 3.3,.10 on D,,(A) with weight w € W!
Sulfills all properties of Definition 3.7,21 with B = H,, and y = Cvy for a constant Cv, fulfilling

IVw|| < Cyw on R3, e.g. Cy := |, /z|0,|:1(ca)2.

Proof. By Definition 3.3p.19 the operator A was given for all (q;,p;,Ei,Bi)i<i<n € Dyw(A) =
DY R} @R @ H! @ H! by the expression A(g;,p;» Ei, Bi)i<i<n = (0,0, AGE;, B)1<i<n. Let
us first regard the operator A on D := H" @ HS“'!, We abbreviate the Hilbert space direct sum
L := L2 @ L2 and write vectors f € £ in components as f = (fi, f»).

First, we prove that A is closed and densely defined: According to Theorem 3.14p2, H is a
Hilbert space so that 9 is a Banach space with respect to the norm ||¢||p := |l¢|lz + ||A¢l|z. This
means any sequence (u,),en in D such that (u,),en and (Au,),en converges in L to u and v,
respectively, (u4,)nen converges also with respect to || - ||p. This implies u € D and v = Au, i.e. A
is closed. According to Theorem 3.18;27, we know also that C* lies dense in HS“", so it follows
that C2° X C° C O lies dense in L. Thus, the operator A is densely defined.

Next we prove that there exists a y > 0 such that (—oco, —y) U (y, c0) C p(A) which means that for
all [A] >y

A-8):D>L (3.27)

is a bijection: Let S = S(R?, R?) denote the Schwartz space of infinitely often differentiable R
valued functions on R? with faster than polynomial decay, and let S* denote the dual of S. On
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S* x 8" we regard in matrix notation
T, _ A =VA\ (T, _
onl)=lon )

for Ty, T, € 8* and A € R. With the use of the Fourier transformation™ and its inverse™~ on S*
we get

A =VA\ (T, _ AT [u] =V A Tylu]
a4 N\ o)™ = anm + VA ]

T[] - Tlk — ik Au(k))
T[] + T [k — ik A (k)]

for all u € S(R?, R?). By plugging the second equation into the first for A # 0, one finds
0="T; [k — (A + k*Yaak) — k(k - u(h))| =: R[]
for all u € S. However, for all v € S(R3,R3) we find au € S(R3,R?) according to

A12v(k) + k(k -v(k))

wh) = e kD)

such that Ty[v] = T{[¥] = R[] = 0, which means that T; = 0 and hence also 7> = 0 on S*. We
have thus shown that for Ker(1 — A) = {0} since H*" % H" I'c 8" x S*, and therefore that the
map (3.27p30) is injective for A # 0.

We shall now see that there exists a y > 0 such that for all |1 > +y this map is also surjective.
Therefore, we intend to show that for such A, Ran(1 — A) = L. Let us assume v € Ran(1 — A)*.
Since C* is dense in HS"!, we can use partial integration so that for all u € 9 we obtain
A+A
0= ((/l _ A)I/l, V>£ — deX W(x)u(x) X (( )W(x)v(x)) = <I/l, (/l _ A)*V>_£

w(x)

On the other hand, we have shown that Ker(4 — A) = {0} for all 4 # 0, hence wv must be zero
which implies that v = 0 since w € ‘W !, Thus, we have shown that Ran(1 — A) is dense, so that
L =Ran(d - A).

As (4 - A) : D — Ran(41 — A) is bijective, we can define R;(A) as the inverse of this map. In
the following it suggests that we at first show the boundedness of R;(A) and use this property to
show the closedness of Ran(1—A). Let f € Ran(d—A), then there is a unique u# € O which solves
(1= Au = f. The inner product with u gives (u, (1 —Au), = (u, f), and with the Schwarz
inequality and the symmetry of the inner product it implies

1
AUl = 5 |G, B g+ Gat, B ] < Il (3.28)

As said before, C;° X C° lies dense in D C L so that we may apply partial integration which
yields

|(u, Auy, + (u, Au)£| = ‘fd%c (Vw?x)/\ —sz)(x)/\) u(x) - u(x)

< f dx (VW) A ua(x)) - w1 (x)) = (Vw(x) A up(x)) - un(x))|

szcyfd%wanmu»wu@mszcwwz

using the notation u = (u1, u2) and Schwarz’s inequality in the last step. Let us define y := Cy.
Then for |4] > y the estimate (3.28) gives

1
IRA(B) fll 2 = llullg < ——IIfll¢. (3.29)
[ =y
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3.5. Proof of Main Theorem and Regularity

Free Maxwell
Time-Evolution

J fulfills the
abstract
requirements

As Ran(4 — A) is dense, there is a unique extension of R,(A) that we denote by the same symbol
Ry (A) : L — D which obeys the same bound (3.29) on whole L.

In order to finally show that Ran(A — A) is closed, regard a sequence (f;,)nen in Ran(A — A) which
converges in L for || > y. Define u, := Ry(A)f, for all n € N. By (3.29) we immediately infer
convergence of the sequence (u,),en to some u in L. Thus, (i, (1 — A)uy,) = (uy, f,) converge to
(u, f)in L& L, and because A is closed, u € D and (1 — A)u = f. Hence, f € Ran(1d — A) and
Ran(A—A) is closed. Since we have shown that Ran(1—A) is closed, we have also Ran(1—A) = L.
Hence, for all |4| > y the map (3.27;.0) is a bijection.

Finally, we show that A inherits these properties from A: Since A is closed on D = H“! @ HE"!,
A'is closed on D(A) := DY RPOR @ D, and P R’ @ R @ C @ C C D,,(A) lies
dense in ‘H,,. This implies property (i) of Definition 3.7,21. Furthermore, as for || > v > 0 and
(q;-pi- Ei, Bi)1<i<n € Dy(A)

(/l - A)(qiapiaEi9Bi)1SiSﬂ = (/lqb Jph (/l - A)(Ei,Bi))ISiSn-
AsA#0,(1-A): D,(A) - H,, is a bijection and for (q;,p;, E;, B;)1<i<n € H,y its inverse R (A)
is given by

1 1
RA(A)q;pi» Ei, B)1<i<n = | =4;> =P;» RA(A)E;, B;) .
1 a 1<i<n

Therefore, (—co, —y) U (y, ) is a subset of the resolvent set p(A) of A. This implies property
(ii) of Definition 3.7,21. Finally, by (3.2931) for any ¢ = (q;,p;, Ei, Bi)1<i<n € H,, we have the
estimate

N

1 1 1
R(A = — g, + = ;|2 + IRA(A)E;, B)II% | < ——1l¢lls
IRA(A)¢gllg, J;(ﬂzllq,ll /pllp,ll IRA(A)( l)IIL) |/l|_y||90||Hw

which implies property (iii) of Definition 3.7,21 and concludes the proof. ]

This lemma together with Lemma 3.10,.22 states that A on D,,(A) generates a y-contractive group
(W;)ser which gives rise to the next definition:

Definition 3.24. We denote by (W,),cr the y-contractive group on H,, generated by A.

REMARK 3.25. The y-contractive group (W;),cr comes with a standard bound ||W/|| o) S eV
see Lemma 3.10p.22, which we shall use often. For the case that w is a constant, one findsy = 0
and the whole proof collapses into an argument about self-adjointness on L*. In this case,
(Wi)ier is simply the unitary group generated by the self-adjoint operator A. For non-constant
w, (W))er does not preserve the norm. Imagine, for example, a weight w that decreases with
the distance to the origin. Then, any wave packet moving towards the origin while retaining
its shape (like e.g. solutions to the free Maxwell equations) has necessarily an L? norm that
increases in time.

Lemma 3.26. The operator J introduced in Definition 3.4p.19 with a weight w € ‘W fulfills all
properties of Definition 3.821 with B = ‘H,,. Furthermore, there exists a constant C; € Bounds
such that

N

Py
@), < Cy (lloillz- 1w~ 2ol 1 < i < N) > (1 + Culigil) > liglan, (3.30)
i=1

for any ¢ = (q;,Pi,E;, B;)i<i<n € H,, where C,, and P,,P,, are only dependent on the weight w,
according to (3.5p.s).
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Proof. As already remarked below Definition 3.4,.19, J is a mapping from H,, to D,,(A*). In
order to verify the properties given in Definition 3.8,2:(i) we show for all ¢, ¢ € D,,(A) that there
exist C;™, C," e Bounds such that

A" J(@)lla, < C:"(leellr,) Nl »
A" (J (@) = J@Dlln, < Cilllr, s 1@Nr,) o — Pl - (3.31)

Choose ¢ = (q;,p;,Ei,Bi)1<i<y and ¢ = (q",-,ﬁ,-,Ei,E,-)ls,-sN in H,,. According to Definition
3.4p.19, for any n € N we have

N
J(p) = {V(Pi), Z ej fd3x 0i(x —q;) (Ej(x) +v(p) A Bj(x)) ,—4mv(poi(- — q;),0
J=1 1<i<N
(3.32)

and
AP () = (0,0,0, (= 1)"4a(VAY" (v(pei- = 4)), _,_y .
AP2(g) = (0,0, (=1)"4x(VA"™* (v(poi- — 4)),0), .- '

<i<N

Since J(0) = 0, inequality 3.31 for ¢ = 0 gives C;(llglla,) := C,(llgllg,,0). Therefore, it
suffices to only prove 3.31. The only case involved therein is n = 0 as one needs to control the
Lorentz force on each rigid charge, which for n > 0 is mapped to zero by any power of A. So
for n = 0 we obtain:

N
@) = J@lz, < D @) —v@)|a +
i=1

N
")
i=1

N
Z €ij deX (Qi(x — g)E(x) - 0i(x — G)E j(x)+
j=1
+0i0x — g)v(p) A Bj(x) - 0i(x — G v @) A B ,<x>)HR3+

N
+4r > v@ei @) —vwoei- — ) . =[3]+[4]+[5] 334
i=1

The following notation is now convenient: For any function (f))i<j<m = f : R" — R™ and
(x)1<jsn = x € R" we denote by Df the Jacobi matrix of f with entries Df(x)|;,j = 9y, fi(x) for
1 <i<m,1 < j<nwherever the derivative makes sense. Furthermore, for any vector space V
with norm || - ||y and operator 7" on V we write ||T||y := SUup|y <1 T W)lv.

Recall also the coefficients m # 0, |o| = 1 and ¢;; € R for 1 < i, j < N from Definition 3.45.19
and define e := sup,; ;. leijl. Without loss of generality, we may assume that ¢; > 0 and the
possible signs being absorbed in the e;; for 1 <i < N.

By the mean value theorem for each index i there exists a A; € (0, 1) such that for k; := p; +
Ai(p; — p;) we obtain

N N
= > 1Py - ;= B)l|s < D IDkpUedllzsllp; = il
i=1 i=1

(ki) (ki)
m?+ki2

Now with k; = (ki)1<j<3 we have Dk.v(k,')’. = 7i (5 i1 —
- ' H \mE+k? !

estimate || Dy, v(k;)|[r3 < Ky for Kep = ZN 2 50 that

i=1 T

< Kyet Il = @llgs, - (3.35)

). Thus, it follows the
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Next we must get a bound on the Lorentz force. Let Bg(z) := {x € R3 | |lx — zl| < R} be a ball
of radius R > 0 around z € R3. Choose R > 0 such that for 1 < i < N it holds suppo; € Br(0).
Define I; := Br(g;) U Bg(q;), then

N

Sez

i,j=1
N

+ez

i,j=1

+

£d3x (Q,-(x —q)E(x) — 0i(x - %)Ej(x))

R3

~[8]+[7)

£d3x (Q,-(x - q)v(p,) ABjx) - 0i(x —q)v(p;) A Ej(x))

R3

Let zi(k) = q; + k(q; — q;) for each 1 <i < N and « € R, then
1
o6 =T) = o =a)+ [ dk =) Voilx ~z (),

Now | i di (q; = @) - Vortx = zi0))| < Kollg; = Gilles for Ky = V3EY, y 1Dl 5o that

@<e2 f & [oix = gIE ) ~ Eje)lsa + Kollg; = il IE )l -

i,j=1

We will use the following type of estimates in several places and therefore regard them for once
separately. For any set M, 1, be its characteristic function and F € L2(R?, R?), then

311 1B
f Pl < [(1+ Cullgt)™ + (4 + ClgID™ | |22 [1Flz. (3.36)
I,' \/W L2
Pw 1
f &x 0ix = gIF@llgs < (1 + Cullg i) | 2|l 1Fll2 - (3.37)
LZ

where we used (3.7,.19) which states that w™' € L, _since w™'(x) < (1 + Cy,llxI)**w™'(0). The
former inequality can be seen by

fb & x |IF@x)|lgs = 1,.d3 \/_VIIF( ][ <( fl d3xw‘1(x>) IFl

< ( f Exwlax-g)+wlix —EL))) IFl2
Br(0)

where we have used the Schwarz inequality. Using the weight estimate (3.7,.19) yields (3.36).
Similarly the latter inequality can be seen by

B = g)IIF = | P 0i(x — ¢q;) F X
f x 0i(x — g)IIF (X))l mx/ wx — g)IF(0)llg

1
— ( f P x wx - q,-)||F||Rs)2
\/V_V L2
and again using the weight estimate (3.7,.19). We abbreviate
Flny) = [+ G + (4 Co | [222] | g0 = 1+ Cu® i £
> w w, W L2 s w L '\/W L2
so that (3.36) and (3.37) give
f ExNIF@)lzs < f (Il » 1@l ) IF 2., (3.38)
I;

f &x 0i(x = gIIF @Il < g (Il ) IFllL2 ). (3.39)



Chapter 3. Maxwell-Lorentz equations of Motion

35

We apply these estimates to the term

N N
(6] e > g(ipllee, ) IE; = Efll2 +¢ " Kollg: — Gllzag (Ilellzs, ) IE 2

ij=1 ij=1

< eNg (ligllw, )l = Bligs, + eKolle = @, f (Il » 1Bl ) 1Bl

Therefore, we yield the estimate

(6] < Culliglise, 1@ll7,) lle — Pl

for

Cralllelip, - 1@la,) = € (Ng (lgllza, ) + Kof (el - 1@, ) 1@, ) -

The same way we shall estimate:

N

7-e.

ij=1

| @+ (o= apwiod B0 - 0ix - TwiF) £ By

R3

First we apply the mean value theorem to the velocities as we did before such that

<eZ f x| A (0itx - 4)B,) - 0ix - T)B;w)|

l]]

+ez f Px Kyallp; - Dilles0ix — ToIB 10l

i,j=1

Then we again rewrite the densities by the fundamental theorem of calculus and use this and
[lv(@)llrs < 1 in order to obtain

<oy | #x o= gm0 - Bl +e > Kol | 1B e+

1]1 i,j=1

+eZle||p Bl [ Pr ot -GIB .

i,j=

Finally we apply the two estimates (3.38,34) and (3.38,34) to arrive at

N N
Z Illee, ) IB; = Bjllz + e > Kollg: = @illes f (el e, ) 1B o)l 2+
i,j=1 i,j=1

+e Z Kyellp; = Billeag (llgllge, ) 1Bl 2 -

ij=1

and thus we obtain the estimate

< Cus(lplla, » 1@, ) Nl — Pll,

for

CusCligplige, 1Bl ) = € (Ng (Ilglins, ) + Kof (el @l ) plhpe, + Kverg (Il ) leliza, ) -
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It remains to estimate term . However, we shall do this already for the general case of any
fixed n € Ny. For the sake of readability we will not explicitly write out the n dependence in
each term. Recall from Equation (3.33,33) that

N
(5], =47 > IVAY Y@ o - g) = (TAY @i — Gz -
i=1
We begin with

N
2 <41 ) (VA vp) (0 - 4) = 0 =) [ o+
i=1

N
+4r ) (VA 0@) - v@Dei @)l =: (8], +[9],

i=1

but before we continue we shall rewrite these terms in a more convenient form by using the
following formulas: Let A"V = 0, then for allv € R3, h € C°°(R3,R) and all m € Ny the
following identities hold:

(VAY"(vh) = (1) [V (v - Va™ ' 1) — va™ ]
(VA wh) = (=1)"[VA™h] A v

This can be seen by induction. The formulas obviously hold for m = 0. Assuming them to be
correct for some m € Ny, we find

(VA" 2(pg) = V A (VA (vg) = V A (1) [VA™R] A V)
= (=1)"VA(VAva"h) = (-1)" [V(v VAR — Mm+1h] ’

(VA" (vg) = V A (VA2 (vg) = V A (=1)" [V(v - Va™h) — v i
= (="' [va™ h A v,

Let us begin with term |8 | for odd n. As before we write z;(k) = g;+k(q;—q;) foreach 1 <i < N
and « € R so that for

N 1
K (lglhye, - 1@llge, ) = >~ 1402 = NIl sollzz [(1+ Culillzg, )P + (1 + Cull@lag, )™ |
i=1

(3.40)

we get

2
I3

N
(8] capir = 47 Z ”VAm [oi(- = g) — (- = q)] Av(oi,mi,py)
=1

N
2 < 4Kq Z] 104112 s = il
=

N
<d4r le “ j: dk D[VA"0i(x — zi(k))] - (¢; — q;)

< 4K oK (Ilgllys, - 1Bllr, )l = Bz, = Cro@m + L, liglhge, IBllre,) ke = Blhpe,- (341)
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Similarly the term |8 | for even n gives:

N
(8]0 = 47 ) [V (v - V2" (01— 4) — 0iC- = Bi]) +
i=1

—vp)A" [0i(- — q;) — 0i(- = p;]

2
2

i (Hﬂ/ f dk D[D|Va" " oi(x - z:())| - (g: - 7))] -
i=1
Lﬁ.)

Again we estimate the coefficients of the Jacobi matrices by K,, this time obtaining another
factor V3 in the first summand such that

1
+ HL,-V(pi) fo dk DA™ 0i(x — zi(x)) - (q; — q;)

(8]0 < 47K (Il - [@llgs, ) Ko( V3 + Dl = Bl
=: Cio(2m, lIgllgs, @1l ) llp = Pllgs, - (3.42)

The last term to be estimated for odd 7 is:

N
@":2’" - 4”2 ”VAin(’ -q) A [v(p) —v(p)] 2

< 471'2 ||VA oi(: q,)”L2 Kyeillp — Z)b'”(Hw

< 4n(1 + Cul@llyg, ) * Z Va0l 2 Kielllp = Bl
=1 C@m + 1, ligliy, ||¢'||m> lp = Blge, (3.43)

and for even n:

N
(9,0 = 47 3 |V () = @) - VA" 01 = 8) = b2 —vB)] A" 0i(- ~ G;
i=1

v !
<dny’ (( f & x wi)lIDV A" gi(x —E»uRs) #1870 = Gl3 JKuelly ~ B,

i=1
3
Py _ —
< 4aN(l + Cwll?ﬂlww)T( ( f &> x wx)|DVA" 1g-(x)MRs) + ||Am@i||L3,)Kve,||¢ — @l
=: C;;2m, ligllps, lllg, e — @l (3.44)
Collecting all these estimates, we finally arrive at the inequality 3.31,33 for
C el » 1@l Nl = B, = Kuet + Cralllielis, » [@ll,)+
+ Cisllellas, » llellzs,) + Cis(m + 1, 1l@llgs,,, 1@llgg,) + Co@m + 1 ll@ligs,, 1@llg,)

which for fixed 7 is a continuous and non-decreasing function in the arguments ||¢ll#;, and [[¢]l4,
and, hence C,"™ € Bounds.

Next we need to verify property (ii) of Definition 3.8p.21. Therefore, for 7' > 0 letz — ¢, be a map
in C"((~T, T), D,,(A")) such that for all k < nand z € (-7, T) it holds that < o ktp[ € D,,(A"%). We

have to show thatforall j+/<n-1,t+— WAIJ (¢y) is continuous on (-7, T') and take values in
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A priori Bound
on the ML+SI
Solutions

D, (A"~1=ih, By formulas (3.3233) and (3.33;.33) both properties are an immediate consequence

of the fact that o; € C°. In fact, one finds that# — WA J(¢y) takes values in D,,(A*) on (=T, T).

Finally, we prove inequality (3.30,32). In principle we could use (3.34p33) and the estimates
(3.35p33, 3.40p36, 3.41536, 3.42, 3.43, and 3.44) for ¢ = 0 so that we only had to treat the Lorentz
force. However, for this estimate we also want to work out the dependence on of J on p. There-
fore, we regard

+

W@l Y |l +

1<i<N

D e f &0 i(x - ;) (E;x) +v(p)) A Bjx))

JEI

R3

+ 4o - gz | = [10]+ [11]+ [12]
The first term can be treated as before, cf. (3.355.33),

< NKyer llgllge,

The second term

eij | d'x 0ix - q) (E;j(x) +v(p;) A Bj(x))

i=1

can be estimated by

Z f & x 0i(x = g;) (IE () llgs + 1B (0)llgs ) -

i,j=1

Using estimate (3.37,.34) we find

N
L<e Y (1+Cllglh H
2 Vv

N

SZNeZ

i=1

||Ej(x)||L§, + ||Bj(x)||L3v)
L j=

Qi Pw
— (1 + CyllgiID = llelly, -

Finally, for the last term we obtain

N N N
<4nKyer ) lloi = g)lz Iellzg, < 4nKoer Y- lloidlz > (1 + Cullgil)™ liglyn,
i=1 i=1

i=1

Hence, there is a C; € Bounds for

N
Cr (ol 1w Poilliz, 1 < i < N) 1= Nt +2Ne|| -2+ 4K )l
L2 i=1

This concludes the proof. O

Next we need to show the a priori bound as in (3.15p21).

Lemma 3.27. Let the map t = ¢; = (q; ;»P;» Eis, Bit)1<i<n be a solution to

@ = Wi + f W, J(@y).
0

with cpo = @ili=0 € D\ (A). Then there is a C,3 € Bounds such that

sup i, < €T (1 + CiTe“ )|l < oo (3.45)
te[-T,T]

for Cis = Cys (lloillz, w2, 1 < i < N).



Chapter 3. Maxwell-Lorentz equations of Motion

Proof. By Lemma 3.23,30 we know that

! !
llpellas, = IWe” + f ds Wi—sJ (@), < €T Nl llg, + sign()e?” f ds 17 (@5l
0 0

Lemma 3.26p32 provides the bound to estimate the integrand

N

PW
I/l < Cs Z(l + Cullgisllzs) 2 llgsll,
i=1

for every time s. Moreover, as the velocities are bounded by the speed of light we get in addition

ap;,

2. 2
N P,

Hence, for some finite 7 > 0 and |¢f| < T we infer the following integral inequality

0
g; Il = < "l + Isl.

q?-i—f drv(p,-r)
0

A
< llgoIl + sign(s)f dr
0

A
ledipe, < @1l + sign(t)Cuo(T) f ds ol
0

for Cyo(T) := e?TC;N(1 + Cw(llgooll«Hw + |T|))%, according to which by Gronwall’s lemma
sup @il < @7 (1 + CiyTe™NlIe gy, < oo, (3.46)

te[-T,T]

O

This proves claim (3.10.20) for
Ci =" (1+CyTe)

with the parameter dependence as stated in the above lemma and yields the needed bound
(3.15p21) for C5(T) := T (1 + C,,Te€»T). This bound together with Lemma 3.23;30 and Lemma
3.26p.3: fulfill all the conditions for Theorem 3.9,21. Hence, we have shown existence and unique-
ness of global solutions to (3.9,20). To conclude the proof for part (i) and (ii) we still need to
verify (3.11p20). Let T > 0 and ¢,¢ : [-T,T] — D,,(A) be solutions to (3.920), then for
to,t € [-T,T] we have

Wizt (@1, — Zto) + f ds Wi_(J(ps) = J(@y))

fo

e = @il = ‘
H,

!
< elgry, — Giollw, + sign(t — to)e”” f ds C;V(lesllge, > 11@5llg,) los — Bl

fo

by (3.3133). Now we use (3.45;.35) and find

Coo(T, Il 1@ llge,) :=  sup  CVlpsllgg, » [1@slla,) < oo

s€[-T,T]

Hence, we can apply Gronwall’s lemma once again and find that (3.11,20) holds for

Co(T, @il » 1@ ll1,) 1= €T (1 + Coo(T, llso I, » 1@ |, YT €20 T Werolbrtn Mgl )Ty

For proving part (iii) we need to study whether solutions ¢ — ¢, respect the constraints (3.12520). The Maxwell
This, however, can be seen to be true by a short computation. Without loss of generality we may constraints
assume * = (. Say we are given an initial value (q?, p?,E?,BiO)lsisN =: ¢ € D,(A), then by
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Proof of
Theorem 3.6p.20

part (i) and (ii) there exists a unique solution ¢ — ¢; in C YR, D,,(A)) of Equation (3.14p21). As
before we use the notation ¢; =: (q;;,P; ;> Eis, Bis)i<i<n for t € R. Furthermore, let ¢" be chosen
in such a way that V - E? = 4mo;(- — q?) and V - B? = 0 hold in the distribution sense. We may
write the divergence of the magnetic field of the i-th particle for each ¢ € R in the distribution

sense as
! . !
V'Bi,t=V'(B?+f Bi,sds):—v-fdsVAE,-,s
0 0

where we have used the equation of motion (3.14,21) and the assumption V - B? = 0. Since
¢ € Dy(A), VAE;;isin Lfv. Therefore, for any ¢ € C?O(R3, R) we find by Fubini’s theorem that

! t
f d*x Vo(x) - f ds V AE;(x) = f ds f dPx V) - (VAE;(x))=0 (3.47)
0 0

as for any fixed ¢ the absolute value of the integrand is integrable as

!
f ds f &x V() - (VA i) < [IV6ll21 sup IV A Eil 2 < co.
0 s€[0,¢]

The supremum exists because of continuity. Analogously, we find for the electric fields

A
V-E,=V- (E? + f ds E)
0
! !
= dnoi(- —q) + V- f dsV AB; s —4nV - f ds v(p; )oi(- — q;. ).
0 0

By the same argument as in (3.47) the second term is zero. We commute the divergence with the
integration since g;,, p; , are continuous functions of 7 and o; € C>(R3,R) and find

t
cee = 47rQi(' - CI?) - 4”[ ds v(pi,s) : VQ!( - qi,s)
0
0 ‘d
= 4noi(- — q;) +4n f 75910 ~4i5) ds = 4moi- — q;y)
0
which concludes part (iii) and the proof. O

Proof of Theorem 3.6p20. As a last step we shall examine the regularity of the Maxwell so-
lutions. Assume the initial value (,00 € D,,(A¥™) for some m € N. According to Theorem
3.5p20, we know that there exists a unique solution 7 = ¢; = (q;P; s Eir, Bi)1<i<y Which is in
C?™(R, D,,(A*™)) with ¢];=0 = ¢°. The first aim is to see whether the fields E;;, B;, are more
smooth than a typical function in HS. In order to achieve this we have in mind to apply our
version of Sobolev’s lemma for weighted function spaces, i.e. Lemma 3.21,20. We know that
(VAYE;,;, (VA)?B;; € H" for any O < [ < m, but then

(VAE;; = (VA 2(VAVE;, = (VV - —8)"V (VAVE;,

-1
-, (l P 1) (VY (=) VAV E; = (-0)" (V(V - E;)) - AE;,)
k=0

in the distribution sense, where VV- denotes the gradient of the divergence. The same computa-
tion holds for B;;. By inserting the constraints (3.12,.20) we find:

(VAE;, = 4n(-1)"'a" 'Voi(- —q;) + (-0YE;;  and  (VA)!B;, = (-2)'By,.
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As 0; € C” we may conclude that for any fixed # € R we have AIE,-,,, AIB,-,, € Lfv forO0<l<m
and therefore E;,, B;, € H-" which proves claim (i). In particular, for every open O cC R?,
E;;, B;; are in H@m(O) which by Theorem 3.20p2s for w = 1 equals H*"(0). Lemma 3.15p2
then states E;, B;; € leo’f which provides the conditions to be able to apply Theorem 3.21,.20(ii)
that states: In the equivalence class of E;; and B;; there is a representative in C/(R3,R3) for
0 <1< 2m-2 = n-2, respectively. We denote the representatives also by E;; and B,
respectively.

dk
o d I

k
Moreover, we know that for any 0 < k < n the map t — %(p, and hence the maps 7 — 47

k . .
and t — %Ei,t are continuous. Hence, for any A cc R* and for k < n the integrals

f ds d°x w(x)
A

are finite. Applying Sobolev’s lemma in the form presented in [Rud73, Theorem 7.25] we
yield that within the equivalence classes E; and B; there is a representative in C"~2(R*, R?),
respectively, which proves claim (ii).

Assume w € “W¥ for k > 2. Then Theorem 3.20p.2s yields that also E;;, B;; € Hvzv’”:"(]R3), and
by Theorem 3.21,.29(iii) there is a constant C such that (3.13.20) holds for every 1 < i < N which
proves claim (iii) and concludes the proof. m|

k 2
for j=1,2,3
R3

and f ds d®x w(x)
A

k
O E;,s

d
ﬁEi,s

R3

The existence and uniqueness result from Theorem 3.5,20 permits us to define a time-evolution
operator induced by the Maxwell-Lorentz equations:

Definition 3.28. We define

!
My : R* X Dy(A) > Dy(A),  (1,10,¢") = Mi(t,10)[¢"] = @1 = Wiy + f WiosJ(5)
fo

which encodes the time-evolution of the charges as well as their electromagnetic fields from time
to to time t.

REMARK 3.29. (i) By uniqueness we get for times ty, t,t € R that

My(t,10)[¢°] = ML(t, 1) [ML(t1, 10)["]]

(ii) For the case of (ML+Sl,.s), i.e. e;j = 1 forall 1 < i, j < N, and initial values (,00 € D,,(A) for
weights w € ‘W such that for w(x) = Ojx|-w(1) one finds by straightforward computation that
the total energy defined by

N
1
H(r) := Z [0',- Jmlz +pl.2’t + o fd3x (Elzt +Bit)}
i=1

is a constant of motion, where we used the notation (q;;,p; > Eis, Ei)1<isn = ML(Z, to)[goo]from
Section 3.5,30. However, for weights w € ‘W such that w(x) — 0 for ||x|| — oo, the integrals in
the expression of H(t) diverge and the total energy is infinite.

(iii) In the case of (ML-Sly.is), i.e. e;j = 1 — 6;j, the total energy is generically not conserved
which can be understood as follows: In this case the time derivative of the electric field E;; in
(3.2p.15) depends on the position q;, and velocity v(p; ) of the i-th charge which means that the
charge can transfer energy by means of radiation to the field degrees of freedom. On the other
hand the Lorentz force law acting on the i-th charge (3.1,.15) does not depend on the i-th field
since e;; = 0. Therefore, the i-th charge cannot be in turn decelerated whenever it radiates. This

Maxwell-Lorentz
Time-Evolution
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way the charges can “pump’ energy into their field degrees of freedom without “paying” by loss
of kinetic energy. However, for the special initial conditions (2.15p.12) as discussed in Chapter 2p.7
the ML-SI equations inherit constants of motion from the Wheeler-Feynman equations. Unlike
for ML+SI equations, it is expected that not only scattering states but also bound states like the
Schild solution [Sch63] exist.

3.6 Conclusion and Outlook

Limit to Point-Like Charges. As we have discussed in the preface and in Chapter 2,7, from a
physical point of view it would be desirable to take the limit to the point particles o; — §°. While
in the case of (ML+SI,.15) the equations of motions are ill-defined in the point particle limit, this
is not the case for (ML-SI,.i6) as long as the charges stay away from each other. At least for two
charges of equal sign we can expect existence and uniqueness for almost all initial conditions. In
such a case it is expected that the analogue of the existence and uniqueness proof for point-like
charges stays essentially the same except for modifications of the norms. In a sequel we shall
discuss the point particle limit of the (ML-SI;.16) case.

Thermal States. Furthermore, as pointed out in [Spo04] for thermal states at non-zero tem-
perature, one expects the electric and magnetic fields to fluctuate without decay. So it seems
natural to check if the presented treatment of the Maxwell-Lorentz equations for fields in L2,
suffices to treat also such thermal states; recall that the weight function w has to be chosen to
decay slower than exponentially.



Chapter 4

Wheeler-Feynman Equations of
Motion

4.1 Chapter Overview and Results

This chapter purports the so-called Wheeler-Feynman equations for rigid charges. Recall the
Wheeler-Feynman equations for point-like charges we discussed in Chapter 2,7. They were
given by the equations (2.16,12) which are essentially the Lorentz force equations for the
Wheeler-Feynman fields given by one half of the sum of the advanced and retarded Liénard-
Wiechert fields for potentials (2.5p5). As in the chapter before, we use non-relativistic notation
in a special reference frame (cf. Section 5.1,95) and in order to circumvent the trajectory crossing
problem we smear out again the point-like charges by some smooth and compactly supported
functions on R?. These equations then describe a system of N € N classical, non-rotating, rigid
charges interacting directly via the relativistic action-at-distance principle and can be written in
the form of the Lorentz force law (3.15.5):

O-ipi,t
2 2
\/m + p3
Lo 4.1)

omy =Y, [ Ex et -a,) (BN + vig,) 1 BYFw)

J#

afqi,t =v(p;,) =

for 1 < i < N with a special choice of fields, the Wheeler-Feynman fields, given by

EYF\ 1 - ~Voiy - 4;,) - 0; (v(p; )oiy - 4;,)
(BXZF) =3 Z 4n f ds f Py KE (x —y)[ T e - a0) @2

Here, K" (x) := A*(t,x) = % are the advanced and retarded Green’s functions of the
d’Alembert operator. We shall use the same notation and terminology as for the Maxwell-
Lorentz equations in Chapter 3p.15, i.e. at time ¢ the ith charge for 1 < i < N is situated at
position g; , in space R3, momentum Di: € R3 and carries the classical mass m; € R\ {0} while
o; := sign(m;) allows for negative masses. The geometry of the rigid charge is given by the
charge distribution o; € C*(R3,R) for 1 < i < N. In the following we shall refer to the Wheeler-

Feynman equations (4.1) and (4.2) as WF equations.

The WF equations are more subtle than they look because EI“ZF and BX;F are functionals of the
ith charge trajectory ¢ +— (gq;,,p;,). In contrast to the Maxwell-Lorentz equations, these fields
appear here only as mathematical entities, and the only dynamical degrees of freedom are the

Wheeler-
Feynman
eqautions for
rigid charges

Guiding
questions
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4.1. Chapter Overview and Results

Mathematical
results in this
chapter

charge trajectories. In fact, the change of the state of motion of the ith charge, i.e. the left-hand
side of (4.1), is given in terms of the future and the past of all j # i charge trajectories with
respect to time 7. Equations of this type are commonly called functional differential equations.
Such equations have in general very different mathematical properties compared to ordinary or
partial differential equations regarding existence, uniqueness and regularity. In contrast to the
intuition in usual classical mechanics, it is completely unclear whether the WF equations allow
for a well-defined initial value problem for Newtonian Cauchy data, i.e. position and momentum
at time zero. This also means that it is unclear how to speak about possible solutions yet and,
therefore, our leading questions of this chapter are:

1. How can we speak about solutions and by means of which data can we tell solutions apart?

2. Do Wheeler-Feynman solutions exist for given Newtonian Cauchy data?

We will answer both questions partly: With regard to question 1 we shall show that for possible
Wheeler-Feynman solutions with bounded accelerations and momenta it is sufficient to specify
positions, momenta and Wheeler-Feynman fields at any time #y in order to tell them apart; the
question what part of this data is also necessary remains open. Concerning question 2 we shall
show further that for given Newtonian Cauchy data there exist Wheeler-Feynman solutions on fi-
nite time (though arbitrarily large) intervals; the question if there are Wheeler-Feynman solution
for all times remains open.

We begin our survey with Section 4.2,s where we familiarize with functional differential equa-
tions and their curiosities, amongst others: non-uniqueness for Cauchy data, non-smoothing
and non-existence, by means of simple examples. In order to get a feeling for the WF equa-
tions we continue the discussion with a toy model for Wheeler-Feynman electrodynamics for
two repelling charges interacting only by advanced and delayed Coulomb fields in Subsection
4.2.1p53. The remarkable feature of this toy model is that for given strips of charge trajectories
solutions can be explicitly constructed in a piecewise manner. In particular, it can be seen that
without demanding any regularity properties, solutions, albeit not unique, for any given Newto-
nian Cauchy data exist; whether more regularity could yield uniqueness remains an interesting
open question. This toy model makes us confident that we do not have to fear non-existence of
Wheeler-Feynman solutions for given Newtonian Cauchy data. We conclude this introductory
section with Subsection 4.2.2,s5 where we discuss an idea of reformulating certain functional
differential equations in terms of initial value problems, using the following strategy: We regard
the functional differential equations of the following type

T+ f ds W(x(s))] (4.3)
+T

1
X (1) = V(x(@), £(t, %)) for  fltx=3))

for given f*7, functions V, W and fixed T > 0 and investigate the well-posedness of the initial
value problem for prescribed Cauchy data x(t)l,=o = x". To see the relationship with the WF
equations, think of x(r) as being position and momenta and f(¢) to represent the Maxwell fields
at time 7. The sum over + is the sum over retarded as well as advanced fields. This problem can
be recast into initial value problem by enlarging the phase space where we regard
d (x(r)) _ (V(x(t),f(t, x))) | "
dr \f(®) W(x(s)

Given initial data (x(¢), f()li=o = (1, f°) there exist unique solutions ¢ M[x°, 01 =
(x(1), f(¥)) of this set of equations, however, in order to solve (4.3) for given x¥ we need to
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give the appropriate initial conditions f°. The idea is to construct f° by iteration of the map

S0, ) = %Z

!
fiT + f ds W(x(s))] for x(s) being the first component of M [x°, fo].
+T

4.5)

For finite T the role of f* is to fix the incoming advanced and outgoing retarded fields f*7

at time +7. For T — oo one may set f** = 0 in analogy with the Maxwell equations which
forget their asymptotic incoming and outgoing initial fields. We discuss how for small 7' one
can still expect unique solutions if V and W are regular enough. However, for big or infinite 7',
though one might still get existence of the fixed point of S, it is not clear anymore how to ensure
uniqueness of solutions. Nevertheless, this method is the key idea behind our later existence
proof of Wheeler-Feynman solutions on finite time intervals for given Newtonian Cauchy data.

The main mathematical results which take up the aforementioned two questions for the Wheeler-
Feynman electrodynamics are then given in the two remaining sections. We start in Section
4.355 where we deal with question one. As discussed in the end of the introductory Chapter
2,7, there is an intimate connection between Wheeler-Feynman and ML-SI dynamics. The idea
is to exploit this feature in the following way: If there exists any solution to the WF equa-
tions then we know that its charge trajectories ¢ > (g;,,p; )1<i<n fulfill the Lorentz force law
(4.1p.43) for the Wheeler-Feynman fields ¢ — (EZZF,B?XF)lsigN given by (4.2,43) and, moreover,
the Wheeler-Feynman fields fulfill the Maxwell equations by definition of the Liénard-Wiechert
fields. Hence, the map ¢ — (g, pi’t,EZ‘[/F, BZ‘{F) 1<i<n constitutes a solution to the ML-SI equa-
tions. Now if the Wheeler-Feynman fields are actually compatible with the set of initial values
D,,(A) for which our existence and uniqueness theorem of the last chapter holds (in fact, we
will use D,,(A™) to yield strong solutions), we can conclude that this ML-SI solution is uniquely
identified by specifying positions, momenta of the charge trajectories and the Wheeler-Feynman
fields at one instant time ¢. More precisely, we shall show that for 7w being the set of all once
differentiable Wheeler-Feynman solutions ¢ + (gq;,,p; )1<i<y With bounded accelerations and
momenta, the map

iy Twr = Dy(A%), (r > (ql-,,,pl-,,ngsN) > (@i Pisg Eyyy - Bly 1<ish (4.6)
is well-defined and injective for all o € R. With the preliminary work of the last chapter the only
involving part in the proof is to show that the Wheeler-Feynman fields are compatible with the
set of initial values D,,(A*) for which the existence and uniqueness results of solutions to the
ML-SI equations hold. For this we solve the Maxwell equations (3.2;.15) explicitly for prescribed
and sufficient regular charge trajectories ¢ — (q,,p,) and initial fields (E°, B®) at some time 1,
which is the content of Subsection 4.3.1,60. This is done by rewriting the Maxwell equations
into an inhomogeneous wave equation

E, _ ~Vp; = 0y,
: (B) - 4n( o
for p; := o(- — q,), J, == v(p,)o(- — q,) and charge density o such that any solution can then be
constructed by inverting the d’ Alembert operator in terms of the propagator K; = K; — K;". We

yield explicit formulas for the electric and magnetic field which we shall refer to as Kirchoff’s
formulas:

E\ (8 VA E° —4mj,, ! -V -9,\(ps
(Bt) = (—V/\ at )Kl—l() * (BO + Kl—l() * 0 +4r \ ds Kt—s * 0 VA js (47)
and which for a charge trajectory with mass m # 0 we usually abbreviate by

M, o[ (E°, B), (g, p)](t, 10). (4.8)
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The same formulas (after a partial integration) have already been found by Komech and Spohn
using a slightly different technique [KS00]. Based on these Kirchoff formulas for given charge
trajectories and initial fields at some time 7y we derive the explicit form of the Liénard-Wiechert
fields by a limit procedure for which # is sent to +oco and show that the limit still fulfills the
Maxwell equations (though the Liénard-Wiechert formulas are well-known for over a hundert
years in the physical community we had trouble finding any reference of a rigorous derivation
along with a proof that they solve the Maxwell equations in the mathematical literature). The
well-known result [Jac98, Roh94, Spo04] is:

EX\ [ 4 ELV=E(. —2)
(B;—) - fd < Q(Z) (BILW+( —Z))

(n £v)(1 —v?) nA[(n+v)Aal
e —ql*P(1£n-v)3  |x—gqll(d£n-v)3
B"WE(x) := [n A E,(x)]*

for

+

EFV*(x) = [

where n is the normalized version of the vector x — ¢, v is the velocity and a is the acceleration
while the superscript + denotes that these entities must be evaluated at advanced and delayed
time with respect to the space-time point (x,); cf. Subsection 4.3.1p00. As discussed in the
overview of the last chapter 3.1,.1s5, the “worst” behaving Wheeler-Feynman trajectories we ex-
pect are the Schild solutions and those have bounded accelerations and momenta. For such
charge trajectories the term, depending on the accelerations in the Liénard-Wiechert fields, does
not decay fast enough for the Liénard-Wiechert fields to be square integrable. But exactly for this
we have introduced the weight w in the ML-SI existence and uniqueness theorem and we show
that there is a w, e.g. w(x) = (1 + Iel>)~, being conform with the requirements of the theorem
and in addition modulating the missing decay in the acceleration term such that EX, Bf € 2.
Coming back to the Wheeler-Feynman fields which we need to be compatible with D,,(A*) and
which are defined by one half of the sum of the advance and retarded Liénard-Wiechert fields
we yield (g, pi,to’ng’Bgf) 1<i<N € Dy (A*®) where we owe the regularity to the convolution
representation.

In order to answer question 2 for the class of Wheeler-Feynman solutions 7wr, one had to
determine the range of the map i;, but this task is beyond the present understanding of the WF
equations. Yet we start looking for an answer to this in Section 4.4,7; in the following way:
With the characterization of Wheeler-Feynman solutions in 7wr by i, at hand it is natural to ask
whether there exist Wheeler-Feynman solutions for any prescribed Newtonian Cauchy data p =
(q?, p?)lgis ~ € RO which are positions and momenta of the N charges at time zero postponing
the question of uniqueness. For this we reformulate the Wheeler-Feynman functional differential
equations (4.1,43) and (4.2,43) into an initial value problem as in the discussed example (4.3p.44).
The analogue of equations (4.4,44) are the ML-SI equations which we have treated in the last
chapter; recall the notation of the ML-SI solutions (g, ,,p; ;» Eis, Bi)i<i<y = ML[p, F1(t,0) for
Newtonian Cauchy data p and initial electromagnetic fields F = (E?,B?)lS,SN at time zero.
In order to simplify the notation we denote the Liénard-Wiechert fields of a charge trajectory
t = (q,,p,) with mass m and charge density o at time # by M,, ,[(q,p)](t, £00). The task is now
to find ML-SI equations whose charge trajectories obey the Newtonian Cauchy data

@i Pih<ien|,_o = P (4.9)

and whose fields at time zero are the Wheeler-Feynman fields (4.2,.43), i.e. in our new notation

1
ENT B = 5 D Mo [(@;-p)1(0, £00) (4.10)

+
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at time + = 0. As in the example above, it seems natural to construct such initial fields by
iteration of the map S? (this is the analogue of (4.5p.45) for T — 00):

INPUT: F = (E?, BY) <<y such that (p, F) € D,,(A). The Fixed Point
Map

(i) Compute the ML-SI solution = (q; ,,p; ;- Ei s, Bi)i<i<n := ML[p, F1(2,0).

(i) Compute the Wheeler-Feynman fields for 1 <i < N

1
ENT B = 5 D Mo [@7.p))(1, x00).

OUTPUT: S”[F] := (E)\. BY{D)1<i<n-

By construction any fixed point needs to be a solution to the WF equations (4.1,43) and (4.10p.46)
for Newtonian Cauchy data (4.9,46). Therefore, it suffices to show the existence of a fixed point
of S”. The advantages compared to other fixed point approaches are twofold: First, existence
and uniqueness of solutions to functional differential equations can now be studied by the fixed
point methods of nonlinear functional analysis. And second, instead of working with a norm on
the space of the charge trajectories we only need to find a suitable norm on the space of initial
fields at time zero. However, there are two apparent difficulties:

1. Ift = (q;P; > Eir, Bir)1<i<y as computed in step (i) has unbounded accelerations and/or
momenta, then the Wheeler-Feynman Fields computed in step (ii) need not to be well-
defined; cf. Theorem 4.18;.¢.

2. Even if the Wheeler-Feynman Fields from step (ii) are well-defined, (p, S?[F]) does not
need to lie in D,,(A).

That the momenta and accelerations of charge trajectories of solutions to the ML-SI equations
cannot be bounded by the initial conditions in a simple way as it is the case for the ML+SI
dynamics is due to the fact that we lack any kind of energy conservation on equal time hyper-
surfaces. These difficulties force us to regard a related problem first which, however, only yields
charge trajectories which obey the Wheeler-Feynman equations on a finite but arbitrarily large
time interval. In Subsection 4.5,9 we then discuss how the applied method could also yield true
Wheeler-Feynman solutions for all times.

Since the Wheeler-Feynman fields (4.10,45) solve the Maxwell equations (as stated in Theorem
4.21,.68), we can express them for any 7 > 0 by

1
ENT B = 5 D Mo Xy (€PN £T) (4.11)

for the advanced and retarded Liénard-Wiechert fields

XE = (EWF BWF ) = MQ,-,m,-[(qi’pi)](iT’ ioo) (412)

i,+T * I,+T° =T

where we have been using the notation (4.8p4s5). Let us then assume the fields Xi’—:iT as given
in terms of a function of the charge trajectory (q;,p;) for 1 < i < N such that they fulfill the
correct Maxwell constraints at time 7, respectively —7. In contrast to the first approach we now
need to find trajectories (g;,p;)1<i<y that fulfill the equations (4.1543) and (4.11) which shall be
denoted as the bWF equations (which stands for “boundary field Wheeler-Feynman equations™).
However, if for 1 < i < N those fields X:+T, respectively X; ;. are for example advanced,
respectively retarded, Liénard-Wiechert fields generated by well-behaving trajectories in 7wr,
then by Theorem 4.28,7 the corresponding ML-SI solution takes values in D,,(A*) for some
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appropriate weight function w. Furthermore, as the time-evolution of the Wheeler-Feynman
fields in (4.11) goes only over a time interval [-7, T] we only need to control the ML-SI solution
there. For finite T > 0 we always get a bound on the maximal momentum and acceleration of
all charge trajectories. This way the difficulties of the first approach are shifted to the existence

of the boundary fields X}, ., 1 < i < N which we will discuss later. Again, we can formulate the

question of the existence of solutions in terms of the altered fixed point map S ?’sz

INPUT: F = (E?, BY),<;<y for any fields such that (p, F) € D,,(A%).

(i) Compute the ML-SI solution [T, T] > t &= (q;;,P; 1» Eir» Bit)1<i<n := My[p, F](t,0).

(i) Compute the fieldsfor 1 <i < N

1 +
(Ei,l’Bi,l) = 5 Z M iami[XiTiT’ (qi’pi)](t’ iT) (413)
where X;-riT are given functions of the charge trajectory (g;,p;) for 1 <i < N.

OUTPUT: S ’T”Xi [F] = (Ei,OaEi,O)lsisN-

By construction any fixed point solves the bWF equations (4.1p.43) and (4.11,47) with prescribed
(Xii:iT)lgiSN for Newtonian Cauchy data (4.9,45). Note that any fixed point then automatically

fulfills the Maxwell constraints at time zero, i.e. V - E? = 4no;(- — q?) and V - B? = 0, for
1 <i < N, because the boundary fields fulfill them at times +7'.

This way we only get a Wheeler-Feynman interaction on a time interval within [T, T'] for pre-
scribed asymptotes whose shape for times bigger than T, respectively smaller than —7 is deter-
mined by the choice of X*7 if one has not by chance taken the choice (4.12,47) for the boundary
fields; see Figure 4.1,51. We shall prove existence of fixed points of S ’T”Xi for a convenient class
of boundary fields (which include Liénard-Wiechert fields of charge trajectories in 7wr). Note
that even if this class (4.12,47) were too small to include for all Wheeler-Feynman solutions the
fixed points of S g’xi are still of significance because:

1. Choosing boundary fields X* which are of the form of the advanced and retarded Liénard-
Wiechert, we shall show that for any 7 > 0 and T-dependent restrictions on the Newtonian
Cauchy data p and charge densities p; we can always find charge trajectories that fulfill the
true WF equations (4.1,43) and (4.2,.43) for a non-zero interval within [-L, L] c [-T,T];
see Figure 4.1ps1.

2. As for large T, assuming the charge trajectories are strictly time-like and have veloc-
ity bounds smaller than one, MQ;,mi[XfiT, (q;,p)](, £T) converges pointwise in R3 to
My, m,[(g;,p;)](t, +00) which is independent of the boundary fields X* (cf. Theorem 4.18s),
one can expect that a fixed point of § ’T”Xi is in some sense close to a true Wheeler-Feynman
solution.

Let us sketch the idea behind the proof for the existence of fixed points of the map S [T”Xi. We
aim at applying Banach’s Fixed Point Theorem for small times 7" and Schauder’s Fixed Point
Theorem [Eva98, Chapter 9, Theorem 3, p.502] for all finite times 7

Theorem 4.1. Let B denote a Banach space and K C B be compact and convex. Assume
S : K — K is continuous, then S has a fixed point.
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We shall mostly work with the field space ¥, := EBZ 1 L2 @ L2 instead of the phase space of the
ML-SI dynamics so that it is convenient to introduce the operators A, J which are projections
of the operators A and J defined in the last chapter onto their field components. One can see
immediately that A generates a y-contraction group (W,),cr on its natural domain D,,(A) which,
again, is the projection of D,,(A) onto its field components. A natural choice for the Hilbert
spaces of fields is

n
Fo ={F € F | ANFeF,1<j<n) with the norm -l = Z IAK . Il -
k=0

for n € N. For fixed T > 0 the boundary fields XfT are defined such that they are functions
of (p,F) € H, instead of charge trajectories as it was discussed above. The reason for that
is that we can recover the charge trajectories by the ML-SI time-evolution of the initial value
(p, F). With the appropriate regularity conditions on the boundary fields one can define the map
F—3S ‘;’Xi [F] as a continuous self-mapping on ;.. The most sensitive part of the proof is that

the range of S?’Xt must be compact in order to apply Schauder’s Fixed Point Theorem. This
can be shown thanks to the fact that the fields generated by the charge trajectories on the time
interval [T, T] can be bounded by a finite constant depending only on the Newtonian Cauchy
data p and the time T'. The reason that the bound is uniform in all initial fields F' can be seen by
rewriting (4.13p.4s)

1

L 0
(Eis,Biy) = E(erXiT[P,F]Jrf ds W—sJ(%)) (4.14)
T

F

where X7.[p, F] := (XfiT[p, FDi<i<y and @5 := My[p, F1(s,0). The first summand is the
contribution of the boundary fields which behaves as we wish. The second contribution comes
from the integrated current of the charge trajectories over the interval [-7, T']. The estimate of
the norm of the integrand in (4.14) for o5 = (q; . P; 5» Eis: Bis)1<i<n

N N
Meollr, < D I4m@; o - gl < Y I4moi- - g2

i=1 i=1

depends only on the position of the charges at time s (since the measure +/wd->x is not transla-
tional invariant). But as the velocities are always smaller than the speed of light, their position
can be bounded by ||p|| + s. This observation implies that the range of S ?’Xi is bounded. If we
can in addition show that it is also compact, we can then take K to be the closed convex hull of it
which is again compact, restrict S ’;’Xi to K — K so that Schauder’s Fixed Point Theorem would
ensure the existence of a fixed point in K. In order to show compactness we consider sequences
in the range of S’T”Xi. Because of their boundedness the Banach-Alaoglu theorem then states
that they have a ¥ ' weakly convergent subsequence, and it is left to show that this subsequence
also converges strongly. To show this, we only have to make sure that the subsequence of fields
does not oscillate too wildly and that no spatially outgoing spikes are formed. By imposing
further conditions on the boundary fields so that they behave as we wish we again have only to
concentrate on the fields which are created by the current of the charge trajectories on the time
interval [T, T]. By the finite propagation speed of the Maxwell equations those created fields
have support within a ball around the initial positions of the charge with radius ||p|lgsv + 27 + R
for balls Bg(0) of radius R > 0 around the origin such that supp o; € Bg(0). Furthermore, taking
into account the Maxwell constraints, we can also find bounds on the Laplacian of those fields
which depend only on T and ||p|lzex Where we use a similar technique than in the regularity proof
of the Maxwell-Lorentz equations in the last chapter. Hence, there is no formation of spikes and
the oscillations are mild so that we are able to show that the subsequence is also strongly conver-
gent in 7 !. For small enough times and additional requirements on the boundary fields one can
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even apply Banach’s fixed point theorem to ensure also uniqueness which is due to the Lipschitz
continuous dependence on the initial values of the ML-SI dynamics. The exact requirements for
the boundary fields are condensed in Definition 4.38,7s where we define the classes of boundary
fields. In Lemma 4.45,7 we show that the Coulomb field is in all these classes but it is expected
(though not shown) that all Liénard-Wiechert fields of charge trajectories with bounded acceler-
ation and momentum are also included. In this sense the boundary fields can be seen as being the
advanced and retarded Liénard-Wiechert fields of the asymptotes of the actual charge trajecto-
ries on time interval [—7, T']. In a last paragraph we then show that among these fixed point there
are fields F' such that the charge trajectories t - (g, ,,p; )1<i<n Of the ML-SI solution with initial
value (p, F) also fulfill the true WF equations on a finite time interval. In order to see this we
regard the difference of the true Wheeler-Feynman fields (4.10,46) and fields (4.11,.47) depending
on the boundary fields for the ith charge trajectory in terms of Kirchoff formulas (4.7,.4s)

Mg;,mi [Xfi]" (qiapi)](t’ iT) - M i, [(qppz)](t, iOO)

_ 9, VA —4mv(p; .7)oi(- — q; 1)
-VA 4, 0

=T -V -3\ oi-—q:,)
— 47 f:oo ds K s * ( 0 V/\) (V(pi,s)gl‘(' = qivs)) .

Whenever this difference is zero, at least within tubes around the positions of all other j #
i charge trajectories for times ¢ in some interval [-L, L] for L > 0, they also solve the true
Wheeler-Feynman equations on this time interval. To show that such a non-empty time interval
exists we make use of the property of the Maxwell equations that Liénard-Wiechert initial fields
XfiT are cleared to zero by the first term above within the forward, respectively backward,
light-cone of the space-time points (g; .7, =7) during the time-evolution to make way for the
fields generated by the charge trajectory. We show this by direct computation in the case of
the Coulomb fields as boundary fields using harmonic analysis. In the same region the third
term, coming from the Wheeler-Feynman fields for times outside of the time interval [T, T], is
naturally zero, too. Finally, the second term has support on the light-cone of space-time point
(q; .7, £T) only. Hence, the above difference is zero within the intersection of the forward light-
cone of (g; 7, —T) and the backward light-cone of (g; 7, T).

)K1¢T * X,-iT + Kiz7 * (

H

Now it is only left to ensure that all charge trajectories stay inside this space-time region long
enough so that L > 0. For this, if we had a uniform velocity estimate for the charge trajectories
(which in the case of, for example, two charges of equal sign would be physically reasonable)
we would only have to choose T large enough. However, the estimate we have for general initial
conditions comes from the Gronwall estimate of the ML-SI dynamics which is 7" dependent.
Therefore, we yield true Wheeler-Feynman solutions on a finite time interval only if the maximal
distance of the initial positions is small enough. Furthermore, we have to account for the radius
R > 0 of the extended charge which gives a restriction on the choice of the charge densities o;.
However, it is strongly expected that this velocity estimate can be improved for more special
initial conditions p so that all these conditions are only technicalities and this method would
yield Wheeler-Feynman solutions on arbitrary large, finite time intervals.

Main results The main results of this chapter are:

1. The Kirchoftf formulas for the Maxwell solutions and the derivation of the Liénard-
Wiechert fields which are shown to fulfill the Maxwell equations.

2. The unique characterization of the Wheeler-Feynman solution class 7wr.

3. The existence of fixed point for the map S ?’Xi for any T > 0 and p € R® and a class of
boundary fields X* plus uniqueness for small enough 7.
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Figure 4.1: For N = 2 charges, some T > 0 and Newtonian Cauchy data p denoted by the white
arrows, the charge trajectories ¢ — (q;,,p; )1<i<2 = (Q+P)M[p, F](z,0) for a hypothetical

fixed point F = S ?’Xi [F] are shown: solid black for t € [-T, T] and otherwise dashed. In this
figure the boundary fields X* are chosen to be the Coulomb fields of charges at rest at g, .7 for
i = 1, 2. In this case the charge i # j within the time interval [T, T'] feels the Wheeler-Feynman
fields of a trajectory being equal to the charge trajectory of charge j on time interval [-7, T] and
for times 7 > +T being equal to the trajectory of a charge at rest at position ¢ ;.7 (solid black
straight lines). The shaded region denotes the time interval where the charge trajectories fulfill
the true WF equations. The gray 45° degree lines are used to denote the intersection of the light
cones of the space-time points (7, g; .7) with the charge trajectories.

4. The existence of Wheeler-Feynman solutions on non-zero time intervals.

The Wheeler-Feynman equations appear only very sparsely in the mathematical literature. While
some special solutions to the Wheeler-Feynman equations of motions were found [Sch63], gen-
eral existence of solutions to these equations has only been settled in the case of restricted motion
of two point particles with equal charge on a straight line in R? [Bau97]. An even bigger, out-
standing problem is the question how the solutions can be uniquely characterized, especially if
it is possible to pose a well-defined initial value problem for WFED with Newtonian Cauchy
data. Apart from the mentioned works, there exist only few discourses on WFED in the classical
literature, for example special analytic solutions [Ste92], numerical approximation [DW65] and
conjectures on as well as special cases of existence and uniqueness of solutions in one dimen-
sion [Dri69, Dri79]. In a recent work [Luc09] the Fokker variational principle for two charges
in three dimensions is discussed mathematically, which can be used to yield Wheeler-Feynman
solutions by specifying starting and ending points of the two world lines and giving in addition
a part of the future of the first charge and a part of the past of the other charge. Without the

Literature review
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restriction to the motion on the straight line, only conjectures about existence and uniqueness
can be found, e.g. [WF49, DW65, And67, Syn76].

4.2 Functional Differential Equations

A functional differential equation is a differential equation that involves terms which are func-
tionals of the solution. This way the state change given by a functional differential equation at
a certain time may also depend on the past (delay equations), the future or on the entire history
of the solution. The existence and uniqueness properties of this type of equations are in gen-
eral very different from ordinary or partial differential equations. In order to become familiar
with the concept of functional differential equations and its difficulties of an ordinary differential
equation with delay, we borrow an example from [Dri77]: Let us look for solutions x : R —» R
to the differential equations

xX'(t) = ax(t) + bx(t — r) (4.15)

with coefficients a,b € R and a constant delay r € R. As in the theory of ordinary differential
equations commonly used we denote by x’(¢) the derivative dZ(I’). For b and r different from zero,
the derivative of the solution x at time ¢ depends not only on the solution at time ¢ but also on the

retarded time ¢ — r.

The first question is whether (4.15) has solutions. This question can be answered constructively:
Assume that we are given a once differentiable function xg on the interval (—r, O] (on the borders
of the interval we only need the one-sided derivative) and we look for a solution x that fulfills

x(t) = xo(¢) on the interval ¢ € (—r, 0]. 4.16)

This initial function already specifies the solution x uniquely on the whole past (—oco0, 0] as for
example for t € (—2r, —r] we have

X(t+r)—ax(t+r) Xt +r)—axot+r)

o) = b b

This construction can be continued inductively for each interval (—nr, —(n — 1)r] for n € N to
yield an almost everywhere differentiable solution x on the whole past.

However, we observe that this construction does not necessarily yield a continuous function as
in general

xy(—€) — axo(—€)
b

limx(—r —€) = # lim xo(—r + €) = lim x(—r + €). “4.17)
€l0 €l0 €l0

Note that this does not only depend on the regularity of xo but also on (4.17). In order to give
an example which we will use later, let us choose a special initial function xg, e.g. such that for
everyt € R

0 fort < —r
xo(f) = e e for—r<t<0 (4.18)
0 otherwise

which is infinitely often differentiable and has the property that itself and each of its derivatives
are zero at t = QO and t = —r, i.e. xg')(—r) =0= xg’) (0) for n € Ny. This special choice of an
initial function xg together with (4.16) then yields an infinitely often differentiable solution x on
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(=00, 0] since the left- and right-hand side of (4.17) are equal. For any continuous xq the future
[0, o) can be constructed by the method of steps. For t € (0, r] we have

x(t) = e (xO(O) + bf ds xo(s — r)e‘“s)
0

where the right-hand side depends only on the given function xy. Step by step one yields x on
[0, o). This way we have constructed an infinitely often differentiable solution x : R — R.

Having constructed one solution, the next question is uniqueness. Let us assume that x as well
as y are continuous solutions to equation (4.15p52) on R, both fulfilling (4.16,52) for a continuous
Xo. By continuity the equations must fulfill the integral equation

x(t) = y(0) = fo ds [a(x(s) = () + b(x(s — r) = y(s = )]

=a j: ds [x(s) —y(s)]+b j:t_r ds [x(s) = y(s)].

r

Using (4.16,52) we have the estimate

IX(I)—y(t)IS(IaI+IbI)j(; ds |x(s) = y(s)|

for t > 0. Gronwall’s lemma in differential form then yields y(#) — x(¢) = O for all times ¢ > 0.
Hence, the xo(f) = x(¢) for t € (—r, 0] determines the solution x uniquely for + > 0 and thus,
together with the argument above, on whole R.

Initial conditions in form of a function xy : (—r,0] — R are uncommon in physical problems.
Usually one hopes to tell solutions apart by giving Cauchy data at time ¢ = 0. This becomes cum-
bersome for functional differential equations. In fact, there are counterexamples [Dri77] which
prove the non-existence of solutions to linear delay equations even with constant coeflicients for
given Cauchy data x(7)|;=¢o. And even if there is a solution for specific Cauchy initial conditions
the solution will in general not be unique. As an example let us assume thaty : R — Ris a
solution to (4.15p2) fulfilling

Y (D)0 = ¢, for n € Ny (4.19)

and given constants (c,)nen,. Let x be the constructed solution to (4.15p52) with initial condition
(4.16y.52) for the choice (4.18,52). Then we have

x(1) = 0 for n € Ny

and therefore, by linearity, for every ¢ € R, y + cx is another solution fulfilling (4.19).

Note that an approximation of the delay by its Taylor series turns the delay differential equation
into an ordinary differential equation and, hence, the approximate equation loses the discussed
features like non-existence and non-uniqueness and therefore, the true delay character cannot be
studied anymore.

4.2.1 Wheeler-Feynman Toy Model

So far we have discussed an example of a functional differential equation with delay. The next
example we look at is an equation that includes also advanced effects. Let x,y : R — R3 be two

Uniqueness of
solutions to
delay differential
equations

Non-existence
and
non-uniqueness
for Cauchy initial
conditions
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trajectories of charges of equal sign which interact with their Coulomb fields only. The defining
equations of the model are given by

N KO-y i 3 IO
o= Zi: () =yl o= Z;‘ |y (0) — x(#)IP (4.20)
i =t |x(®) -yl ty =t x|y - x@)l

In comparison to the example given in the introduction to this section, we have added two new
features to the functional differential equations. First, the acceleration at time ¢ of one trajectory
does not only depend on the past but also on the future of the other trajectory. And second, the
advance and delay are not static but depend on the state of the dynamical system — to be more
precise on the actual position at some instant of time. Because of these two features one could
regard these equations as a toy model of the Wheeler-Feynman equations.

We want to get a feeling how much data of a solution is needed to identify it uniquely. The
idea is to apply the same construction used for the example in the introduction of this section,
where the solution to the whole past could be generated from a given piece of the solution. Let
x0: Dy » R3and Yo:Dy— R3 for domains D, Dy, C R be two time continuously differentiable
functions. We assume a solution to ¢ — (x(),y(¢)) of the equations (4.20) has initial conditions
(x0,¥o) if

x(?) = xo(t), fort € D, and y() = yo(0), fort € D, “4.21)

As the advance and delay at time ¢ = 0 depends on the state of the dynamical system at r = 0,
we cannot take any domains D,, D,. However, a sensible choice is apparent: D, D, C R need
to include the 0 and the advance and delay terms in (4.20) need to be well-defined, i.e. the
equations

7 = 2lxo(0) — y (D and 7 = () ~xo

need to have solutions 75 € Dy and 7y € D,. Furthermore, as the Coulomb fields become
singular whenever the two trajectories cross, we demand in addition that |jx(¢) — y(¢)|| > O for
t € D, N Dy. In order to avoid being over-determined we assume the special form D, := [T; , T;“ ]
and Dy := [7,77]. Finally, we need the equations (4.20) to be fulfilled for time ¢ = 0. That
such initial conditions exist can be seen by the following construction: Take any two trajectories
t — xo(t) and t — y,(¢) that do not cross and have velocities smaller than one. Compute the
intersection times 75 and T;—' of the forward and backward light cone of x¢(0), respectively y,(0),
with  — y(?), respectively, t — x(¢). Holding these intersection points xo(T;—') and y,(77) fixed,
one finally needs to correct the second derivative at time ¢ = 0 in a continuous manner to be able
to fulfill the equations (4.20) at t = 0.

In the following we give a construction yielding a unique solution # — (x(¢), y(¢)) of the equations
(4.20) on arbitrary bounded time intervals that fulfill the initial conditions (4.21). We rearrange
the equations of motion for 7 — x(¢), cf. (4.20), into the form

x(t) —y(t})
(1) — y(@&DIP

x(t) — y(ty)

=0 ) Sy

The function f(x) = x|lx||~> wherever well-defined has an inverse f 1(x) = x||x||‘%. Hence, we
yield

y(eh) = x(@) - f! (X(z)_ x(1) — y(t7) )

le(r) = y(EOIP
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Now for a time 0 < 7 < 77 the right-hand side of this equation involves only known entities and
we may express these equations as
" Xo(1) = yo(£y)
y(7) = xo(t) ! (xo(t) .
' [beo(t) = yo(£)IP

Note that this also determines the advance term

Vl (xo (0= X0 =30(5) )

leo(®) = yot0IP
which is a simple function of . Hence, as long as the trajectories ¢ — x(¢) and ¢ — y(#) do not
cross, the trajectory of ¢ — y(7) which is initially defined on the domain [7}, 7}] by (4.21,54) can
be extended to the domain [77, t;(T;f )]. By the same construction we can extend the trajectory
t — x(t) to the domain (73, t;,r (t7)]. Under the assumption that the trajectories do not cross,
the maximal velocities of both trajectories are uniformly bounded and that this bound is below
one, we can continue this construction to yield trajectories 7 — x(#) on the domain [7};, o) and
t — y(t) on [15, 00). Note that the stated assumptions are very likely to hold at least for a lot of
initial conditions as the charges are repelling and their interaction decays over their distance. A
similar construction can be done for the past so that we end up with a solution r — (x,y) of the
equations (4.20,54) on whole R.

f=r+

The above construction relies heavily on the existence of f~' which enables us to solve for the
future or past trajectory. For a Lorentz boosted Coulomb field this will be already not possible
anymore since in this case the position and the velocity coordinates mix in the inner products
and there is no unique way to tell them apart knowing only the values of the field. Whether
additional conditions like smoothness and conservations laws better the situation is not known.
Nevertheless, we learn from this toy model that Newtonian Cauchy data (x(t), X(t), y(¢), ¥ (¢))|;=0 is
not sufficient to identify a solution uniquely disregarding any conditions on regularity. Whether
demanding smoothness for the solutions renders them unique for only Newtonian Cauchy data
is an interesting question. On the other hand, we also learned that we do not have reasons
to believe that we encounter non-existence of solutions to the Wheeler-Feynman equations for
given Newtonian Cauchy data.

4.2.2 Reformulation in Terms of an Initial Value Problem

The type of functional differential equations we shall be looking for are of the following form:
X' (1) = V(x(@), f(t, x)) (4.22)

To keep it simple let X, Y be Banach spaces and wetake x : R - X, V: X XY — Xand f a
function of 7 € R and a functional x taking values in Y. To get the connection to the Wheeler-
Feynman equations imagine x to encode position and momentum of all charges, f the electric
and magnetic fields and V the Lorentz force. As in electrodynamics where the fields depend on
the charge trajectories, f depends on the whole solution x : R — X.

We want to study equation (4.22) in terms of Cauchy data
(D)= = 2° (4.23)

for given x € X. Therefore, the key idea of the rest of this entire chapter is to reformulate
the question of the existence of solution to the functional differential equation in terms of an
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Reformulation of
the initial value
problem for the

functional
differential
equation

Time zero
Cauchy data

ordinary initial value problem. This can be done for any functional differential equation if the
functional can be given in terms of a propagator, for example,

1
f60) = 5 Za

=+ f ds W(x(s))] forallt € R (4.24)
+T

for some T > 0 and initial values f*’ € R and 6,,0_ € {0, 1}. In case of f encoding the electro-
dynamic fields of the charge trajectories specified in x, the initial values f*7 will be forgotten
for T — oo which is due to the differential operator of the free Maxwell equations omitted in
our simplified considerations here. For 6, = 1 = J_ we have a functional differential equa-
tion depending on the solution x in the interval [T, T'], while for 6, = 0,0_ = 1, respectively,
0+ = 1 and 6_ = 0, it would only depend on the past [-T, 0], respectively, the future [0, T].
Differentiation with respect to time gives

d
7 [t x) = W(x(@®)) (4.25)

which encodes a time-evolution of the functional f for given x. In the analogy with electrody-
namics this can be viewed as the Maxwell equations with omission of the differential operator
of the free Maxwell equations.

So instead of studying (4.22,s5) and (4.23,55) we can as well consider the equation

d (x()) _ (V(x(®), f(©)
ar (f(t)) - ( W(x(o) ) (420
together with the initial condition (4.23,ss). If we demand in addition
1 . 0
S@Oli=0 = G to. §6+ A+ fiT ds W(X(S))], (4.27)

which by (4.25) is equivalent to (4.24), any solution x then fulfills (4.22,s5) for initial value
(4.23p55).

Let us use the notation

_[x(®)
@) = ( f([))

so that (4.26) reads

and St = (V(xm, f(t)))

W(x(®)

@'(t) = J(p(1)). (4.28)

If J is nonlinear and Lipschitz continuous, we get existence and uniqueness of solutions to (4.26)
for Cauchy data at time ¢ = 0 without much effort.

Theorem 4.2. Assume that J : X ® Y — X @ Y is nonlinear and Lipschitz continuous with
Lipschitz constant L > 0, i.e.

V(¢ = Dllxey < Llip — @llxey-

Let ¢° € X @ Y, then there is a unique solution ¢ € C(R, X & Y) of (4.28) and ¢(1)|;=o = ¢°.

Proof. Let us define the Banach space

X, = {so ECR,XaY)|llgll, = sup e‘y"'lw(t)llxw}
te
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fory>0andthemap S : C(R,X ®Y) — C(R, X ® Y) pointwise for every ¢ € R by

Slel(t) == ¢° + fo ds J(g(s)).

Let ¢ € X,, then S[¢] is in C(R, X ® V) and

!
IS Telll,, = sup el + f ds J(g(s))
teR 0

XoY

il
< 11¢°llxgy + sup e f ds 17((5)) = J(O) + J(O)| xas
teR —t|

[ I
< ¢°llxey +sup e Lf ds lle(9)llxey + 20t 170l xey
L J-l

teR |

|r|
ds ™ + 211 17(0)lxey
|

() —
< l¢’llxey + sup e | Liigll,

teR —
0 .y [ e
<ll¢’llxey + supe™ L||90||727 + 2l IV O)llxey | -
teR L

Now te " has t = % as maximum so that we find

2
ISl < 1¢"llxoy + = [Lligl + IV Ollxay] < oo

such that § is a nonlinear map X, — X, for every y > 0. Furthermore, we compute

IS [¢] - S[@]ll, = supe™"

fo ds J(g(s)) — J(9)

teR XoY
It
< Lsupe™" f ds lle(s) = 2(5)llxey
teR —|
_ il 2L
< Lilp ~ @ll, sup e f ds ' < =lip -l
teR —I1 Y
which states that S is a contraction for sufficiently large y. Hence, by Banach’s fixed point
theorem we have existence and uniqueness of a fixed-point in X, C C(,X ® Y). |

We mainly get the uniqueness from the fact that J is nonlinear. However, this changes when we
want to solve (4.28;.56) for (4.23,55) and (4.27,.56). For small times T > 0 we can settle the issue
of existence and uniqueness by a similar technique like above. Let us extend our short-hand
notation with projectors on the coordinates

x(t))

Qo) = ( 0 and Fo(t) = (

?
f)
If there is no source for type errors, we shall also use Q¢(f) = x(¢) as an X value and Fp(t) = f(t)

as a M value.

Lemma 4.3. Let J and x° € X be as before and let (f*7)rsq be a family in Y. Then there is a
constant T > 0 which depends only on the Lipschitz constant L of J such that forall0 < T <t
there is a unique solution ¢ € C(R, X ® V) of (4.28,.56) for (4.23p.55) and (4.27.55), i.e.

') = J(p(s) (4.29)

0
e(Dl=o = x° + ! Z(Si i+ f ds FJ(x(s))]. (4.30)

5p +0_ T

X 0

forx° = (0 ) and y*T = (fiT)‘

Uniqueness for
the functional
differential
equation for
small times
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Proof. From Theorem 4.2, we know that for every f° € Y there is a unique solution to (4.29)

for initial value
0
X
e(Oli=0 = (fo)
Therefore, we need only to find the one which fulfills also (4.30,57). It seems that the natural
way is to construct such initial conditions via a fixed-point map. Let us denote by ¢ — M,[¢"]

the unique solution ¢(-) € C(R, X & Y) with initial conditions ¢(f)|,=9 = ¢ forall p € X & V.
Furthermore, we define a candidate for suchamapby S : XY — X & Y by

0
i+ f ds FJ(MS[go])] 4.31)

1
Stlpl i=x° + D6
T +T

0y +0_ —

for all ¢ € X & Y. For another ¢ € X & Y we find

T
Is 161 - 5l < [ ds 170 lg]) = I Doy

<2TL sup [IMile] - M@l xey - (4.32)
te[-T,T]

From Gronwall’s lemma we get an estimate on the supremum because

t
IMile] = Mil@lllxey = Hw g+ fo ds [J(M,le]) - J(M;[eD)]

XoY

!
< llp = Fley + L | ds IMig] = M. lxa
0
which means that

1Ml ] = M@l xgy < (1 + Lte™)llg - Fllxey

Entering this into equations (4.32) we get
IS¥10] = S8 4oy < 2TL(1 + LTeLT) e — @llxey- (4.33)

AsT — 2TL (1 + LTeLT) is a continuous and strictly increasing function taking values in [0, c0),

there is a 0 < 7 < oo such that 2TL(1 + LTeLT) = 1. Hence, for any 0 < T < 7 the map S’; isa
contraction on the Banach space X® Y. The Banach’s fixed point theorem ensures the existence
of a unique fixed point ¢ € X @ Y and therefore

o) := Mi[p] =@+ fo ds J(e(s))

is a solution to (4.29,57) which fulfills

o+ +

0
X+ f ds FJ(Ms[so])],
+T

1
— 5 — QX _ .0
eDli=0 = ¢ =STlel =x" + 6_;%

i.e. it fulfills (4.30,57), which concludes the proof. O

Theorem 4.4. Let T > 0 as in the last theorem, then for all such 0 < T < 7 and functionals

1
f(t,x) = o Zi:éi

4+ f ds W(x(s))},
+T

then for every x° € X there is a unique solution x € C(R, X) of

X () = V(x(0), f(t, x)) and x(D)l=0 = x°.
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Proof. Let ¢ be the unique fixed point of S¥, i.e. (4.31), of Lemma 4.3,57. We compute

!
i+ f ds FJ(MS[t,o])}.
T

+

‘ 1
Fo(t) = F(S);[cp] +f0 ds J(sD(S))) T Zéi

: x(1) V(x(s), f (S))) : :
Since M, = and J(M = , we yield Fo(r) = f(¢, x) which concludes
the proof. m|
To picture what is going on let us consider the delay case only, i.e. here 6, = 0 and 6_ = 1.

This means we are looking for solutions to ¢’ () = J(¢(¢)) for initial conditions given at different
times

0¢()l=0 = x° and Fo()l=7 = T

for given x° € X and T € Y. If T > 0 is not chosen to be too large Theorem 4.4,5s provides
a unique solution to this problem which we call ¢ — (7). In turn, Theorem 4.2, states that for
every prescribed x € X there is a unique solution ¢t = ¢*(t) := M_1)[(x, f~T)]. By uniqueness
all these trajectories do not cross in phase space X @Y unless they are the same. The mechanism
which keeps them apart is the Lipschitz continuity of the vector field of the differential equation.
Imagine x very close to Qp(—T), then by the Lipschitz continuity the vectors J(¢(#)) and J(¢*(¢))
are almost parallel for ¢ € [-T,0], and Q¢(0) and Q¢*(0) will lie near but have no chance to
become equal. The other extreme would be an x very far away from Qg(—T), the trajectory
t — Qy*() can then not reach x° anymore during the time 7 as the maximal velocity is bounded
by the Lipschitz constant L. Hence, it is clear that T is approximately inverse proportional to the
Lipschitz constant L as equation (4.33;.55) suggests.

As a concluding remark we consider the problem above for arbitrary large or even infinite 7.
Without more assumptions on J, it will in general not be possible to apply Banach’s fixed point
theorem to infer existence of solutions. In fact, for the Wheeler-Feynman equations in Subsec-
tion 4.4, the existence of solutions for arbitrary but finite 7 can only be shown by Schauder’s
Fixed Point Theorem. This raises the question about uniqueness. For example, imagine we had
an existence and uniqueness theorem like (4.4,5s) without the restriction that 7" needs to be small.
Then for two trajectories ¢ +— ¢*(¢) and ¢t — ¢’(¢) for x,y € X as defined before with x # y,
theorem (4.2,.56) states ¢*(¢) # ¢”(¢) for all r € R. If at one time ¢ € R the two trajectories cross
in X space, i.e. if we have Qp*(f) = Q¢’(f), theorem (4.4,.55) without the restriction on 7 would
imply that ¢*(r) = ¢¥(¢) for all + € R which is a contradiction. Therefore, two such trajectories
could never cross in X space. This is big restriction either on the vector fields J or on the set of
initial conditions in X & Y or both. However, such a property cannot be expected for any general
nonlinear and Lipschitz continuous vector field.

4.3 Wheeler-Feynman Initial Fields

In the following we will develop a way to characterize a class of possible Wheeler-Feynman
solutions by initial values for the ML-SI dynamics. This characterization will be based on prop-
erties of the corresponding Maxwell solutions which we infer by solving the Maxwell equations
explicitly in Subsection 4.3.1p00. The Characterization of Wheeler-Feynman solutions is then
done in Subsection 4.3.2.7.

Why uniqueness
for small times?

Why we cannot
expect
uniqueness for
alltimes T
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Charge
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densities

Induced
charge-current
densities

Space of the
fields

4.3.1 Solutions to the Maxwell equations

In this chapter we prove explicit representation formulas for strong solutions ¢ — (E;, B;) of the
Maxwell equations given a charge trajectory or charge-current density:

Definition 4.5. We shall call any map
(.p) € C'®R, R’ xR, e (q.p)

a charge trajectory where q, denotes the position and p, the momentum of the charge with mass
m # 0. We collect all time-like trajectories in the set

T7l.= {(q,p) eC'R,R* xR | |vp)|| < 1 forall t R},

and all strictly time-like trajectories in the set

Tvl = {(q,p) € 7'\} Aviar < 1 such that sup ||v(p,)|| < vmax}
teR

where v(p) := nf: pyed We shall also use the notation Ty = xfi T #1 for the N-fold Cartesian

product where # is a placeholder for vV or v. Furthermore, two charge trajectories are equal if
and only if their positions and momenta are equal for all times.

Definition 4.6. We shall call any pair of maps p : RxR> — R, (t,x) — p;(x) andj : RxR> —
R3, (t,x) — J(x) a charge-current density whenever:

(i) Forallx € R*: p()(x) € C'(R,R) andj ,(x) € C'(R,R?).
(ii) Forallt € R: p;, 0,0, € C®(R?,R) andj,,d4, € C°(R3,R3).

(iii) For all (t,x) e R xR3: 9,0,(x) + V -J,(x) = 0 which we call continuity equation.
We denote the set of such pairs (p,j) by D.

We shall also need the following connection between charge trajectories and charge-current
densities:

Definition 4.7. For o € CX(R3,R) and (q,p) € T} we call (p,j) € D defined by
14

\m +p;

for all (t,x) € R x R? the o induced charge-current density of (q,p) with mass m.

pi(x) == 0(x - q,) and Ji(x) = ox—q,)

The Maxwell equations including the Maxwell constraints for a given charge-current density
(0,J) € D read:

E, =V AB, - 4nj V-E, =4n
.t t P t Pt (4.34)
B, = -V AE,. V-B,=0.

The class of fields (E;, B;) we are interested in is:

Definition 4.8. 7! := C®(R3,R3) & C*(R3,RY).
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The class of solutions to these Maxwell equations we want to study is characterized by:

Definition 4.9. Let 1) € R and F° € F'. Then any mapping F : R — Fl,t — F, := (E;,B))
that solves (4.34) for initial value F|;—,, = FO is called a solution to the Maxwell equations with
to initial value F°.

The explicit representation formulas are constructed with the help of:

Definition 4.10. We set

O(|lxell + 1)

K (x) :=
CO) =

where ¢ denotes the one-dimensional Dirac delta distribution. Furthermore, for every f €

C®(R?) we define

0 for £t>0

K+ F(x) =14, JC do()F(y) = tfaBH(x) do-(y):%z) otherwise
0By ) ’

In the next lemma we collect useful properties of these Green’s functions.
Lemma 4.11. The distributions K} introduced in Definition 4.10 have the following properties:

(i) Forany f € C*(R?) the mapping (t,x) [K;" * f1(x) is in C®((R \ {0)xR3), OK «f=0
fort # 0 and for anyn € N

2n r+
lim(at K; *f)=( 0 ) (4.35)

1—0F af"“K,i x f FASf
(ii) Forany f € C°(R}) and K, = Y., FK;" the mapping (R \ {0}) xR > (t,x) — [K;" * f1(x) is
continuously extendable to a C*®(R x R?) function. Furthermore, 0K, * f = 0 forallt € R.

(iii) Let R*XR 3 (x,1) — f,(x) be a map that is for each fixed x € R> an once continuously dif-
ferentiable function and for each fixed t € R infinitely often differentiable then the following
estimates hold for an R > |1|:

R2
IK: * fillll <R sup NIiIl and  |I[K; * fil)ll < sup ||fz0’)||+?||Af(Y)||

y€dBg(x) y€dBRr(x)

Furthermore, for all n € N it is true that

— —

Proof. A straightforward computation(see Computation in Appendix 5.2,.97) yields

K« f=t f do)f(--y) (4.36)
9B+(0)
2
oK+ f=7F JC do(y) f(-—y) + % J[ d*y af(--y) (4.37)
0B+(0) B+(0)

O?KE x f = KX« Af = AKF + f. (4.38)

Maxwell
solutions

Green’s
functions of the
d’Alembert

Green’s
functions
properties
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Kirchoff’s
formula

(1) Therefore, the first and second derivatives exist with respect to ¢, while the second derivative
can be written as a spacial derivative on f. By induction one easily computes all combinations
of x and 7 derivatives and finds that the mapping (¢,x) — [K;" * f](x) is in C* ((R \ {0}) % R3).
With (4.36), (4.37), (4.38) and induction in N together with Lebesgue’s differentiation theorem
one finds (4.35). (ii) With (i) we need to show that for any f € C*®(R?) the limits of K, * f and
0;K; * f from the right and from the left exist and agree at # = 0. The former case is clear because
the limit is zero. Regarding the latter we observe

lim 6,K; * f = lim 8,K; = f = f = — lim 8K, = f = lim §,K; = f.

t—0+ t—0+ t—0— t—0-
lim,,oOK; = f = 0 is a special case of the above. (iiipe1) The estimates are the immediate
consequence of (4.36p61) and (4.3761). The limits can be computed by

lim [[(K;  £i1o)| < Tim [[[K; + (fi = fo)lo)]| + Tim 1K « folo)

where the second term is zero by (ipe). For every x € R, fi(x) is continuous in ¢, therefore
choosing ¢ small enough and R > |f| we obtain

lim [[[K; + (/i = f)I(o]| < Rlim sup [I£iy) = o)l = 0.

YEBs(x)

Similarly, we find
lim [[[0,K; * £i160) = foo)]| < lim [[[9:K; * (i = fo)l(o]| + lim [[6,K; + folx) = foto)|

while, again, the second term is zero by (ipe1). The same continuity argument as above gives
: : R’
lim [[[9:K: * (f; = fo)l(x)|| < lim sup (Ilﬁ(y) ~ Wl + = llafiy) - Afo(v)ll) =0
t—0 t—0 yEB(s(x) 3

which concludes the proof. O

REMARK 4.12. In the future we will always denote this continuous extension by the same
symbol K,. It is often called the propagator of the homogeneous wave equation.

A simply consequence of this lemma is:
Corollary 4.13. A solution t — A, of the homogeneous wave equation OA; = 0 for initial value
Ao = A® and 8,A,l=o = A°, for A?, A° € C*(R?), is given by

A, = 0,K, x A° + K, = A° (4.39)

The next result gives explicit representation formulas of the Maxwell equations (4.34p.60). These
formulas can be constructed by the following line of thought: In the distribution sense every
solution to the Maxwell equations (4.34p.60) is also a solution to

E, _ _th - azj,
D(Bt) —47r( VA,
for initial values

(E,,B,)|t=t0 = (E",B") aswellas 8t(E,,B,)|t:t0 = (VAB® —4mj, .-V AE").  (4.40)

Using the abbreviation F¥ = (Ef,Bf), using # as placeholder for future superscripts, and with
the help of the Green’s functions from Definition 4.10,61 we can easily guess the general form
of any solution to these equations which is given by:

F, = Fthom N f ds K;___[O_S . (—VP@T\J.—I as]z0+s) (4.41)
- 0t+s

(o)

where any homogeneous solution F f"m fulfills OF ;"”” = 0. Considering the forward as well as
backward time-evolution we regard two different kinds of initial value problems:
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(i) Initial fields F° are given at some time fy € R U {—oo} and propagated to a time ¢ > t.

(i) Initial fields F° are given at some time #, € R U {+oo} and propagated to a time ¢ < .

The kind of initial value problem posed will then determine /" and the corresponding Green’s
function K;*. For (i) we shall use K; and for (ii) K;" which are uniquely determined by OK;* =
8(1)6> and K;* = 0 for +¢> 0. Without a proof we note at least for time-like charge trajectories
and F(t —19) >0

0 . 0 .
+ -V - + -V -
Df ds K * ( p@*/ij 6g,0+s) = f ds 0K, * ( p@*/ij as’m“) =0
+ fot+s + fot+s

+00o +00

by Lemma 4.11,61. Terms of this kind will simply be added to the homogeneous solution while
here we denote this sum by the same symbol F f"m. This way we arrive at two solution formulas.
One being suitable for our forwards initial value problem, i.e. t — 5 > O,

—10o _ _ .
Ft — F[hom + 47Tf ds K[__to_s % ( th0+s ] as]zo+s) ,
0 V /\Jt()+S

and the other suitable for the backwards initial value problem, i.e. t — 7y < O,
0

Ft — Ff’l()m + 471-[ ds K;—_to_s % (—th0+s ._ aS]l()+s) )
1—1p V Adigss

As a last step one needs to identify the homogeneous solutions which satisfy the given initial
conditions (4.40,.62). With Corollary 4.13,6 we have given the explicit representation formula:

0 VA
hom .
i "= (_Vt/\ 0y )Kt_to “F

Therefore, using the definition of K, = Y}, ¥K;" and a substitution in the integration variable, we
finally arrive at the expression for ¢ € R:

8, VA . 4 ’ Vp,— g
F, = (—Vt/\ 5, )K,_,O * FO + Ky, *( 0 ’0) + 471[10 ds K,_g * VS/\jS s1.

Theorem 4.14. Let (p,j) € D be a given charge-current density.

(i) Given (E°,B%) € ' fulfilling the Maxwell constraints V - E° = 4np;, and V - By, = 0, then
for any ty € R the mapping t — F, = (E;, B;) with

E\ (8 VA E° —47j,, ! -V -85\(ps
(Bt) = (—V/\ at )Kf—fo * (BO + Kl—l() k 0 + 471' " dS Kt—S * 0 V/\ .S

for all t € R is F' valued, infinitely often differentiable and a solution to the Maxwell equations
(4.34p.00) with to initial value F°.

(ii) Furthermore, if for fixed to, t* € R and x* € R? it holds that
Ki—ty %01 =0 and Koty %, =0 (4.42)

forallt € Bi(t") and x € B{(x"), then statement (i) restricted to such (t,x) is also true for initial
fields (E°, B®) = 0.

Maxwell
solutions
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Proof. The regularity for the first two terms is given by Lemma 4.11,61. The third term is
well-defined by Definition 4.6p00. Lemma 4.11,6: states that its integrand is infinitely often
differentiable in r and x. As the integral goes over a compact set it inherits the regularity from
the integrand. In the following we treat both cases (i) and (ii) together. We shall frequently
commute spatial differential operators with integrals which is justified because the integrals go
over compact sets and the integrand is continuously differentiable. It is convenient to make
partial integrations in the third term first to yield:

_47le() ! -V _as Ps _ ! -V —61 s
Kt—zo*( 0 )+4ﬂ£)dSKt—s* o va)lj =4r tods 0 VA K * )

The spatial partial integrations hold by Definition 4.10,61. The partial integration in s holds as,
according to Lemma 4.11,61, the boundary terms give 4n[K;_; *j S]ﬁz;} = —47K;—¢, *J;,- Next we
verify the Maxwell constraints. At first for the electric field:

f
V * Et = ath_to * V * EO + 47Tf dS [_AKt—S *ps - ath_S * V jS‘] .

To

Applying the continuity equation, cf. 4.6p.60, in the last term we get

Tt
coo = 0Ky x V ‘E° + 47rf ds [-AK;—g % ps + 0K * D5p5]

fo
After a partial integration in the last term we find
!
cee = 0Ky x V E° + 47 [0,K,_s *ps]ijo + 47rf ds OK;_g * py.
fo

t

Lemma 4.11,6 identifies the middle term 47 [9K;—s * ps]:i:to

that the last term is zero. Therefore,

= 4np; — 4n0,K;_;, * py, and states

el = 5,Kt_t0 * V . EO - 47T(9tK,_,0 * ptO + 47Tp[

In the case (i) we have V - E = 4mo,, and the first two terms cancel each other. In the case
(i1) these two terms are identically zero because of (4.42,63). Hence, we get for both cases
V - E; = 4np,. Second, for the magnetic field we immediately get V- B, = 9,K;—;, * V-Bo = 0
because in the case (i) V- By = 0 and in the case (ii) By = 0. Therefore, the Maxwell constraints
are fulfilled in both cases. Next we verify the rest of the Maxwell equations:

. 0 VAW(E\ (2a+VANAY 0 E°
"(af_(—w 0))(3,)‘( 0 A+V/\(V/\-))KHO*(BO)

U i v/ —a,) ( ) "0 VA(VAY) o

+47rafds K="} —47rf ds( )K_ *(S)

" (o VAT A (R A =
=:[14]+[15]+16]

where we have used Equation (4.38,61) from Lemma 4.11,6 in the first term, which together
with V - B® = 0 further reduces to

V-E°
=VK,_,O*( 0 )
The time derivative in the second term gives
' (-V -0 -V -0
[15) = 4n0, f ds( ) VAf)K,_S*(j;)zmr A PR
s—t

t 2
-0,V -0 s
+ 47rjt; ds ( 0 H,V/\) K, * (,S)
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where Lemma 4.11,.61 states that the first term on the right-hand side equals —4x (Jé) Therefore,
with VA(VA:)=V(V-()) - A weyield
V-E% (-4nj t(-9,V —o-V(V)
:VK,_,O*( 0 )+( Ot)+47rjt;ds( Ot 0 K * j

According to Lemma 4.11,.61, the term involving the O is zero. Inserting the continuity equation
for the current, i.e. V -j, = —0:p;, together with another partial integration in the last term, the
electric (first) component of this vector equals

o= =4y, + (VK,_,O x*V-E + 47 [K:_s % Vp,]'=! )

S=1)

Again, by Lemma 4.11,6 the braket yields
KI—I() * V N EO - 47TKt—t0 * th()

In the case (i) V-E° = 4rmp,, so that both terms cancel while in case (ii) both terms are identically
zero by E° = 0 and (4.42,6). Hence,

]
w-[49)

and, thus, t — (E,, B;) solves the Maxwell equations (4.34,6). The initial values can be com-

puted with Lemma 4.11,.61
T A E°\ (E°
. Him (—v/\ d, )KHO * (30) - (30 '

REMARK 4.15. Clearly one needs less regularity of the initial values in order to get a strong
solution. However, in our context we will only need initial values in F'. The formula of the
solutions, after the additional partial integration as noted in the beginning of the proof, agrees
with the one in [KSO0][(A.24),(A.25)]' which was derived with the help of the Fourier trans-
form. For the purposes in this work, this direct approach is, however, more convenient for our
regularity requirements.

O

Theorem 4.14.63 gives rise to the following definition:

Definition 4.16. Let (p,j) be the o € Cg"(R3,R) induced charge-current density of a given a Maxwell
charge trajectory (q,p) € T} with mass m # 0, cf. Definition 4.7,60. Then denote the solution 'me-evelution
t — F, of the Maxwell equations given by Theorem 4.14,.63 corresponding to (p,j) and ty initial

values F° = (Ey, Bg) € F' by

t > MoulF°, (g.p)I(t, 10) := F,.

The second result of this section puts the well-known Liénard-Wiechert field formulas of time-
like charge trajectories on mathematical rigorous grounds.

Definition 4.17. Let (q,p) € T be a strictly time-like charge trajectory and (p,j) the o € Liénard-
C®(R3,R) induced charge-current density for some mass m # 0, cf. Definitions 4.5,00 and ZZ’I‘ej‘;he’ t
4.7p60. Then we define

!

-V - B s
> Mg,m[(q,p)](t, iOO) = 471-[ ds Kt—s *( 0 Va/\)(' )

J s

which we call the advanced and retarded Liénard-Wiechert fields of the charge trajectory (q,p).

There seems to be a misprint in equation [KS00][(A.24)]. However, (A.20) from which it is derived is correct.
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fields

That this definition makes sense for charge trajectories in 77 is part of the content of the next
theorem:

Theorem 4.18. Let (q.p) € T be a strictly time-like charge trajectory and (p,j) the o €
C®(R3,R) induced charge-current density for some mass m # 0, cf. Definitions 4.5,00 and
4.7500. Furthermore, let FO = (E°,B®) € F' be fields which fulfill the Maxwell constraints
V-E° = 4np,, and V - B,, = 0 as well as

3
IEOCO) + 1B o)l + llell > (10 E° ol + 19, B Go)ll) = 1O (™)

(4.43)
i=1
for some € > 0. Then forall t € R
Mpml(g.p)1(t, +00) = pw-lim, _, .., Mw[F°, (q.p)1(t, t0)
! -V -d,\(ps 3 EFVE(-—z) (4.44)
_471'];00615‘ [Kt—s*( 0 V/\)(]S)] —fd ZQ(Z)(Bf‘Wi('—Z))
isin ! for
+v)(1 —v2) nAlmev)ral |F
ENV*(x —7) = [ (£ v) 4.45
) Ik —z—ql>’(1+n-v) |x-z-gqll(l+n-v) (443)
B":(x —z) := F[n AE(x - 2)]* (4.46)
and
gt =qn vE = v(p) a*t:=v*
n* = x_z_qz” ro=t+|x-z-q* (@.47)

lx—z—¢q

In this context pw-lim denotes the point-wise limit in R3.

For the proof we need the following lemma:

Lemma 4.19. Given a strictly time-like charge trajectory (q,p) € T and a function f on R
with supp f C Bg(0) for some R > 0 and x* € R3 there exists a Tpqyx > 1 so that

Ky * f(-—q.,)=0

forallx € By(x*) and |r| > Tyayx.

Proof. Since

Ky* f(-—qu,)=r JC
0By (x)

do(y) fO — qpsr)

this expression is zero if 0B}, (x) N Br(q,,,) = 0. On the one hand, for x € B;(x*), y € dB(x)

gives
e = yll > [x™ = yll = [be = x| < |r[ = L. (4.48)

In the following we consider |r| > 1 such that the right-hand side above is positive. On the other
hand, if y € Br(q,.,), we have

e =yl < 1" = el + 1+ 11y =Y < ° = gl + 1+ R < = gll + 1 + vipaulr + R

The last estimate is due to the strictly time-like nature of the charge trajectory; cf. Definition
4.5p60. Combining this estimate with (4.48) we get dB,y(x) N Br(q,.,) = 0 whenever

e — g/l +2 + R} _.

: Tnax-

|r| > max{l,

I = Vinax
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Proof of Theorem 4.18. Fix t € R and x € R3. By Theorem 4.14, for every f,1 € R Proof of
Theorem 4.18

4 VA E° —4nj
MQsm[FO’ (q’p)](te t()) = (_Vt/\ 6[ )Kt—l‘o * (BO) + Kt—tO * ( 0 [0)

' -V -9
+4ﬂfmds1<,_s*(0 ﬁ)(fj)i**

is in F'. At first we show that for #; — +oo the terms and vanish with the help of
(4.435.66), which ensures that there is a constant 1 < C,, < oo such that for ||x|| large enough

3
(IIEO(x)II B+ Ihell D (105 E o)l + ||ax,.B°(x)||)] ]| < Ca.

i=1

By Definition 4.10,6: and for large enough 7y we get:

V/\EO ) 1+€
”[V A Ky, *EO](x)” < |t =1l J[ do(y) ” (’yp'r’e”y”
63‘,,,0|(x) ”y”
Cy Coilt — 1ol R

<|t-1tl fdo-(y)

= o[ (ol — Il e
o e = It = 2ol

where the constant C,; < oo is given by (4.43p.66). By Equation (4.37,61) we have

116K, * EJc0)|| < f der(y) IE°O)| + 1t — to f do() [y - VE°(x — |t = 1oyl

6B|”’0| (x) aBl (O)

Let again 1y be sufficiently large. The first term on the right-hand side equals

0 €
J[ do () IE"DIl I _ Gy R

wlle  (r =10l = [lD€ ro—zeo

aB\t—rol(x)

while the second term is smaller or equals

3 N0E (x — |t — 1 x — |t — toly||' €
It—tolfdcr(y) Y 10xE°(x = |t — to)ll llx = |1 = tolyll

e — 1t = tolyl|'+€
9B1(0)

Calt — 1o R
T (It —tol = llxlDtE ooxeo

Next we show that in the limit fy — +oo the term also vanishes. As (g,p) is a time-like
charge trajectory we can apply Lemma 4.19,.¢6 for r = ¢ — o which yields

LK1, *jto](x)” =0

for large enough |fg|. Therefore, we can conclude that term is zero for ty large enough. The
same holds with E° replaced by B, and therefore we find

. ! -V _as N
i [19]=ax [ as [K( . w)(f)] ® = (Mol (@.P))(t, £09)) ()

fp—=t00 0

_ 0 A Ay (s (Y =0\PX=Y =Gy [ 1
= 47rf0 dr [K, *( 0 VA)(jtir)] x) = fd y ( 0 VA)T(vtir) (4.49)
( )

F(x)
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Let us first compute the electric fields

-Vpx -y - ) Ve Vox —y — ) Vix
Ex(x) = fd3y [ Y 9+ | Vel p Gixy)) Vel
Iyl |yl
_ PX =Y = Grayy)) Qe
Iyl

In order to simplify this expression we make a transformation of the integration variable:

Yoz =X =Y — Gy (4.50)

Here, we use that (g,p) € 7+ is a strictly time-like charge trajectory. We observe that z(-) is
a diffeomorphism because, first, it is bijective since for sup,g [[V/ll < Viuax < 1 the equation
Y(@) = X — 2 — ¢,y has a unique solution y(z) for all z € R3 which is given by {g¢*} =
U0 (0B(x —2) N {q,,,}), i.e. the intersection of the charge trajectory and the forward, re-
spectively backward, light cone of x — z. And second, z(-) is continuously differentiable with
(0y,2jW)1<ij<3 = —0ij £V f!’*'“”lfv_iﬂ such that it has a non-zero determinant which equals (-1 +
Vil * ”i—”), again because sup,p |[v/l|l < Viuax < 1, and therefore the inverse of z(-) is also continu-
ously differentiable. In order to make the notation more readable we shall use the abbreviations
(4.47566). We then get

s [ =VP@) +v* - Vp@) vE - pz) a*
Ef(x)_fdz e —z — g*|I(1 £ n* - v*)

3 + .+
1 vE vE
= | & v —§ 8 k
f Zp@[ R P s R Ry P (P R N

ai
ez g1 £ n -v+)]'

after a partial integration. Note that for this we only need almost everywhere differentiability.
Doing the same for the magnetic field yields

vi
~V A (4.52)
e —z = g*|I(1 + n* - v¥)

BE(x) = f d*z p(z)

After a tedious but not really interesting computation(see Computation in Appendix 5.3,9s) one
finds that Equation (4.44,¢6) holds. Since we can represent the Maxwell solution by a convolu-
tion with a 0 € C®(R?, R) function it is immediate that F * ¢ 1. This concludes the proof. O

REMARK 4.20. Condition (4.43y.5) guarantees that in the limit ty — +oo the initial value F°
are forgotten by the time-evolution of the Maxwell equations. Note that in order to compute the
Liénard-Wiechert fields the strictly time-like nature of the charge trajectory is sufficient for the
limit to exists tg — =+oo. This condition could be softened into an integrability condition for
more general p and j, e.g. one must only demand that the right-hand side of (4.49y.67) is finite.
However, the Liénard-Wiechert fields for time-like charge trajectories would then in general not
be given by (4.44p.65) since (4.50) does not have to be bijective anymore. This fact is indicated
by the blow up of the factors (1 + n -v)™3 in Equation (4.45y.ss) forv — 1.

Theorem 4.21. Let (q,p) € T be a strictly time-like charge trajectory and (p,j) the o €
cr (R3,R) induced charge-current density for some mass m # 0, cf. Definitions 4.5y.c0 and 4.7p.0.
Then the Liénard-Wiechert fields M, ,[(q,p)I(t, £00) are a solution to the Maxwell equations
(4.34p.60) including the Maxwell constraints for all t € R.
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Proof. (p.j) is the 0 € C®(R?, R) induced charge-current density of the strictly time-like charge
trajectory (¢,p) € 7. Hence, for any t € R

pr=0(-q,) and Ji=vpo(-—q,).

Therefore, Lemma 4.19,5, for the choice r = ¢ — s, states that for all #* € R and x* € R3 there
exists a constant 1 < T, < oo such that: For all € B;(t*) and x € B|(x™)

)

This allows for any ¢ € B (t*) and x € B(x*) to rewrite Equation (4.49;.¢7) into

+ 4 -V -
(Monlta.pezo) 0 = (0| = an [ as |ken (7 S2)( )| @
t +

@) = 0if 5| > T := Tyar + I£] + 1.

o] N

! -V _as s
=4r LT ds [K,_S * ( 0 V/\) (js )] (x). (4.54)

So, for tp = +T, the right-hand side of (4.53) equals

—47Tj ! -V _65 Ps
o (o [l oo (57 92

which by Theorem 4.14,63(i1) solves the Maxwell Equation including the Maxwell constraints
434,60 for all ¢ € B(r*) and x € B;(x*). Since * € R and x* € R? are arbitrary, the Maxwell
Equation including the Maxwell constraints are fulfilled for all € R and x € R which concludes
the proof. |

From their explicit expressions we immediately get a simple bound on the Liénard-Wiechert
fields:

Corollary 4.22. Let (q,p) € T4 be a strictly time-like charge trajectory and (p,j) the o €
Cf’(R3,R) induced charge-current density for some mass m # 0, cf. Definitions 4.5p60 and
4.7v00. Furthermore, assume there exists an apmqx < oo such that sup,cp 10v@)I < amax, we
then get a simple estimate for the Liénard-Wiechert fields for all x € R?, t € R and multi-index
@ e N3:

(03 oot @ p+ CZZ(Q) 1 Amax
IDE; ()|l + ID“B; (x)|| < 3 5+
(I =V \ 1+l —qll*  1+1[x—q,ll

E*
(Bﬂ—) = Mg,m[(qﬁp)](ta +00),
l
a family of finite constants (C,'®) yepps and Viax as defined in Definition 4.5p.c0.

Proof. From Theorem 4.18,6 we know that for this sub-light charge trajectory the Liénard-
Wiechert fields take the form

Exx)\ _ (3 EX*(z)
(B;—'(x)) = fd zo0(x —2) (BiLWJ_,(Z)). (4.55)

As the integrand is infinitely often differentiable in x and has compact support, the derivatives
for any multi-index & € N> are given by
E;(z))

DaF;—'(x) = deZ DaQi(x -2) (Bi(z)

Liénard-
Wiechert
estimate
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Explicit
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First, we take a look at (4.45,.66) and (4.46,.66) for given x € R3 and r € R. As we have a strictly
time-like charge trajectory (g,p) € 7, |x — z — ¢*|| is the smallest if we assume the worst case,
i.e. that from time ¢ on the rigid charge moves into the future (respectively into the past) with
the speed of light towards the point x — z. Therefore, ||x —z — ¢*|| < %le —z — q,|| and, hence,

. . 2 1 P
IBEYV:(x — 2)|| + |IEFV*(x - 2)|| < + (4.56)
' ! (1= Ve [ o=z =gl  Ix—z—g,l

because sup,cg Vil £ Viax < 1. The rest is straightforward computation (see Computation in
Appendix 5.4p.90). O

4.3.2 Unique Identification of Wheeler-Feynman Solutions

Using the results of Section 4.3.1,60 we can give a sensible definition of what we mean by so-
lutions to the Wheeler-Feynman equations (4.1,43) and (4.2,.43). We restrict the class of possible
Wheeler-Feynman solutions to:

Definition 4.23. Let Twr denote the set of strictly time-like charge trajectories (q;,p;)1<i<N €
Ty with masses m; # 0, 1 < i < N and with the properties:

(i) There exists an amqx < oo such that sup,cg [10v(P; Il < amax, i.e. the accelerations of the
charges are bounded.

(ii) for all times t € R solve the Wheeler-Feynman equations (4.1,.43) and (4.2p.43).

REMARK 4.24. (i) Note that this definition is sensible because with (q;,p;)1<i<n € T+, equa-
tions (4.2p43) for 1 < i < N can by Definition 4.17,65 be rewritten as:

1
(EI\XF’BX\I]F) = 5 Z M ,',m,'[(qi’pi)](t9 iOO)

Theorem 4.18y66 guarantees that the right-hand side is well-defined. Furthermore, charge tra-
jectories in T} are once continuously differentiable so that the left-hand side of (4.1,43) is also
well-defined. The bound on the acceleration will give us a bound on the Wheeler-Feynman fields
in the H,, norm; see Lemma 4.26p.71.

(ii) Furthermore, it is highly expected that Twr is non-empty for two reasons: 1. In the point par-
ticle case there are explicit solutions to the Wheeler-Feynman equations known, i.e. the Schild
solutions [Sch63] and the solutions of Bauer’s existence theorem [Bau97], which yield strictly
time-like charge trajectories with bounded accelerations. 2. Physically, one would expect that
in general scattering solutions have accelerations that decay at t — +oo.

For the main theorem of this section we need the following lemmas. First, we give an example
of a suitable weight w in W,

Lemma 4.25. Forx — w(x) := (1 - ||x|[>)~! it holds w € W, cf. Equation (3.6p.1s).

Proof. By Equation (3.8,.19) w is in “W. Thus, it is left to show that this w is also in “W* for any
k € N. To see this let us consider

0= D (wx)(1 + xI%))

1,d2,3
_ aj\f[az) a3 a1 —ki qar—ky qaz—k3 k1 aka aks )
= Z (kl)(kZ)(k3)al 82 83 W(.X')al 62 63 1+ |x|I"
ki1,k2,k3=0
3 3
«i— 1 .

= (D) (1+ P + 3 e (6 wiw)) 2+ ) Saitas = 1) (6 wix)) 2

' i=1

i=1



Chapter 4. Wheeler-Feynman Equations of Motion 71

where @ = (a1, @2, @3) € N3 is a multi-index. This leads to the recursive estimate

3 3
D ()| < wix) (Z 20 [~ w1l + ) e = 1) a;.“‘zw(x)|)
i=1 i=1

in the sense that terms involving &' for negative ! equal zero. Hence, the left-hand side can
be bounded by lower derivatives, and therefore, by induction over the multi-index @, we get
constants C* < oo such that |[D*w(x)| < C*w(x). Furthermore, from the computation

D) = D (Vi) Vo) =
B @1 (@2 «1—k1 qaa—ky qaz—k3 ki aka ak3
2 ("1)("2)(’@)6 972807 ()t 85 65 \w(x)

k1,k2,k3=0

andwith [, :={ke N3 |0 <k; < a;,i =1,2,3}\{(0,0,0),a} we get the recursive formula

| 1 ap|[az) (a3

)

| ’ 2 W (kﬂ(%)eh ki) \k k3
e

where we have used the above established estimate |[D*w(x)| < C*w(x). Again, the left-hand
side can be bounded by lower derivatives, and therefore, by induction over the multi-index «,
we yield finite constants C, such that also [DY yw| < C,w. Therefore, w € Wk for any k € N
and, thus, w € W, O

Second, we show that this weight w decays quickly enough such that all Liénard-Wiechert fields
of strictly time-like charge trajectories in 7! with bounded accelerations lie in D,,(A*).

Lemma 4.26. Let (q;,p;)1<i<N € Tvl with masses m; # 0, 1 <i < N, and assume there exists an Regularity of the
Apax < ©0 such that sup,cg |0y(P; N < @pax. Define t = (E;;, B;;) = M[(q;,p)](t, £c0). Then Liénard-

. . .. Wiechert
there exists a w € W™ such that for any q;,p; € R?, 1 <i <N, it is true that fields

(q;>P;»Eis,Bis)i<i<n € Dyw(A%), forallteR.

Proof. The charge trajectories are in 7 and therefore strictly time-like. Furthermore, they have
bounded accelerations. Therefore, by Corollary 4.22,¢, for 1 < i < N and each multi-index
@ € N3 there exists a constant C,,'® < co such that

4 + Cxn 1 Amax
IDEY,(x)|| + [ID*B;,(x)|| < ( + .
b o (- Vmax)3 L+~ qz”2 I+ —qll

Hence, for w(x) = m we get
N
A" @ioP10 B B, < Z (Ilq,-,,ll +lIpill + f d*x w) (IDEF,(x)|I” + ||D“Bf,<x>||2))

i=1]

which is finite, so that for any # € R we have ¢, € D,,(A%). |

Third, we show that the charge trajectories in 7wr and their Liénard-Wiechert fields give rise to
a ML-SI solution.
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Lemma 4.27. Let (;,p,)i<i<v € Twe and (E}}F,B}\Y) = 1 3. My, n,[(q;,p))(t, 200) for all
t € R. Define

= $r = (qi’t’pit’Elt ’B”‘ )1<1<N

Then for the case (ML-Sl,.is), i.e. ejj = 1 —0;;, 1 <i, j < N, and any ty,t € R it holds

‘pl = ML[QDI()](L tO)a

cf. Definition 3.28,.41.

Proof. First, as the charge trajectories fulfill the Wheeler-Feynman equations (4.1,43), they also
fulfill the Lorentz force law (3.1,.5) because we set ¢;; = 1 —6;5, 1 < i,j < N. Second,

by Theorem 4.21,¢s the fields (E;'Z,B+) solve the Maxwell equations including the Maxwell
constraints, both given in the set of equations (3.2,.15). Therefore, ¢ — ¢; is a solution to the ML-
SI equations, i.e. the coupled set of equations (3.1p.15) plus (3.2p.15) fore;; = 1 - 65, 1 < i, j < N.
By Lemma 4.26,7: for any 7 we yield ¢;, € D,,(A™) so that the existence assertion of Theorem
3.5p20 states that there is a solution ¢ - ¢, of the ML-SI equations with ¢,, = ¢;, while the
uniqueness assertion of that theorem states that if ¢,, = ¢, for any 7y € R, we have ¢, = ¢, for

all r € R. Therefore, we conclude ¢; = ¢; = My [, 1(t, tp) for all € R. O

From these lemmas and the uniqueness of ML-SI solutions it follows that all Wheeler-Feynman
solutions in 7wr can be identified uniquely by specifying their positions, momenta and Wheeler-
Feynman fields at a certain time #p € R:

Theorem 4.28. There exists aw € W such that for each tg € R the following map is injective:

o P TwWr = Dy(A%), (@i-P)1<i<h = @iy Pisyo Bl - Bl Di<isn

where (E}\",BYY) := 1 3. My, [(q;,p)](t0, £00).

I,tg > 7 Lo

Proof. Let (q;,p,)1<i<N.(@;,P)1<i<n € Twr and 1y € R. Define ¢; := (qi,t’pitaE” ,B,, N<i<N
— GV gWF ,
and ¢ := (¢, P E;; ,B;; )i<i<n forall t € R as in Lemma 4.27. By Lemma 4.26,71 there is a

w € W such that ¢, ¢y, € D,,(A*) and therefore the range of i;, is a subset of D,,(A*). From
Lemma 4.27 we know in addition that for all # € R, ¢, = Myl 1(t, to) and ¢, = Mp[¢, (2, t0).
Assume (¢;,p)1<i<nN # (§;,P)1<i<n- i.e. there exist # € R such that we have (g, ,,p; )i<i<n #
(q;-P;)1<i<n- For such t we have then My [¢,1(t, t0) = ¢; # ¢, = M [@;,](t, o). The uniqueness
assertion of Theorem 3.5,20 then states ¢;, # ¢,. By construction ¢;, = i;,((q;,p;)1<i<ny and
@1 = i1,(q;,Pi)1<i<n. Hence iy, : Twr — D,,(A%) is injective. O

REMARK 4.29. Note that the weight function w could be chosen to decay faster than the choice
in Lemma 4.25p70. This freedom allows to generalize Theorem 4.28 also for possible Wheeler-
Feynman solutions whose acceleration is not bounded but may grow with t — *oo. This is due
to the fact that growth of the acceleration a in equations (4.44v.65) can be pushed down by the
weight w. However, since the weight w must be at least in ‘W', which then ensures by Lemma
3.23p.30 that the group (W,)cr exists, one can only allow the acceleration a to grow slower than
exponentially.
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We shall now come to the question of existence of Wheeler-Feynman solutions. Once and for
all we fix the parameters:

Definition 4.30. 7o the very end of this chapter we fix the charge distributions o; € C*(R3,R)
such that suppo; C Bg(0) c R> for one finite R > 0 and the masses m; # 0, 1 < i < N.
Furthermore, we shall use the (ML-Sl,.i5) choice, i.e. e;jj = 1 —06;j, 1 <i,j < N, whenever we
use the notation My[-] from Definition 3.28p.41 or the Maxwell-Lorentz equations which we refer
to as the ML-SI equations. Furthermore, we choose a weight w € ‘W for which Theorem 4.28
holds.

In subsection 4.4.2,75s we shall formalize the map S ’T”Xi and prove the existence of a fixed point.
The proof will rely on the explicit expressions for the Maxwell fields of the ML-SI dynamics of
chapter 3p.15 in terms of the Kirchoff’s formulas given in section 4.3.1,.60. Therefore, we inserted
a small intermediate subsection before the main proof which will provide all necessary formulas.

4.4.1 The Maxwell Fields of the Maxwell-Lorentz Dynamics

This intermediate subsection is supposed to bring quickly together the solution theories of the
Maxwell-Lorentz equations (chapter 3,.15) on D,,(A) and the Maxwell equations (subsection
4.3.1p00) on F!. In particular, it will provide explicit formulas for the Maxwell solutions ex-
pressed by (W),er and J on a suitable domain. We recall the Newtonian phase space £ = ROV,
the space of weighted square integrable fields ¥, the phase space H,, = P& F,, of the Maxwell-
Lorentz equations, cf. Definition 3.2,.19, the definition of the operator A on D,,(A) c ‘H,, cf.
Definition 3.3,.19, as well as the one of the operator J on H,,, cf. Definition 3.4,.19. In order not
to blow up the notation we use the following:

Notation 4.31. For any ¢ = (q;,p;, Ei, Bi)1<i<y € H,, we define the projectors Q,P,F by
QQD = (qi; 09 Oa O)ISiSN’ P(p = (O’pi’ 09 O)ISiSN’ FSD = (0’ O’Ei’Bi)lSiSN'

Wherever formal type errors do not lead to ambiguities we sometimes forget about or add the
zero components and write, e.g.,

(g;P)1<isy = (Q+P)p or (4;-P:,0,0)1<i<v = (Q + P)(q;,p)1<i<n-

As we now treat N fields simultaneously, we need to extend # !, cf. Definition 4.8, according
to:

Definition 4.32. 7 := (P C*(R},R?) & C™(R, R?).

Furthermore, we recall that A is the generator of a y contractive group (W;);er on D,,(A) which
was the content of Definition 3.24,3 and its preceding lemma. Since we shall mainly work in
field spaces, we need the projections of the operators A, W; and J onto field space 7,:

Definition 4.33. For all t € R and ¢ € ‘H,, we define
A := FAF, W, :=FW,F and J = FJ(p).

The natural domain of A, W, is given by D,,(A) := FD,,(A) C F,,. We shall also need D,,(A") :=
FD,,(A") C T, for every n € N U {oo}. Clearly, the operator A on D,,(A) is also closed and
inherits also the resolvent properties from A on D,,(A). Furthermore, this implies (Q + P)W, =
idp and FW, = W, so that (W,),cr is also a y contractive group on the smaller space D,,(A).
Finally, note also that by the definition of J we have J(¢) = J((Q + P)o) for all ¢ € H,, i.e. J
does not depend on the field components F.

Global definition
of w, o;, m; and
€ij

Projectors P,Q, F

Space of N
smooth fields

Projection of
A, W,;, J to field
space F,
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Kirchoff's
formulas in
terms of (W;)er

The following corollary translates the explicit Kirchoftf formulas for free Maxwell solutions
computed in subsection 4.3.1, into the language of the group (W;);cr. We have used Kirchoff’s
formulas for initial fields in ¥ while the group (W,),cr operates on D,,(A). Therefore, by unique-
ness, we expect to be able to express free Maxwell solution generated by the group by Kirchoff’s
formulas as long as the initial conditions come from ¥ N D,,(A).

Corollary 4.34. Letw € ‘W', F € D,,(A") N F for some n € N, and

(Eit, Bih<i<y := W, F, forallt €R.

E.\ (8 VA Eio ' VV-Eig

(Ei,t) - (—V/\ (9, K« Bi,O B 0 ds Ki-s VvV ‘Bi,O )
Julfill E;, = E,-,, and B, = E,-,, forallte Rand 1 <i < N in the Lg‘, sense. Furthermore, for all
t € R it holds also that (E;;, Bi)1<i<y € Dy(A") N F.

Then

Proof. By the group properties W, F € D,,(A") and by Definition 4.33,73 and 3.3,.19
OWF =AW, F = (0,0,VAB;;,-V ANE;;)1<i<n.

Since (E;p,Bio) € ¥, a straight-forward computation together with the properties of K; from
Lemma 4.11,61 yields

_ 0 VA Ei,t
2o )

! VV-Eio\ [0>?+VANVAY) 0 Eio
= o fm ds Kioyx (vv -B,-,o) +( 0 R+VAVA -)) Ko (B,-,o)

Applying VA (VA ) =V(V:)— A and Lemma 4.11,6 again gives
E:
2 i0) _
(07 — DK, * (Bi,O) 0
and

VY. E'O s—t
—_ K ok L
st [ o (VV ’ Bi,O)]

s—0

Hence, we get = 0 and, therefore, for ft = (E,-,,,Ei’,)ls,-gv it is true that c’),F, = Aft in the
strong sense. By the group properties W; and A commute on D,,(A) which implies

8, (W—lft) = _AW—IE + W_[AE = 0.

Therefore, F, ;= Wtfo = W,Fy = x; as by definition Fy = F = fo. This means in particular
that E;; = E,;, and B;; = E,’,, forallt €e Rand 1 < i < N in the L%V sense. Furthermore, as
F e D,,(A") N F, Lemma 4.11,6 states that f, € ¥, and by the group properties of (W;),cr we
also have F; € D,,(A") for all t € R. Hence, F; = I::, € D,,(A")NF for all t € R which concludes
the proof. O

A ready application of this corollary is the following lemma which allows to express the smooth
inhomogeneous Maxwell solutions of subsection 4.3.1,60 in terms of (W/),er.
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Lemma 4.35. Let t, 1ty € R be given times, F = (F;)1<i<y € Dyw(A") NF for some n € N be  The Maxwell
given initial fields and (q;,p;) € T\ time-like charge trajectories for 1 < i < N. If in addition f;r'ﬁ:’sogfs ((,’\’/)

t)teR
the initial fields F; = (E;, B;) fulfill the Maxwell constraints andJ

V-E; =4n0i(- — q;,,) and V-B;=0

for1 <i <N, thenforallteR

t
Fl‘ = WI—I()X +f ds WZ—SJ(()DS) € DW(An) = (M ,',mi[Fi’ (qi’pi)](t’ tO))lSiSN'

fo

in the L%V sense where ¢ := (Q + P)(q; ;. P; ))1<i<n for s € R. Furthermore, F; € D,,(A") N F for
allt € R.

Proof. This can be computed by applying Corollary 4.34,74 twice and using one partial integra-
tion. |

4.4.2 Newtonian Cauchy Data: Wheeler-Feynman Interaction for Finite Times

The strategy will be to use Banach’s and Schauder’s fixed point theorem to prove the existence
of a fixed point of S 7. The following normed spaces will prove to be suitable for this problem:

Definition 4.36. Forn € N let F! be the linear space of functions F' € D,,(A") with Hilbert Spaces

for the fixed
" 4
. k
1Fllgz = | ) IAFlg, | -
k=0

point theorem
with B = R3 in which case we simply write || - ||g» instead of || - |l7n(r). For other B C R3 we shall
use this notation to split up integration domains. We shall use this notation also for ¥, = FL.

Lemma 4.37. Forn € N, ¥, is a Hilbert space.

Proof. This is an immediate consequence of Theorem 3.14,26 which relies on the fact that A is
closed on D,,(A). m]

Next we specify the class of boundary fields (XfiT)]SiS ~ Which we want to allow.

Definition 4.38. For weight w € ‘W and n € N let A, be the set of maps The class of
boundary fields
X :Rx D,(A) = D,(A®)NF, (T, ¢) — Xrlo] ;ﬁ’pﬂw and

which have the following properties for all p € P and T € R:

(i) There is a function C,; € Bounds such that for all ¢ € D,,(A) with (Q + P)p = p it is true
that || Xz[@]llgz < Cu™(T, lIpl)).

(ii) The map F — X7[p,F]as 7':5 - 7’1& is continuous.

(iii) For (Eir,Bir)<i<n := Xrlel and (q; r.p;r)i<isy = (Q+ P)ML[¢I(T,0) one has V-E;r =
4noi(- —q;7) and V - B = 0.

Let the subset ﬁfv C A}, comprise such maps X that fulfill:
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bWF solutions
for Newtonian
Cauchy Data
and boundary
fields

The fixed point
map St

(iv) For balls B; = B:(0) ¢ R3 with radius © > 0 around the origin and any bounded set
M C DW(A) it holds that limr—mo SUPFrem ||XT [p, F]”?v’vl(Bfr) =0.

Furthermore, let the subset ﬂvaip c Al comprise such maps X that fulfill:

(v) There is a function C,, € Bounds such that for all ¢,¢ € D,,(A) with (Q+P)p = p =
(Q+ P)p it is true that | X7[¢] — Xrl@lllz: < ITICHAT | gl 1@llge,) Nl = Pllgs,-

REMARK 4.39. The boundary fields needed are now encoded via (XfiT)lsisN = XiT [¢] for
two elements X* € Ay, and some ¢ € D,,(A). The dependence of X7, on a ¢ € D,,(A) instead of
the charge trajectories (q;,p;), 1 <i < N, in T makes sense as ¢ carries the whole information
about the charge trajectories by t — (Q + P)Mp[¢](t,0) which are the charge trajectories of the
ML-SI solutions. As we shall discuss after showing that these classes are not empty, one can
imagine their elements to be the Liénard-Wiechert fields of any charge trajectories in T which
continue the ML-SI charge trajectories on either the time interval (—oo, —=T] or [T, o) for the
given T € R. Finally, the reason why we define three classes A, ﬁ’jv and AP is to distinguish
clearly the properties needed, first, to define what we mean by a bWF solution, second, to show
existence of bWF solutions, and third, to show uniqueness of the bWF solution for small enough
T. Note also that A+ ¢ A" as well as A+ ¢ A", forn € N.

Having this we can formalize what we mean by a solution to the bWF equations for Newtonian
Cauchy data and boundary fields.

Definition 4.40. Ler T > 0, Newtonian Cauchy data p € P and two boundary fields X* € ﬂ&v

be given. We define T;”Xi to be the set of time-like charge trajectories in (q;,p;)1<i<n € Tv
which solve the bWF equations in the form (4.1,.4) and

1 .
ENT B = |5 D Mon X2 [P F (@up))O.£T) | for  F = BN B Mnsisal
) (4.57)

and initial conditions (4.9p.4s). We shall call every element of Tﬁ’xi a bWF solution for initial
value p and boundary fields X* at time T.

REMARK 4.41. Equations (4.1147) which where used in the introduction were replaced by
(4.57) because it turns out to be more convenient to have the boundary fields depending only on
ML-SI initial data (p, F) which encodes the trajectory. By Definition 4.38y75(iv) the boundary
fields fulfill the Maxwell constraints at time +T. This is important as our formulas for the
Maxwell solutions of subsection 4.3.1y60 are only valid if the Maxwell constraints are fulfilled.
Though this requirement could be loosened by refining the formulas for the Maxwell fields it is
natural to stick with it because the fields of true Wheeler-Feynman solution fulfills the Maxwell
equations including the constraints, and the final goal is to find solutions for T — oo.

Now we can define a convenient fixed point map whose fixed points are the bWF solutions.
Definition 4.42. For finite time T > 0, Newtonian Cauchy data p € P and boundary fields
X* e \?{vlv, we define

X DW(A) 5 DW(A™), F s SPXIF)

for

+ 1 !
SECIF =5 [WﬂX:T[p, Fl+ f s WoJ(ilp. F)
" +
where ¢s[p, F] := My[p, F1(s,0) for s € R is the ML-SI solution, cf. Definition 3.28y.41, for
initial value (p, F) € D,,(A).
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We got to make sure that the fixed point map is well-defined and that its possible fixed points
p.X*

have the desired properties, i.e. their corresponding charge trajectories are in 7,7 .
Theorem 4.43. For finite time T > 0, Newtonian Cauchy data p € P and boundary fields The Map Sy and
X* € Al the following is true: its fixed points

(i) The map S I;’Xi introduced in Definition 4.42,.7 is well-defined.

(ii) For F € D,,(A), setting (X;—:H)lggv := X{,[p, Fland denoting the ML-SI charge trajectories

1+ (g qih<isy = (Q+P)M_[p, F1(z,0)

by (q;,p<i<n it holds that

+ 1 + (o)
AR Z (Mol X2 (@210, T) _EDAINT.

I<i<

(iii) For any F = § ?’Xi [F] it is true that and that the corresponding charge trajectories

(g:-P)1<i<n as defined in (ii) are in T;”Xi,

Proof. (i) Let F € D,,(A), then (p,F) € D,(A) and, hence, by the ML=SI existence and
uniqueness Theorem 3.5,20 t — ¢, := M[¢](t,0) is a once continuously differentiable map
R — D, (A) c H,. By properties of J stated in lemma (3.26,32) we know that AT H, —
D,,(A®) c H,, is locally Lipschitz continuous for any k € N. By projecting onto field space
Fw» cf. Definition4.33,7, we yield that also AKJ : H,, — D,,(A®) c F, is locally Lipschitz
continuous. Hence, by the group properties of (W,),cr we know that s — W_ A¥J(¢p;) for any
k € N is continuous. Therefore, we may apply Corollary 5.6,.100 which states that

0 ]
Al f ds W_J(ey) = f ds W_,ALJ(py)
+T +

+T

while the integral on the right-hand side exists because the integrand is continuous and the

integral goes over a compact set. As this holds for any k € NN, L OT ds W_gJ(¢s) € D,,(A™). Fur-
thermore, by Definition 4.38,7s the term X3 .[p, F] is in D,,(A*) and therefore W7 X3, [p, F] €

D,,(A™) by the group properties. Hence, the map S?’Xi is well-defined as a map D,,(A) —
D,,(A™).

(ii) For F' € D,,(A) let (¢;,p;)1<i<n denote the charge trajectories 1 = (g, ,,p; )1<i<ny = (Q + P)g;
of t = ¢, := My[p, F](t,0). Since (p, F) € D,,(A), we know again by Theorem 3.5,20 that these

charge trajectories are once continuously differentiable as R — D,,(A) ¢ H,,. As the absolute
;I

2.2
i

value of the velocity is given by [[v(p; )I| = < 1, we conclude that (g;,p;)1<i<n are once

continuously differentiable and time-like and therefore in 7, cf. Definition 4.5,.¢0. Furthermore,
the boundary fields XiT[p, F] are in D,,(A*) N ¥ and obey the Maxwell constraints by the
definition of Aj,. So we can apply Lemma 4.35,75 which states for (XiiT) I<i<N = X:T [p, F]
that

t
(Mg m [ Xis (q:-p;1(2, 7)) iy = Wiz Xz [p, F1 + f ds Wi_iJ(ps) € D,(A)NF.  (4.58)
+T

For t = 0 this proves claim (ii).

(iii) Finally, assume there is an F € ¥, such that FF = § ’;’Xi [F]. By (ii) this implies F €
D,,(A*)NF . Let(g;,p)1<i<y and t — ¢, be as defined in the proof of (ii) which now is infinitely
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often differentiable as R — H,, since (p, F) € D,,(A®). We shall show that the following integral
equality holds

1

! 1
6= .0+ [ ds @+ +3 Y] [W,+T<o, XrlpFD+ [
0 +

ds W,_SFJ(goS)] (4.59)
+T

for all ¢t € R; keep in mind that ¢t — ¢; depends also on (p, F). Then differentiation with respect
to time ¢ of the phase space components of (q;;,p; . Eis, Bi)i<i<y := ¢ yields 0,(Q+P)g; =
(Q + P)J(¢,) which by definition of J yields

o) 3
Jm?+ pi .
(4.60)

o=, f &x 0i(x — q;,) (Ej4(x) + v(q;,) A Bju(x)).

J#Ei

atqi,t =vp,,) =

Furthermore, the field components fulfill

1 . !
Fo, = FE Z [Wt+T(O’ XorleD) + fﬂ ds Wz-sFJ(cps)]

1 . !
= E Z [WtiTXi_.T[p’ Fl+ fT ds Wt—sJ(Sos)]
3 +

where we only used the definition of the projectors, cf. Definition 4.33,7:. Hence, by (4.58,.77)
we know

1
(Ei,l"Bi,l‘) = 5 Z M ,',m,-[Fi’ (qi’pi](t’ iT) (461)

Finally, we have

(qi,,,Pi,t)lsigN’,ZO =p=(q".p))i<i<n- (4.62)

Equations (4.60), (4.61) and (4.62) are exactly the bWF equations (4.1,.43) and (4.57,6) for New-
tonian Cauchy data (4.9,45). Hence, since in (ii) we proved that (g;,p;)1<i<y are in 7, we con-
clude that they are also in 7'7’3 X , cf. Definition 4.40;.7.

Now it is only left to prove that the integral equation (4.59) holds. By Definition 3.28,41, ¢,
fulfills

/
o= Wip, F) + j; ds Wi_sJ(p5)

for all r € R. Inserting the fixed point equation F = § ’T”Xi [F], ie.

!

F =WizrXi[p, F1+ f ds Wi—sJ(¢s),
T

+

we find

1 . 1 0 t
6 =(p.0)+ 3 Z Wisr (0. X27(p. F1) + 5 Z W, f s W-0.J0) + fo ds Wi_J(@5).

+

Using the continuity of the integrands we may apply Lemma 5.5.100 to commute W, with the
integral. This together with J = (Q + P)J + FJ and that (Q + P)W, = idp yields the desired result
(4.59) for all t € R which concludes the proof. O
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In the next Lemma we discuss a simple element C € A}, and thereby show that the classes of
boundary fields A}, and ﬂvalp are not empty.

Definition 4.44. For n € N define C : R X ‘H], — D,,(A"), (T, ¢) — Crl¢] to be Coulomb
boundary field

Crlgl = (ES(- - ;1).0)

where (q; 7)1<i<n := QML[¢I(T, 0) and the Coulomb field

1<i<N

(ES,0) := My, [t > (0,0)](0, —o0) = (fd%g,-(-—z)ﬁﬁ).

Note that the last equality holds by Theorem 4. 18;.6c.

Lemma 4.45. For any n € N and any w € ‘W the set C € A}, N ﬂLlp The class of
boundary fields
is non-empty

Proof. We need to show the properties given in Definition 4.38,755. Fix T > 0 and p € P.

Recall the definition of C7 as introduced in Definition 4.44. Let ¢ € D,,(A) and F = Fy for
(Q+P)p = p. Furthermore, we define (q; 7)i1<i<v := OM_[p](T,0). Since EC is a Liénard-
Wiechert field of the charge trajectory ¢ +— (g;7,0) in 7 1, we can apply Corollary 4.226 to
yield the following estimate for any multi-index o € N3 and x € R?

DB < S 463
S R '
which allows to define the finite constants Cy'® := ||D*Ec|| 2 Using the properties of the

weight w € ‘W we find

ICrlgliiy, < Z IA“Crlgllly, < Z Z VA ECC - g, <

k=0 i= k=0 |a|<k i=1
N N

S (e Cullal) DS = 3D (14 Culaial) € <o

k=0 |a|<k i=1 k=0 |a|<k i=1

This implies Cr € D,,(A*) N ¥ and that C : R X D,,(A) — D,,(A*) N F is well-defined.

Note that the right-hand side depends only on ||q,-’T|| which is bounded by ||p|| + |T| since the
maximal velocity is below one. Hence, property (i) holds for

n N
PW
Co™(TLpl) = Y° > > (1 + Cudllpll + 1T Ca®.

k=0 |al<k i=1

Instead of showing property (ii), we prove the stronger property (v). For this let ¢ € D,,(A) such
that (Q + P)¢ = (Q + P)g, (¢; 7)1<i<n := QM [@](T,0). Starting with

ICrlg] - Crl@lllyy < Z > (ECC —aim - ECC =),

i=1 |al<1

we compute

”Da EC( —q;i7) — EC€(- - Hf dA(q;r - q;,) VDQE rC—qir + g —q;,)

2
2

: jo‘ da ”(qi,t ~qi7)" VDYES(- ~4ir + A7 - ql?’))”Lfv
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where in the last step we have used Minkowski’s inequality. Therefore, for all |a| < 1 we get

> o (ECC —aim - ECC =),

lal<1

<197 = qizllrs 021;1;1 Mé HDBEC(- +Aq; 7 —F‘IVi,T))”La .

The estimate (4.63,.79) and the properties of w € W yield

Py
“DﬂEC(' ~qir +Aq;r - ‘Ii,t))“La < (1 +Cyd IIE,;T +A(q; 7 — qi,t)||R3) ’ ”DBEC”La
< (1 + Co(ligllzs + Il + 21TDF Coe®

Furthermore, since the maximal velocity is smaller than one, property (v) holds for

—~ Pw
Cou(IT1, 1l » llepllge, ) := N Z(l + Cu([lQellps + 1Q@llps + 2T1) 2 Cos?.
1812
(iii) holds by Theorem 4.14y.63.

(iv) Let B-(0) c R? be a ball of radius 7 > 0 around the origin. For any F € D,,(A) we define
(qi,T)lSiSN = OM_[¢I(T,0) and yield

=

IC" I, Flllrzso < D, D ID"ECC = @il 2 oy

i=1 |a|<n

(1+ cwnqi,rn)% l

al<n

M-

1l
—_

W(Bi(q,;r)) ’
i

Note again that the maximal velocity is smaller than one so that |lg; 7 < IIq?II + T. Hence, for
7> |ig}ll + T define r(7) := 7 - lig{Il + T such that it holds

0

sup [IC"[p, ]||m<<o><zz (1+ Cullarl) ¥ |

C e
FeD,y(A) 2(B50)(0) 7m0

i=1 |a|<n

To summarize we have shown that for all n € N the map C as introduced in Definition 4.44;.7 is
an element of A", N AP which is a subset of A O

REMARK 4.46. In view of (4.13p.4s) the boundary fields are a guess of how the charge trajecto-
ries (q?, DP)i<i<n continue on the intervals (—oco, =T] and [T, o). Instead of the Coulomb fields
of a charge at rest we could have also taken the Liénard-Wiechert fields of a charge trajectory
which starts at q; 7 and has constant momentum p; r for (q; 7,P; r)1<i<n = (Q + PYML[¢](T, 0)
with only minor modification (the result would be a Lorentz boosted Coulomb field). Such bound-
ary fields would also be in &Zd;lp as for (p; r)1<i<n := PML[@](T,0) we have

T
”pi,T _ii,T” < f ds ”pts pts | <T sup ”pts pts|
0 s€[0,T]

while the supremum exists because the charge trajectories are smooth thanks to ¢, ¢ € D,,(A).
Only if one wanted to continue the charge trajectories (q?, Pi<i<n in (4.13p.4s) more smoothly,
for example also continuously in the acceleration, the resulting boundary fields would not lie in
ﬂlfvlp anymore but rather in ﬁ}” since in general different initial value for the ML-SI equations
vield different accelerations at time zero.
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Now we are able to state the main theorem of this section:

Theorem 4.47. Let Newtonian Cauchy data p € P be given. For the maps S ?’Xt for finite T > 0 $2*" has a fixed
as defined in Definition 4.42,7 the following is true: point

(i) For any boundary fields X* € .?(];Vip and T sufficiently small, S ?’Xi has a unique fixed point.

(ii) For any boundary fields X* € A}, and finite T > 0, the map S ?’Xi has a fixed point.

The strategy for the proof is to use Banach’s and Schauder’s fixed point theorem. Before we

give a proof of Theorem 4.47 we collect the needed estimates and properties of S ‘;’Xf in a series
of lemmas.

Lemma 4.48. For n € Ny the following is true: Estimates on 7"

(i) Forallt € R and F € D,(A") it holds that |W,Flgn < eV||F|lzn.
(ii) For all ¢ € ‘H,, there is a constant C,,™ e Bounds such that
@)l < Cr ™ (1IQgll4,)-
(iii) For all ¢, ¢ € H,, there is a C,s" € Bounds such that
(@) = @z < Cs™ Il » @117, i = Pl -

Proof. (i) By Definition 4.33,7; and Lemma 3.10,.22, (W,),cr is a y contractive group generated
by A on D,,(A). Hence, A and W, commute for any ¢ € R which implies for all F € D,,(A") that

n n n

2 k 2 k2 k2

W Fliz = > IAWFIE = > IWAFIL < ) IAFIL = IFlly,.
k=0 k=0 k=0

For (ii) let (g;,p;, Ei, Bi)1<i<y = ¢ € H,,. Using then the definitions of J, cf. Definition 4.33,7
and 3.4.19, we find

IM@llrz < D IVA Y@ — a2

k=0
By applying the triangular inequality one finds a constant Cs, e.g. Ca = 4 V6, for which
VA Y@ = g)lliz < (Co)' - @)D il = gz < (Cw)" D ID"0i(- = g)ll2

lrl<n |ov|<n

whereas in the last step we used the fact that the maximal velocity is smaller than one. Using
the properties of the weight function w € ‘W, cf. Definition 3.1,.s, we conclude

Py
ID%0i(- = g2 < (1 + Cullgd) Z 1D%0ill 2.

Collecting these estimates we yield that claim (ii) holds for

N
PW
Cr ™ IQgllg,) = (Co)" D (14 Cullg ™ > Il
i=1

la|<n

Claim (iii) is shown by repetitively applying estimate (3.31,.33) of Lemma 3.26,32 on the right-
hand side of

M) = I@llrz < D 1A 1I(@) = T@)l,
k=0

which yields a constant Cy™ = 20 C4(k)(||<p||ww, ll¢ll#,) where C, € Bounds was defined in
Lemma 3.26,32. This concludes the proof. O
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Properties of Lemma 4.49. Let T > 0, p € P and X* € A, for n € N. Then it holds:
§pr

(i) There is a function Cy, € Bounds such that for all F € F.,} we have

X*
IS5 [p, Flllgs < Co™ (T lIpll).
(ii) F S’;’Xi [Flas F,) — F,} is continuous.
IfX* e ﬂi‘vip, it is also true that:

(iii) There is a function Cs, € Bounds such that for all F, Fe f& we have

IS2X°1F) = SEY (Rl < TCU(T NPl IFllg, IIFNE)IF = Flig, -

Proof. FixT > 0, p € P, X* € A forn € N. Before we prove the claims we preliminarily recall
the relevant estimates of the ML-SI dynamics. Throughout the proof and for for any F, Fe For
we define D,,(A") > ¢ = (p, F) and D,,(A") 3 ¢ = (p, F ) and furthermore the ML-SI solutions
¢ = Mp[e](t,0) and @, := My[¢](¢,0) for any r € R. Recall the estimate (3.11,20) from the
ML+SI existence and uniqueness Theorem 3.5,20 which gives the following 7" dependent upper
bounds on these ML-SI solutions:

sup llgr = @il < Co(T, ligllgs,, . l1@llas, e — @l » (4.64)
1€[-T,T]

sup lellzg, < Co(T, lleli,, Oliglly, and — sup ll@qllgg, < Co(T, ll@lig,, Oli@llgy,, . (4.65)
te[-T,T] te[-T,T]

To prove claim (i) we estimate

X
IS5 [Flllyy <

[21]+[22}

1
5 2 WarXirlp. F)

1 0
D f Ay W_die)

cf. Definition 4.42,7 where S I;’Xi was defined. By the estimate given in Lemma 4.48,:51(i) and
the property given in Definition 4.38,5(i) of the boundary fields we find

+ =
Fw T

1
< 5 D IW=rXirip, Flllsy < @ IX3p. Fllly < @7 C (T, liglhp,).
+

Furthermore, using in addition the estimates given in Lemma 4.48,s1(i-ii) we get a bound for the
next term by

<Te" sup |gollzr < TeT sup Cu(llQesliag,) < T’ Culllpll + T)
se[-T,T] se[-T,T]

whereas the last step is implied by the fact that the maximal velocity is below one. These
estimates prove claim (i) for

Coo™ (T, ligllyy) = €™ (Cs™ (T, lIpl) + TCx(llpll + 7).
Next we prove claim (ii). Therefore, we regard
ISP [F] = SEX [Flllgy < @TIXEp 0] - X5 (@lllgy + T sup W(ey) = J@9)llys

se[-T,T]
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where we have already applied Lemma 4.48,51(1). Next we use Lemma 4.48p.:1(iii) on and
yield

<Te" sup  Cou™(l@slp,» 1@sllz s — Dol
se[-T,T]

Finally, by the ML-SI estimates (4.64) and (4.65) we yield
< TCo(T.IplLIIF ez IFllep)lle — @i, (4.66)
for

Coo(T, 1Pl N Fllgn, 11 F e ) :=e7Tczg<">(cz<T, el » Ollellg, » Co(T, 0, ||¢||m>||so||ﬂw)x

X Co(T, Nl 1@l )-

For F — Fin ﬁl these estimates imply S ’T”Xi [f ]—> S "T”Xi [F] in ﬁl since here |l¢ — ¢lly, =
||FF — Fllg, which proves claim (ii).

(iii) Let now X* € &ZleVip. Term then behaves by Definition 4.38,s as

< TCM(T @l 1@,) Nl — @l

Together with the estimate (4.66) this proves claim (ii) for
Co (T, 1Pl NIz, IIFll7,) = Col AT @l [@lla, ) + Coo T, 1Pl I Nl 11l )

since in our case |l¢ — @llg, = [IF — f||r,rw. O

Before we proof the main theorem of this section we need a last lemma which gives a criterion
for precompactness of sequences in L2,.

Lemma 4.50. Let (F),),en be a sequence in LEV(R3, R3) such that Criterion for
precompactness

(i) The sequence (F,)nen is uniformly bounded in H.

(ii) lim;_co SUP,cy ”FnHLﬁ,(Bg(O)) =0.
Then the sequence (Fy)nen is precompact, i.e. it contains a convergent subsequence.

Proof. (see Proof in Appendix 5.4,.101) The idea for the proof is based on [LieO1, Chapter 8,
Proof of Theorem 8.6, p.208]. m|

REMARK 4.51. Of course one only needs to control solely the gradient, however, the Laplace
turns out to be more convenient for the later application of the lemma.

Now we can prove the first main theorem of this subsection.

Proof of Theorem 4.47,s1. Fix p € P. Proof of
. Theorem
(i) Let X* € AL c A!, then Lemma 4.49,5(i) states 4.47p81

152 [p, Flllys < Co (T, lIpl)) =:
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Hence, the map S ’T”Xi restricted to the ball B,(0) C Tvl with radius r around the origin is a
nonlinear self-mapping. Lemma 4.49,(iii) states for all 7 > 0 and F, Fe B,(0) c D,,(A) that

IS5 F1 = S2X [Flllgy < TCu(T IpIL IF N,  IIFIlE)IF = Flig,
< TC5, (T, |Ipll, r, DIF = Flig,.

where we have also used that C;; € Bounds is a continuous and strictly increasing function of
its arguments. Hence, for T sufficiently small we have TC (T, ||pll,r,r) < 1 such that § ’T”Xi is a
contraction on B,(0) ¢ F;!. By Banach’s fixed point theorem § I;’Xi has a unique fixed point in
B,(0) c 7.

(ii) Given a finite T > 0, p € P and X* € ﬁfv Lemma 4.43,77(1) states for all F € 7‘]1,
IS5 1o, Flllzy < IS5 1p, Flilgs < Co® (T lIpll) =: 7. (4.67)

Let K be the closed convex hull of M := {S?’Xi[F] | F € 7‘:&} c B(0) c T‘j. By Lemma

4.43,7(ii) we know that the map § ’T”Xf : K — K is continuous as a map F,! — F!. If M is
compact, it implies that K is compact, and hence, Schauder’s Fixed Point Theorem 4.1,.4s ensures
the existence of a fixed point.

It is left to show that M is compact. Therefore, let (G,;).en be a sequence in M. We need to
show that it contains an ;) convergent subsequence. To show this we intend to use Lemma

4.50,53. By definition there is a sequence (F;)men in B-(0) C 7—;& such that G, := S’T”Xi[Fm],
m € N. We define form € M

E",B™) 1<ien = SE[F.
Recall the definition of the norm of 7/, cf. Definition 4.36,.75, for some (E;, B;)1<i<v = F € 7,
andn e N
n n N
IFll = > IA*FIE. = IVAYER, + I(VAYBIIZ, ). (4.68)
(}ﬂw 7:” Lw LW
k=0 k=0 i=1

Therefore, since A on D,,(A) is closed, (G,,)men has an fl convergent subsequence if and only
if all the sequences ((V/\)"Egm))meN, ((V/\)"Bgm))meN fork =0,1and 1 <i < nhave a common
convergent subsequence in L2,

To show this we first provide the bounds needed for Lemma 4.50,.53(i). Estimate (4.67) implies
that

3 N
> (||<VA>kEf.’")||§gv VA B ) = 16l <2 (4.69)
k=0 i=1

for all m € N. Furthermore, by Lemma 4.43,(ii) the fields (Egm), Bgm)) 1<i<n are a solution to the
Maxwell equations at time zero and hence, by Theorem 4.14,.¢ fulfill the Maxwell constraints
for (q?,p?)lggv := p which read

V-E™ = drgi(- 0 and v-B" =0
Also by Theorem 4.14y63, G, is in F so that for every k € Ny

(VAVPE™ = dn6ioVoi(- — 7)) = s(VAYE!™  and  (VAY*?B™ = —aA(VA) B
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where 6y is the Kronecker delta which is zero except for £ = 0. Estimate (4.69) implies for all
m € N that

M_
M=

(I8 AFEIE, + Iaon B,

>~
Il

0 i

- T

N N
<23 > (ITAF2EIE, + VA 2B, ) +2 ) Vo - gDz

i=1 i=1

=~
(=]

N
<27 +87 ) (1+C, ||q?||)P”’ IVeill}>
i=1

where we made use of the properties of the weight w € “W. Note that the right-hand does not

depend on m. Therefore, all the sequences (VAYE!™ ), (ANVAYE™)mert, (VAYFB™ ) e,
(A(VA)"BE”’) Jmen for k= 0,1 and 1 < i < N are uniformly bounded in Lgv.

Second, we need to show that all the sequences ((V/\)kEEm))meN, ((V/\)kBl(.m))meN fork = 0,1
and 1 < i < N decay uniformly at infinity to meet condition (ii) of Lemma 4.50ps3. De-
fine (Eg'i)f,BE"i)f)lgsN = iT[p, F,] for m € N and denote the ith charge trajectory ¢t +—
@™,p") == @+ P)Mp, F,)(,0) by (¢",p\™), 1 < i < N. Using Lemma 4.43,7(ii) and
afterwards Lemma 4.14,.63 we can write the fields as

E™\ 1

( i = 5 2 Mo Efsp Efep). (@ p{"™))0. £T)
+

(m), %

1 [( 0, V/\) (E ) ~ A"
=5 Kizr = | e | + Kisr * i£T
2 Zi: -VA 6, B’ 0

f —v -3, (o
+47r£TdsK,_s*(O VA)(?@]],-O =:[25]+[26]+[27]

where pl(.,'?) = 0i(- — ql(.”?) andjg:l) = v(pg:l))pi,, forall t € R.

We shall show that there is a 7 > 0 such that for all m € N the terms and are point-wise

zero on BL.(0) C R3. Recalling the computation rules for K; from Lemma 4.11,6 we calculate

nlKe * /")l < 42T f doy) oy - ¢,

Br(x)

The right-hand side is zero for all x € R? such that dBr(x) N suppoi(- — g.7) = 0. Because
the charge distributions have compact support there is a R > 0 such that supp o; € Bg(0) for all
1 <i<N.Nowforany 1l <i<N andm € N we have

supp oi(- — 4\v) € Br(g\"ty) € Brir(q))

since the supremum of the velocities of the charge sup,¢;_z 7)men ||v(p§";)|| is smaller or equal
one. Hence, B7(x) N BR+T(q?) = for all x € BS(0) with 7 > ||p|| + R + 2T.

Considering we have

0 (m)
-V =3, [P
o [ as [K ( 0 VAS)(J'(%]
+ i,s

(x)

0
< 47rf ds s J{: do(y) [IG(y —q§m>)IIR3@R3
+T

3 2
R®R 8Bls\ *x)

(4.70)
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where we used the abbreviation

G — -V _63' Pi-,n;)
Lo Al
i,s
and the computation rules for K; given in Lemma 4.11p61. As suppG C suppo; S Bg(0), the
right-hand side of (4.70pss) is zero for all x € R such that

L) [9Be) 0 Brig?h] = 0.

se[-T,T]

Now the left-hand side is subset equal

Use[-1,710B}5)(x) ﬂ Use[—T,T]BR(qg?)) c Br(x) N Brir(q})
which is equal the empty set for all x € BS(0) with 7 > ||p|| + R + 2T.

Hence, setting 7 := ||p|| + R + 2T we conclude that for all 7 > 7* the terms and and
all their derivatives are zero on BS(0) C R3. That means in order to show that all the sequences
((V/\)kEl(.m))meN, ((VA)"BE'"))meN fork = 0,1 and 1 <i < N decay uniformly at spatial infinity,
it suffices to show

n N
lim sup (1T AY €™ N2 e oy + IOV AY D™ 12 c0y)) = O- “4.71)
T meN 120 =
for
(m) E™*
e —[75] = 6; VA Koor % i,+T
(bgm)]- =VA o, )T B s

for 1 <i < N. Let F € C*°(R?,R?) and 7 > 0. By computation rules for K; given in Lemma
4.11561 we then yield

IV A Ker = F”Lﬁr(BiJrT(O)) = ||Kzr VA FHLLZV(BLT(O)) <|\|T JC do(y) VAF(--y)

9Br(0) L2(BS, 7 (0))
<T JE do(y) IV AF(- _y)”Lﬁ,(B"‘ oy = T sup |[VAF( _y)”L%.(B" (0))
T+T yE('?BT (0) T+T
dBr(0)
Pw Pw
<T sup (1+C,lyID2IVAF( _y)”Lﬁ,(B” +(0) <TA+C,D)2|VA F”Lﬁ,(Bi(O))'
y€dBr(0) o

We also estimate using the computation rules for K; given in Lemma 4.11,.61 the term

T2
10;Kiz1li=0 * FllL»zv(Biq(O)) = JC do(y) F(- —y) + 3 JE 4’y AF(- —y)
dBr(0) Br(0) L2(BS, 1 (0)
T [ 3
< JC do(y) IIF(: _y)||L»2v(B§+T(0)) + 3 ch ylIaF(: _y)”lev(BLT(O))

dBr(0) Br(0)

2 Pw
2

Pw T :
< (1 + CWT) 2 ”F”Lgv(Bi(O)) + ?(1 + CwT) ”AFHLa,(Bg(()))-
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Substituting F with (V/\)kE(m) * and (V/\)kB(m) *fork=0,1and 1 <i < N in the two estimates
above yields

N

n
k (m) ky,(m)
D09 ™z e oy + IOTA B2 o)

k=0 i=1

s{U+rGD7 (”(VA)kEz v M son + VA B iz o+ (4.72)

T2
+—= (ll(V/\)k Efr:l_);HLﬁ,(B‘T’(O)) + ”(V/\)kAleﬁ;—||L3V(B$(0)>) +

+T (||(V/\)k+1E(m M2 geoy + ”(V/\)kHBf’ZT ”L%,(Bi(O))) )

Now X* lie in A, ¢ A, which means that the fields E\"* and B":* for 1 < i < N fulfill the
Maxwell constraints so that

VAV BB 2 oy = IOVAYZE N 2 ey + 47V AY Vi = 40012 (0

and

k \ p(m),£ k+2 p(m),+
||(V/\) AB, +T ”L%(BC(O)) = ||(V/\) " B, +T ”L2 BS(0))

Applying Definition 4.38,75(iv) yields

lim su

T—00

3 N
2
2 DB, e, + AV B, ) < lim sup i [p. Pl = 0

Z’U

because F,, € B.(0) C Tvl for all m € N, which implies (4.71536) by the above estimates.
By the above estimate (4.72) we conclude that equation (4.71,:s6) holds which we proved to
be sufficient to show the uniform decay at spatial infinity of all the sequences ((V/\)kEgm) )meNs

(VAYB™) ey fork = 0,1and 1 < i < N.

Let us summarize using the abbreviations Egm’k) = (V/\)kEl(.m) and Bl(.m’k) = (VA)"BE'") for
k=0,1,1<i < N and m € N: First, we have shown that the sequences (Egm’k))meN, (Bgm’k))meN,
(AEEm’k))meN and (ABEm’k))meN are all uniformly bounded in L2, Second, we have shown that the
sequences (Egm’k) YmeNs (Bgm’k))meN, (AEEm’k))meN decay uniformly at spatial infinity.

Having this we can now successively apply Lemma 4.50,s3 to yield the common F,! convergent

(m0,0)

subsequence Fix 1 <i < N. Let (E, )ien be the Lfv convergent subsequence of (Egm’o))meN

and (E( r ))leN the Lfv convergent subsequence of (Egm?’l))leN. In the same way we proceed with
the other indices 1 < i < N and the magnetic fields, every time choosing a further subsequence
of the previous one. Let us denote the final subsequence by (m;);cy € N. Then we have con-
structed sequences (G, )en as well as (AGy,)ien which are convergent in 7,,. However, A on
D,,(A) is closed so that this implies convergence of (G, )en in TV&. As (G)men Was arbitrary,
we conclude that every sequence in M has an F,! convergent subsequence and therefore M is
compact which had to be shown. O

Having established the existence of a fixed point F for all times 7' > 0, Newtonian Cauchy data
p € P and boundary fields (Xl.’fiT)lgsN = X* € A, Theorem 4.43, 7 (iii) states that the charge
trajectories 1 — (q;,,p; J1<i<n := (Q+ P)My[p, F](z,0) are in T;”Xi. This means they are time-
like charge trajectories that solve the bWF equations for all times ¢ € R, which are given by the
Lorentz force law (4.1,.43) together with the equation for the fields (4.57.7)

EN BN = Z Mo X7, (@1 PDYE £T), (4.73)

+
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Partial Wheeler-
Feynman
solutions for
Newtonian
Cauchy data

Shadows of the
boundary fields
and Wheeler-
Feynman

fields

1 <i < N, and initial conditions (4.9,.4s).

However, how much do such fixed points tell us about the true Wheeler-Feynman solution? With
regard to this question we shall show in the following that under conditions on the Newtonian
Cauchy data p and on the charge densities g;, 1 <i < N, one always finds a fixed point F whose
corresponding charge trajectories fulfill the Wheeler-Feynman equations, i.e. the Lorentz force
law (4.1,.43) together with the fields (4.10p.46)

1
(EZ\;F’BZ\[]F) = 5 Z M ,',m,'[(qi’pi)](t’ iOO), (474)

1 <i < N, for tin a time interval [—L, L] for some L > 0. Note that for this to be true the
right-hand side of equation (4.73,s7) does not have to agree with the right-hand side of (4.74)
everywhere on R3 but only within the tubes of radius R around the position of the j # i charge
trajectories as only these values enter the Lorentz force law (4.1,.43).

Definition 4.52. For Newtonian Cauchy data p € P we define T\I,;,F to be the set of time-like
charge trajectories in (q;,p;)1<i<n € Tv which solve the Wheeler-Feynman equations in the form
(4.1p.43) and (4.74) for time t € [—L, L] and initial conditions (4.9y.4s). We shall call every element
of T\%,F a partial Wheeler-Feynman solution for initial value p.

In order to see that a bWF solution (q;,p,)1<i<y € Tﬁ’xi is also a partial Wheeler-Feynman
solution we have to regard the difference

MQ,-,mi [tht'—iT’ (qiapi)](ta iT) -M, ,',mi[(qiapi)](t’ iOO)

O VA + —4v(p; .)0i(- — i u7)
= (_Vt/\ at )KI¢T * X:iT + K1¢T * ( l,iTO i iaT

+T
_ -V _as Qi(' - qi,s)
A Lm ds K;_g * ( 0 V/\) (V(Pi,s)Qi(‘ b qi,s)).

where we used Definition 4.16,65 with Theorem 4.14,.63 as well as Definition 4.17,65. Whenever
the difference is zero everywhere within the tubes around the positions of the j # i charge
trajectories for ¢ € [—-L, L], the charge trajectories (g;,p;)1<i<n are in ‘T\,L\,F. This is certainly not

(4.75)

true for all boundary fields X* € ﬁfv However, it is the case for the advanced, respectively
retarded, Liénard-Wiechert fields of any charge trajectories which continue (g;,p;)1<i<ny on the
time interval [T, 00), respectively (—oco, —T'], and we shall show this in the particular case of the
Coulomb boundary fields C, cf. Definition 4.44.7.

In fact, for the Coulomb boundary fields C € ﬁfv N &Z(I;Vip we find that the difference discussed
above is for “+” zero everywhere on the backward light-cone of the space-time point (7', g, 1) as
well as for “~ everywhere on the forward light-cone of (-7, ¢, _7).

Lemma 4.53. Let q,v € R?, o € C®(R3,R) such that suppo C Bg(0) for some finite R > 0.
Furthermore, let E€ be the Coulomb field of a charge at rest at the origin

E€ = fd3z o(: —z)i
llzII?
Then for T > R

Vv E€(- - —4 .-
(_%/\ 81\) Kzt * ( (O q)) + Kz * ( 7TV%( q))] x)=0 (4.76)
and
+T —V _aS Ql( — qi,s) 3
L s[5 ) lpara,0) #=0 @77

fOl’l‘ S (—T +R, T — R) and x € B|,¢T|_R(q).
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Proof. Lett e [-T + R, T — R]. With regard to the second term we compute

[~4mv Keer + o~ @l )] = 4mbil 6= 1) f do) otx -y - )
3Blt:t\(0)

< 4n|vlllz + T|sup ol JC do(y) 1))
8Blrir\(q)

where we used Definition 4.10p.61 for K;z7. Now x € Byz1|-g(q) implies dBz7|(q) N Br(x) = 0
and hence that the term above is zero.

With regard to the first term we note that the only non-zero contribution is 9; Kz * Elc since
V A E€ = 0. We shall need the computation rules for K; as given in Lemma 4.11,6 and in
particular equation (4.37,61) which in our case reads

ok B 0= f do)Ew-y-g)+¢= 10, | dow) ES -y -0

0By=1/(0) 0B=1/(0)
(4.78)
t+T)
- JC do(y) ECx —y - g) + & +3 ) JC 4Py AEC(x - y) =: [28]+[29] (4.79)
6B|t¢T|(O) B\tiﬂ(o)

Using Lebesgue’s theorem we start with

|tFT|
38)-8w-+ [ dso, £ do0) EG-y-0
0 0B,(0)
|t+T| r
=Ec(x—q)+f drgdeyAEC(x—y—q).
0 B.(0)

Furthermore, we know that 0 = (VA)2EC = V(V - E€) — AE€ and V - E€ = 4mp. So we continue
the computation with

|t+T|
:Ec(x—q)+f0 dr%fd3y4an(x—y—q)

B,(0)

c |t+T)| 1 y
=E (x—q)—f dr — de'(Y) —ox -y —q)
0 r r

9B:(0)

where we have used (4.78) to evaluate the derivative and in addition used Stoke’s Theorem.
Note that the minus sign in the last line is due to the fact that V acts on x and not y. Inserting the
definition of the Coulomb field E€ we finally get

Y

= f d3y olx -y —q)w-

Byer©)

This integral is zero if, for example, B|Ct¢T|(‘1) N Br(x) = 0 and this is the case for x € Byzr-r(q).

So it remains to show that also vanishes. Therefore, using AEC = 47V as before, we get

=—fda(y> Y _ox-y-q.

(tFT)>?
0Byi=1(0)
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Uniform velocity
bound

This expression is zero, for example, when 0Byzr|(q) N Br(x) = 0 which is true for x €
Biz1-r(q). Hence, we have shown that for t € (-7 + R,T — R) and x € By=7|(q) the term
(4.76p.3) 1s zero.

Looking at the support of the integrand and the integration domain in term (4.77,ss) we find that
forallr € (=T + R, T — R) it is zero for all x € R> such that

|J (@By—y) 0 Br(g,) = 0. (4.80)
|s|>T
Hence, fort € (=T + R,T — R) and x € By=7|(q) the term (4.77,:s) is also zero which concludes
the proof. O

REMARK 4.54. This lemma directly applies to the difference (4.75ss) we were discussing
before. By looking at the explicit formulas for the Maxwell solutions given in Theorem 4.14.;
we recognize that this difference term is in some sense the free time-evolution of the initial fields.
This time-evolution makes sure that the initial fields coming from a charge at rest have to make
way for the new fields generated by the current of the charge during the time interval [-T,T].
This will certainly hold for all boundary fields which are Liénard-Wiechert fields of given charge
trajectories on the intervals (—oo, T'] and [T, o) not only for the case of a charge at rest.

Now that we know a big region where the difference (4.75,53) is zero we have to make sure
that the charge trajectories spend the time interval [-L, L] there. For this we need a uniform
momentum estimate:

Lemma 4.55. For finite T > 0 and r > 0 there is a continuous and strictly increasing map
vab R - [0,1), T — v‘;’b such that

.C - . ,
sup {||v(p,-,,>||Rs t€[-T.TLIpll < a.F € Ran ST, lloill 2 + w2 < b1 < i < N} < v,

Jor p; h<i<n := PML[p, F1(z,0) for all t € R.
Proof. Recall the estimate (3.10p.20) from the ML+SI existence and uniqueness Theorem 3.5p20

which gives the following 7' dependent upper bounds on these ML-SI solutions for all ¢ €
D,,(A):

sup IMLI@I(E, O)llgg, < Ci (T llodlpz, Iw™"oill2, 1 < i < N) llglly,.  (4.81)
te[-T,T]

Note further that by Lemma 4.49;5. since C € ﬂ}v, there is a Cy,'" € Bounds such that fields
F e RanS%€ € D, (A™) fulfill

Iz, < Co(T, Ipl) < C3" (T, a).

Therefore, setting ¢ :=a + C W (T, a) we estimate the maximal momentum of the charges by

sup {Iv; o

1€ [-T.TL 1Pl < @, F € Ran S5 llodlz + 1w 2ol < b,1 < i < N}

< sup {||v(p,-,t>||Rs t € [-T.T.¢ € Dy(A). liglln, < c.lloil2 +IwPoille < b1 <i < N}
< C (T,b,b,)c =: p&’ < 0.

Now, since C, as well as Cy," are in Bounds the map T +— p?.’b as Rt — R* is continuous and
strictly increasing. We conclude that claim is fulfilled for the choice

a,b
va,b o pT

T ab
ym* + (p7")?

and m := min;<j<y |myl. .
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With this we can formulate our last result.

Theorem 4.56. For (q0.p))1<i<n = p € P define Existence of
partial Wheeler-
0 0 Feynman
AGmax(p) = lg}?gNllqi —q;ll. solutions

Choose T > 0, a > 0 and b > 0. Furthermore, let R > 0 be a radius small enough such that
the charge densities fulfill supp o; € Br(0), lloill 2 + w™"aill;2 < b, (1 - VT — 2R > 0 and
T > 2R. Then for Newtonian Cauchy data

pelper ‘ 171l < @ 8Gmax(p) < (1 = V)T ~ 28]

the charge trajectories in TV c TL.. f Lo (T80 2R
e cnarge trajeciories in T WE or = l+v;’b .

Proof. Let F be a fixed point F = S ’;’C[F ] which exists by Theorem 4.47,s1. Define the charge
trajectories (¢;,p;)1<i<n by £ = (g, -P; 1<i<n = (Q+ P)M[p, F](z,0). By the fixed point prop-
erties of F we know that these trajectories are in 7 7‘3 “ and therefore solve the bWF equations,
i.e. the Lorentz force law (4.1,.43) and the equations for the fields (4.73;.:7) for Newtonian Cauchy
data (4.9p46). In order to show that the charge trajectories (g;,p;)1<i<ny are also in T\%,F for the
given L we need to show that the difference (4.75y.s)

Minmi [Xiiﬂ (qi’pi)](ta +T) - Mg,»,m,-[(‘l,-,P,-)](f, +00)

o N : 4P, )i ~ i)

+T
) A AT
o fi‘oo ds Kt_s * ( 0 V/\) (v(pi,s)gi(' - qi,s)) .

is zero for times ¢ € [—L, L] at least for all points x in a tube around the position of the j # i
charge trajectories. Lemma 4.53,ss states that this expression is zero for all t € [-T + R, T — R]
and x € Byzr-r(q;.7)- So it is sufficient to show that the charge trajectories spend the time
interval [—L, L] in this particular space-time region. Clearly, the position q? at time zero is in
Br_r(q; 7). Hence, we need to compute the earliest exit time L of this space-time region of a
charge trajectory j in the worst case. The exit time L is the time when the jth charge trajectory
leaves the region Bjrz7-r(q; 7). By Lemma 4.55,9% the charges can in the worst case move
apart from each other with velocity v[}’b during the time interval [-T, T']. Putting the origin at q?
we can compute the exit time L by

—vi"T = llgS - gl + 2R + V"L — (T - L)

o 14T~ AGmar—2R o
This gives L := (T)H—a(,f"‘” > () as long as Agpax < (1 - v‘}’b)T wich is the case. ]
@
T

REMARK 4.57. The intention behind this theorem is to only show that at least on finite intervals
it is possible to find Wheeler-Feynman solutions for Newtonian Cauchy data. The conditions are
very restrictive, however, only technical. For example, if we consider the special case of two
. .. . a,b
charges of the same sign and positive masses one can expect to get a uniform bound vy~ <
V& < 1 on the maximal velocity for all times. In this case all the restrictions disappear because
for any choice of p € P we can take T to be large enough to ensure Aqmax(p) < (1 —=v*P)T —2R.
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4.5 Conclusion and Outlook

As discussed in the introductory Section 4.1,.43, the question whether there exist true Wheeler-
Feynman solutions for all times for given Newtonian Cauchy data remains open. There are at
least two ways to proceed from here:

1) Fixed Point Theorems for 7 — co. The problem we have already addressed towards the
end of Section 4.1,43 is that we are missing uniform bounds for the accelerations and velocities
of the charges. Note that since the S¥ needs to be a self-mapping, we cannot easily put such
conditions in by hand but rather have to work them out given the form of the ML-SI and WF
equations. There are two fixed point theorems which seem most convenient for this case:

First, one could try to apply Krasnosel’skii’s Fixed Point Theorem in the following way:
Theorem 4.58 (Krasnosel’skii’s Fixed Point Theorem [Sma74] Chapter 4.4 Theorem 4.4.1). Let
B be a Banach space, and R, S maps on M C B with the following properties:

(i) Ran(S +R) C M,

(ii) S is continuous and Ran S is compact,

(iii) R is a contraction.
Then the map S + R has a fixed point on M.

For any Newtonian Cauchy data p € P, boundary fields X* € A/ and field F € D,,(A®) N F let
(Sf’;( [FDi<i<nv = S?’X [F] and (XffT[p, FDi<i<n = Xf_r";[p, F]. Using the Kirchoff formulas
for the Maxwell equations we have forall 1 <i < N

pX* _
Sir =

N

8, VA ) —4nj ' -V -3, /(p.
(_Vt/\ al)Kt—tO*Xi,iT[paF]+Kt—to*( 0 t0)+47r>£)ds Kt—s*( 0 V/\Y)(JY

: RfT[F] + SfT[F].

Define R} := (Rij)lgisN and ST := (SfT)lgsN. We have shown that for all 7 > 0 and given

boundary fields X* the map S?’Xi is continuous and has compact range if the boundary fields
decay uniformly at spatial infinity and depend continuously on F. Therefore, this holds also
for zero boundary fields and one yields that S"T7 is continuous and RanS’; is compact. Now
replace the boundary fields Xl.fT in the definition of R’; by the true boundary fields of a possible
Wheeler-Feynman solution (4.12,.47) as discussed in the overview Section 4.1.43, i.€.

X = Mo [(q;, PDIET, £00). (4.12)

i+

So § ’T’ are the fields generated by the charge trajectories in the time interval [-7, T']. Similarly
R’T’ are the fields generated in the time interval [—oco, —T] U [T, co] which are morally transported
from +7 to time zero with the help of the free Maxwell time-evolutions. The hope is that
for large T one can get good enough bounds on the accelerations and velocities of the charge
trajectories such that R’T’ becomes a contraction. The hope is based on the facts that, first, the
Maxwell time-evolution forgets its initial fields at large times which gives additional decay, and
second, at least for scattering states one should be able to get bounds on the accelerations and
velocities for large 7. Note that we can choose T to be as large as we want which does not
change the needed properties of S ’T’.

Another but apparently more difficult way is to try to apply Schifer’s Fixed Point Theorem:
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Theorem 4.59 (Schifer’s Fixed Point Theorem [Eva98]). Let B be a Banach space. If the map
S : B — B is continuous and compact (i.e. it maps bounded sequences to precompact ones)
and the set

(FeB|F=AS[F],0<4< 1} (4.82)

is bounded, then S has a fixed point.

Using our results concerning S [;’Xi, one can show that even for 7 — oo it remains continuous
and compact if the ML-SI dynamics comply with the following physically reasonable a priori
bound: For each ball B of initial conditions in D,,(A%) there is a constant K < co such that

sup sup (IP@illg, + IPT(@0)llw, ) < K

teR peB
for ¢; := Mp[pl(z,0) with ¢ € B. This estimate implies that the acceleration and momenta
of the charge trajectories of ML-SI solutions having initial value in B are bounded by a finite
constant depending only on B. Even if we assume such a bound for the ML-SI dynamics as
given, we need to show the a priori bound (4.82). The case 4 = 1 for which we need to get
an a priori bound for possible Wheeler-Feynman solutions is difficult enough. For A < 1 the
chance of getting appropriate bounds is even smaller because we would be looking at altered
Wheeler-Feynman equations whose fields would not even satisfy the Maxwell constraints. It
seems that the appearance of the parameter A, which comes from a topological argument of the
Leray-Schauder degree theory, does not have any connection with the resulting dynamics. For
this reason it seems rather difficult to conduct such a program.

2) Continuation of Fixed Points for Finite 7. In general it appears that fixed point methods
for T — oo rely on uniform bounds of the accelerations and momenta of the charge trajectories.
At the present stage it is not clear how such bounds could be computed — having in mind that
on equal time hypersurfaces we do not even have constants of motion for the ML-SI dynamics.
This situation seems rather bad but it is indeed not surprising as even for ordinary differential
equations one is usually not able to give uniform bounds for all times but only for compact
time intervals. As we proceeded in the proof of existence of solutions for the ML-SI equations
one usually computes local solutions and then concatenates them which yields solutions on
any finite but arbitrary large time interval. For this purpose, bounds being uniform on only
compact time intervals like the ones we have for the ML-SI dynamics are sufficient. The problem

+
with functional differential equations is that we do not know what the fixed points of S i’x and

SPX for two times T < T and boundary field X*, X* have in common. For example, one
could imagine that in the worst case the maps have not even the same number of fixed points
so that even for arbitrarily small time distances T — T the fixed points of both maps do not
even have to be close in the Banach space. However, as soon as we have found a Wheeler-
Feynman solutions on a finite interval the situation changes. First, we get conservation laws from
the Wheeler-Feynman action integral by Noether’s theorem, and second, we get consistency
conditions similar to those we found for the toy model in Section 4.2.1,.53 which were sufficient
to construct the whole solution. This approach we regard to be most promising and we shall
focus in our future work on:

o Getting a better velocity estimate than Lemma 4.55,.0 in order to yield Wheeler-Feynman
solutions for Newtonian Cauchy data p € R® on arbitrary large time intervals without
extra conditions on p and charge densities o;.

e Studying how the conservation laws and consistency conditions for Wheeler-Feynman
trajectories strips can be used for the concatenation of different Wheeler-Feynman solution
on finite intervals.
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e Because the strips of world lines which by the Wheeler-Feynman equations are only con-
nected by space-time points on world lines within time interval [—-L, L] are independent on
the boundary fields X*, we have reason to believe that these strips are already the unique
Wheeler-Feynman trajectories corresponding to Newtonian Cauchy data p.



Chapter 5

Appendix for Part I

5.1 Equations of Motion in a Special Reference Frame

In classical electromagnetism a theory about time-like world lines in Minkowski space M :=
(R*, g) for the metric tensor g is given by

1 0 0 O
0 -1 0 O

i —
@ uv=0123=15 o _| o
0 0 0 -1

In the following we use the standard four-vector notation and Einstein’s summation convention,
e.g. for x,y € M we write

3
= ) g

u,v=0

A time-like world line is a set {x*(s) | s € R} ¢ M parametrized by a differential function
x : R — M such that the corresponding velocity fulfills x,(s)x#(s) > O for all s € R. For time
t: R — R and position g : R — R? in a special reference frame we have

t(s)

() = (q<r<s>>

u
) for all s € R.

and define the velocity by

d di(s) 1
ut(s) = —x(s) = —( ) for all s € R. 5.1
ds ds \v(t(s) = %))
Since the world line is time-like we know that

2
0 < u,(s)ut(s) = (%) (1 - V(t(s))z)

so that % # 0and 0 < |[v(s)|| < 1 for all s € R. A natural choice is

di(s) 1

s TG =1 y(v(1(s))) (5.2)
— V(s
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because then u,(s)u(s) = 1 and u* transforms as a Lorentz four-vector for all s € R. This way
formulas involving terms dependent on #* will be Lorentz invariant. This also implies that

0= %(uﬂ(s)u”(s)) 2uﬂ(s)d” () (5.3)

i.e. that the acceleration d“slgs) is always Minkowski-orthogonal to the velocity at s € R. A
simple Lorentz invariant force law for a time-like world line parameterized by x is then given by

i( xH(s) ) _ ( u!(s) ) (5.4)

ds \mu*(s) u, ($)F* (x(s))

where F' is an anti-symmetric tensor field on M and m € R \ {0} is the mass of the particle. The
anti-symmetry of F ensures that the world line is time-like because

dut
muﬂ(S)d—uS = uu P (x()uy (5) = —uy F™ (x()uy(5) = uy F™ (x(5))uyi(5)

holds only if the right-hand side equals zero.

At some places we need to express this relativistic notation by choosing coordinates in a special
reference frame where we use position ¢ and momentum p as in Hamilton mechanics which
depend on the actual time ¢ to describe the world line. The upper equation (5.4) is only the
definition (5.1p95) with (5.2,9s), i.e.

d d
d—t(S) = y(v(1(s))) and ——q(1(s)) = y((t(s)v(t(s)) (5.5)
) ds
for v(t) = dq(t) and all s € R. From the lower equation of (5.4) we yield
d Ov d iv
m—y0 () = w(OF(x(s)  and  —op(u(s)) = (w(OFV (), o
for p(t) = my(v(¢))v(¢). Using the notation v = (vy, v2, v3) the second equation gives
d . > -
EP(I) = [ F @, q(t) - Z vi(OFY(t,q(1)) : (5.6)
J=1 =123
The anti-symmetry of F yields F* = 0 and
d 3 . 3 .
m—y (1) = - JZ; vj() - FO(t, q(t)) = ]Zl v(OF(t, q(1)).
But (5.6) gives
3
‘ d
S ui0F . q(0) = vy L S WOVOF . a) =) )
J=1 i,j=1

so that we find

m y(v(z))— y(1) $.
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However, this is trivially fulfilled because it basically expresses the Minkowski orthogonality
property (5.3) of the four-vector velocity and acceleration:

. d my@®)Y'

0= muﬂ(s)%uﬂ(s) y(¥(1)) (v(t)) dS ( p() ) t=t(s)
., 4 ) - v PO
=y (v(0) (mdty(v(t)) V(D) dt ) t=t(s)

as yz(v) # 0 for all v € R3. Collecting the non-trivial equations (5.6) and (5.5) we can rewrite
(5.4) in a special reference frame by

_ (0
4 q(t)) _ 0= s .
OF \(FO.q0) - 2 viOFa.q@),

5.2 Missing Proofs and Computations for Section 3.2

Proof of Theorem 3.12,>5. Let f € L2, then by definition vwf € L?. Furthermore, C* is dense

in L. Therefore, one finds a sequence (g,)zen in C,° and, hence, a sequence f,, := f}, n €N, in
CZNL;, since w € C¥(R?, R*\ {0}) by definition of ‘W, such that |[f—f, |2 = | Vwf—g,ll;2 = 0
forn — co. O

Computation 5.1. Let (¢,())nen be a Cauchy sequence in Xt,,, then ¥V € > 0 3 N € N such
that ||Aj(,0kt Ajgoltllg < llex = @illxy, < €forallk,l > N, t € [ T,T), j < n. Hence, each

(A, ,)neN is a Cauchy sequence in B which converges to some got € B. Since A is closed, we
know ¢! € D(A"™/) and ¢! = AJ(,ot Moreover, the convergence is uniform on [-T,T]:

llpx = @llx, = sup ZuAf(cpk, ¢lls = sup hmZnAf(sok, 10l
tel-T.T1 55 we[-1.711=

< sup supZnAf(sokt eullz = suplige) = @il < €
te[-T,T] I>N =0

We still need to show that t — Ajga? is continuous on (=T, T). Let € > 0 and pick a k € N such
that IIAjQDk,; - Al go?llg < €/3. The mappings t — Ajcka are continuous on (=T, T), so for each
j<n te(=T,T)wefindad > 0 such that |t — s| < & implies ||Algr, — Algyllg < €/3. For
[t — s| < 6 we find

1476 — AlQQlls < 1476 = Algrlls + 1401 = Alpsills + 14760, — ATl < €

which proves the continuity of t — A’ ga?.

5.3 Missing Computation for Section 4.3.1

Computation 5.2. For ¥t > 0 and f € C®(R?)
0 o(r +
kier= [avgmsc-n= [ ar [ a2y
0 nr

0B(0)

g f dor()f (-~ )

0Bz,(0)

Proof of
Theorem
3.12p.25

Computation 5.1
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is in C®°(R3) as a function of x and is continuous in t except at t = 0. For +t > 0 this expression
is zero by definition. Next we compute the first derivative with respect to time ¥t > Q.

OKExf=7 f do(y) f(-—y) 7 16, f doy) f(-~)

0B=,(0) 0B=/(0)
2 3
=7 f dU(y)f(-—y)-T-g J[dyAf(-—J’)
0B=(0) B=z,(0)

As before we have used the Gauf3-Green theorem.

) f Py f(—y)=d, f dor(y) f(- - (Fo)y) = f dor(y) (£9) - VI~ (F1)y)

0B+(0) 9B,(0) 0B,(0)
1 Y L1 Y
i | A0 iy =T [ o) L Tpe-y)
0B%(0) 0B+(0)
. 3 d 3
=¥ fdyVy'Vyf('—y)=§ fdyAf(-—y)
B=4(0) B=(0)

The second derivative is then given by

+ £
2K f=a|5 £ oo fe-nF5 f Eyafc-y)
0B=(0) B=z/(0)
t 1
—=5 f avorcopra(p) [ @vanc-y
Tt
B=/(0) B=(0)

1 F1
+La f dr f dor(y) Bf(—y) = Tt f dor(y) Af( )
0 B,(0) 0B=(0)
=K' «af=0Kxf

Computation 5.3. Here we compute the differentiation which was not performed in Theorem
4.18y65, Equation (4.51,ss). At first we compute the derivative of t= defined in (4.47r65). Recall
that all entities with a superscript + depend on t=. For any k = 1,2,3

O, 1" = £0,lIx —z - ¢7||.

Now

Xj=zj—q;
J J J + + + +
O,lx—z—-q"|| = ————(=6; — 0,,q7) = —n; —n’ 0,q;
Zk q ||x_z_qi” J qu] k Jj qu]
where (0;})1<i,j<3 s the Kronecker delta, i.e. the identity on the space of R3*3 matrices, and we
have used Einstein’s summation convention (we sum over double indices). On the other hand

0,,9° = v* 0,,1*, such that we can plug all of these equations together and find

Fnt 1 ni

+ k . k
Oyt = ————— and in return 0, — = ) PR
1 +n* vt bk —z—q*Il Ix—-2z-¢g**(1 £n* - -v*)

With these formulas at hand it is straightforward to compute the rest. Let us drop the superscript
+ in order to make the following formulas more readable. We find

1 _ivk+n-vvk—v2nk$n-vnk n-an;
“lTtn-v e —z—qll(1 +n-v)3 (1+n-v)3
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Let us denote the three integrands on the right-hand side of Equation (4.51p.6s) by and
. Plugging in the above equations we find

- iv+n-vv—v2n¢n-vn n-an

+ + ,
e —z— q||2(1+n v)? e —z—ql>(1 £n-v)? Ik —z—qll(1 +n-v)?

2

_ -n-vy . v+m-v)Yly
Ik —z—qlP(l+n-v)?> |x-z-qlP(Q1+tn-v)
—-n-an-vy tn-av:tn-va

+ +
lek—z—-qll(1+n-v)® |x-z—gq|l(l +n-v)?

and

These three terms add up to the right-hand side of (4.45p65). Furthermore, let us denote the
integrand of the right-hand side of Equation (4.52,.6s) by then

Clke-z- qII(1+n v)

—-n AV VRAVER-VRAY

: 2 7t 2 3

Ix—z—¢qlF(1£n-v)* |x-z-ql*(1+n-v)
—-n-anA\vy +tn Aa

+ +
Ik —z—gqll(l+n-v)y  |x-z-qll(1+n-v)>

which after appropriate insertion of factors of the form n A n = 0 gives the right-hand side of
(4.46p.66).

Computation 5.4. We only consider the case for o € C°. Substitution of o by D% € C° for any
multi-index o € N3 yields the desired estimates for the general case for which only the constants
C,s change according to Equation (5.8). It suffices to show that for n < 2 there exist positive
constants C3;™ < oo such that

[y
e —z —q,lI"

Since 0 € C*®(R3,R) there exists a R < oo such that supp o C Bg(0). So for some € > 0 we have

U‘ o
IIx z2—ql*|

which involved a substitution in the integration variable, and we have used the notation BS(0) :=
R3 \ B.(0). Forx € By (q,) the term is zero and

C;,™
1+ lx — g "

(5.7)

1
< sup lo(y)| f &y T f &y W

yeR? )
B(0)NBr(x—q,) Be(0)NBr(x—q,)

< Supy€R3 |Q(y)| 37TR3 C34 (5 8)
(ke -gqll-R)" T gl - R '

On the other hand for x € Br.(q,) and € < R we find

C €
< %and < 47rf dr " =: Cys™.
€ 0

Plugging these estimates in the left-hand side of (5.7) we find

‘ f 0@ | _[F+C" forx € Breda)
||x z—q " (le—ch otherwise.
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Clearly one finds an appropriate constant Cy,"” < oo such that

U &3z o) < Car” .
x—z—ql"|  1+]x—gq,/l"

This together with (4.56p.70) gives Cys := 2(C, "= 4 C,, =D,

5.4 Missing Lemmas and Proofs for Section 4.4.2

Lemma 5.5. Let A be the operator defined in Definitions 3.3p.10. Furthermore, for some n > 1
let t — AXg, be a continuous map R — D,,(A"™) ¢ H,, for 0 < k < n. Then it is true that:

! ! ! !
Ak f ds ¢y = f ds Akg, and W, f ds g5 = f ds Wyps
0 0 0 0

forallt,r e R.

Proof. First, we show the equality on the left-hand side of the claim. Since the integrands are
continuous, we can define the integrals as H,, limits N — oo of the Riemann sums for all € R

N
t
k E k
J=1

for k < n. By Lemma 3.23,.30 the operator A is closed on D,,(A) so that A¥ is closed on D,,(A%).
Since (U’]‘V)NGN converge to, say, o in H,,, we get 0¥ € D,,(A%) and A¥o¥ = ¥ which is exactly
the equality on the left-hand side of the claim.

Second, we show the equality on the right-hand side. Therefore, for any r,f € R we get

d ! ! !
—W_rf ds Weps = —AW_rf ds Weps + W_rf ds AW,p; =0
dr 0 0 0

by the equality on the left-hand side of the claim. Hence,

! ! ! !
W_rf ds Wyp, = f ds ¢y or W,f ds ¢g5 = f ds W,p;.
0 0 0 0

This proves the right-hand side of the claim and concludes the proof. O

Corollary 5.6. Let A and J be the operators defined in Definition 4.33,7, i.e. the projection
of A and J to field space. Furthermore, for some n > 1 let t — AKF, be a continuous map

R — D, (A"%) c F,, for 0 < k < n. Then it is also true that:

! ! ! !
Akf ds Fy = f ds Asz and er ds Fy = f ds W, Fy
0 0 0 0

forallt,r e R.

Proof. By Definition 3.3,.190 we have A = (0, A) on D,,(A) so that W, = (idp, W;) on D,,(A) for
all t € R. Apply Lemma 5.5 and ¢ — (0, F;) and project to field space 7, to yield the claim. O
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Proof of Lemma 4.50,.53. Since by (i) the sequence (F;,),en 1s uniformly bounded in the Hilbert
space H,; the Banach-Alaoglu Theorem states that it has a weakly convergent subsequence in
H’ which we denote by (G,)nen. Let the convergence point be denoted by F € H,. We have to
show that under the assumptions this subsequence is also strongly convergent in L2. The idea is
the following: Far away from the origin (ii) makes sure that the formation of spikes is suppressed
while oscillations can be controlled by the Laplace which behave nicely by (i). So let € > 0 and
divide the integration domain for 7 > 0

||F - GnHLfv < ||F - Gn”Lgv(BT(O)) + ||F - Gn”Lﬁ,(Bi(O))'
Now by assumption (ii) we know for 7 large enough it holds for all n € N that
I = Gullz pe(0)) < €

By Lemma 3.15,26 the norm on LgV(BT(O)) is equivalent to the one on L*(B(0)) so that it suffices
to show that there is an N € N such that

IWF — Gulli2s,0y) < € (5.9)

for all n > N. Before we do this let us introduce a tool to control possible oscillations. We define

for any H € L}OC the heat kernel
_ul2
fd3y exp (——”x J )H(y).

(e“"H)x)=h +G := P

(4m1)2

Denoting the Fourier transformation™ and using Plancherel’s Theorem we find

, =
Ly,

—_ — 2
I(1 = e*HII7, = II(1 = h)HI? f &k [H(E)I (1 - exp(—k>1))

_ _ (5.10)
< I WHIIG, = I [1aHII7,

, =
Ly,

Hence, we expand by triangle inequality

IF = Gull 2.0y < 111 = €®)Gull2s.0y + 11 = €DF 12050y + I(1 = €*DF = G120
=:[36]+[37]+[38]

We start with the first term. Using the estimate (5.10) for small enough ¢ > 0 yields

€
< VEIAGll 2,0y < 3

because (AG,)nen is uniformly bounded in Lfv by (i). The same procedure for the second term
yield

€

3

where we use the lower semi-continuity of the norm and again (i). By weak convergence in L2
we get the pointwise convergence for all x € R? that

1500 [F - G| @)
Furthermore, by Schwarz’s inequality we get the estimate
H]lB,(O)(x) [emGn] (x)

Again the right-hand side is uniformly bounded by (i). Hence, by dominated convergence
(€®'G,)pent converges in L2(B-(0)) to ¢'F. Therefore, for an N € N large enough we have

€
=111 = e*)(F = Gollizqa, 0 S 5

The estimate for the three terms prove claim (5.9). Thus, we conclude that (G,),ey is a strongly
convergent subsequence of (F,),en in Lfv. O

< Vi 1AGall 28,0y < Vit 1irllll)glf||AGn||L2(B,(0)) <

— 0.
R3 n—oo

R3 < ]lBT(O)||ht||L2(BT(0))||Gn||L2(BT(o))-
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Part 11

Pair Creation






Chapter 6

Absorber Subsystems and Effective
Fields

Let us consider a universe of N charges and N fields as described in Chapter 2,7 which are
ruled by the ML-SI equations for initial conditions, i.e. position and momenta of the charges
and initial fields F;(x)|,0_, at time x° = 0 such that the absorber assumption (2.9,9) holds. As
explained, we may borrow the argument of Wheeler and Feynman to deduce an effective force
(2.12p.10) for the ith charge, i.e.

14
Ve 1 .
miZ () = ¢; ) Fy @@ = ei| ) (Fio+ Fic) + 5 (Fie = Fi) | @l©) 2@,
J#EL J#EL
(2.12)

Now, the computation of the world line of the ith charge would require the knowledge of the
initial conditions of the universe. Keep in mind that the absorber medium is made out of a large
number of N charges — as we have argued we understand the absorber assumption to be arising
from a thermodynamical argument. Furthermore, one probably may not allow for big regions
of charge-free space within the absorber medium. In this sense, the absorber medium must
be omnipresent and it becomes difficult to talk about subsystems of only a few charges in the
universe as they cannot be completely isolated in general from the rest of the absorber medium.
This raises the question how we could possibly treat subsystems (e.g. an charge in the Millikan
experiment) of the universe with a small amount of charges with respect to V.

Up to now we cannot deduce a satisfactory answer by a physical argument using first principles,
but based on empiricism and induction we are able to explain the mechanism which leads to
an effective description of subsystems. The first observation is that despite the omnipresent
absorber medium there are vast regions of space in which there are apparently neither charges
nor free fields. In order to explain this observation we assume that the absorber medium is close
to an equilibrium state which is defined through the condition that for every 1 <i < N

Z(F,-,MF,;,) ~0 (6.1)
J#I

[P

near the ith world line. Again “~” stands for equality in the thermodynamic limit N — co which
for simplicity we replace by “=". It is important to note that condition (6.1) would not render
any implications on the absorber assumption (2.950) which in contrast does not need to hold near
the ith world line but only in some distance to all the N charges. Given such an equilibrium state
one charge, e.g. the electron in the receptor in one of our eyes, does not “see” any other charges
apart from the radiation reaction term. The small portions of charged matter and free fields we

Subsystems of
the omnipresent
absorber
medium

Definition of an
equilibrium state

Small deviations
from equilibrium
and the
equilibrium
assumption
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actually do “see” in our universe can be considered a small deviation from this equilibrium state
(based on cosmologic models one approximates the amount of matter we can see to be only
4% of all matter in our universe). So it seems natural to rather not describe the motion of the
N charges and N fields of the whole universe but to describe only the motion of these small
portions of charged matter and free fields which we deviate from this equilibrium state while we
neglect the rest. We shall call the assumption that our universe is close to an equilibrium state
defined by (6.1) the equilibrium assumption.

In order to become more concrete let us consider an experiment involving n < N charges that
deviated from equilibrium which is placed inside a Faraday cage (or is done under conditions like
in the Millikan experiment) — imagine any typical experiment in which the n charges constitute
the apparatuses like capacitors, solenoids, wires, etc. as well as the charges to be examined
(loosely speaking any charge we can “see”). Let us give these n charges labels i € I for some
index set I C {1,...,N} with |I[| = n. Regarding the n charges as a small deviation from the
equilibrium state we may introduce an effective field

Feft = Z (Fjo+Fj-) = Z (Fio+Fj-) (6.2)

J#L Jel\{i}

so that in order to compute the world line of the charge i € I by

mZ(0) = e )| P (@)1 = e

J#i

1%
@méw;_nﬁ (@(0)) 21(0)

we only need to account for the 7 \ {i} other charges. By the assumption that only the n charges
deviate from an equilibrium state, the portions of the rest of the absorber medium, which happen
to be also in the interior of the Faraday cage, can also be neglected. In this way the equilibrium
assumption (6.1p.105) gives rise to effective equations of motion for the n degrees of freedom. A
justification of such an effective field hypothesis and its regime of validity, however, must at
some point be given by statistical mechanics.

In order for such an effective description to hold over bigger space-time regions we have to allow
the effective field to change in time, not only because the fields on the right-hand side of (6.2)
change in time but also because the rest of the absorber medium changes in time. To understand
this better let us consider a more artificial example: Let A; denote the space-time neighborhood
of the ith world line during some time interval [#, #{]. We imagine a configuration of world lines
of the N charges such that the effective field fulfills the equilibrium assumption

Fef(x) = Z (Fjo+Fj-)(x) =0, for x € A;. 6.3)
JEI

There the ith charge effectively obeys the equation
1 2 5.
miZ (1) = €5 [Fi- = Fii]"" (i) 2ip(7) = 56,2 (Z?(T)Ziv(T) -z }'(T)Z'él(T)) Ziy(T)

in space-time region A; which is known as the Lorentz-Dirac equation. So apart from the radia-
tion damping term, the ith charge as a spectator does not “see” any other charges when passing
through the space-time region A;. Let furthermore A; denote the space-time neighborhood of
the ith world line during the later time interval [#;,#;], and imagine further that only one world
line 7 — zx(7) of the rest of the absorber medium deviates slightly from the world line that
would render (6.3) to hold also in K,-. Hence, the kth world line induces a small deviation from
the equilibrium state; see Figure 6.15.107. Instead of falling back to the ML-SI equations of N
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AE\M;

) ey

Figure 6.1: World lines of charges in the discussed example. At #y the charges are in an equilib-
rium state. On the time interval [#;, #,] some external force drives the kth world line away from
its equilibrium world line z; (dashed line). The ith charge does only “see” the disturbance (black
dashed as well as solid line) since the net forces from the gray world lines vanish (where we
assume that the disturbance has a negligible effect on the other world lines). After time #, the
kth charge relaxes back to its equilibrium position.

charges and fields and forgetting about the equilibrium assumption, it is sensible to introduce
the retarded field Fy — of an imaginary world line 7 + 7; which would satisfy the condition

Z (Fj,o + Fj,—) (x) + F—(x) = 0, for x € A;.
Jj#i.j#k
By introducing this imaginary field, the effective field hypothesis then reads

F(0 = 3 (Fio+ Fi) () = Fio + Fi- = Fy _, for xe A; (6.4)
J#I

in which case the ith charge effectively obeys

miZ (1) = e; Z Fi (zi(0)2iy(7) = e

J#i

— 1 HY
Fro+ Fy_-—Fp_ + 3 (Fi- - Fi,+)] (zi(7)) Ziy(7)

in the space-time region A;. The three new fields are the free field of the kth charge, the retarded
field of the kth charge and another one due to an imaginary charge with opposite sign on the
world line 7 — Z;(1r). Therefore, a good hypothesis for the effective field valid in both space-
time regions A; U Ki has to allow for creation (and vice versa the annihilation) of fields to agree
with the actual value of the sum of retarded fields }’ ;..; (F o+ F J-,_) appearing in the fundamental
ML-SI equations (2.12,.105). Note that the left-hand side of (6.4) is a field which has the N world
lines as charge sources where the right-hand side has only the imaginary world-line 7 + 7;(7)
as a charge source. This, however, implies no contradiction because the equality with the right-
hand side holds only in a neighborhood of the ith world line which is distant to the j # i sources.

Such an creation or annihilation process is an artefact of the effective description of the many
degrees of freedom through a lot fewer dynamical degrees of freedom by means of the equi-
librium assumption. The fundamental theory, however, is always about N charges with their N
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fields obeying the ML-SI equations. Nothing is ever created or annihilated, only the effective
description was adapted. Moreover, the described creation process is a subjective perception of
the ith charge only (therefore F l.eﬁ depends on the index i). Let us summarize:

1. A universe governed by the ML-SI equations which is close to an equilibrium state in
the sense of (6.1;.105) allows for the introduction of an effective external field in order to
describe subsystems of the universe.

2. Effectively only the small deviations from an equilibrium state (6.1,.105) need to be de-
scribed while the rest of the absorber medium can be neglected.

3. Under certain circumstances such an effective description of the absorber medium is
forced to involve creation, respectively, annihilation processes.

A small disturbance as introduced by means of the deviation of the kth world line in the above
classical example from its equilibrium position would be expected to quickly relax back to an
equilibrium position. Therefore, in order to observe such a creation process one would need
to separate the kth charge from the world line 7 — 7;(7) significantly by external forces. The
relaxation back to an equilibrium state is more complicated in quantum theory. As an analogue
to the classical example, let us consider the quantum theoretic description of N electrons which
obey the N particle Dirac time-evolution. As it is well-known, the spectrum of the free one-
particle Dirac operator HY = —ia-V+Pmis (—oo, —m]U[+m, +0), and thus, the two components
of the spectrum give rise to a splitting of the one-particle Hilbert space H = L*(R?,C*), i.e. the
space of square integrable C* valued functions on R3, into two spectral subspaces H = H_&H,.
The absorber medium of N electrons is then represented by a wave function in the antisymmetric
N-fold tensor product of H.

One point needs to be clarified before we continue: For a finite number of electrons one expects
dynamical instabilities of the electrons when coupling them to an additional dynamical degree of
freedom such as the electrodynamic field. Instabilities may arise since by continuous emission
of radiation the finitely many electrons could cascade deeper and deeper to more negative energy
energy states which are unoccupied. However, for a direct electron-electron interaction, e.g. a
Coulomb pair potential, instable dynamics are not to be expected. This is also the case for
the Wheeler-Feynman-like action-at-a-distance we have in mind and which is later sketched in
Chapter 8p.150.

Although we do not yet have a fully interacting quantum theory at hand, energetic consider-
ations suggest to assume that initially at time 7y an equilibrium state, i.e. a state for which
the net interaction between the N electrons vanishes (cf. in the classical example (6.3p.106)), is
described by a N particle wave function built from tensor components in /H_. Whenever we de-
viate only slightly from such an equilibrium state we may as a first approximation forget about
the electron-electron interactions. In order to model a disturbance which deviates, for exam-
ple, one electron out of its equilibrium position we introduce an external four-vector potential
A = (ADu=0123 = (Ao, —K) being non-zero only during the time interval [71, f,]; compare the
classical example above. Owing to the Dirac time-evolution subject to this external potential,
transitions of tensor components of the N electron wave function between the negative and the
positive spectral subspace are allowed only if the external potential is non-zero. Let us assume
that the external potential causes such a transition and that when it is switched off at time #, a ten-
sor component of the N particle wave function is still in ... Since the free Dirac time-evolution
forbids further transitions between the spectral subspaces, this tensor component will remain in
H, forever, thus, leaving a defect (or hole) in the initial equilibrium state of N electrons. As in
the classical example, it is now convenient instead of falling back to describing all N electrons
to only describe the small deviation with respect to the initial equilibrium state; analogous to
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(6.4p.107). In fact, the equilibrium assumption, i.e. that the deviations from equilibrium are small,
is the only means to justify the negligence of electron-electron interaction (after all we intend to
describe an electron gas!). Such a description then naturally leads to pair creation and vice versa
to pair annihilation by the same mechanism as explained in the classical example. If we had
also introduced an interaction between the electrons analogous to the classical ML-SI equations,
a decay to the negative spectral subspace would then again be possible, however, in comparison
to the classical case the relaxation back to the initial equilibrium state is more complex. By the
Pauli exclusion principle a transition from one tensor component in H, of the N particle wave
function back to H_ only occurs if a compatible state in H_ is unoccupied, and this becomes
more improbable the larger N is. Finally, as in the classical example, it is important to stress that
the number of pairs present at some time 7 is in general a subjective impression of the spectator
charge and has no meaning as an absolute value. Only under the assumption that the state at
time 7 as well as the state at time 7, (when the external field is again zero) are small deviations
of the same equilibrium state, the number of pairs with respect to this equilibrium state gets an
objective meaning. Then any spectator charge of the rest of the absorber medium would agree
on the same amount of pairs.

To our understanding this effective description was Dirac original idea:

Admettons que dans I’Univers tel que nous le connaissons, les états d’energie
négative soient presque tous occupés par des électrons, et que la distribution ainsi
obtenue ne soit pas accessible a notre observation a cause de son uniformité dans
toute ’etendue de ’espace. Dans ces conditions, tout état d’energie négative non
occupé représentant une rupture de cette uniformité, doit se révévler a observation
comme une sorte de lacune. Il es possible d’admettre que ces lacunes constituent
les positrons.

P.A.M. Dirac, Théorie du Positron (1934), in Selected Papers on Quantum Electrodynamics, Ed. J.
Schwinger, Dover Pub. (1958)

Since we have not found a professional translation, we try to give an unprofessional one to
the best of our knowledge: “Let us assume that in the universe as we know it the negative
energy states are almost all occupied with electrons and that the corresponding distribution [of
the electrons] is not accessible through our observation because of its uniformity in the vastness
of space. Under such conditions the whole non-occupied negative energy state representing a
disturbance of this uniformity reveals itself as a kind of hole to our observation. It is possible to
assume that these holes constitute the positrons.”

We modeled the uniformness in the classical example from above by the equilibrium assumption
(6.3.106) while in the quantum analogue we simply omitted any interaction between the electrons.
Furthermore, as the net interaction is zero the state of the absorber medium of the N electrons
with their fields are physically inaccessible to our observation. In his book he writes earlier:

The exclusion principle will operate to prevent a positive-energy electron ordinarily
from making transitions to states of negative energy. It will be possible, however,
for such an electron to drop into an unoccupied state of negative energy. In this case
we should have an electron and positron disappearing simultaneously, their energy
being emitted in the form of radiation. The converse process would consist in the
creation of an electron and a positron from electromagnetic radiation.

P.A.M. Dirac , Theory of the positron, in: The Principles of Quantum Mechanics, Oxford (1930)
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By this reasoning the relaxation back to initial equilibrium is more complex than in the classical
case. In fact, Dirac’s theory predicted the existence and properties of positrons, pair creation and
pair annihilation, which were verified by Anderson [And33] a short time later. We summarize:

1. Under the equilibrium assumption the effective description gives rise to creation and an-
nihilation processes in classical as well as quantum theory.

2. The relaxation back to equilibrium in quantum theory is more complex than in the classical
analogue.

3. Only under the equilibrium assumption the quantum theoretic description of the Dirac sea
which neglects the electron-electron interaction makes sense as an approximation.

As we have addressed the modeling of the absorber medium as well as the need of an effective
description of the universe of N charges and N fields close to an equilibrium state indicates that
we need to regard a thermodynamic limit N — oo as it is common in statistical mechanics.
This way we also make sure that a state with finitely many pairs is really a small deviation from
equilibrium as there are always infinitely many electrons at their equilibrium positions. For
finite N this border could not be drawn so sharply. Such mathematical idealizations are typical
for thermodynamic limits in statistical mechanics, however, they should always be read as: N
extremely large but finite. This is where our mathematical work starts in Chapter 7p.111: The
main goals are the construction of an absorber medium consisting of infinitely many electrons,
the implementation of a quantum theoretic time-evolution subject to an external four-vector
potential and the computation of the induced pair creation rates. The construction of the absorber
medium is presented in Section 7.2,.116 together with the mathematical framework needed to
construct a time-evolution. We give the time-evolution in Section 7.3p.13. This part ends with
the computation of pair-creation rates in Section 7.4,.151 and with a conclusion and outlook of the
next important open questions concerning this topic.



Chapter 7

Time-Evolution of Dirac Seas in an
External Field

7.1 Chapter Overview and Results

Though we have in mind an effective description of the absorber medium by means of the dis-
cussed equilibrium assumption for N — oo many electrons, we shall use the common terminol-
ogy and write instead of the absorber medium: Dirac sea, and furthermore, refer to a Dirac sea
in equilibrium, defined by the condition that all net interactions between the electrons vanish as
described in the introductory chapter 6p.105, as the vacuum state or vacuum vector. We want to
emphasize from the very beginning that the equilibrium condition does not single out one partic-
ular vacuum state. Even in the classical analogue many different configurations of charges and
fields satisfy (6.15.105). Furthermore, as Dirac points out, by the vanishing of the net interactions
of the electrons due to their uniform distribution the vacuum is inaccessible to our observation.
Hence, we have to formulate the time-evolution of the Dirac sea without singling out a specific
vacuum vector. This idea stands in contrast to standard quantum field theory.

State of the Art and the Problem. In the language of quantum field theory the Dirac sea is
represented in the so-called second quantization procedure by the “vacuum vector” on which two
types of creation operators act. Those creating electrons and those creating positrons. This way
one implements Dirac’s idea that one only considers the “net description of particles: electrons
and positrons” and neglects what is going on “deep down in the sea”, assuming that nothing
physically relevant happens in there. This is close to the idea of the introductory Chapter 6p.105
that we should effectively only describe small deviations away from the equilibrium states which
we shall discuss later in detail. The Hilbert space for this infinitely many particle system is the
Fock space built by successive applications of creation operators on the vacuum.

In the case of zero external fields based on energetic considerations we argued that the vacuum
state should be formed by a wedge product of one-particle wave functions in H_. However, in
the presence of an external field the choice of HH_ is not obvious at all. Furthermore, Dirac’s
invention and likewise quantum field theory are plagued by a serious problem: As soon as an
electromagnetic field A = (A,)u=0,123 = (Ao, —5\) enters the Dirac equation, i.e. as soon as
“interaction is turned on”, one has generically transitions of negative energy wave functions to
positive energy wave functions, i.e. pair creation and pair annihilation — for a mathematical
proof of pair creation in the adiabatic regime see [PD08b, PD08a]. While pair creation and
annihilation is an observed phenomenon, it nevertheless has mathematically a devastating side
effect. Figuratively speaking, the negative energy states are “rotated” by the external field and

Terminology:
dirac sea =
absorber
medium,
equilibrium state
= vacuum state
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thus develop components in the positive energy subspace. Thus, the Dirac sea containing in-
finitely many particles generically produces under the influence of an external field infinitely
many transitions between H_ and H, as soon as the field acts. The resulting state does not
anymore belong to the Fock space and there is no reason to hope that in general a lift of the
one-particle Dirac time-evolution to this Fock space exists.

In the mathematical language this problem is rephrased as follows. The one-particle Dirac time
evolution UA(11,19) : L2(R3,C% — L2(R3,C*) from time 7y to time #; induced by the Dirac
hamiltonian HA® = —ja- (V—K(z‘)) +Bm+A(r)° for an external field A can be lifted (however, non
uniquely) if and only if the two non-diagonal parts U Aty t0)+s = P.UN1, 19)P+ are Hilbert-
Schmidt operators (the elementary charge e is included in the four-vector field A). Here P. are
the spectral projectors to the spectral subspaces H-., and the Hilbert-Schmidt property means
that U A(tl, fo)++ has a kernel which is square integrable.

This condition can be intuitively understood as follows: Let us regard the time-evolution
UA(t1, 19) as a map from H_ & H, to H_ & H, and write it in matrix form:

UL (t1,10) Uﬁ_(n,fo))

UA (11,10) UP_(11,10) (7.1)

UA(t, 1) = (
The non-diagonal terms describe pair creation and annihilation. In leading order, neglecting
multiple pair creation, the squared Hilbert-Schmidt norm

U (1, 1), = > IR (11, t0)epull, (7.2)
neN

may be interpreted as the probability to create a pair from the Dirac sea; here (¢,),en denotes
any orthonormal basis of H_.

The above condition appears in quite general settings as Shale-Stinespring condition [SS65]; see
also [PS70]. It is fulfilled if and only if the magnetic part A of the four-vector field A vanishes
so that generically the Shale-Stinespring condition does not hold and second quantization of
the Dirac equation following the usual quantization rules is impossible [Rui77, Rui77]. The
catastrophe of infinitely many particle creations happens as long as the field is acting. The
situation is better in scattering theory. Consider a scattering situation where the external field
has compact space and time support. Generically, incoming wave functions of the sea are rotated
out of the sea at intermediate times. However, “most” of them are essentially rotated back into
the sea again when the field vanishes. In other words the vacuum is “more or less” restored, so
that one expects “ingoing” states in Fock space to be transformed to “outgoing” states in Fock
space. From this, one computes transition amplitudes between “in” and “out” states, describing
e.g. pair creation. The creation of infinitely many pairs during the action of the field is often
referred to as creation of so-called “virtual pairs”. The non-diagonal of the scattering matrix
P.S”P; consists of Hilbert-Schmidt operators and therefore, by Shale-Stinespring, can be lifted
to Fock space [Bel75, Bel76] — however with the caveat that the lifting is only unique up to a
phase.

In physics one computes finite transition amplitudes and expectation values by a way of formal
perturbation series and renormalization. Within these series one rules out divergent terms com-
ing from the virtual pair creation by physical principles like continuity equation, Lorentz and
gauge invariance and in the end one needs in addition to renormalize the charge of the particles
[Fey49, Sch51]; see [Dys06] for an extraordinarily nice and comprehensive exposition. In the
present paper we arrive at finite transition amplitudes induced by U” without renormalization
which in our setting is replaced by an operation from the right introduced in equation (7.7p.115).

The implementation of a second quantized time-evolution in the presence of an external field
between time-varying Fock spaces has been envisaged the first time in [FS79] and one version
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was given concretely in [LM96]. For three reasons we need to reconsider the construction of the
time-evolution again:

1. We want to give a construction of the absorber medium, i.e. of the Dirac sea of infinitely
many electrons, which is obscured in the standard Fock space construction or the abstract
representation of the commutator algebras.

2. This explicit construction of the absorber medium will provide a simple picture in which
the implementation of the time-evolution can be understood, and furthermore, means to
naturally circumvent the addressed problem of the so-called virtual pair creation and its
ill-defined renormalization program.

3. This construction provides a convenient way to identify the arbitrariness of the corre-
sponding implementation of the time-evolution which has not been studied in [LM96] or
anywhere else.

Heuristics. Let us give a heuristic description of how we construct the second quantized time-
evolution of the Dirac Hamiltonian in the presence of a time-dependent, external field. Our
work in this field of quantum electrodyanmics was mainly inspired by Dirac’s original idea
[Dir34], the work of Fierz and Scharf [FS79], Schart’s book [Sch95], and also by Pressley and
Segal’s book [PS88] as well as the work of Mickelsson [LM96, Mic98]. What is described in
this subsection will be rigorously introduced and proven in Sections 7.2,.116 and 7.3p13. The
definitions and assertions will later be formulated in a general form.

Recall the ideas from the introductory Chapter 6,.10s: A description of the time-evolution of
Dirac seas subject to only an external field makes only sense under the discussed equilibrium as-
sumption which allows to neglect all electron-electron interactions. The equilibrium assumption
furthermore gives rise to a description of states which are close to a vacuum state (i.e. equilib-
rium state) which was defined by the condition that the electron-electron interaction vanishes —
which clearly does not uniquely specify a vacuum state. Moreover, following [Dir34] we have
indicated that one could represent a vacuum state as an infinite wedge product of one-particle
wave functions in H_. The choice of H_ was justified by energy considerations in the case an
absent external field. For non-zero external field this choice is neither intuitive nor canonical.
To generalize this we shall construct vacuum states as infinite wedge products corresponding
to any polarization, i.e. a closed subspace of H with infinite dimension and codimension like
H_. Let ¢ = (¢n)nen be an orthonormal basis that spans a polarization V. The wedge product
of all ¢,, n € N, is then supposed to represent a Dirac sea whose electrons have the one-particle
wave functions ¢,, n € N. We introduce an equivalence class S = S(¢) of other representatives,
namely of all sequences ¢ = (,)nen in H such that the N x N-matrices

(<¢nv wm»n,mEN and (('ﬁn’ ‘pm»n,mENa (73)

(-, -y denoting the inner product on H, differing from the unity matrix only by a matrix in the
trace class and thus have a determinant. In this case we write ¥ ~ ¢. We then define the
following bracket:

<l//’/\/> = det«l//na)(m))n,meN = kh_)rg det(<¢’na/\/m>)n,m:l ..... k WX € S. (74)

With this at hand one constructs a Hilbert space ¥ s = ¥s(,), where the bracket gives rise to the
inner product. We refer to s as an infinite wedge space. By this construction, see Definition
7.17,124 (Infinite wedge spaces), a sequence ¢ € S is mapped to the wedge product Ay =
Y1 Ao A3 A ... € Fs. This space comprises all Dirac seas which are only small deviations
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from the vacuum state A¢. However, from this construction the distinction of a vacuum state
among Dirac seas blurs. In fact, if we take any ¢ ~ ¢ we end up with § = S(¢) = S () and the
very same Fock space s which we could interpret as comprising all Dirac seas which are small
deviations of the vacuum Ay. This is because whether a Dirac sea is a vacuum state or not has
nothing to do with the polarization V or the choice of basis ¢. A vacuum state was defined by the
condition that the net interaction between the electrons vanishes — and as we do not know how
to model the quantum interaction between electrons yet, we have to introduce vacuum states a
posteriori by hand, a point which we shall come back to when we compute pair creation with this
external field model. Figuratively speaking, the ~ equivalence relation or better the finiteness of
the inner product only relates Dirac seas which are equal “deep down in the sea”. Which Dirac
seas relate to each other in this sense depends on the polarization V and on the choice of basis ¢.

As addressed a fixed polarization like /_ causes problems in the presence of an external field.
Therefore, the idea is to adapt the polarization according to the external field. Consider therefore
HA, the Dirac operator for a fixed, time-independent field A. The spectrum is in general not
anymore as simple as in the free case and there is no canonical way of defining a splitting into
subspaces H = H” & H?. The question how to split into subspaces becomes in particular
interesting when the external field is time-dependent, in which case we denote the field by the
sans serif letter A. So suppose that at time 7y the field is zero and at a later time the field
is switched on. As a first guess, one could choose UA(t, fy)H- as the polarization at time ¢.
This choice, however, depends not only on the field A at time ¢ but also on the whole history
(A(s))s<;. Consider another field A with K(to) = A(o) and K(t) = A(r). We shall show that
the orthogonal projectors onto UA(t, to)H- and UP(t, to)H_ differ only by a Hilbert-Schmidt
operator. This motivates to consider only classes of polarizations instead of polarizations proper.
The equivalence relation “~” between polarizations is given by the condition that the difference
of the corresponding orthogonal projectors is a Hilbert-Schmidt operator. In the polarization
classes associated with A(f) there exists a mathematically simple representative, namely HAD .=
Q" H_; the operator QA will quite naturally appear as the key object in the variant of the Born
series of U” that we use in Subsection 7.3.1,.15. This means that the only physical input we have
is the class of all polarizations equivalent to ¢@""H_ while single polarizations are only man-
made and may merely serve as a coordinate within the polarization class. However, physically
relevant expressions do not depend on coordinates.

Setting now
PAO = @ p @ (7.5)

one can expect that the non-diagonal operators Pi(’) UA(t, to) P+ are both Hilbert-Schmidt oper-
ators which we prove in Subsection 7.3.15.13. Therefore, by letting the polarization class vary
appropriately with time, we obtain a time-evolution operator which fulfills the Shale-Stinespring
condition. This gives rise to consider time-varying Fock spaces in order to lift the one-particle
Dirac time-evolution; see also [FS79]. A related but different approach to obtain a time-evolution
is given in [LM96, Mic98].

We shall later refine the equivalence relation =~ in the following sense: For two polarizations
V,W we define V =9 W to mean V ~ W and that V and W have the same “relative charge”.
Intuitively the “relative charge” has the following meaning: Consider two states A¢ and Ay
where ¢ and ¢ are orthonormal bases of V and W, respectively. Then the relative charge is the
difference of the electric charges of the physical sates represented by A and Ay, respectively.
Mathematically the relative charge is defined in terms of Fredholm indices in Definition 7.3p.11s.
The use of the Fredholm index to describe the relative charge is quite frequent in the literature;
see e.g. [PS88, LM96, HLS05]. The relation = is also an equivalence relation on the set of
polarizations, and one finds an intimate connection between this equivalence relation = on the
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set of polarizations and the equivalence relation ~ on the set the Dirac seas: Two equivalent
Dirac seas span two equivalent polarizations and for every two polarizations W =~y V such that
¢ spans V there is a Dirac sea Ay € Fs() such that ¢y ~ ¢ and ¢ spans W. Consequently, every
wedge space can be associated with one polarization class with respect to =¢. Details are given
in Section 7.2.1p.116.

On the other hand, assuming ¢ spans V, not all Dirac seas /Ay such that ¢ spans W =~ V are
in F5(,) because one can obviously find an orthonormal basis ¢ of W for which ((¢/,, @i ))nmen
differs from the identity by more than a trace class operator. Because of this we below consider
operations (the operations from the right) that mediate between all wedge spaces belonging to
the same polarization class with respect to ~g. These operations are needed to define later the
physically relevant transition amplitudes.

On any element of S the action of any unitary map U on H is then naturally defined by having
it act on each factor of the wedge product. Consequently we have a (left) operation on any ¥g,
namely Ly : ¥s — Fuys, such that

LuWi Ao ANYsA..)=Ubi AUy, ANUY3s A ..., YeES, (7.6)

which then incorporates a “lift” of U as a unitary map from one wedge space to another. Now,
this can of course also be done for the one-particle time-evolution U = U A, tp) for fixed times
to and t. However, we need to find a way to relate the Dirac seas in Fg to the ones in Fys by
considering the “net balance” between them. As we discussed already the physical input given
are the polarization classes at times #y and r. We choose any orthonormal basis ¢(ty) of HAW
and likewise ¢(t) of HAD and denote their equivalence classes with respect to ~ by S(¢(#p)) and
S(p(t)). This way physical “in” and “out” states can be described by elements in Fg, () and
F S(e(1))» respectively. But in general US(¢(#y)) will not be equal S(¢(7)) so that Lyy™ and yo"
are likely to lie in different wedge spaces. We show that the polarization classes of Fys((1))
and Fs(e() are the same. Therefore, the only difference between those two spaces may come
from our specific choice of bases ¢(#p) and ¢(¢). In order to make them compatible we introduce
another operation (from the right): For all unitary N X N-matrices R = (Ry)n.men, We define the
operation from the right as follows. For y € S, let YR := (3,cxy YnRum) ey~ In this way, every
unitary R gives rise to a unitary map Ry : ¥5 — Fsg, such that

Re\y = AWR), W eES. (7.7)

By construction the left operations and the operations from the right commute. We show that two
such unitary matrices R, R’ yield Fsg = Fsp if and only if R7'R’ has a determinant. We show in
Subsection 7.3.1,.130 that there always exists a unitary matrix R for which US(#p)R = S(f). Now
we have all we need to compute the transition amplitudes:

(v, Re 0 Luy™) 1. (7.8)

The matrix R, however, is not unique because for any R’ with detR’ = 1 one has US(fo)R =
US(t9)RR’ = S(¢) so that the arbitrariness in R’ gives rise to a phase which, however, has no
effect on the transition amplitudes. The operations from the left and from the right are introduced
in Subsection 7.2.2,.12s while in Subsection 7.2.3,.127 we identify the conditions under which R
exists.

So far we have constructed Dirac seas, implemented their time-evolutions up to the arbitrariness
of a phase and gave the corresponding transition amplitudes which are finite and unique. These
transition amplitudes can now be used to compute pair creation rates if one introduces vacuum
states a posteriori as we have discussed. Along the ideas of Chapter 6,105 we compute and
interpret the pair creation rates in Section 7.4p.1s1.
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Main results

Polarizations
and polarization
classes

What is new?  This work essentially adds three new results to the topic of second quantized
Dirac time-evolution:

1. With the help of the operator QA(t) we show in Theorem 7.31,.132, Subsection 7.3.15.130, that
the set of all polarizations ~ UA(t, t9)HH_ equals the set of polarizations ~ ¢@""H_. Since
QA" is given by an explicit expression in contrary to UA(z, ), most relevant computations
simplify significantly.

2. We show in Theorem 7.38,.145, Subsection 7.3.2,.144, that polarization classes are uniquely
identified by the magnetic components K(t) of the field A at time ¢. This generalizes the
case of A)(t) = 0 regarded in [Rui77] to general /:\)(t) and will together with the wedge
space construction allow to identify the arbitrariness of the implementation of the time-
evolution.

3. Along the lines of Dirac’s original idea in [Dir34] we construct Fock spaces with the help
of infinite wedge products corresponding to polarization classes in Definition 7.17p.124,
Subsection 7.2.1. As suggested by Fierz and Scharf in [FS79] we show that the Dirac
time-evolution can be implemented as unitary maps between corresponding wedge spaces,
i.e. between time-varying Fock spaces, in Theorem 7.41,.15, Subsection 7.3.3p150. We
conclude this work with a brief discussion of gauge transformations of the external field;
see Theorem 7.44;.151, Subsection 7.5p.154.

7.2 Explicit Construction of the Absorber

7.2.1 Construction

In this section we give a rigorous construction of infinite wedge products which we described
in the introduction. Throughout this work the notion Hilbert space stands for separable, infinite
dimensional, complex Hilbert space. Let H and ¢ be Hilbert spaces with corresponding scalar
products (-, -). For a typical example think of H = L*(R3,C* and ¢ = £,(N), the space of square
summable sequences in C. The space ¢ will only play a role of an index space which enumerates
vectors in bases of H. We refer to H as the one-particle Hilbert space. Furthermore, we denote
the space of so-called trace class operators on ¢, i.e. bounded operators T on ¢ for which
IT|lr, :=tr VT*T is finite, by I;(€), the superscript * denoting the Hilbert space adjoint. We say
a bounded linear operator 7" on a Hilbert space € has a determinant det T := lim,_, det(T; j);, j<n
if it differs from the identity operator id, on ¢ only by a trace class operator, i.e. T —id, € 1;({);
see [GGK90]. We also need the space of Hilbert-Schmidt operators, i.e. the space of bounded
operators T : £ — H such that the Hilbert-Schmidt norm ||T||;, := Vtr T*T is finite. The space
of Hilbert-Schmidt operators is denoted by I, = I,(£, H) and write I,(H) = I(H, H).

At first let us define the notions: polarizations, polarization classes and the set of Dirac seas
from the introduction.

Definition 7.1.

1. Let Pol(H) denote the set of all closed subspaces V. C H such that V and V* are both
infinite dimensional. Any V € Pol(H) is called a polarization of H. For V € Pol(H), let
Py : H — V denote the orthogonal projection of H onto V.

2. For VW € Pol(H), V ~ W means Py — Py € IL(H).
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The space Pol(H) is a kind of Grassmann space of all infinite dimensional closed subspaces
with infinite dimensional complement. Obviously, the relation = is an equivalence relation on
Pol(H). Its equivalence classes C € Pol(H)/~ are called polarization classes. Its basic proper-
ties are collected in the following lemma. We denote by [x_,y the restriction to the map X — Y.

Lemma 7.2. For V,W € Pol(H), the following are equivalent: Properties of ~

(a) VW

(b) Pw.Py € I,(H) and PwPy: € I,(H)

(c) The operators Py PwPyly—y and PwPyPw|w—w both have determinants.

(d) The operators PyPwPy|y—y and Py.Pw.Py.|y._,y1 both have determinants.

(e) Pwlv—w is a Fredholm operator and Pw.|y_w+ € Io(V).
Proof.

(a)=(b): Let V, W € Pol(H) fulfill Py — Py € I,(‘H). We conclude that
Pwy.Py = (ld(H - Pw)PV = (PV - Pw)PV € 12((}'{) and (79)
PwPy. = Py(idgy — Py) = —Pw(Py — Py) € L(H). (7.10)
(b)=(c): Assuming (b), we conclude

PV - PVPWPV = PVPWLPV = (PWJ.Pv)*(PwJ.Pv) S 11(7’{) and (711)
Py — PwPyPy = PywPy.Py = (PwPy.) (PywPy.) € 1,(H). (7.12)

This implies (Py — PyPwPy)ly_y € 11 (V) and (Pw — PwPyPw)lw—w € 1;(W) and thus
the claim (c).

(c)=(d): Assuming (c), we need to show that Py. Py Py.|yr_yr has a determinant. In-
deed: As PwPyPw|w_w has a determinant, we know that

(Py+Pw)"(Py.Pw) = PwPy.Pw = Py — PyPyPw € 1;(H) (7.13)
and thus Py. Py € Io(H). This implies
Pyi — PyiPy:.Pys = PyiPyPy: = (PyoPyw)(Py.Pyw)* € I, (H). (7.14)
The claim (Py. Py Py1|yiy1) € idye + 11 (V74) follows.
(d)=(b): Assuming (d), we know

(PWpVJ_)*(PWpVJ.) = PVJ.PWpVJ. = PVJ_ - PVJ.PWLP\/J. S 11(7'{) and (715)
(Pw.Py)(Py.Py) = PyPw.Py = Py — PyPywPy € 1,(H). (7.16)

This implies the claim (b).
(b)=(a): Assuming Py.Py € I(H) and Py Py. € I,(H), we conclude that

Py — Py = (Py — PwPy) — (Pw — PwPy)
= Py:Py — PyPy. € L(H). (7.17)
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Relative charge

Relative charge
properties

(b)=(e): We write the identity on  in matrix form

. Pwly- Pwly:s
idy : VeVt > We W, (x,y)l—>( wlv—w wlvow )(x) (7.18)
Pyilyswe  Pwelviswe[\y
Assuming (b) we know that the non-diagonal operators Py.|y_w: and PylyL_w are
Hilbert-Schmidt operators. Subtracting the non-diagonal from the identity we get a new
map

Pwlv— 0
0: VeVt Wae W, (x,y)l—>( wlv—w )(’C) (7.19)
0 Pwlyrwe ) \y
which is by construction a perturbation of the identity by a compact operator and, thus, a
Fredholm operator. However, this holds if and only if both Py|y_w and Py |y:_w- are
Fredholm operators which implies (e).

(e)=(b): Assuming (e) we compute

0 = Pyily = Py (Pw + Pwo)ly

= Py:lw Pwlvow + Pyilwe Pwilyowe (7.20)

from which follows that Py.|y Pwl|y is a Hilbert-Schmidt operator since Py.|y: is a
bounded operator and by assumption we have Py.|y € 15(V). Furthermore, by assumption
Pwlv—w is a Fredholm operator so that Py.|y Pwly—w € I(V) yields Py.|y € L(W).
Finally, we have Py.|y = Pw.Pyly and Pyi|lw = Py:Pwl|w so that Py.Py, Py.Py €
I,(H) which implies the claim (b).

O

Note that in general Py. Py € Ir(H) is not equivalent to Py Py € Ip(H). As an example,
take V and W such that V ¢ W and V has infinite codimension in W; compare with condition
(e) of the above lemma. Condition (e) appears in Chapter 7 of [PS88] where an equivalence
class C € Pol(H)/~ is endowed with the structure of a complex manifold modeled on infinite
dimensional separable Hilbert spaces. Consequently, the space Pol(#) is a complex manifold —
the Grassmann manifold of 4 — which decomposes into the equivalence classes C € Pol(H)/~
as open and closed submanifolds.

Where exactly the spectrum is cut into parts by a choice of a polarization in a polarization
class will determine the relative charge between two Dirac seas. Within one polarization class
the charge may only differ by a finite number from one chosen polarization to another. Given
V,W € Pol(H) with V ~ W, we know from Lemma 7.2,.117(e) that Py|y_w and Py|w_y are
Fredholm operators. So we are led to the definition of the relative charge:

Definition 7.3. For V, W € Pol(H) with V ~ W, we define the relative charge of V, W to be the
Fredholm index of Pyly—w:
charge(V, W) = ind(Ple_)vv) = dim ker(Pleﬁw) — dim keI‘(Pw|V_>W)>k
= dimker(Pw|y_w) — dim coker(Pw|y_w). (7.21)

Let U(H, H’) be the set of unitary operators U : H — H’. We collect some basic properties of
the relative charge:

Lemma 7.4. Let C € Pol(H)/= be a polarization class and V,W,X € C. Then the following
holds:
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1. charge(V, W) = —charge(W, V)
2. charge(V, W) + charge(W, X) = charge(V, X)

3. Let H’ be another Hilbert space and U € U(H, H’).
Then charge(V, W) = charge(UV, UW).

4. Let U € UH, H) such that UC = C. Then charge(V, UV) = charge(W, UW).

Proof. (a) Pwly—w and Py|w_yv are Fredholm operators with
charge(W, V) + charge(V, W) = ind(Py|w-v) + ind(Pwly-w)
= ind(PyPwlv—v) = ind(PyPwPylyv) = 0, (7.22)
as Py PwPyly_y is a perturbation of the identity map on V by a compact operator.
(b) As Pw and Py differ only by a compact operator, we get

charge(V, W) + charge(W, X) = ind(Pw|y—w) + ind(Px|w—x)
= ind(PXpwh/_)}O = ind(Ppr|qu) = charge(V, X) (723)

(c) This follows immediately since unitary transformations do not change the Fredholm index.

(d) We know UV ~ V = W ~ UW by assumption. Using parts (a), (b) and (c) of the lemma,
this implies

charge(V, UV) = charge(V, W) + charge(W, UW) + charge(UW, UV)
= charge(V, W) + charge(W, UW) + charge(W, V) = charge(W, UW). (7.24)

With the notion of relative charge we refine the polarization classes further into classes of polar-
izations of equal relative charge:

Definition 7.5. For V, W € Pol(H), V =9 W means V =~ W and charge(V, W) = 0.

By Lemma 7.4,.11s (Relative charge properties) the relation =g is an equivalence relation on
Pol(H). This finer relation is better adapted for the lift of unitary one-particle operators like the
Dirac time-evolution which conserve the charge.

Next we introduce the mathematical representation of the Dirac seas (they are, however, not
the physical states yet because these objects still miss the antisymmetry and can not be linearly
combined):

Definition 7.6.

(a) Let Seas(H) = Seasy(H) be the set of all linear, bounded operators ® : € — H such that
range ® € Pol(H) and ®*® : £ — £ has a determinant, i.e. ®@*® € idy + I;({).

(b) Let Seas™(H) = Seas; (H) denote the set of all linear isometries ® : £ — H in Seas,(H).

(c) For any C € Pol(H)/~¢ let Ocean(C) = Ocean/(C) be the set of all ® € Seas; (H) such
that range ®© € C.

Equal charge
classes

Dirac seas
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between Dirac
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Isometries are
good enough

Dirac sea
classes

Thus (as in geography) an ocean consists of a collection of related seas; see also Figure 7.1p.130
at the end of this section. To connect to the introduction in Subsection 7.1p.113 consider the
following example: In the case of £ = £,(IN) we encode this map in an orthonormal basis (¢;;)nen
of V such that for the canonical basis (e, )cn in €2 one has ®e,, = ¢, for all n € N,

The set Seas(H) can naturally be structured by the relation introduced now:

Definition 7.7. For ®,¥ € Seas(H), ® ~ ¥ means ®*'Y € id; + [1(£), i.e. OV has a
determinant.

In the forthcoming Corollary 7.9 we show that ~ is an equivalence relation. For its proof we
need the following lemma, which will also be frequently used later because it allows us to work
for most purposes with Dirac seas in Seas* () instead of Seas(H):

Lemma 7.8. For every ¥ € Seas(H) there exist T € Seas™(H) and R € id; + I,(£) which
fulfill'¥ = YR, T*¥ =R >0, T ~ P, and R* = ¥"V.

Proof. LetW¥ € Seas(H). The operator W¥*W¥ : £ — ¢ has a determinant and is hence a Fredholm
operator. In particular, ker(P*W) = kerV is finite dimensional. Let ¥ = VR be the polar
decomposition of ¥, with R = V¥*W and V : £ — H being a partial isometry with ker V =
(range R)* = ker P'. Then V and ¥ have the same range, and this range has infinite codimension
in H. Since ker V has finite dimension, we can extend the restriction of V to (ker V)* to an
isometry T : £ > H. We get: T*¥ = V'W = V'VR =R > 0and YR = VR = ¥. Now as
R? = P*¥ has a determinant, its square root R has also a determinant. This implies T ~¥. O

Corollary 7.9. The relation ~ is an equivalence relation on Seas(H).

Proof. By definition of Seas(H), the relation ~ is reflexive. To show symmetry, take @,V €
Seas(H) with ® ~ ¥. We conclude ¥*® — id, = (®*¥ - idy)* € 1;(¢) and thus ¥ ~ ®. To
show transitivity, let ®,¥,T € Seas(H) with ® ~ ¥ and ¥ ~ I'. By Lemma 7.8 (Isometries
are good enough), take T € Seas*(H) and R > 0 corresponding to ¥. Let P : H — H
denote the orthogonal projection having the same range as Y, and let P° = idg; — P denote the
complementary projection. In particular, one has P = TT*. Then

®'T = ®*PT' + OPT = (D*1)T*Y)* + O*PT. (7.25)

Now since @ ~ ¥ we know that @*¥ = ®*YR has a determinant. Since R has also a determinant,
we conclude that ®*Y has a determinant, too. Using W ~ I, the same argument shows that
I'"Y has a determinant, and thus (®*Y)(I'™*T)* has a determinant. Next we show that P°T" is a
Hilbert-Schmidt operator. Indeed, (P°I")*(PT) =I*PT' =I"T —=I"PI"' =T — (" ") Y)* is
a difference of two operators having a determinant, since ['*I" and I'*Y" both have determinants.
Hence, (PT)*(P°T) € I1(£), which implies P°T" € I5(£). The same argument, applied to ©
instead of I', shows that P°® € I5(£). We conclude ®*PT = (P°D)*(PT) € I;(£). Using (7.25)
this yields that ®*I" has a determinant since it is given as the sum of an operator that has a
determinant plus an operator which is trace class. This proves that ® ~ T'. O

For ®@ € Seas(H), the equivalence class of ® with respect to ~ turns out to form an affine space.
The following definition and lemma characterize these equivalence classes. These properties
will later be used to show that the wedge spaces to be constructed (in forthcoming Definition
7.17,.124 (Infinite wedge spaces)) are separable spaces.

Definition 7.10. Letr ® € Seas(H).

1. Let S(®) c Seas(H) denote the equivalence class of © with respect to ~.
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2. For bounded linear operators L : £ — H, we define ||L|lop := ||®*L|ly, + ||Lll;, and vector
space

V(@) :={L: € — H | Lis linear and bounded with ||L||p < oo}.

Lemma 7.11. Let ® € Seas(H).

(a)
(b)

It holds that S(®) = © + V(D).

For ¥ € Seas(H) with ® ~ ¥, one has V(®) = V(V¥), and the norms || - ||p and || - ||y are
equivalent.

Proof. (a) Take ¥ ~ @. By definition, ®*V¥ € id, + [;(£) and ®*® € id, + [;(£). The difference

(b)

yields @* (¥ — @) € I;(£). Similarly, ¥*W¥ € id; + I;(£) and ¥*® € id, + I;(£). Combining all
this, we get (¥ —®)*(¥—®) € I;(£), and hence ¥ — @ € I,(¢, H). This shows ¥ — D € V(D).

Conversely, take B € V(®). We set ¥ = ® + B. First we show that range ¥ € Pol(H),
i.e. that it is closed and has infinite dimension and codimension. In order to do this we use
the following general fact: A Fredholm operator between two Hilbert spaces maps closed,
infinite dimensional and infinite codimensional subspaces, respectively, to closed, infinite
dimensional, and infinite codimensional subspaces, respectively. Consider

@ : ¢ ®range P+ > H, (x,y) > Ox +y (7.26)
¥ : {@range O — H, (x,y) = Ox+ Bx +y (7.27)

with the direct sum is understood as orthogonal direct sum. Since range ® is in Pol(#H) and
therefore closed, the map @ is onto. Furthermore, ®*® ¢ idgs + I;1(H) is a perturbation
of the identity by a compact operator and therefore a Fredholm operator. In particular, this
implies dimker® = dimker®*® < oco. Thus, @ is also a Fredholm operator. Now ¥
is a perturbation of ) by the compact operator (x,y) +— Bx and therefore it is Fredholm
operator too. Since £ @ 0 is closed, infinite dimensional, infinite and codimensional, it holds
range ¥ = ‘?(f@ 0).

Using @ € Seas(H) and the definition of V(®), we get ¥*¥ = O&*® + ®*B + (®*B)* +
B*B e (idy + L)) + I; + I} + I, = idy + I;(€). This shows ¥ € Seas(H). Furthermore,
Q'Y = O*O + ®*B € (id, + ;) + I} = id, + [;(€) holds. This yields ¥ ~ ®.

Since ® ~ P, there is a L € V(®) such that ® =¥ + L. Let M € V(¥). Using the triangle
inequality in I (€) and ||IL* M|, < ||L|IL,|IM|l1,, we get

IMllo = 1O*Mly, + [IMll, < I¥*Mly, + IL* Mlly, + IM]Iy,
< (L + L) AN Ml + IM11) = (1 + L) 1M . (7.28)

In the same way, we get [|[M|ly < (1 + [[LII)IIM]lo.

0

The equivalence classes of Seas(H)/~ and Pol(H )/~ go hand in hand quite naturally as the
following lemma shows.

Lemma 7.12. Let C € Pol(H)/~¢ and ® € Ocean(C), then we have

C = {range ¥ | ¥ € Seas™(H) such that ¥ ~ ®}.

Dirac sea class
properties

Connection
between ~ and

0
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Formal linear
combinations

Proof. Let C" := {range ¥ | ¥ € Seas*(H) such that ¥ ~ ®} and V := range ®.

C’ CC: Let W € C’, then there is a ¥ ~ ® such that range ¥ = W. One has
PyPwPylyoy = OO PP O)D*|y_y. (7.29)

But O*V,P*® € id; + I;(£), hence, O*"PY*O® € id, + I;(£) and ®*|y is unitary, so we
conclude that Py PwPyly—y € idy + I;(V) and has a determinant. Analogously, we get
that Py Py Pwlw—w = P(P*OO*P)P* has a determinant because, again, W*|y is unitary.
Lemma 7.2,.117 (Properties of =) then states V ~ W. We still need to show V =y W.
Therefore, consider charge(W, V) = ind(Py|w—y) and Py|ly—y = @O*"WY*|y_y. Since
O"Y € id; + I;(€) and ¥*|w is unitary, ¥* Py|y—y¥ = P*OO*Y € id; + [;(£) which is a
perturbation of the identity by a compact operator. Therefore, ind(Py|w—yv) = 0. Hence,
we have shown that V ~y W and therefore W € C.

C’'2C: LetW e C, then W = V and charge(V, W) = 0. We need to find an isometry ¥ ~ @
such that range ¥ = W. We make a polar decomposition of Py®. By Lemma 7.2,.117(e)
we know that range Py/|y is closed. There is a partial isometry U : £ — range Py® =
range Pyly = range Py ® C H with ker U = ker Py ® such that Py ® = U|Py®| where
|Pw®| is given by the square root of the positive semi-definite operator (Py®)*(Pw D).
Furthermore, (Pyw®)*(Pyw®) = ©*PyPwPy® € id; + 1;(€) by Lemma 7.2,.117 and, hence,
a Fredholm operator. That means also that ker ((Py®)*(Pw®)) = ker Py ® is finite di-
mensional. Moreover, 0 = charge(V, W) = ind(Pwy|y—w) implies that dim ker Py ® =
dim W/(range Pwyl|y) = dim WnN (range Pwly)*. Thus, there is another partial isometry U:
{ — H of finite rank such that Ulger Py® Maps ker Py ® unitarily onto W N (range Py®)*
and Ul(kerpwq))J. =0. WesetW:=U+U:¢— H, and get V'V = U*U + U*U = 1 and
therefore ¥ € Seas*(H). By construction, range ¥ = W holds. Furthermore,

U'®=UPyd =U"UIPy®| = |PwD| (7.30)
which has a determinant since |Py®| > 0 and
|Pyw®? = ®* Py PyPy® € idy + 1,(£) (7.31)

as PVPWPVIV_,V € id(V) + I;(V) by Lemma 7.2,.117. On the other hand, U*® has finite
rank since U does. Hence, V*® = U*® + U ® e id, +1; (), i.e. ¥ ~ @, which means that
Wec(C.

Now we begin with the construction of the infinite wedge spaces for each equivalence class of
Dirac seas S € Seas(H)/~. We follow the standard linear algebra method: First, we construct
with the elements of S a space of formal linear combinations C®) which we equip with a semi-
definite sesquilinear form that in turn induces a semi-norm. Completion with respect to this
semi-norm yields the infinite wedge space of S.

Construction 7.13.

1. For any set S, let C) denote the set of all maps a : S — C for which {® € S | a(®) # 0}
is finite. For ® € S, we define [®] € C© 1o be the map fulfilling [®|(®) = 1 and
[DI(¥) = 0 for ® £ ¥ € S. Thus, C consists of all finite formal linear combinations
a = Yyes ¢(W)[WY] of elements of S with coefficients in C.



Chapter 7. Time-Evolution of Dirac Seas in an External Field

123

2. Now let S € Seas(H)/~ as in Definition 7.10,.120 (Dirac sea classes). We define the map
¢y SXS -G (D,¥) - (D,V) := det(P*W). Note that this is well defined since for
D, ¥ € S the fact ® ~ ¥ implies that ®*Y has a determinant.

3. Taking S as before, let {-,-y : C9 x C — C denote the sesquilinear extension of
() : 8X S — C, defined as follows: For a,B € CcS,

(@.B) =) > a(®)BCY) det(@"¥). (7.32)

DeS YeS

The bar denotes the complex conjugate. Note that the sums consist of at most finitely many
nonzero summands. In particular, we have ((®], [¥]) = (D, ¥) for ®,¥ € S.

Lemma 7.14. The sesquilinear form (-,-) : C© x C® — C is hermitian and positive semi-
definite, i.e. {a,B) = (B, @) and {@, @) > 0 hold for all a,3 € C'®,

Proof. For ®,¥ € S we have

(D,¥) = det(D*P) = det(P* D) = (¥, D) (7.33)

This implies that (-, -) : C© x C® — C is hermitian. Let a € S. We get

(@,a) = Z Z (D)o (P) det(D*P). (7.34)
PeS YeS
Let (ej)ien be an orthonormal basis in £. In the following we abbreviate N, = {1,...,m}.

Fredholm determinants are approximated by finite-dimensional determinants (see Section VII.3,
Theorem 3.2 in [GGK90]), therefore

det(®"¥) = lim det({e;, D" Pe;)); jar, - (7.35)
nm— 00
Let (fi)ken be an orthonormal basis of H. For every i, j € N, we get

(€1 @"e;) = lim D (e, fi) {fio Pej) (7.36)
k=1

and, hence, for every m € N

det((e;, D"\Pe;))ijer,, = lim det [Z (@e;. fi)  fi. Ve 1))
i, jeN,,

k=1
= lim )" det(@er, fi)) ke det(fi. We) ke, (7.37)
n—eo [gNn ’IGN’” jENm
[I|=m

Substituting this in (7.34) and (7.35) we conclude

(@ @)= lim lim > " 3" a(@)a(¥)det(( fis ®ei)set, det({ i We;)) ke

MRS pes Wes I, 1€m J&Nn
I|l=m
2
= lim lim Za((l)) det({ fe, ®ei)) er. | > 0. (7.38)
M— 00 B—>00 ieN
ICN, |deS m
[Tl=m
O
Definition 7.15. Lez || - || : C - R, a - |lall = V{a, @) denote the semi-norm associated to

(¢,),and Ns = {a € CO | (@, @) = 0} denote the null space ofC(S) with respect to || - ||.
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Infinite wedge
spaces

Null space

Separability

This null space Ngs is quite large. The following lemma identifies a few elements of this null
space and is also the key ingredient to Corollary 7.18,.124 (Null space) and therewith to Lemma
7.23p.127 (Uniqueness up to a phase) of the subsection.

Lemma 7.16. For ® € S and R € id; + 1;(£), one has ®R € S and [PR] — (det R)[P] € Ns.

Proof. First, we observe that (range(®R))* 2 (range ®)* is infinite-dimensional. Since ®*® €
idy + I1(€) and R € id; + I1(€), we have ®*(®R) € idy + 1;(£) and (DR)*(PR) = R*(DP*D)R €
idy + I;(£). This shows ®R € Seas(H) and ® ~ OR, and thus PR € S. We calculate:

I[DR] — (det R)[D]|I> = det((DR)*(PR)) — (det R) det((DR)* D)
— det R det(®*®R) + | det R|? det(D* D)
=2| det R|? det(d* ®) — 2| det R|? det(D* D) = 0. (7.39)

O

Now we have everything needed to define the most important objects in this work: The infinite
wedge spaces. These spaces shall make up the playground for the second quantized Dirac time-
evolution:

Definition 7.17. Let Fs be the completion of C© with respect to the semi-norm || - ||. We
refer to Fs as infinite wedge space over S. Let 1 : C) — Fg denote the canonical map. The
sesquilinear form (-,-y : C9 x C® — C induces a scalar product {-,-) : Fs x Fs — C. Let
N : S — Fs denote the canonical map \N® = (([D]), © € S.

Note that ([Ns] = {0}. Hence, the null space is automatically factored out during the completion
procedure. In fact, the null space of the canonical map ¢ : C® — Fg equals kert = Ng. Thus
we can rewrite Lemma 7.16 in the following way:

Corollary 7.18. For ® € S and R € idy + 1, (£), one has N(DR) = (det R)\D.

Combining the above Corollary 7.18 with Lemma 7.8p.120 (Isometries are good enough), we
get the following: For every ® € S there are Y € S N Seas™(H) and R € idy + I;(£) with
r = detR € RJ such that A® = rAY. As a consequence, {AY | ¥ € SN Seas*(H)} spans
a dense subspace of ¥s. The scalar product (:,-) gives Fs the structure of a separable Hilbert
space:

Lemma 7.19. The inner product space (Fs,{-,-)) is separable.

Proof. 1t suffices to show that there exists a countable dense subset of AS with respect to the
norm ||+ ||z in Fs. Choose ® € S. By Lemma 7.11,.21 (Dirac sea class properties) we then know
that S = ®+V(D). Now the set of operators of finite rank is dense and separable in (V(®), ||-||o).
Hence, we can choose a countable, dense subset D in (V(®), || -|lo). We show now that A(D + D)
is dense in AS with respect to the norm || - [|¢;. Let ¥ = ® + L € S with L € V(®). We find
a sequence (Ly),en in D with ||L, — L|jp — O for n — oo and define ¥, := ® + L,. One then
obtains the following estimate for all large n:

IAY = AW, 12 = (AF = AW, AW — AW,
= det(P*WP) — det(P*W,) — det(P:F) + det(¥: ¥,)
< Cu(P) (I (Y = Yllr, + I, = Yllr,) (7.40)
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by local Lipschitz continuity of the Fredholm determinant with respect to the norm in I;(£); see
[Sim05, Theorem 3.4 p. 34]. The constant Cs('¥) < co depends only on . Next the triangle
inequality applied to the second term gives

S (P QI Y = Pl + Y = W) (¥ = Wlly,)
S2C(DNY = Wally = 2Cx(P)IIL — Lallw

< Cy(¥, D)IL — Lylly —— 0 (7.41)

for some constant Cs (W, @) < co depending only on ¥ and ® since the norms || - ||y and || - ||
are equivalent by Lemma 7.11,.121 (Dirac sea class properties). This shows that A(® + D) is a
countable, dense subset of A(S). m|

The following diagram summarizes the setup:

chooses

take E]

[~
2% Pol(H) —= Pol(H)/~o

splittings

Y
H >C

take 2 bases

. \'
- §enfan Oceany(C)/~ < Ocean;(C)

I/\ construction

s

Note that, by Lemma 7.12,.121 (Connection between ~ and =), s carries the whole information
of the polarization class C € Pol(H)/~¢. However, it depends on a choice of basis. In this sense
we say that the wedge space Fs belongs to polarization class C.

7.2.2 Operations from the Left and from the Right

Having constructed the infinite wedge spaces ¥s for each S € Seas(H)/~ we now introduce
two types of operations on them which are the tools needed in the next subsection. In the
following let H’, ¢’ be also two Hilbert spaces.

Construction 7.20.

1. The following operation from the left is well-defined:

U(H, H") x Seasg(H) — Seas(H'), (U @)~ UD.

2. This operation from the left is compatible with the equivalence relation ~ in the following
sense: For U € UH, H') and ®,¥ € Seasq(H), one has ® ~ ¥ if and only if UD ~ U¥Y
in Seasy(H’). Thus, the action of U on Seas (H) from the left induces also an operation
from the left on equivalence classes modulo ~ as follows. For S € Seasy(H)/~ and

UeUH,H),

US ={UD | D€ S} € Seasg(H')/~.

The left
operation
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Operation from
the Right

3. For U € UH,H") and S € Seasy(H)/~, the induced operation Ly : CS — CUS),
given by

Ly [Z a(d))[CD]] = ), a@)[UD],

DS OeS

is an isometry with respect to the hermitian forms (-, -y on C and on CUS). In particular
one has Ly[Ns] € Nys.

4. Forevery U € U(H,H"), the operation from the left Ly : CS — CUS) induces a unitary
map Ly : Fs — Fus, characterized by Ly(AND) = N(UD) for ® € S. This operation is
functorial in the following sense. Let H'"' be another Hilbert space. For U € U(H, H’),
Ve UH',H") and S € Seasy(H)/~, one has LyLy = Lyy : Fs — Fyvs and
Lidv;.( = idfs'

In complete analogy to the operation from the left, we introduce next an operation from the right.
Let ¢’ be another Hilbert space, and let GL_({’, €) denote the set of all bounded invertible linear
operators R : ¢ — ¢ with the property R*R € idp + I[;(¢’). Note that GL_(¢) := GL_({,{) is a
group with respect to composition.

Construction 7.21.

1. The following operation from the right is well-defined:

Seas/(H) x GL_(¢, £) — Seasp(H), (P,R)— OR.

2. This operation from the right is compatible with the equivalence relations ~: For ®,¥ €
Seasg(H)and R € GL_(¢',{), one has ® ~ ¥ if and only if OR ~ YR in Seasy (H). Thus,
the operation of R from the right induces also an operation from the right on equivalence
classes modulo ~ as follows: For S € Seas/(H)/~ and R € GL_(¢', {),

SR = {OR | ® € S} € Seasy(H)/~.

3. For § € Seasy(H)/~ and R € GL_({',{) the induced operation from the right Rg :
C® — CSP given by

Rr [Z a(@)[@]} = ) a(@)[@R],

DeS ®eS

is an isometry up to scaling with respect to the hermitian forms (-, -) on C> and on CSP,
More precisely, one has for all ,8 € C:

(Rra, RgB) = det(R*R){a, ) .
In particular one has Rr[Ns] C Nsg.

4. For every R € GL_(¢',{), the operation Ry : CS - CSP) induces a bounded linear
map, again called Rg : Fs — Fsg, characterized by Rr(AD) = N(DR) for ® € S. Up to
scaling, this map is unitary. More precisely, for ®,¥Y € Fgs, one has

(RR®, RRY) = det(R*R) (D, V).

The operation Ry is contra-variantly functorial in the following sense. Let €' be another
Hilbert space. For Q € GL_(¢",¢’), R € GL_({’,¢) and S € Seas(H,{)/~, one has
RQﬂR = RRQ . 7:,5 - TSRQ and Rid[ = idgcs.
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The associativity of composition (U®P)R = U(DR) immediately yields:

Lemma 7.22. The operations from the left and from the right commute: For U € U(H,H’), Leftand right
operations

ReGL_(¢,0), and S € Seas/(H)/~, one has LyRgr = RrLy : Fs = Fusrk.

We conclude this subsection with a last lemma that states an important property of the infinite
wedge spaces. Essentially, it says that for any R € GL_(/) such that R has a determinant, we
have Fs = Fsg. We introduce SL({) to denote the set of all operators R € id,; + 1;(£) with the
property detR = 1.

Lemma 7.23.

1. For all R € GL_(¢) and S € Seas¢(H)/~, one has S = SR if and only if R has a
determinant. In this case, Rr(¥) = (detR)Y holds for all ¥ € Fs. As a special case, if
R € SL(£), then Rg : Fs — Fs is the identity map.

2. Forall Q,R € GL_({',¢) and S € Seas/(H)/~, we have SR = S Q if and only if Q'R €
GL_({") has a determinant. In this case, one has for all ¥ € Fg:

R = det(Q'R)Rp¥

Proof. (a) Given R € GL_({) and S € Seas/(H)/~, take any ® € S. Then, as ®*® has a
determinant, ®*®R has a determinant if and only if R has a determinant. This is equivalent
to ® ~ OR and to S = SR. In this case, Lemma 7.18.124 (Null space) implies Rg¥Y =
(detR)¥ for all ¥ € Fs.

(b) Letd e SN Seas?(?-(). Then SR = S Q holds if and only if ®R ~ ®Q, i.e. if and only
if O*R = (OQ)*®R has a determinant. Since Q" Q has a determinant and is invertible, this
is equivalent to O 'Reidy +1;(0). Using part (a), for any ¥ € ¥, we have in this case:
RrY = Rp-1zRo¥ = det(Q'R)Rp Y.

O

REMARK 7.24. The difference between the two operations is that for a @ in Seasg(H) the left
operation in general changes the range of © while the right operation does not. The operation
from the left will later be used to implement the lift of unitary one-particle operators like the
Dirac time-evolution on H. The right operation will be used to adjust the vacuum state; this
will be discussed in detail when interpreting the pair creation rates in Subsection 7.4p.1s1.

7.2.3 Lift Condition

Given two Hilbert spaces H and H’ and two polarization classes C € Pol(H)/~g and C’ €
Pol(H)/~o, we now identify conditions under which a unitary operator U : H — H’ can be
lifted to a unitary map between two wedge spaces.

By Lemma 7.2,.117 (Properties of =) it is clear how any unitary U : H — H’ acts on polarization
classes, and we shall not prove the following simple lemma:

Lemma 7.25. The natural operation
U(H, H') x Pol(H) — Pol(H'), (U, V) UV ={Uv|veV}

is compatible with the equivalence relations =~ in the following sense: For U € U(H, H") and
V,W € Pol(H), one has V = W if and only if UV ~ UW. As a consequence, this operation
from the left induces a natural operation on polarization classes U(H,H’) X (Pol(H)/~) —
Pol(H')/~, (U,[V]s) > [UV]..

commute

Uniqueness up
to a phase

Action of U on
polarization
classes
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Restricted set of
unitary
operators

Lift condition

We use the knowledge about the action of U € U(H,H’) on the polarization classes to give
U(H, H’) a finer structure, the restricted set of unitary operators:

Definition 7.26. Given the polarization classes C € Pol(H)/~¢ and C' € Pol(H')/~y we
define

U?eS(W,C;?{’,C’) :={U e UH,H")| forall V € C holds UV € C'}
={U € U(H,H') | there exists V € C such that UV € C’}.

As a special case, we yield a group U% (H,C) := UL (H,C;H, C).

Note that for a third Hilbert space H’’ with a polarization class C”” € Pol(H"")/~gp, one has
UL (H,C";H”,C"YUL(H, C;H',C") = UL(H,C;H”,C”). In fact, one could now define

Ul (H, C; H’, C’) for unitary operations that change the relative charge of two polarizations by
ce’l.

Now we have all what is needed to prove the main result of this section: The following theorem
is our version of the classical Shale-Stinespring theorem [SS65], and hence not completely new.

Theorem 7.27. For given polarization classes C € Pol(H)/~y and C' € Pol(H')/=~q, let
S € Oceany(C)/~ and S’ € Oceany(C’)/~. Then, for any unitary map U : H — H’, the
following are equivalent:

1. Thereis R € U(L) such that USR = §’, and hence RrLy maps Fs to Fs'.
(a’) There is R € GL_(€) such that UDR ~ @',
(b) U e UL (H,C,H',C).

res
Proof.

(a) > (b) : Take R € U(£) such that US(®)R = S(®’). In particular, UOR ~ @', and
hence ®"*U®DR € id; + I;(£). This implies

(®*UDR)*D*UDR € id; +1,(0). (7.42)

Because UOR : £ — UV is unitary and ®'®”* = Py, we conclude that Pyy Py Pyy =
Pyy®' @ Pyy|yv—uy has a determinant. Similarly,

O Pyy®@* = O"UOR(O*UDR)" € id; + [;(£) (7.43)

implies that Py Pyy Py |y,—y has also a determinant. Together this yields UV =~ V' by
Lemma 7.2,.117 (Properties of =).

Furthermore, because of U®PR ~ @', we know that ®"*U®DR is a Fredholm operator with
index 0. Since ®R : £ —» V and @’ : £ — V’ are unitary, Py |yy—y- is also a Fredholm
operator with index 0, i.e. charge(UV,V’) = 0. This shows UV =y V’, and the claim
U e UL (H,C;H’',C) follows.

res

(b) = (a’): We abbreviate A = Py/|yy_ys. The assumption U € U (H,C;H’,C’) im-
plies A*A € idyy + [;(UV), and A is a Fredholm operator with index indA = 0. Us-
ing that ® : £ —» V and ® : £ — V’ are unitary maps, we rewrite this in the form
(*UD)*O*UD € id + I1(£), and ®”*UD is a Fredholm operator with ind(®"*U®) = 0.
We now use a polar decomposition of ®"*U®D in the form ®"*UP = BQ, where B: { — ¢
is positive semi-definite and Q : £ — ¢ is unitary. Note that we can take Q to be unitary,
not only a partial isometry, as ®"*U® has the Fredholm index 0. Taking R = Q~', we get
®”*UDR = B. Now B> = B*B has a determinant because Q*B*BQ = (®"*U®D) ®”*Ud
has a determinant. Since B > 0, this implies that B has also a determinant. We conclude
UOR ~ @’.



Chapter 7. Time-Evolution of Dirac Seas in an External Field

129

(@) = (a): We take R € GL_(£) with UOR ~ @’. By polar decomposition, we write
R in the form R = R'Q, where " : { — { is unitary and Q : £ — ¢{ is invert-
ible, positive definite, and has a determinant. As ®"*U®R = ®”*UDPR’'Q and Q both
have determinants, ®"*U®R’ has also a determinant. This shows U®R’ ~ @’ and hence
S(UDR’) = US(®)R" = S(®’). In particular, Rg Ly maps Fsw@) to Fus@r = Fs@)-

For U = id¢y we immediately get:

Corollary 7.28. Let C € Pol(H)/~¢ and S € Ocean(C)/~ then we have

Ocean(C)/~ = {SR | R € U(¢)}.

This is the counterpart to Lemma 7.12,.121 (Connection between ~ and =~() which stated that for
every polarization class C there is a whole “ocean of seas” Ocean(C)/~ which belongs to it. For
every S € Ocean(C)/~ we constructed a wedge space 5. Now the corollary above states that
all these wedge spaces {¥s | S € Ocean(C)/~} are related to each other by unitary operations
from the right; this is illustrated in Figure 7.15.130.

Furthermore, together with Lemma 7.23,.127 (Uniqueness up to a phase) one gets:

Corollary 7.29. For U € U?es(ﬂ{ ,C,H',C") let R € U({) be as in Theorem 7.27y.12s (Lift
condition). Then the elements of the set

{RoRrLy | Q € U) N (id; + Li(O)} = {¢“Re L | ¢ € R)

are the only unitary maps from Fs to Fs in the set {Rr Ly | T € U(£)}.

In this sense we refer to the lift LR as being unique up to a phase. A typical situation is
this: Consider, for example, the one-particle Dirac time-evolution U : H — H and assume
that U € UY (H, C;H, C’) for two given polarization classes C, C’ € Pol(H)/~o. We choose
®, ®’ € Seas(H) such that range ® € C and range @’ € C’. By Lemma 7.12,.121 (Connection
between ~ and =) it follows that S = S(®). € Ocean(C)/~ and &’ = S(®) € Ocean(C’)/~
from which we built our wedge spaces s and Fs which elements represent the “in” and “out”
states, respectively. Theorem 7.27,.2s (Lift condition) and Corollary 7.29 (Uniqueness of the lift

up to a phase) assure for the S, S’ that there is an R € U(¢) such that

Ly

R
Fs Fvs ——>Fusr = 7’3’3 o peR

We have illustrated this situation in Figure 7.1p.130.

In Subsection 7.3.1,.130 we show that the one-particle Dirac time-evolution U A(t1, o) for times
fo and #; in any external, smooth and compactly supported field A is in U (H, C;H,C") for
specific C,C" € Pol(H)/~o. We will show in Subsection 7.3.2,.144 that C and C” are uniquely
identified by the magnetic components of A at the times #y and ¢, respectively. In this sense, for
U = U" there exists a natural lift RgLy which is unique up to a phase. This will be summarized

in Subsection 7.3.3p.150.

Orbits in Ocean

Uniqueness of
the lift up to a
phase
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Figure 7.1: A sketch of the time-evolution.

7.3 The Time-Evolution of Dirac Seas

We now come to the one-particle Dirac time-evolution in an external four-vector field A €
cr (R*, R, i.e. the set of infinitely often differentiable R* valued functions on R* with compact
support. Recall the discussion at the end of Subsection 7.2.3,.127: In order to apply Theorem
7.27p.128 (Lift condition) to the one-particle Dirac time-evolution U A1, 19) for fixed fo,1; € R
and in this way to obtain a lift to unitary maps from one wedge space to another (the second
quantized time-evolution) we need to show that U A(t1,10) € U?es(?( ,C(tg); H, C(1)) for appro-

priate C(ty), C(t;) € Pol(H)/~¢. To ensure this condition holds is the main content of this last
section.

This section is structured as follows: In the first subsection we show that for any 7y, #; € R there
always exist C(y), C(t;) € Pol(H)/~p, depending only on A(zp) and A(¢;), respectively, such
that UA(t1, 19) € U?es(ﬂ, C(tp); H,C(t1)). In the second subsection we identify the polarization
classes C(#) uniquely by the magnetic components of A(¢) for all t+ € R. The third subsection
combines these results with Section 7.2,116 and shows the existence of the second quantized
Dirac time-evolution for the external field problem in quantum electrodyanmics. Finally, the
fourth subsection then concludes with the analysis of second quantized gauge transformations

as unitary maps between varying Fock spaces.

7.3.1 One-Particle Time-Evolution

Throughout this section we work with H = L?(R?, C*), with R? being interpreted as momentum
space. The free Dirac equation in momentum representation is given by

i%lpo(t) = H% (1) (7.44)
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for y°(f) € domain(H") ¢ H where
3
HO(p) =a-p+PBm= Za"pﬂ +Bm, pe R3 (7.45)
u=1
and the C** Dirac matrices 8 and o, u = 1,2, 3, fulfill

B =1 {o*, B}

@)? =1 {a*, "} :

a'B+pat =0

a'a” + o’ = 26M.

(7.46)

Which specific representation of this matrix algebra with hermitian matrices is used does not
affect any of the following arguments. For convenience we introduce also

= 1.

HO(p) is a self-adjoint multiplication operator which therefore gives rise to a one-parameter
group of operators

U%(t1,10) := exp(—iH(t; - 19)) (7.47)

on H for all tp,¢; € R. For every solution z//O(t) of the free Dirac equation (7.44,.130) one has
wo(tl) = UO(tl,to)wo(to). The matrix Ho(p) has double eigenvalues +FE(p), where E(p) =
VIp2+m2 > 0, p € R3. Therefore, the spectrum of the free Dirac operator is o/(H") =
(=00, —m] U [+m, +00) and the corresponding free spectral projectors P, are multiplication op-
erators with the matrices

1 H'(p)
P.(p) = 5(1 T ) (7.48)

We define H.. := P.H for which H = H_&H,. For any linear operator L on H and signs o, T €
{+,—} we write L,y = P,LP;. Furthermore, L., = L, + L__ denotes the even (diagonal) part,
and Logq = Ly— + L_; for the odd (non-diagonal) part of L. If L has an integral kernel (g, p) —
L(p, g) it follows by equation (7.48) that the kernel of L, is given by (p,q) — Lo(p,q) =
Ps(p)L(p, 9)P(q).

Now let A = (A,)u=0,123 € Cz"(R“, R*) be a smooth, compactly supported, external four-vector
field. We denote its time slice at time r € R by A(r) = (R? 3 x (Au(t,%))u=0,12,3)- The Dirac
equation with the external field A in momentum representation is then given by

i%w(r) = H*Oy(r) = (H° +iz"0) y (1) (7.49)

where for A = (A,),=0,12,3 = (Ao, —X) € C2(R3,R%), the operator Z* on H is defined as follows:
3 —_—
izt =" oA, (7.50)
u=0
Here we understand ;4\,1 u=0,1,2,3, as convolution operators

@)= [ Ap-auards, peR. 751

for ¢ € H and ;l:, being the Fourier transform of A, given by

_ 1 4
— —ipx
Aup) = 2 fRz e "PA(x)dx. (7.52)
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Therefore, in momentum representation, Z* is an integral operator with integral kernel
3 —_
(P.) = ZMp-q) =i ) a*Aup-q), p.geR’ (7.53)
n=0

The Dirac equation with external field A gives also rise to a family of unitary operators
(UA(t1, )1y 1 er on H which fulfill

0

gUAm,tw = —iH"VUA(1, 19), (7.54)
1

0

a—tUA(tl,to) = iUN(11, 1) HA®™) (7.55)
0

on the appropriate domains, such that for every solution ¥(f) of equation (7.49,131) one has
Y(t1) = UA(n1, fo)(to); see [Tha93].

In order to present the main result of this section in a short form we introduce:

Definition 7.30. For A € C®(R3,R*), we define the integral operator Q* : H — H by its
integral kernel, also denoted by Q*:

ZA (p,q) - Z2.(p.q)
R? xR? 3 (p, A(p.q) = = ’
XR > (p,q) = Q°(p,q) i(E(p) + E(q))

with Z2_(p,q) := P+(p)Z*(p — 9)P=(q).

(7.56)

Furthermore, we define the polarization class C(0) := [H_]~, belonging to the negative spectral
space H_ of the free Dirac operator H®, and therewith the polarization classes

C(A) := 2" C(0) = {2 V | V € C(0)). (7.57)

The operators Q4 are bounded and skew-adjoint. They will appear naturally in the iterative
scheme that we use to control the time-evolution, and their origin will become clear as we go
along (Lemma 7.35p.137).

We now state the main result of this section, using the notation of Section 7.2.11s.

Theorem 7.31. Forall A € C?"(R“, RY) and for all t,ty € R it is true that

UA (11, 10) € UL (H, C(A(to)); H,C(A(t)))).

res

We do not focus on finding the weakest regularity conditions on the external four-vector potential
A under which this theorem holds, although much weaker conditions will suffice. Actually,
the theorem and also its proof remain valid for four-vector potentials A in the following class
ADCXRYRY:

Definition 7.32.  Let A be the class of four-vector potentials A = (Ay)u=0,123 : R* — R* such
that forallu =0,1,2,3, m=0,1,2 and p = 1,2 the integral

J

exists and is finite. Here A(t) denotes the Fourier transform of a time slice A,(t) with respect to
the spatial coordinates.

dm —
_Ay(t)

dt 7.58
2 (7.58)

p
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This class of four-vector potentials has also been considered by Scharf in his analysis of the
second-quantized scattering operator in an external potential (Theorem 5.1 in [Sch95]). We
remark that the class A does not contain the Coulomb potential, not even when one truncates it
at large times.

Since quite some computation is involved in the proof of the above theorem, we split it up into
a series of small lemmas, to separate technicalities from ideas. Here is the skeleton of the proof:

Theorem 7.31
(Dirac time-evolution Lemma 7.33p.134
(Gronwall argument)

with extemW

Lemma 7.36p.13s Lemma 73417 Lemma 7.35p157
(I, estimates) (Born series) (Partial integration)

Lemma 7.37;.143
(Integral estimates)

The key ideas are worked out in Lemma 7.33,.134 (Gronwall argument). The other lemmas have
a more technical character.

In the following, when dealing with a given external vector potential A € A, we abbreviate
U(ty, 1) = U1, 10), H(t) = HAD, Z(1) = ZAD, and Q(r) = QA". We start with putting things
together:

Proof of Theorem 7.31,152. By Lemma 7.2,117(b), we need only to show that for some V €
C(A(ty)) and some W € C(A(t;)) it is true that

Py U(t1,t0)Pw, PyU(t1, to)Pw. € I(H). (7.59)

Let us choose V = ¢2WH_ e C(A(ty)) and W = 2 H_ e C(A(t;)). Then, claim (7.59) is
equivalent to

2P, e~ U1, 15)e Pre™ M) € T (H). (7.60)
Since 2 and ¢~2") are both unitary operators, this claim is equivalent to
P.e 2D U1y, 19)e?" P+ € IL(H). (7.61)

Now Q(7) is a bounded operator, and Lemma 7.36,.13s (I, estimates) states that Q*() € I,(H) for
any time ¢ € R. Therefore, by expanding e*2" in its series, we find that

20 — (idg + Q1) € L(H). (7.62)
Hence it suffices to prove
P.(idg — Q(1)U(t1, 10)(idgs + Q(10)) P € Lo(H). (7.63)

This is just the claim (7.66p.134) of Lemma 7.33,.134 (Gronwall Argument) and concludes the proof.
O

The following stenographic notation will be very convenient: For families of operators A =
(A(t1,10))1,31, and B = (B(21, 10))s,»1,» indexed by time intervals [#p, 1] C R, we set

1]
AB = ( f A(t1, DB, to)dt) :
fo 11>t

Skeleton of the

proof of
Theorem 7.31

Dirac
time-evolution
with external
field
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Gronwall
argument

whenever this is well-defined. Furthermore, if C = (C(¢)),eg and D = (D(f));eg denote families
of operators indexed by time points, we use the abbreviations AC = (A(t, 10)C (), >1,» CA =
(C(t1)A(t1,10))1, 21, and CD = (C(1)D(#));er. Recall that || - || denotes the operator norm on
bounded operators on H. We set

||A||oo = sup ||A(S, t)”9 ”A”Iz,oo = sup ”A(S’ t)”lz’
s,teR: s>t s,teR: s>t
(7.64)
i = [ e ICll 0 1= sup ICDl
R teR

whenever these quantities exist. Recall Definition 7.30,.132 (Induced polarization classes) of the
operators Q(f) = Q*®, and let (Q'(t) : H — H),er denote their time derivative, defined by
using the time derivative of the corresponding kernels

0
—0"(p,q), p,qeR’teR. (7.65)

(p.q) — Q'(t,p,q) = 5

We now state and prove the lemmas in the above diagram.

Lemma 7.33. For all ty, t; € R, the following holds:

P (idg — Q(t))U(11, 10)(idgr + Q(10)) P € Io(H) (7.66)

Proof. Without loss of generality and to simplify the notation, we treat only the case ¢; > fy. Let

R := (idy — Q)U(idy + Q). (7.67)

The strategy is to expand R in a series and to check the Hilbert-Schmidt properties of the non-
diagonal part term by term. Lemma 7.34,.137 (Fixed point form of the Dirac equation) states that
the Dirac time-evolution U fulfills the fixed-point equation U = U° + U°ZU (equation (7.91,.137)
below); recall that U° is the free Dirac time-evolution introduced in (7.47131). Iterating this
fixed point equation once yields

U=U0"+U20° + U°zUzU.

Before going into the details, let us explain informally some ideas behind the subsequent proof.
The first-order term U°ZU® appears over and over again. Therefore, one may expect that its
properties will be inherited by all other orders within the perturbation series. We therefore take a
closer look at this term in Lemma 7.35;.137 (Partial integration). Equation (7.94;.137) in this lemma
states
U'zu° = ou® - U0 - U°Q'U° + U7, U°.

One finds that the non-diagonal part (U 0ZU%)o4q does in general not consist of Hilbert-Schmidt
operators because of the first two terms QU — U°Q on the right hand side, which are the bound-
ary terms of the partial integration. However, we show now that the transformation induced by Q
remedies these terms such that the non-diagonal part of R consists of Hilbert-Schmidt operators.

Substituting the formula (7.94,.13), cited above, into the fixed point equation U = U° + U°ZU,
we get

U=U"+0U°-0-0U° + U°Z,,U°
+0oUzU - U°0zU - U°Q'U°zU + Uz, U°ZU
=0+ oUu-U-UU +U°2.,U - U°QzU. (7.68)
We rewrite this as

(idgy — Q)U = U%>idgy — Q) + U%(=Q' + Zey — QZ)U. (7.69)
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Multiplying (7.69) with id¢; + O from the right and using the equation

U(idy + Q) = (idy + QR + Q*U(idys + Q) = U(idyy + Q),
which follows from the Definition (7.67) of R, we get

R = U%dy = %) + U(=Q' + Zey = QZ)U(idys + Q)

= U'(-Q' + Zey — QZ)(idys + Q)R
+ U%idgy — 0%) + U%(-Q' + Zoy — 0Z)Q*U(idgy + Q). (7.70)

We view (7.70) also as a fixed point equation for R. In order to control the Hilbert-Schmidt
norm of the non-diagonals of R, we solve this fixed point equation for R by iteration. Using the
abbreviation

F:= (=0 + Zey — 0Z)(idy + O), (7.71)
G:=-U0* +U(-Q’ +Zo, — 02)Q*U(idgy + 0), (1.72)

we rewrite (7.70) as R = U°FR + U° + G and define recursively for n € Ny:
R© .=, R .= USFR™ + U0 + G. (7.73)

Although our main interest is to control the Hilbert-Schmidt norm [|R(#{, f9)odall1,» We need also
some control of the R™ in the operator norm. We show first that IR™ — Rl — 0 asn — oo.
We have for all n € Ny

R"™D _ R = U°F(R™ - R), (7.74)
which implies
R™ —R = (U°F"(RY = R) = —(U°F)"R. (7.75)

Now for s > ¢, we know [|U%(s, )F(1)|| = ||F(?)||, because U°(s, ?) is unitary. Let ¢; > . Using
the abbreviation

I(t1,10) :={(s1,...,8) €ER | 11 > 5, > ... > 51 > Ip}, (7.76)
we get
ILR™ = R1(t1, )]l = ILCU F)"R1 (11, to)ll
< f[( - IE Gl F (sa-DIl - IFSONIRCs1 to)ll sy - .. dsy

FIIT 00
IRl = 0 (7.77)

<

we use here the bounds ||F||; < oo and ||R|lcc < oo from (7.100,.38) in Lemma 7.36,.133, below.
Note that the convergence in (7.77) is uniform in the time variables #y and #;. This proves the
claim

IR™ — Rl = 0. (7.78)
As a consequence, we find
sup [IR™loo < sup [[R™ = Rlloo + [IRlleo < 0. (7.79)

neNy neNy
Now we split F into its diagonal and non-diagonal parts: F = Fey + Foq4, Where

Fev = Lev — ondd - QQ/ - QZers (7-80)
Foaa = Zer - QZev - Q/ - QZOddQ; (781)
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recall that Q is odd: Q = Qyqq4. We calculate for n > 1:
R = U°FR™ + U + G
= UFyR"™ + UFoqqR™ + U’ + G
= UFyR"™ + UFqqU°FR"™V + U°F44G + UFoqqU° + U° + G. (7.82)

Estimating the Hilbert-Schmidt norm for the non-diagonals in each summand on the right hand
side in (7.82p.135) now gives:

11
IR™ (21, t0)odallr, < f I[U° Fey1(t1, IR, t0)oaall, dt
1
0 |
+ f IU° FoaaU°1(11, DIILIIFR™D1(2, 1)l dt
fo

11
" f U Foaal . DG 1), dit
fo
+ [I[U° FoaaU°N(t1, t0)ll1, + IG(t1, t0)I
11
< f IF IR, 10)odalh, df + Cao, (7.83)
fo

where we have abbreviated

Cio =IU° FoaaUClln, coll Flly sup IRVl + 11 Fodall1|Gllny.c0

neN

+ U FoaaU°llny 0 + IGILy.c0- (7.84)

Lemma 7.36,.135 (I, estimates) states that UFoqqU° and G consist of Hilbert-Schmidt operators,
with ||U0F001dU0||12,Oo < oo and ||Gl|1,,0 < 0. Furthermore, it also states that ||F||; < oo, which
implies also ||Fey|l] < o0 and ||Fogdll1 < co. Combining these facts with the bound (7.79.135), it
follows that

Cy < 0. (7.85)

We claim that the following bound holds for all n > 1:
1]
IR™ (21, t0)oadll1, < Cioexp (f IIFev(t)Ildt). (7.86)
1o

We prove it by induction. For n = 1, we have R = U? + G. Using Ugdd =0and# > 19, we
conclude

11
IRV (11, 10)oddllt, < IGll1.c0 < Cap < Cipexp ( f ||Fev<r>||dt). (7.87)
4]

For the induction step n ~» n + 1, we calculate, using the estimate (7.83) in the first step and the
induction hypothesis in the second step:

11
IR D(t1, t0)oddlll, < | IFev OIIR™(2, t0)oddll1, dt + Cuo

To

11 !
< Cy f ||Fev<t>||exp( ||Fev<s>||ds) dt + Cio
o To

_ Caoxp ( f 1 ||Fev(r)||dr). (7.88)

Finally, we get IIRggdlllz,oo < Cpelfell < oo, which is a uniform bound in n. We now use
following general fact, which follows from Fatou’s lemma: If (L,),en is a sequence of Hilbert-
Schmidt operators converging to a bounded operator L with respect to the operator norm, then
the following bound holds:

ILl, < liminf 1L, (7.89)
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(1)

An application of this fact to the sequence (R

in (7.78p.135), yields the result:

(t1, t0))nen, using the uniform convergence stated
sup [I[(idy — Q1)U (t1, to)(idg + Q(t0))loaalli, = lIRoddlll.c0 < Cipe!™ M < 00, (7.90)
t1=1o

This proves the claim (7.66p.134). m|

For our purposes, the following fixed point form (7.91) of the Dirac equation is technically more
convenient to handle than the Dirac equation in its differential form (7.49;.131), as the fixed point
equation gives rise to iterative approximation methods and deals only with bounded operators.
We could have used it as our starting point.

Lemma 7.34. The one-particle Dirac time-evolution U fulfills the fixed point equation

U=U"+U"2U. (7.91)
As the fixed-point form (7.91) of the Dirac equation is well-known, we only sketch its proof:

Proof. Using the Dirac equation in the form (7.545.132-7.55,.132), we get for 75,71 € R on an
appropriate domain:

%[Uo(tl, DU, 10)] = —iU%t, H[HM? — HOJU @, 10) = U°(t1, HZ()U (1, 1). (7.92)

Note that although HA® and H° are unbounded operators, their difference iZ(¢) is a bounded
operator. Integrating (7.92), and using U(t, ) = idg = U°(1, 1), we get

t

U, 10) = U1y, 10) + f 1 U1, HZ(0)U(t, 1) dt. (7.93)

fo

This equation recast in our stenographic notation is the fixed point equation (7.91) for U. |

Lemma 7.35. The following integration-by-parts formula holds true:
vozu® = ou® - U0 - U°Q'U° + Uz, U°. (7.94)
Proof. We split Z = Z., + Zyqq into even and odd pieces:
U°Z0° = U°Z,4aU° + U°Z., U° (7.95)

Now U°Z,qqU° = U°Z,_U°+U"Z_, U° consists of integral operators with the following integral
kernels: The component U°Z,_U? has the integral kernel

f
(o) > f 1 e i _t)HO(p)P+(p)ZA(t)(p _ q)P_(q)e_i(’_tU)HO(‘l) dt
fo

[I . .
f I DED p_ () 720 (p — )P (q)eI-ED gy

fo

. o .
e—ltlE(P)p+(p) f elt(E(P)+E(q))ZA(l)(p —q)dt p_(q)e—ltoE(CI). (7.96)
4]

Recall that the function E : R — R is defined by E(p) = + +/m? + p2. The crucial point is that
the frequencies E(p) and E(g) have equal signs; they do not partially cancel each other, giving

Fixed point form
of the Dirac
equation

Partial
integration
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1, estimates

rise to a highly oscillatory integral at high momenta. Note that this works only for the odd part
of Z. Integrating by parts, the right hand side in (7.96) equals

_P «(PZM"(p — 9)P_(q) S =10)E@) _ ,~ih—10)E(p) P.(p)Z"(p — g)P_(q)
i(E(p) + E(q)) I(E(p) + E(q))
HEP)+EQ))

9
o—E(P) p ZA®) ~itoE(q)
PP.(p) . EQ) T EQ) at (p —q)dt P_(q)e "™ (7.97)

Similarly, the integral kernel of the —+ component U°Z_, U° can be rewritten by an integration
by parts as

P—(P)ZA(I)(P - q@)P+(q) o it1=10)E(9) _ ,i(ti~10)E(p) P—(P)ZA(Z)(P - q@)P+(q)
—i(E(p) + E(9)) —i(E(p) + E(q))

IHEP+EQ@) g
ZM(p — q) dt P (q)e™E@D. (7.98)
W —EQp) +E@ar P71 1

The sum of (7.97) and (7.98) is just the integral kernel of QU "+ U - U0 U°. Substituting
this into (7.95,.137) proves the claim (7.94.137). O

eMEDp (p)

For measurable functions f : R? — Cand g: R3xR3 — C, we use the notation || FPl2,p = lIfll2
and |lg(p, @ll2,p.q) := llgll2. The same notation is used for matrix-valued functions f and g.
Recall that the class A D C;"’(RA', R*) of vector potentials was introduced in Definition 7.32,.13
(Class of external four-vector potentials).

Lemma 7.36. Assume that the external vector potential A belongs to the class A. Then the
operators U°Z.,QU°, U°QZ.,U°, U°Q'U°, Q% Q'Q and QZQ, constructed with this poten-
tial A, are Hilbert-Schmidt operators. Furthermore, their Hilbert-Schmidt norm is uniformly
bounded in the time variables. Finally, the family of operators F = (—=Q’" + Zey — OZ)(idg + Q),
G =-U0%+U"-Q +Zey — 02)Q*U(idy + Q) and R = (idgy — Q)U(idy + Q), introduced
in (7.71p135), (7.72p.135), and (7.67v.134), respectively, fulfill the following bounds in the Hilbert-
Schmidt norm:

IU°FoaaU°I00 < 00 and |Gl e0 < 0, (7.99)

and the following bounds in the operator norm:

IFll1 <oo and ||Rlle < o0. (7.100)

Proof. Preliminarily, we estimate for any A € A, u = 0,1,2,3, m = 0,1, and n = 1,2, using
the fundamental theorem of calculus and averaging the starting point s uniformly over the unit

interval:
m 1 dmA t dm+1 e
Stlellg dth (1) n:S;lel]II%) f [dm #(S)+£ WAp(M)du} ds
n (7.101)
4" — dm+1
SL e dt+f pr ﬂ(t) dt < oo,

At first let us examine the operators UZ.,QU°, UQZ.,U°, U°Q’U°. All of these operators
have in common that the operator Q or its derivative are sandwiched between two free time-
evolution operators U?. The kernel of Q, equation (7.56,.1%2), appeared the first time after a
partial integration in the time variable, Lemma 7.94,.37 (Partial Integration), which gave rise to
the factor [i(E(p)+E (q))]‘l. The idea is that with another partial integration in the time variable,
we will gain another such factor, giving enough decay to see the Hilbert-Schmidt property of the
kernel.
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In order to treat a part of the cases simultaneously, let V denote Z.,Q, OZ., or Q’. Note that in
each of these cases, for t € R, V(¢) : H — H is an odd integral operator. We denote its integral
kernel by (p, q) — V(¢, p, q). For any 19,t; € R, we have

NUVUO) 11, o)l < KUV U°)(t1, t0)lla + NUPV_ U011, t0)llas (7.102)

11 . .
I Vex U110 10)ll2 = f dt " FPNTIY (1, p, g)etH@UT)
fo

(7.103)
2,(p-q)

Using a partial integration, the last expression (7.103) is estimated as follows.

" d eTIEMP+E@l FE(p) ,%iE(q)t
dt | & V.ot p,q)e T EPM HE @0
fm [dr FilE(p) + E(‘I)]] e

<2su up V+$(l‘ P q) f H V—:—+(t b Q)
wer LE(p) + E(@l1,(5.4) E(p)+ E@ ) g
= fIVas] + g[Vigl. (7.104)

2,(p,q)

The first summand comes from the two boundary terms for ¢ = 7y and ¢t = ¢#1. In the following,
we show that f[V.+] and g[V/.] are finite. Then, U°Z., QU°, U°QZ., U°, U°Q'U" are in I, with
a Hilbert-Schmidt norm uniformly bounded in the time variable.

Case V = Z.,0: The 2-norm of the kernel of V.z(¢) is estimated as follows:

f dk Zii—(t’ p’ k)Zi¢(ta k’ Q)
R E(k) + E(g)

- f dk 5 Pa(p)at Po(k)a’ Pe(@)Au(t, p — AL k - q)
R E(k) + E(q)

|Vi$(ta pa Q)| =

1,v=0
ALt p — A k- g)|

Z f dk |P(p)? P (k)2 P+(q)|

o E(k) + E()
o Al p — OB K — g)

<C 7.105
! Wzof E(k) + E(q) (7109

with the constant

3
Cai= ), sup |Po(p)aPu(k)a’ Po(q)] < oo; (7.106)
y=0 P-k.geR?

note that sup,cgs [P+(p)| < oo holds, because P. are orthogonal projections. An analogous
argument for V’ yields

’ Z-I+—+(t, ,k)Zi¢(t,k’ )+Zii(t, ,k)Z-/I—i(t’k’ )
(rpq>|=‘fdk =t i e

E(k) + E(q)
|A,3<t, p =AMk — @) + AL, p — DALk = )|
<Cy ,;o f EOTED . (7.107)

With the bound (7.105), we compute

Vii(te p9 Q)
E(p) + E(q)
3

<2Cy Z sup
1y=0 teR

STViz] =2su
teR

2,(p.q)
f i IAu(t, p — DALk — g)l
g3 [E(p)+ E@QIIE(K) + E(g)]

(7.108)

2,(p.q)
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Lemma 7.37p.143(1ip.143) (Integral estimates), applied to the present situation, states that the norm
in the last expression is bounded by C42||A/,(t )||1||Av(t |l with a finite constant C,,. Applying
this yields

3
fIViz] £2C4Cyp Z sup ||A,u(t, MA@, . (7.109)
1=0 teR

The fact A € A and inequality (7.101.13s) ensure that this expression is finite.

The second summand on the right hand side of (7.104.139) is estimated with the help of the bound
(7.107p.139) as follows:

e[V ] _f ” =D, q)
= E(p) + E(@lyp.q)

ALt p = DALk = g
<Cy Z fdt L?

[E(p) + E@IEK) + E(9)]

=0 2,(p.9)
;3 — —
A2, p = DAL,k — )l
+C fdt f dk (7.110)
; ,,,VZ=O no e B + EQIER) + E@L,
Again by Lemma 7.37,.14(ii) (Integral estimate) we then find
(0] < CyCyy Z fdt IIA' OIIADl2 + 1AL IA, (t)llz) (7.111)

1,v=0

while the fact A € A together with its consequence (7.101,.135) ensure the finiteness of this
expression. Summarizing, we have shown that ||U 0Z QU O||12,oo < 00,

Case V = O0Z.,: We reduce this case to the case V = Z.,Q, which we treated already. For any
linear operator A on H, ||A|l;, = [|A*[l, holds. Using this and recalling that Z is self-adjoint and
Q is skew-adjoint, we compute

NU°QZey U100 = || = (U°Zey QU°Y [ly.00 = 1U°Zey QU1 05 (7.112)

which we have already shown to be finite.

Case V = Q’: In this case we get

3 A7
1Z.+(t, p, q)| IA,t, p—q)
Viz(t, p. @)l = ————= < ) IP+(p)'Px())| =—————
P Ew+E@ ;) E@) +E@
ALt p = )l
<C B (7.113)
"’ ;) E(p) + E(9)
with the finite constant
3
Cisi= ). sup |P(p)a"Px(q)l, (7.114)
=0 P.gER3
A similar bound holds for the derivative
3 A, p - q)l
Vialt, P @)l < Cis ) e (7.115)

LU E(p) + E@
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Lemma 7.37,.143(1) (Integral estimates), applied to the present situation, states the following
bound:

At p—q) -

m < CollA, . (7.116)

P 1 2,(p.9)
Using this yields the following estimate:
3 N
Vi$(t> ) ) A (t’p_q)
FIVax()] = 2 sup # <20, Y sup |t
er 1E(p) + E(@)lypq) =0 ek || LE(P) + E(9)] 20
3
<2CC ) suplA, (2. (7.117)
=0 teR

The fact that A € A and inequality (7.101,.35) ensures the finiteness of this expression. Further-
more, we estimate

, Vit p.q)
Vil = | dar |2=LLD
8LVaz(0)] fR tHE<p>+E<q>

3
e,y [ar
2,(p.9) u=0 VR 2,(p:9)

Again Lemma 7.37,.143(1) (Integral estimates) gives that the last expression is bounded as follows:

A\;j(n p— Q)
[E(p) + E(@))?

(7.118)

3
S CuCa ) f dt IA 0l (7.119)
u=0 VR

which is also finite since A € A. Summarizing, we have shown o’ Uolllz,oo < 00,

Next we examine the operators 0%, Q’Q and QZQ. All of them have in common that Q or its
derivatives appear twice, and therefore we have two of such factors [E(p) + E ()17 in the kernel
of these operators. We shall see that these factors give enough decay to ensure the finiteness of
the Hilbert-Schmidt norms of these operators.

Cases Q% and Q’Q: We denote the nth derivative with respect to time ¢ by a superscript (n).
For n = 0, 1 we estimate

sup 10 ) Q()ll2

3

Ssupzz

teR

AP (2, p — )ALk~ g)l
E(p) + E(I[EK) + E(q)]

fR KPP (e Pu(q))

wy=0 = 2,(p.9)
: AL (1, p — DALk~ g)l
< Cy Z sup f (7.120)
520 rer || IR [E(p) + E(K)][E(k) + E(g)] 20
with the finite constant
3
Cui= ) > sup IPo(p)a*P=(k)a’Ps(q)l (7.121)

wy=0 = p.k,geR?

Lemma 7.37,.143(ii1) (Integral estimates) provides the upper bound C42||K/(l")(t)||1||Kv(t)||2 for the
norm of the integral on the right hand side of (7.120). Thus, the right hand side of (7.120) is
bounded by:

3

. < CuCu Y suplIAL O IA D2, (7.122)
=0 teR
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which is finite because of A € A and inequality (7.101,.35). Hence, we have shown ||Q2||12,oo < o0
and |0/ Qllp o < .

Case QZQ: In this case we find

1P ZQ®)l»

Y, [tk [ ) 0t p stk O )
R3 R3

o,re{—,+}

<4 sup 23:

o,7€{—,+} Apy=0

2,(p,q)

f dk f dj |P_s(p)a’ Py (k)a" P (j)a” P_(q)IX
R3 R3

y A, p = DALk = DAL, j— )

[E(p) + ERIEG) + E@] 2

AL p = DAL k= DAL, j— g
< Cys dk d - 7.123
<col [ a [ 0 = G oG v B 5 (7129

(.9
with the finite constant
3

Cisi=4 sup > sup |Po(p)a'Pe(k)a" Pe(j)a" P (q). (7.124)

O Te(=H) ) y=0 Pk j.geR?

By Lemma 7.37,.143(iv) (Integral estimates) we find the following bound for the right hand side
in (7.123):

- S CisCy Z sup A1 IALDIRIIA/ D2 (7.125)

Ay=0 1R

which is finite because A € A and inequality (7.101.138). This proves the claim [|QZQly,,c0 < .

Finally, we prove the claims (7.99,.135) and (7.100,.135). As a consequence of A € A and the
bound (7.101,.138), using the definition of the operators Z(r), Q(t), and Q’(¢) by their integral
kernels given in the equations (7.53p.132), (7.56p132), and (7.65p.134), we observe the following
operator norm bounds:

ILIh <o and ||Lllw <oo for L€{Z Zey,Q,0'); (7.126)

recall the definition (7.64,.134) of the norms used here. Furthermore, we know ||U||. = 1, since
the one-particle Dirac time-evolution U consists of unitary operators. Combining these facts
proves the claim (7.100,.35). To prove the first claim in (7.99,.135), we calculate:

U%FoqaU° = U°Z., 0U° — U°0Z.,U° - U°Q'U° — U°0Z,440QU"; (7.127)

see also equation (7.81p.135) Using the bounds in the Hilbert-Schmidt norm proven before, this
implies the claim [|[U®FoqqU°|1,.c0 < 0. Finally, using [U°%c = 1, Q%[00 < 00, [|U]leo = 1,
and the bounds (7.126), the second claim ||Gl|}, . < o0 in (7.99.35) follows also. This finishes
the proof of the lemma. O

We now state and prove the integral estimates that were used in the previous proof. Recall that
the function E : R? — R is defined by E(p) = +/|p|? + m2.
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Lemma 7.37. For C,, := ||[E72||, < oo, the following bounds hold for all A1, Az € L (R3,C) and Integral

A € L2(R3,0):

H[El(éj;)(l.:r E(qq))]z " < CyllAzll2 (i)

) e EN D T Eal,,, < ClAlial: i)

‘ fR a* [E(lg lipEZk];?EZE];)lq;(q)] g Celvhilllidall (iii)

[ [obenm s conminn o

Proof. Inequality (i): Substituting r := p — g and using E(p) + E(g) > E(p), one finds

” Aryp—q)
[E(p) + E(9))?

As(r)
E(p)?

= || E72(|, A2l (7.128)
2,(p.r)

2,(p.q) ‘

Inequality (ii): Let B = {y € L*(R* x R?,C) | |yl < 1} denote the unit ball in L>(R? x R3, C).
Using a dual representation of the norm || - ||, we get

A1(p — DAk - q) < f gi A1 = DAx(k - g)|
[E(p) + E@IEK) + E(9)] R} E(g)?

R3 2.(p.q) 2,(p.q)
A(p - k)Aax(k -
< Supf dp f dq f ak AP =P i( D (. q)’. (7.129)
yeB Jr3 R3 R3 E(q)
Substituting j := p — k, we bound the right hand side in (7.129) as follows:
Ai(PA2Ap-J—q)
--=SUPf dpquf ’ X(p:q)
YeB JR3 R3 R3 E(g)?
( )
< l|A1ll1 sup sup f dp f av-i-d,, q)‘. (7.130)
XEB jeR3 JR3 R3 E(q)
Substituting r := p — j — g and changing the order of integration turns this into
= l|A4ls sup sup f dg f ar |20 v g+ )| (7.131)
X€B jeR3 JR3 E( )
By the Cauchy-Schwarz inequality, we bound the last expression as follows:
Aa(r) .
. < Iyl sup sup || === W+ g+ j. Dl g
XEB jeR3 E(Q) ] 2.(q.9)
= ||E72||, A1l 1Azl (7.132)
Inequality (iii): Similarly, we estimate
‘ f dk — AP = RAk = g) < ‘ f gk AP = DAk = g)l
2 E(p) + EWIER + E@llb g ~ e E(ky? 20
A1(p —k)Aax(k -
< Supf dp f dq f ak |2 =P i( D (. q)‘. (7.133)
xeB JR3 R R E(k)

Although these terms looks similar to (7.129), there seems to be no substitution which enables
us to use the result (7.129) directly.

estimates
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Interchanging the order of integration and substituting first j := p — k and then r = k — ¢, the
right hand side in (7.133) equals

A1(HA2(k — q)

..=su d fdkfd ————x(j+k, )‘
Xe}i’fRa ! E(k)2 TR
Ak —q) ’
< [|A1ll; sup su d + k,
I 1I|1XEgj€£fR3 qu E(k)2 ( 9)
Ax(r)
= [|A1]l; sup su +k, k-
Il 1I|1X£j€£ N fR E(k)2 x(Jj r)
Ax(r) .
< [|A1ll1 sup sup I (j + &, k=l
1 1)(eB jers WE(R)2 Tl k) 20
= ||E7||, Al Azl (7.134)
Inequality (iv): Again, we get
[ [ a e =piG ko)
R3 e TE(p) + EQIE®) + E@)] 2.(p.q)
f Jk f NAL(p = DAL(J — A3k — g)I
R3 R3 E(J)E(k) 2.(p.9)
AP — DA2(J - KA3(k — q) ‘
=su d d dk ,q)| - 7.135
o R R I EGE®) K@l 019

Interchanging the integration and substituting r := p — j and s := k — g, this equals

. A1(NA2(j — A3(s) .
..=su dkfd fdrfd : (r+j,k—y1). (7.136)
veb fR 2 o e EGER) T
We apply Holder’s inequality twice to bound (7.136) as follows:
A2 - :
.. < lA1l111|As]l; sup su f dk f (r+j,k—ys) (7.137)
T e ek Je e TEG T

Using the Cauchy-Schwarz inequality and then the substitution u := j — k, this term is bounded
from above by

A2(j — k)
E()E(k)

Aa(u)
E(u + k)E(k)

. <A1l 1Al ‘

2,(j:k)

< lA11I111As3]l4

2,(uk)

< lA1ll1llA2ll21lA3]l; sup

ueR3

< Al Al A3l [[E 2||2. (7.138)

In the last step, we have once more used the Cauchy-Schwarz inequality. O

7.3.2 Identification of Polarization Classes

In this subsection we show that there is a one-to-one correspondence of the magnetic compo-
nents A of the four-vector field A = (Ap=0,123 = (A°, —A_)) onto the set of physically relevant
polarization classes C(A), introduced in Definition 7.30,.132 (Induced polarization classes).
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Theorem 7.38. For A,A’ € C(R3,R%), the following are equivalent: Identification of
the polarization
classes

(a) C(A) = C(A")

(b) A=A

On this ground the following notation makes sense:

Definition 7.39. For A = (A,),=0.1.23 = (Ag, —A) in CX(R3, R*), we define Physical
polarization
classes

C(A) := C(A).

For this subsection it is convenient to use the four-vector notation of special relativity. To avoid
confusion, in this section, three-vectors are labeled with an arrow. Define the Lorentz metric
(8u)uy=0,12,3 = diag(1l,—1,—-1,—-1). Raising and lowering of Lorentz indices is performed with
respect to this metric. The inner product of two four-vectors a = (a"),=0,123 = (ao,d) and
b= (b")y=0,123 = (bo, b) is given by
3
a-bi=al =) d'gub’ =abo-d-b (7.139)
u,v=0

where the - on the right hand side above is the Euclidian inner product on R3. Raising and
lowering of Lorentz indices is performed with respect to this metric. Within this four-vector
notation it is more convenient to write the Dirac C** matrices (7.46p.31) as

(Y u=0,12,3 = B (7.140)
which then fulfill
Wy =2¢". (7.141)

Recall that the Fourier transform A of a vector potential A = (A, )u=0,123 = (Ao,—X) in
C>(R3,R*) was introduced in equation (7.52,131). Using Feynman’s dagger 4 = YAy, the
integral kernel Z = Z4, introduced in equation (7.53p.132), reads

Z(P.§) = —iey’AB-§., P.GgeR. (7.142)

Abbreviating again E() = +/|J? + m2, we define two momentum four-vectors p,, p_ for f € R3
by

P+ = (Pu=0,123 = (E(P), —P), (7.143)
P- = (p-u=0,123 = E(P),-P) (7.144)

such that the corresponding projection operators introduced in (7.48p.131) then read

1
P.(P) = ﬁ(,,ﬁ,ai +m)y°. (7.145)

Proof of Theorem 7.38. Note that ¢?" and €2" are unitary maps on H, because Q4 and Q" are  Proof of
skew-adjoint. Theorem 7.38

Let V = ¢@"#H_ and W = 2" H_. By definition, V € C(A) and W € C(A’) hold. We need to
show that V ~y W holds if and only if A = A”.
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Hilbert-Schmidt
condition for Q

Now Py = €2 P_e=2" holds. Just as in (7.62,.133), we know that e*2" — (idy, + 0*) are Hilbert-
Schmidt operators. As a consequence, Py differs from (idg +Q*)P_(idy — Q%) only by a Hilbert-
Schmidt operator. Using that Q4 is odd, we know Q4P_Q4 = [(Q*)?],+. Because (Q4)? is a
Hilbert-Schmidt operator by Lemma 7.36,.13s (I estimates), it follows that QAP_0* € L(H).
We conclude that Py —idgy — Q4P_ + P_Q* € I,(H). The same argument, applied to A’, shows
that Py — idg — QY P_+ P_QY e I,(H). Taking the difference, this implies

Py - Py € (Q* - Q")P_ - P_(Q" - O*) + Ly (H)
= QP —P_OMY + L (H) = 047N - AT+ I(H); (7.146)

recall that Q* is linear in the argument A. Using once more that Q44 is odd, this yields the
following equivalences:

VaWe Py-Pyeh(H) & " - 04" e h(H) & 0" e (H) (7.147)

Now Lemma 7.40 (Hilbert-Schmidt Condition for Q) below, applied to A—A’, states that 044" €
I(H) is equivalent to A=A Summarizing, we have shown that V = W holds if and only if
A=A

In order to show that in this case V =~y W holds also, it remains to show charge(V, W) = 0. Now
because ¢2' | _v and e |w_9¢¢_ are unitary maps, we get

charge(V, W) = ind(Pywly_w) = ind(e—Q"'PweQ"

(H_—>(H_)
= ind (P_e_QA eQA

- ind((e—QA'eQ")__| (7.148)

7—L—>‘I—L) H —»74,) ’

Because Q4 is skew-adjoint and its square (Q*)? is a Hilbert-Schmidt operator, e isa compact
perturbation of the identity idg,. The same argument shows that e 2" isalso a compact pertur-

bation of the identity. Hence, (e‘QA,eQA )——l# 94 1s a compact perturbation of id¢; and thus
has Fredholm index 0. This shows that charge(V, W) = 0 and finishes the proof. O

The lemma used in the proof of Theorem 7.38;.145 (Identification of the polarization classes) is:

Lemma 7.40. For A = (A,)u=0,1.23 = (Ao, —A_)) in C?(R3, R%), the following are equivalent:

1. 0 € (H),

2. A=0.

Proof. We calculate the squared Hilbert-Schmidt norm ||QA||122 of Q4. Using the abbreviations
QL (7, ) = P (PO (P, §)P-(§) and 02,(7, ) = P-(H)Q (P, DP+(), we get

QAR = fR 3 fR QG DG dpdg
- [ [ (w10t .00t .01+ w0 .00 .0 ) dpda. (1149)

Inserting the Definition (7.56p.132) of Q4, using that [y°A(7 — §)1* = y°4A(F — P) and that P,(p)
and P_(gq) are orthogonal projections having the representation (7.145p.145), we express the first
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summand as follows:

Q4 (3, QL (B, ]

2

= t 0 OZ > 0
4p0d-0(p+0 — 4-0)? r([% +myy 1A~ D +myy°]

g+ my A - DIIp, + m)yo]*)
2
e

 4piog-0(p+o — q-0)

w((p, +mAG - Dg_ +mAG - p) (7.150)

Now we use the following formulas for traces of products of y-matrices:

tr(y*y") = 4g"", (7.151)
r(y*y"y") = 0, (7.152)
(YY" YY) = 4g" g + gl — g g™). (7.153)

We obtain

0 <tr[Q_ (7, DO}, D]
2
e

~ 4piog-o(pso — g-0)*

2 —_ —_
(0n* = p+ - A - 9 - AG - P)

tr ((‘ngr + m)Z(ﬁ -Plg_+ m):si\(q’ - 17))
e

B P+09-0(P+0 — 4-0)*
+ (P - AP - 9)q- - AG - P) + (p+ - AG - P)q- - A(F - D))- (7.154)

The second summand on the right hand side in (7.149,.146) can be calculated in a similar way by
exchanging the indices “+” and “-"":

0 <tr[Q*, (B, DO, (B, "]

2 —_ —_
- (pe_o — (0 = p--a0AF -9 K- p
+(p- - AP - 9)q+ - AG - P) + (p- - AG - P)g. - AF - D))

= u[Q}_(G. PHOL_@G. D). (7.155)

Thus, the two summands in (7.149;.146) are the same up to exchanging g and ¢. In particular, this
yields

10, =2 [ | [ w0l .ol 7.ar1dpda

262 _ .
B fRz fR3 p oq—o(peo - q-0)? ((m2 =P+ 4 )AP - §) - AG - D)

+(ps - AP - DNg- - AG - P) + (p+ - AG - P)g- - A(F - §))dpdq.  (7.156)

Let us now use this to prove that A=0 implies Q4 € I,(H). In the case A= 0, formula (7.156)
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boils down to

”QA||2_2€2ff E(DE@Q —-P-§—m?
L —

= Jw EGDE@EP) + E@)

_ 22 f f EPEF-R=p-F-R=-m = oo o

= Jes E(PE(F - KEP) + E(B - b))

_ 2 f f EPEG-K) - E@) + 5k
= Jrs EPE(P - RE) + E(B - b))

sZezf f E(F-K) ~ E@) + - K/EP)
s Jps E(p - DE(p?

lAo(f — @) dp dq

IAo(K) dp dk

Ao (0% dp dk, (7.157)

where we have used E(p)> — |7> = m®>. We expand E(7 — k) around k = 0: For 7 € R, one has

9 L k-(P-ik
—E(p - 1k) = Lwm 9), (7.158)
ot E(P - tk)
5 S k2 K- (p—th)]2
TE( - ) = K _ kG-l (7.159)
ot E(f-tk)  E(P~th)?
Using
0 <[k-(F -t < kPP - kI < KPEP - tk)>? (7.160)
we conclude
P o kP
ot E(P - tk)
By Taylor’s formula, we get for some 31 € [0, 1]:
Lo Bk k2
OSE(p—k)—E(ﬁ)+E ﬁ)g - —. (7.162)
(P)  2E(p- tﬁ’zk)
Now using the variable ¢, := p — tk with 0 < 7 < 1, we estimate
E(P)? = E@, + 1K)? =13, + tk* + m® < 2|g,/* + 221k + m®
2 > 2 >
< (G’ +m*) PP +m*) < S E@G) E®)*. (7.163)
m m
This yields for 0 < ¢ < 1:
1 2 E(k
< iﬁ (7.164)

Ep-tk)  m E@
Substituting the bounds (7.162) and (7.164) for t = 1 and for ¢ = 32 in (7.157), we conclude

1042 = f dp f K2 E(RY*Ao(R) dk < oo (7.165)
L= 2 s BB Jgs 0 ' '

Thus A = 0 implies [|Q*]l;, < co.

We now prove that A#0 implies ||QA||12 = oo. We split A = (A u=0123 = (Ao,—X) into
A = (Ay, 6) + (0, —/Y). Abbreviating Q% = 9“0 and 04 := 004 we conclude

0" = 0% + 0", (7.166)
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As we have just shown, the first summand Q4 is a Hilbert-Schmidt operator. Hence, Q” is a
Hilbert-Schmidt operator if and only if QA is a Hilbert-Schmidt operator. Thus it remains to
show that A # 0 implies ||QA||I2 = oo.

Equation (7.156,.147) in the special case of a vanishing O-component of the vector potential can
be rewritten as follows:

) 2€2 2 — ™~ = 2
= E(p)E - QAP -
10115, fRfR E(ﬁ)E@(E(ﬁHE@)Z((m + E(DE@) + P DIAF - )|
(- A - )G AG- D) - (B AG- PG AGE - @) dpdg (7.167)

Using (7.155p.147), we see that the integrand in this integral is positive. We substitute K= p—4q.
For any measurable set S C R? x R3, we get a lower bound by restricting the integration to S :

v 2¢? 2
107, > [ _ (o + EGHEG-B)
27 Js EBE@ - DEP) + E(f - k>>2(

+ B (B DYARE - (- ARG - By - A=)

-

(5 AR)(F - D) - AR) dp dk. (7.168)

The following considerations serve to find an appropriate choice of the set S. By the assumption

A # 0 we can take [ € R3 such that X(ﬁ # 0. Forevery d € 3\ {0}, there exists a unit vector
b € R3, |b| = 1, such that |5 - @ < |dl/ V2. One can see this as follows. We define & = @ if
|Red| = |Imadl|, and ¢ = id otherwise. In particular, |¢] = |d| and

2|Im & < |Redl* + | Imal* = |a*. (7.169)
Take any unit vector heR3 orthogonal to Re & Using (7.169), we get

=1b-¢ ')|:|l;-ImE1s|I;||ImE)|:|ImE)IS%. (7.170)

5¢

&

We apply this to @ = A(l) taking a unit vector b e R? w1th Ib A(l)l |A(l)|/ V2. Take any
fixed numberAC46 such that 1/ ﬁ < C4 < 1; then |b A(l)l < C46|b||A(l)| holds because of

|1;| = 1 and |X(f)| > 0. Now A is a continuous function. Therefore, there is a compact ball
B,() = {k € R? | |k — I| < r}, centered at [ with some radius r > 0, such that

Cy = inf |A(k)| >0 (7.171)
KeB, ()
is true and |l; . A)(I?)l < c46|5||X(£)| holds for all k € B,(B. By compactness of the ball, using
continuity of the function R? X R? 5 (7,k) — |- A(k)| — Cyl PIAK)], the set

Sy :={p e R?|forall k € B,() holds |7 - A(K)| < Csl I AR} (7.172)
is an open subset of R3. The set S| is nonempty because of b € S;. Furthermore, S; is a
homogeneous set in the following sense: For all j € R3 and all 1 € R\ {0}, P €8 is equivalent
to A7 € S. Note that |7 - AYI?)I =7 X(—l?)l holds, as X(—l?) and X(lz) are complex conjugate to
each other.
WesetS =8 X Br(l) For the followmg considerations, note that |E(7 — k) E(ﬁ)l < |k|
Pl < E(P), and (7 - A(k))(p A( k)) =|p- A(k)l2 hold for all p,k € R3, and that A is bounded
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on the ball Br(B. Using this, one sees that there is a constant Cys > 0, depending only on the
potential A and on the choice of the compact ball B,(B, such that for all 7 € R3and all k € Br(lﬁ),
one has
[0 + EGEG - ) + 5 (7 - FNIADP
— (B AR)(P — B - A=) - (B - A=R)(P - k) - AK))]
- [2EGHA®P - 215 - AR < CuB(p). (7.173)

Furthermore, there is another constant Cy > 0, depending only on the choice of the compact
ball B,(), such that for all 7 € R? and all k € B,(I), one has

E(F - K)E(P) + E(F - K))* < CoE(p)’. (7.174)

Substituting the bounds (7.173), (7.174), the choice (7.172p.140) of S, and the lower bound
(7.171p.149) of |ff| on B,(l_j in the lower bound (7.168;.140) of ||QX||122, we obtain

N

> 2e? g L 5o
1M1 > f (E@PIAR? - 215 - AR — CxE())dp dk
S

CwE(P)*
262 N
> | =———(2(1 - CH)E(D*AK)* — CxE(P))dp dk
|, G (201 = COBGRDE - Coli ) dp

> |B, ()| 2—"2(2(1 — CW)CLPE(P? - C E(ﬁ)) dp = oo (7.175)

Z |Dy s, C49E(ﬁ)4 46)C 47 48 . .
We have used that 1 —C,s > 0, and that S | is a nonempty, open homogeneous subset of R3. Thus
the lemma is proven. O

7.3.3 The Second Quantized Time-Evolution

Let us summarize. For a given vector potential A € C° (R* R*) and any time ¢t € R, let C (K(t)) €
Pol(H)/~¢ be the polarization class belonging to time ¢ as introduced in Definitions 7.30p.132
(Induced polarization classes) and 7.39;.14s (Physical polarization classes). Combining Theorem
7.38p.145 (Identification of the polarization classes), Theorem 7.31,.132 (Dirac time-evolution with
external field), Theorem 7.27,.12s (Lift condition), and Corollary 7.29,.120 (Uniqueness of the lift
up to a phase), we have proven the following theorem.

Second Theorem 7.41. Let A = (A,)u=0,123 = (Ao, —A)) € C$°(R4,R4) be an external vector potential,
qlﬁgg-z:\inﬂjlur‘ig 1ty € R be two time points, U = UM, ty) be the one-particle Dirac time-evolution, € be a
(separable, infinite dimensional) Hilbert space, and ® € Ocean,(C(0)). Set

S@t) = [¢2" ®]. € 0cean (C(A(1)))/~ (7.176)
fort € R. Then, one has
U € Ud(H, C(A(t)): H, C(A(1)))). (7.177)
As a consequence, there is R € U({) such that
ReLvu : Fsay) = Fsw) (7.178)

is a unitary map between the wedge spaces Fsq,) and Fsq,). This second-quantized Dirac time-
evolution is unique up to a phase in the following sense. For any two such choices Ry, Ry € U({)
with Rr, Lu, Re, Lu © Fsup — Fs)» the operator RY'Ry has a determinant det(R;'R;) = €'
for some ¢ € R, and

Re, Lu = ¢“Re, Ly (7.179)

holds.
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An application of this theorem is the computation of transition amplitudes. Consider given
ANY" € Fsy,) and AP € Fgq,), which represent “in” and “out” states at times 7y and 1y,
respectively. The transition amplitude is according to the above theorem given by

/\\I/OUT
Plxde< = (Ao, Re, LA™
/\\PIN

2 — |ei€0|2 |</\\Pom,RR2.£U/\\Pm> 2

— |</\\P0ut, RRZLUA‘PM> 2

which is therefore independent on our specific choice of the matrix R.

7.4 Pair Creation Probabilities

So far we have constructed Dirac seas and implemented their time-evolution between time-
varying Fock spaces in a way that allows to compute well-defined and unique transition ampli-
tudes. However, describing the Dirac sea of infinitely many electrons under the negligence of
all electron-electron interactions is in general a crude approximation, and the only way to make
sense of such an external field model is by the equilibrium assumption discussed in 6p.10s. For this
we need to introduce Dirac seas which shall represent the equilibrium (i.e. vacuum) states. Since
we do not model quantum interaction between the electrons, we do not have means to distinguish
a vacuum state, using the condition that all electron-electron interaction vanishes. Therefore, in a
model of pair creation we rather have to introduce this state a posteriori. The line of reasoning is
the following: Coming from a hypothetically fully-interacting quantum electrodynamic theory,
one looks for states for which the net-electron-electron interaction for each electron evens out to
zero. These states are the vacuum states. Negligence of the electron-electron interaction is then
justified if we only describe vacuum states and small deviations from those vacuum states — e.g.
states with a small number of pairs with respect to N (in the limit N — oo which we consider
here one can read “small” to mean finite).

We define the following model for the computation of pair creation rates for an external field
that is only non-zero only within the time interval (#, t;):

1. In the absence of an external field the vacuum state, i.e. a state for which the net-electron-
electron interactions vanish, can be modeled by an infinite wedge product of one-particle
wave functions in V € C(0) = [H-].o. We choose any basis (¢,)qen of V and define
D: 02 > H, e, = ¢, for the canonical basis (e;)en of £2. The state

/\(DZ(,Dl/\gog/\... (7.180)
then represents a vacuum state. Built this way, ® is some sea in Ocean(C(0)).

2. Again in the absence of an external field all states in the wedge space s for S = [®].
are considered small deviations from the equilibrium state A®. We interpret a basis of g
as follows: If we take the vacuum state A® and replace n € N of the one-particle wave
functions in the wedge product by one-particle wave functions in V+ (observing the Pauli
exclusion principle), the corresponding state represents a disturbance of the equilibrium
by the presence of n pairs. For example, for y, & € V* the state

CIAXNPIANPINENPs NP7 A ...

would describe the presence of two pairs: One having electron wave function y and
positron wave function Cy, where C denotes the charge conjugation. And another one
with electron wave function & and positron wave function Ces.
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Note, however, that the choice of V along with the assumption that the vacuum state is given by
a state that has product structure has to be compatible with the physical situation one wants to
describe. For the situation above, where A was zero before time 7y and after time f;, energetic
considerations suggest that for these times the equilibrium state occupies V = H_. In the pres-
ence of a non-zero but static external field A for these times (e.g. for pair creation processes near
an ion) one of course would have to choose V to lie in the correct polarization class C (K(to)) or
C(A)(tl )), respectively; cf. the Furry picture [FS79]. However, in more general situations only a
fully interacting theory can give an a priori inside of how to model the vacuum (since the vac-
uum was introduced as an equilibrium state one still expects non-uniqueness as there are many
micro-states fulfilling the equilibrium property that all net-electron-electron vanishes).

With these model assumptions let us come back to the example given at the end of the introduc-
tory Chapter 6,.10s and compute the probability for the creation of one pair with electron wave
function y € V* and positron wave function C& for & € V out of a vacuum induced by the
external potential A:

e X
A ~> <

et Cf
At times smaller 7y and times larger #; the external field is zero, and we assume that at these
times the electrons are relaxed to an equilibrium state, or at most to a small perturbation of this
equilibrium. According to model assumption 1, we can model the equilibrium state by A® for
an appropriate choice of polarization V € C(0) as well as a basis (¢, ),en of V such that e, = ¢,
forall n € N. Let S := S(®) so that A® € Fg. Since we want to model the electron-positron
pair state in ¥ we have to make sure that we chose V and its basis in such a way that y € V*
and & € V while one basis element is equal &, say for example ¢; = £. According to model
assumption 2, we may model the outgoing state by AP € Fg for a ¥ € Ocean(C(0)) with
Poul ;2 5 H POUe := y and PO, := @, for n > 1, i.e. written symbolically

AP =y Apr A3 A ...

In the notation of Subsection 7.3.3,.150 we then have: C(A)(to)) =C(0) = C(K(ll)) since A(ty) =
0 = A(t1). Therefore, the one-particle time-evolution U A, fp) is in U?es(‘H, C(0); H, C(0)). By
Theorem 7.41,.150 () we know that there is an R € U(£?) being unique up to a phase such that
the transition amplitude for the considered process is given by the square modulus of the inner

product in Fg:

e X
PlA =< |= KNP, R Ly g, 10/ NP
e ’

The matrix R of Theorem 7.41;.150 is explicitly given by the polar decomposition of ®*U® = BR
for B = |®*U»(tg, 11)®|; cf. Proof of Theorem 7.27,12s (Lift condition). Note that R defined
in this way is the time-evolution of the sea PyUA (19, 11)Py, since @ : {2 - Visa unitary
transformation and Py = ®®*. So one should read the transition probability above as follows:
We want to compute the transition amplitude of one vacuum state at time #y evolving into the
definite state AP°" at time ¢y, i.e. one electron has wave function y, another has wave function
2, another has the wave function ¢3 and so on. Since this state is only a small deviation from
the vacuum, we can guess what the vacuum state is at time #;, namely A®. If we evolve this
state backwards to fy by the unitary part of PyU A(to, t;)Py, we find the vacuum state at time £
and call this state

AP = ReAD
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The transition amplitude is then given by
KA, Ly, iy NP = AP, Re Lyap, 1) N

where the equality holds because the above guess is unique up to a phase. The guess together
with the backward time-evolution of the vacuum state is encoded in the matrix R. Mathemati-
cally the role of R can be understand best when writing the inner product in matrix notation:

<X’ U+—§> </\/’ U+—‘102> <X’ U+—‘103>

(2, U-_&) (o2, U_——¢2) (p2,U__¢3) ...
out _ .
(NP, Rr Ly, 1)NP) = det G U_& (o U_@) (o U_g3y ...|'R (718D

where we use the notation U = UA(t1, 1), Us— = Py.UPy and U__ = PyUPy. The Fredholm
determinant is only well-defined if the matrix is a trace class perturbation of the identity matrix
which for general U__ and without the matrix R will not be the case. This is due to the fact that
the one-particle wave functions of the vacuum, i.e. ¢, for n € N, are also time-evolved. The
matrix R undoes this time-evolution of the one-particle wave functions in V.

We emphasize again that there is no absolute number of pairs as the phenomena of pair creation is
only an artefact arising from the adaption of the effective description of a many particle system.
The best we can do is to define the absolute value of the difference of the number of pairs
between two Dirac seas:

Definition 7.42. Ler S € Seas(H)/~ then we define the relative number of pairs

#:SXxS - Ny, (D,¥) — #D,¥) := dimker d*V.

Physically one should read #(®,¥) in the following way: If A® is a vacuum state, then with
respect to it AY has #(®, V) pairs. In the example above the relative number of pairs of ¥
with respect to a vacuum WV is #(P!V, ¥°U) = 1. In particular, the relative number of pairs is
symmetric and invariant under the operations from the right:

Lemma 7.43. Let S € Seas(H)/~ and ©,¥ € S:

(i) #(D,¥) is well-defined and finite.
(ii) #(D,¥) = #(\, ©).

(iii) For R € U({) we have #(®,¥) = #('YR, OR).

Proof. (i) Since ® ~ ¥ we know ®@*W € id(£) + I; (£) which means that it is a Fredholm operator
with Fredholm index ind(®*¥) = 0. Hence, the dimension of its kernel is finite.

>i1) #(O,¥Y) = dimker ®*¥ = dim ker ®*Y¥ + ind(®*W¥) = dim ker V*® = #(\V, D).

(iii) holds because the dimension is invariant under unitary transformations. m]

In particular, property (iii) is important as it implies that if we had chosen a different equivalence
classes S instead of S = S(¥™™) this would then have had no effect on the relative number of
pairs since by Lemma 7.28,.120 (Orbits in Ocean) we know that there is an R € U(£) such that
S’ = SR. In order to yield expectation values of the relative number of pairs, one could lift the
map # to wedge spaces in the usual manner.

Relative number
of pairs
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7.5 Gauge Transformations

As an addendum we briefly discuss gauge transformations. Let A e C®(R3,R%) be a vector
potential and A~ =A+VYbea gauge transform of it with ¥ € C®(R3,R). Let e” : H — H
the multiplication operator with e¥'. We prove:

Theorem 7.44. The gauge transformation e'¥ fulfills:

¢V e U (H, CA); H,C(A)) (7.182)

Although the statement of this theorem does not involve time, we prove it using the time-
evolution from Subsection 7.3.1p.130. A “direct” proof, avoiding time-evolution and using similar
techniques as in Subsection 7.3.1,.130, is possible. However, the approach presented here avoids
additional analytical considerations.

Proof. We switch the gauge transformation on between the times 0 and 1, using a smooth
function f : R — [0,1] with f(#) = 0 and f(#) = 1 for ¢ in a neighborhood of 0 and 1,
respectively. We define Y : R* 5 (1,%) — f(OY(X) € R. Take the static vector potential
A:RY> 1% — (0,-A(®) € R* and its gauge-transformed version A~ = (A})u=0,123 =
Ay = 0,Y)u=0123 = (Ap — 0o, —A - VY). In other words,

A™(1,0) = (= (OY(X), ~A®) - fOVY (). (7.183)

(It is no problem that the vector potentials used here do in general not have compact support in
time, because we use only times ¢ € [0, 1].) Note that at time ¢ = 0, the gauge transformation is
turned off: A(0) = A~(0) = (0, —/Y), and at time 7 = 1 it is completely turned on: A(1) = (0, —A_))
and A~(1) = (0, —X”). The one-particle Dirac time-evolutions U” and U”" are also related by a
gauge transformation as follows:

YURt, 1) = UM (11, 10)e™ ™), 11,10 € [0, 1]. (7.184)

In particular, this includes e UA(1,0) = UA (1,0). By Theorem 7.31,.1% (Dirac time-evolution
with external field), we have the following:

UR0,1) € UL (H, C(A); H, C(A)) (7.185)
UM (1,0) € U (H, C(A); H,C(A™)) (7.186)
This implies the following:
¢V = UM (1,00UR0,1) € UL (H, CA); H,C(A™)) (7.187)
Thus the claim is proven. O

We infer that in general the gauge transformation e/¥ changes the polarization class. Using
varying wedge spaces, it can be second quantized as follows. Let S € Ocean(C(A)) and S~ €
Ocean(C (XN)). By Theorem 7.27,.12s (Lift condition), there exists R € U(£) such that we have
the following second-quantized gauge transformation from ¥ to ¥s-~:

Ly

e

TS — 7:(e"YS)

\LRR
RrL,iv

Fs-
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7.6 Conclusion and Outlook

There are two apparent near-term goals:

First, as we have shown the construction of the second quantized Dirac time-evolution is unique
only up to a phase which depends on external field A. This phase carries physical information
which can be seen in the following argument: Let UA(z,y) be the one-particle Dirac time-
evolution on H for an external potential which is non-zero only in (1, fp). Then one can express
the usual charge current by

0
JF(x) = =iU(1, tl)(SA—(x)U(tl’tO)
u

which is a distribution-valued operator on H. Furthermore, let UA(t, 1) Fs — Fs be one
possible lift of the one-particle time-evolution between the wedge spaces ¥s and Fs. One
would then expect to be able to define the charge current in a similar way:

—~ 5 ~
JH(x) = —=iU(tg, ) ———U(11, to).
(x) = =iU(to 1)6Aﬂ(x) (11, 10)
However, the lift is only unique up to a phase. Therefore, a different lift UA(t1, t0)
= UA (11, t)e210) would yield a different current

- 0
JH(x) = ———n(t1, o) + JH ().
@)= 4,00 @At 10) + J5(x)
The question is how we can get our hands on the functional derivative of the phase. Due to
Scharf [Sch95] one idea is the following: In analogy to the one-particle case, we would expect
that a disturbance of the external field at space-time point y outside the backward light-cone of
x would not change the current at x and

JH(x) = 0, for such y.
5A,0) Y

For such x and y we can determine )<pA(t1, tp). Using the symmetry in x and y we can

2
thus determine the second functional derivative of pa (1, #p) everywhere except for x = y. If we
continue this distribution in a sensible way to be defined for all x and y, an integration of the
space of fields would yield the desired term %(p“tl, tg). The question is how much freedom
of choice is left in the continuation when physical input like gauge and Lorentz invariance, the
continuity equation and the condition that the vacuum expectation value of the charge current
subject to a zero external potential is zero. It is conjectured that this freedom is the manifestation

of the charge renormalization.

Second, it seems natural to generalize the second quantized Dirac time-evolution between equal
time hyper-surfaces to a time-evolution between smooth space-like hypersurfaces. For this, one
would need to construct wedge spaces corresponding to these space-like hyper surfaces. The
idea for the construction is the following. Let ¢ : R* — C* be a spinor field on Minkowski
space M that solves the Dirac equation subject to an external potential A, i.e.

(id — m(x) = eACW(x).

Any solution gives rise to the divergence free one-particle charge current j*(x) = :,Z(x)y"v,l/(x) SO
that Stoke’s Theorem yields for two space-like hypersurfaces X1, X,

fz der PO (X, (x) = fz der (PO (X))
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where we denoted the surface measure on the space-like hypersurfaces by do(x) and the surface
normal four-vectors by #*(x). This gives rise to a candidate of a Hilbert space of wave functions
on the space-like hypersurface X, namely the space of i : X — C* with the inner product

W, ¢) = fz do (Y (On (x)yud(x).

We now have a similar construction as in Subsection 7.2.15.116 in mind to yield an infinite wedge
space for . The only work involved in doing this is the definition of the polarization classes
which so far depend on the equal time hyper-surfaces and, hence, need to be generalized. Note
that via this construction one could also replace the metric tensor by a metric tensor field on M
to account for general relativistic effects.

The long-term goal is of course the introduction of electron-electron interaction.
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Chapter 8

Electrodynamic Absorber Theory

After presenting the mathematical results we want to conclude this work by given an informal
outlook on our perspective of an electrodynamic theory for point-like charges which should be
divergence free and capable of describing the phenomena of radiation reaction as well as of pair
creation. Let us briefly review the Chapters 2,7 and 7p.111:

We introduced the classical electrodynamic absorber theory as a theory about N charges and
N fields which obey the ML-SI equations (2.1,s) and (2.8p9) as described in Chapter 2,7. By
an argument due to Wheeler and Feynman we retrieved the mechanism of radiation reaction
under the condition that the absorber assumption (2.9,9) holds, and we found that for special
initial values (2.15;.12) this theory is equivalent to Wheeler-Feynman electrodynamics. For rigid
charges we have shown that the initial value problem of the ML-SI dynamics is well-posed in
Chapter 3,.15. As there seems to be no obstruction in taking the point particle limit apart from
the crossing of trajectories the dynamical theory is expected to be divergence free for almost all
initial values. In Chapter 7,111 we further discussed how subsystems of the absorber medium for
large N can be treated. For a system of N electrons which is initially in an equilibrium state
so that the net interaction between the electrons vanishes (6.3p.106) the effective description of a
subsystem of the absorber medium gives rise to creation and annihilation processes of fields as in
(6.45.107) whenever this equilibrium state is disturbed. We further developed a quantum theoretic
description of such a situation for N electrons where, because of the equilibrium assumption,
we neglected the interactions between the electrons completely. Following the idea of Dirac
the effective description of this equilibrium state of the N electrons gives rise to pair creation
and annihilation. In this sense, both phenomena, radiation reaction and pair creation, emerge
from the same physical assumption, namely that an absorber medium or Dirac sea with many
particles, i.e. with large N, is present.

The next thing missing is a quantum mechanical analogue of the ML-SI equations. In the fol-
lowing last section we address this issue and give an outlook on possible implications of this
electrodynamic absorber theory.

8.1 Short Review of Steps Towards an Absorber Quantum Electro-
dynamics

The most interesting case are ML-SI equations for the special initial values (2.15p.12) whence they
are equivalent to Wheeler-Feynman electrodynamics. First, because Wheeler-Feynman electro-
dynamics is a theory only about world lines without the need of fields, and second, because of
the state-dependent advanced and delayed terms in the equation of motion. Since we have no
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Action integral
for a Dirac field

Generalization
of the action to
N Dirac fields

Generalization
of N Dirac fields
with Wheeler-
Feynman type
interaction

Hamiltonian (as it is generically the case for the ML-SI equations), we cannot rely on some
correspondence principle in order to find a “quantization” and therefore we rather let us guide
by classical field theory.

The Dirac equation subject to a given external potential A can be deduced from a variational
principle: Consider the action

S.T1i= [ ' [500 8= m) w0 - BAU|

for @ = y#9, and A(x) = y,A*(x). Any extremum needs to fulfill

d R — d _
d—S[lﬂ, U+eflle=0=0 and —S+ef,Ylle=0 =0 (8.1)
€ de

for all test functions f € C° (R* R*). One finds that at the extremum the fields ¢ and i obey the
equations

(id — myy(x) = eA(x)p(x) and —i0 ()Y — Y()m = ey(x)A(x)

which for ¥(x) = ¢*(x)y" are the Dirac equations for an external potential A. The goal of
this section is to generalize this action principle step by step to yield a classical field theory of
Dirac fields which interact with each other by an action-at-a-distance principle like in Wheeler-
Feynman electrodynamics.

The first generalization is to allow for N fields which yields the action

N
S is 1 <k <NJi= ) f dx |90 (i = m) yu(x) = e (OACYR(D)]
k=1

and the field equations

(id — mpri(x) = eA(xX)i(x) and ~i0 (Y = Y(om = ey (A X). (8.2)

The N Dirac fields can be interpreted as a Hartree-Fock approximation of the N particle wave
function which we describe later. Next we need to introduce an interaction between the fields.
Note that every solution to the equations (8.2) gives rise to a four-vector current

J ) = ey (x)y" () (8.3)

which fulfills the continuity equation d, /1‘ (x) = 0. For every such current we introduce a poten-
tial A} defined by

Al(x) = f d*y 8(x = NJ )

where we choose A(x) = 6(x,x), i.e. the time-symmetric Green’s function of the d’ Alembert
operator. Hence, these potentials fulfill the electrodynamic wave equation DA’; (x) = —4r j7 (x).
Using this input we define the action integral

N
SWr Uiz 1 <k <NJi= ) f d'x {Jk(x) (id = m) Yre(x) = g Z%(xwx)wk(x)}
k=1

I#k

N 2
>, f d*x {Jk(x) (id = m) y(x) = % >, f dy 8(x = y) Yy i) Ek(x)yﬂwkoc)] :
k=1 I#k

(8.4)
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As already observed by Fokker when formulating classical Wheeler-Feynman electrodynamics
in terms of an action integral [Fok29], it is important to note that only the choice of the time-
symmetric Green’s function A(x) = 6(x,x*) allows to derive an extremum via the computation
of (8.1) which yields the equations

0= mwn0 = Y [y o= TP o) 85)

I#k

together with their conjugated form for (x) for 1 < k < N.

Before we continue let us appreciate what we have got so far. Equations (8.5) give rise to an
relativistically interacting theory of N Dirac fields. The interaction is, as in the case of Wheeler-
Feynman electrodynamics, of the action-at-a-distance type, i.e. the only interactions that occur
are between points of the supports of two fields ¢; and ¢ for [ # k which have Minkowski
distance zero. As in the case of ML-SI or Wheeler-Feynman electrodynamics we can again
formulate the analogue of the absorber assumption: At some space-time point x in some distance
to the supports of the N Dirac fields we demand that the net interaction with some test charge
vanishes which would be fulfilled for

N

D A =0, (8.6)

k=1

Borrowing the argument of Wheeler and Feynman as in Chapter 2,7 we can deduce from this
that for all x in Minkowski space

N

DA ) - A (0)=0 (8.7)

k=1

for the advanced and retarded fields A’k‘ _ which are given by

AR () = f d*ys*(x - y) i) and Ay = AL+ AL
where A%(x) = 5ﬂ|7’:||||;"”t) represent the advanced and retarded Green’s functions of the d’ Alembert
operator, cf. (4.10,61). Using (8.7) we find that the effective equation on the kth Dirac field is
given by

(id = my(x) = 5 1Ak = Ak (O + € ) i (). (8.8)

I#k

In analogy to the classical ML-SI equations we may interpret the first term on the right-hand side
as radiation reaction felt by the kth Dirac field while the second term constitutes the retarded
interaction with all [ # k Dirac fields. As in Chapter 7,111 let us further assume that the system
of N Dirac fields is in equilibrium in the sense that the sum ;. AZ _(x) vanishes. The equations
for the kth field then read

2
(i =m0 = 5 f 'y (8~(x =) - 8= ) TOP ) Y. (89)

This equation exhibits the following nice features: First, the right-hand side gives rise to a radia-
tion reaction term analogous to the one we have found in the ML-SI and, respectively, Wheeler-
Feynman, equations. Second, note that in contrast to A*(x) the distribution A™(x —y) — A*(x—y)
is a smooth function so that no extra regularity of ¢ is needed to evaluate the integral on the
right-hand side. In other words, no ultraviolet divergence is expected. Third, this equation was
studied intensely by Asim O. Barut et. al. in a series of 19 (or even more) papers. In particular,

Corresponding
absorber
assumption and
its
consequences

Dirac-Barut
equation
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Generalization
to N particle
wave functions

he computed the energy corrections in a H-atom (an similar systems like muonium and positron-
ium) due to spontaneous emission, vacuum fluctuations, anomalous magnetic moment and Lamb
shift by means of equations (8.9) only which are in great agreement with experimental results;
cf. the overview article [Bar88]. And fourth, as we have shown, this equation can be deduced
from the action-at-a-distance integral (8.4,.160) and Wheeler and Feynman’s absorber assumption
(8.7) — for some strange reason this connection was never mentioned in Barut’s works although
he was very well familiar with Wheeler-Feynman electrodynamics [Bar80] and most probably
aware it.

Nevertheless, the action integral (8.4p.10) gives only rise to a Hatree-Fock description of the
time-evolution in terms of product wave functions. To find an action integral for N particle
Dirac fields and thus allowing for non-local, quantum mechanical interactions, there are several
ways to proceed from here. One of them shall be explained in the following. Recall that the
charge currents are divergence free which gives rise to the following property: Let X1, %, be two
space-like hypersurfaces and let M denote the volume of Minkowski space between these two
hypersurface. By Stoke’s theorem we get

0= fM d*x 0,1 () = fa om0 = f dor (e () (x) - f dor (e, () ()

% D]

where we denoted the surface measure on the space-like hypersurfaces by do(x) and the surface
normal four-vectors by n*(x). This means in particular that

llg == L dor (X)W ()X Yr(x) (8.10)

is invariant under the choice of the space-like hypersurface X. For a fixed foliation of Minkowski
space-time by space-like hypersurfaces let us further denote the unique space-like hypersurface
which includes the space-time event x by X(x). Using the notation X = (x1,..., xy),

fdcrk(X):fda(xl)fcr(xz)...fd(xk_l)fa(xk+1)...fO'(xN) (8.11)
) p) p) T p) )

(id — m)(X) = #Cc)h(x2) - . . 1) (i — myp(xier) . h(xn)

and

as well as
V(X)) = h(x)h(x2) )Y (1) - - ()

we can define an action integral for N particle Dirac fields ¥(X) and @(X) by
— N —_—
S[¥,¥] = Z fd4xkf dop(X) [‘I’(X)(i& - m) P (X)+
P ()

g — J—
B e? 2, f d'y fz(y  doi¥) Al —y) ¥ W) Xy XOPCO| (8.12)

I#k

If we replace W(X) by the product of functions ]_[kN:1 Vi (xx) for normalization |||l = 1 for an
arbitrary space-like hypersurface X, we retrieve the action integral (8.4,.160). Hence, it seems that
(8.12) is a natural generalization of the previous action integral (8.4y.160). The computation of its
extremum via

d [ — d —
— SV, ¥+ €flle=o0=0 and —S[¥Y +€f,Plle=o = 0
de de
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yields for any 1 < k£ < N and Minkowski point x; the equation

(xx)

(8.13)

[ = mrCOPX) sy = € > f d'y, fz dory(Y) A = y)PX )Y (X)PE) [ 7w XWX

£k )

together with its conjugate form for ¥ where the subscript £(x;) denotes that the equations need
to hold only for X on the space-like hypersurface X(x;). Defining the kth charge current by

TGz = e f dori(X) P(X )y (X)P(X) (8.14)

(xk)

and therewith the kth retarded and advanced potential by
ML= [y s a-nio (8.15)

we yield the following generalization of the absorber assumption (8.6p.161): For all x in some Corresponding

distance to the supports of the tensor components of ¥ we demand that the net interaction with :ts’:l‘jﬁgtrion and

a test charge at x vanishes, i.e. that its
consequences
N
(A + 4L () =0.
k=1

Thus, we again get an effective equation which is the generalization of (8.8,.161) and reads

Lo - A w0)+ YA o [reacoweo]

(i~ m)¥Olscy) = €] 5
I#k

()

For the special case of equilibrium in the sense that the net interaction ;. A;‘ _(xy) vanishes we
find

2
(8= myuF Ol = 5 f &y f dor(Y) (8™ 0 = yi) = 8 (i = o))
200 (8.16)

XYW OO [yuXOFX]
Whenever the N particle Dirac fields ¥ can be written as HkN:1 Vi (xx) we retrieve again the Dirac-
Barut equation (8.9,.161) by integrating the left- and right-hand side with respect to fz(m do(X)
using (8.11,.162) and the normalization [[y||ls = 1 for any space-like hypersurface Z. In this way
we can regard (8.16) as a natural generalization of (8.9p.161).

The last issue that needs to be addressed in this section is that the interaction in (8.13) is nonlinear Second

in the Dirac field W. This is due to the fact that we are still on the level of a classical field theory. 9uantization
The “quantization” needed here is to linearize the charge current. With (8.10,.162) we can define a
one-particle Hilbert space Hs := L*(X, C*, do) consisting of functions ¢ : £ — C* which have a

finite norm ||¢||s for any space-like hypersurface . By forming the N-fold antisymmetric tensor

product we yield the N particle Hilbert space 7@’ with an inner product

(¥, D)z 1= fz do(xy). .. fz dor(xn) P Xp(x1) .. . i (x2)D(X)

for any ¥, @ € ‘HQ’ . Let (¢n)nen be a orthonormal basis in Hyz. Denoting the antisymmetric N-
fold tensor product by ¢* = ¢, ... A ¢q, for multi-indices o € 7 := {(ay,...,an) € NV | ; <



164

8.1. Short Review of Steps Towards an Absorber Quantum Electrodynamics

@;,i < j} the family (¢*),er forms an orthonormal basis of 7’@’ . In Dirac’s bra-ket notation we
can represent any [¥) € HY by

¥)s = Z s le™y  and  PXlsy) = XMWy = Z (" ¥z € XOzxo-

ael ael

With this notation we can define a charge current operator for all Minkowski points x; in analogy
to (8.14) by

Flsen = e D |6 fz RO F R0 (-

a,pel

By replacing j# with J¥# in the formulas for the potentials (8.155.163) we yield a linear version of
equations (8.13;.163). The connection to the nonlinear equation is that (8.14y.163) is the expectation
value of JZ(Xk)|2(xk), 1.e. it holds that

F x5 = <‘I’

S ()ls(x) ‘P> .
Z(xx)

Furthermore, for a product state ¢” with o € I we get

¥

which boils down to the form (8.3;.160) if we neglect the antisymmetry.

S ()5 e

&) =f do(X) T (X (X0¢7 (X)
Z(xx) 2(xz)

If it is possible to give the linearized version of equation (8.13,.163) a mathematical meaning,
we would consider this equation to be a candidate for a wave equation for Wheeler-Feynman
electrodynamics. Together with a Bohmian velocity law [DMZ99] on the same foliation x
%(x) one could hope to yield a fundamental theory of electrodynamics for point-like charge
which is divergence free and whose effective description (maybe in a thermodynamic limit N —
oo0) explains pair creation and annihilation. The role of the preferred foliation and the dependence
of the theory thereon, however, is completely unclear. For example it is also conceivable to not
assume a fixed foliation of space-time but to choose x — X(x) as the light-cone of x.
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Further Implications. As concluding remarks to these admittedly wild speculations we want
to point out some features of such a theory with regards to physics: First, a not perfectly fulfilled
absorber assumption (as well as the free fields for the ML-SI case) could account for the cosmic
microwave background. Second, the assumption of an absorber medium in equilibrium such
that net interactions vanish would predict the presence of dark matter — dark because the net
interaction vanishes so that a spectator charge would not “see” any light, i.e. electrodynamic in-
teraction. The reaction to disturbances of this equilibrium state manifests itself as pair creation or
annihilation and gives rise to what is commonly called vacuum fluctuations. The condition that
in equilibrium net interactions vanish can be formulated in a Lorentz invariant way. However,
for a uniformly accelerated spectator charge this equilibrium condition changes which leads to
effective pair creation or annihilation. This mechanism could account for the Unruh effect. The
nicest feature is that this theory explains pair creation/annihilation as an artifact of our effective
description. Nothing is ever created or annihilated. At all times there are N € N charges. In this
spirit we conclude with the words of Parmenides:

There is a solitary word still left to say of a way: ’exists’; very many signs are on this
road: that Being is ungenerated and imperishable, whole, unique, immovable, and
complete. It was not once nor will it be, since it is now altogether, one, continuous.
For, what origin could you search out for it? How and whence did it grow? Not
from non-Being shall I allow You to say or to think, for it is not possible to say or to
think that it is not. What need would have made it grow, beginning from non-Being,
later or sooner?

On Nature, Parmenides of Elea (ca. 5th century BCE). Translation taken from Leonardo Tardn:
Parmenides, Princeton 1965.
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Notation

M

Ox—)y(g (x))
Bounds

c©

C"(V,W),C=(V, W)
Ce(V, W)

D

Fl

Fw

Hy

P
779

T\} ) TV

W, Wk W
H

S(D)

U(H, H")
V(D)

detT

¢

6H(N)

Minkowski space R X R3? with metric tensor g = diag(l,-1,-1,-1),
page 7

Standard Big-Oh notation meaning f(x) = O,_,,(g(x)) iff lim,_,, 9

. 8(x)
is a constant , page 169

Set of continuous and non-decreasing functions which are used as
bounds for estimates, page 169

The space of formal C-linear combinations of elements of S, page 122

n times continuous differentiable, respectively infinitely differentiable,
functions V. — W, page 169

n times continuous differentiable, respectively infinitely differentiable,
functions V — W with compact support, page 169

Set of charge-current densities, page 60

Space of initial condition for the strong Maxwell solutions, page 60
Space of Maxwell fields, page 19

Phase space for the ML+SI equations, page 19

Newtonian phase space R®Y, page 19

Set of strictly time-like once continuously differentiable charge tra-
jectories, respectively the N-fold cartesian product thereof, page 60

Set of time-like once continuously differentiable charge trajectories,
respectively the N-fold cartesian product thereof, page 60

Spaces of weight functions, page 18

One-particle Hilbert space, page 116

The equivalence class w.r.t. ~, page 120

Set of unitary maps U : H — H’, page 118

For all ® € Seas(H) we have S(®) = ® + V(D), page 121
The Fredholm determinant of 7', page 116

Index Hilbert space, page 116

The space of square summable sequences in C, page 116
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GL_(¢, )

L = L({, H)
idy

indT
Seas*(H) = Seas; (H)
Ly

v

V.

VA

Il 1l

Il llo

Il I,

x>y

Ocean(C) = Oceany(C)

Z

0

Oy,

O ~Y

Pol(H)

Rr

Seas(H) = Seas (H)

<'9 >
SL(£)

O

L =60

A

Ups(H,C)

U (H,C;H',.C)

D(l’

The set of all bounded invertible linear operators R : ¢ — { with the
property R*R € idy + 11 ("), page 126

The space of Hilbert-Schmidt operators T : £ — H, page 116
Identity operator on some space £, page 116

Fredholm index of T', page 118

Only Dirac seas out of Seas(#) which also are isometries, page 119
Left operation s — Fys induced by U, page 126

Gradient, page 169

Divergence, page 15

Curl, page 15

Hilbert-Schmidt norm, page 116

The norm || - [l := || - |lr, + || - ll1,, page 121

Trace class norm, page 116

Restriction to the map X — Y, page 117

The set of all ® € Seas; () such that range ® € C, page 119
Complex conjugate of z, page 123

Partial derivative with respect to z, page 15

Derivative with respect to x;, page 169

o P0 e 1 +1(£), page 120

The set of all polarizations V c ‘H, page 116

The operation from the right s — ¥sg induced by R, page 126

All possible Dirac seas, e.g. bounded operators @ : £ — H such that
range ® € Pol(H) and det ®*d exists., page 119

Scalar products in respective Hilbert spaces, page 116

The set of all operators R € id; + I;(£) with the property detR = 1,
page 127

D’ Alembert operator, page 169

Space of trace class operators on £, page 116
Laplace operator, page 169

= UV (H,C;H,C), page 128

The set of operators U € U(H, H’) such that for all V € C one has
UV e C’, page 128

Multi-index differentiation operators, page 169
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H° Free Dirac hamiltonian, page 108

HY Weighted Sobolev spaces w.r.t. operator #, page 25

HA® Dirac hamiltonian with external field A, page 112

L Hilbert space of weighted square integrable functions, page 18
L>(V,W) Functions V — W with a finite essential supremum, page 169
LP(V,W) Functions V. — W whose absolute value to the power of p is inte-

grable, page 169

L‘l”o V. W) Functions V. — W whose absolute value to the power of p is inte-
grable on any compact set, page 169

M L[cpo](t, to) Maxwell-Lorentz time-evolution of initial value ch from time ¢y to
time ¢, page 41

Py:H->V Orthogonal projector of H on the subspace V, page 116

t= MynlF 0 (g,p)1(t,t9) Maxwell time-evolution of with initial F 0 from time 7 to time f,
page 65

T The Hilbert space adjoint of the operator 7', page 116

VW & Py — Py € I(H) for V, W € Pol(H), page 116

Vg W © V ~ W and ind(V, W) = 0 for V, W € Pol(H), page 119

x=0"x)eM space-time point x with time coordinate x° € R and space coordinate
x € R?, page 8

General Notation. We stick to the standard notation of spaces of functions V. — W for normed Function spaces
spaces V, W: We call functions integrable if their Riemann or Lebesgue integral is well-defined

and finite. For n € N let L”(V, W) denote the space of functions whose pth power is integrable,

L*(V, W) the space of functions with a finite essential supremum. For 1 < p < oo we write

L‘Z) -(V, W) when the integrability condition, respectively the finiteness of the essential supremum,
shall only be fulfilled on compact subsets of V. For any n € N U {0} let C"(V, W), C™(V, W) be
the space of n times continuously differentiable functions, C*(V, W) := {f € C"(V, W) ¥ n € N}.
Furthermore, for 0 < n < oo let C(V, W) denote C"(V, W) functions with compact support. If
there is no ambiguity we sometimes omit the V and/or W in the notation of the function spaces.
Limits and derivatives in V are always taken with respect to the norm in V unless we specify the
sense otherwise, e.g. the point-wise sense.

In addition to the introduced differential operators we denote the partial derivative with respect Derivatives
to x; by ., the d’ Alembert operator by 0 = §? — 4, the Laplace by A = V - V and the gradient

by V. Multi-index differentiation operators are denoted by D* = 3! 8y205%: for a multi-index

@ = (@1, @2, @3) where d° is understood as no differentiation.

Throughout we use the standard Big-Oh notation, i.e. f(x) = O,-,(g(x)) iff lim,_,, Jg% is a Big-Oh notation

constant. For f € L> we mean by D?f € L? that there exists a g € L? which fulfills g = D?f in
the distribution sense.

We denote the set of functions R* — R for any n € R which are continuous and non-decreasing Estimates
by Bounds. This set is used to provide upper bounds for estimates which depend on certain
parameters.
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Continuation of
equations or
inequalities over
several lines

In various places we use “...” in the first line of equations or inequalities which means: place-
holder for the right-hand side of the last equations written.
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Wenn etwas IST, ist es ewig,
denn aus NICHTS kann nur NICHTS entstehen.

Wenn es ewig ist, ist es auch unendlich,
da es weder Anfang hat noch Ende.

Wenn es ewig ist und unendlich, ist es auch eines,
denn wire es zwei, dann miisste das eine das andere begrenzen.

Wenn es ewig ist und unendlich und eines, ist es auch gleichartig,
denn wenn es nicht gleichartig wire, unterschieden sich seine Teile
voneinander und es wére also vielfiltig.

Wenn es ewig ist, unendlich, eines und gleichartig, ist es auch bewegungslos,
da es auBerhalb seiner selbst keinen Ort gibt wohin es sich bewegen konnte.

Wenn es ewig ist, unendlich, eines, gleichartig und bewegungslos kann es weder
Leiden noch Schmerz empfinden, da es immer sich selbst gleich bleiben muss.

Luciano De Crescenzos Zusammenfassung des Textfragments
“Uber die Natur oder iiber das Seiende” von Melissons von Samos
(ca. Mitte des 5. Jahrhunderts v.u.Z.)




Electrodynamic Absorber Theory
A Mathematical Study

This work deals with questions that arise in classical and quantum electrodynamics
when describing the phenomena of radiation reaction and pair creation. The two guid-
ing ideas are the absorber idea of Wheeler and Feynman (i.e. all emitted radiation will
be again be absorbed by matter) and the electron sea idea of Dirac.

In the first part classical dynamics are studied which allow for a description of radia-
tion reaction without the need of renormalization. The starting point are the coupled
Maxwell and Lorentz equations without self-interaction. Based on the notion of
absorber medium, it is shown how the so-called Lorentz-Dirac equation for radiation
reaction emerges and the intimate connection to the famous Wheeler-Feynman
action at a distance electrodynamics is explained. Based on this, the mathematical
problem of the existence of solutions to the Wheeler-Feynman theory, which is given
by a functional differential equation, is rigorously analyzed.

In the second part the phenomenon of pair creation is discussed from a thermody-
namic perspective in which the Dirac sea satisfies the absorber condition. Taking
Dirac's original idea seriously, the vacuum is to be regarded as an equilibrium state in
which all net-electron-electron interactions vanish. Small departures of this equilib-
rium can be effectively described by introducing pair creation. For the mathematical
discussion these seas are considered to consist of infinitely many electrons (in the
thermodynamical limit). The mathematical implementation of the quantum mechani-
cal time-evolution for such infinitely many electron seas subject to prescribed exter-
nal four-vector fields is then carried out in detail. The main result is that the probability
amplitudes induced by this time-evolution are well-defined and unique.

In a last part we give a perspective on the quantization of Wheeler-Feynman-like inter-
action. Based on the proposed equations, a derivation of the Dirac-Barut equation is
given, which seems to predict QED corrections in accordance with the experiment.
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