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e Matter is described by point particles in physical space, i.e. an
N-particle universe is described by

Q1. ..., Qn, Q; € R particle positions

e particles move
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The LAW of motion

o respects Galilean symmetry but is non-Newtonian. It is a
mathematically consistent simplification of the Hamilton Jacobi idea
of mechanics:

Q(t) = (Qu(t),...,Qn(t)), V= gq configuration

obeys (time reversal invariance in "first order” theory achieved by
complex conjugation)
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o respects Galilean symmetry but is non-Newtonian. It is a
mathematically consistent simplification of the Hamilton Jacobi idea
of mechanics:

Q(t) = (Qu(t),...,Qn(t)), V= gq configuration

obeys (time reversal invariance in "first order” theory achieved by
complex conjugation)

dQ B vl
T =Y (Q(t),t) = alm T

(Q(t),t) guiding equation

« is a dimensional parameter
the guiding field is

e the "universal” wave function

VRN xR C? (g=(qu,....an).t) = V(g t)
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e solves the Schrédinger equation

\
i%—t(q7 t) = HV(q,t) “Schrodinger equation

H=—-3%,_1 %A+ W (Galilean invariant operator)
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o write W in polar form W(g, t) = R(q, t)en5(@1) with R, S real
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Bohmian motion encompasses Newtonian motion

write W in polar form W(qg, t) = R(q, t)en5(@t) with R, S real
functions and / an (action-) dimensional constant

S satisfies a Hamilton Jacobi type of equation

v =m1VS for a Newtonian particle with mass m

VW= VS = identify a = E and W : V as the "Newtonian
potentlal

Newtonian Bohmian motion for "Quantum Potential” %A—RR ~0



Bohmian mechanics with Newtonian identification of
parameters!

dQ g UVY
T = v (Q(t),t) = hm™'Im T (Q(1), 1)

where m is a diagonal matrix with mass entries my

ih%—u;(q, t) = (— > Ly V(a)) V(g,t)

2m
k=1 <"k

1Analogy: Boltzmann's constant kg relates thermodynamics to Newtonian
mechanics, & relates Newtonian mechanics to Bohmian Mechanics
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simplest way to Bohmian mechanics

o R? = |V? satifies 8;|W|? = —V - (v¥|W[?) =: =V - j¥ the quantum
flux equation



simplest way to Bohmian mechanics

o R? = |V? satifies 8;|W|? = —V - (v¥|W[?) =: =V - j¥ the quantum
flux equation

o vV = = (Pauli 1927, J.S. Bell 1964)
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"Bohmian Mechanics agrees with Quantum Predictions”
e quantum flux equation means p(t) = |W(t)|? is equivariant: Assume

Q is distributed according to p = |W|? then Q(t) at any other time
is distributed according to p(t) = |W(t)|?
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Historical Criticisms

e [)|? is a probability, probability is subjective, hence the Bohmian
motion is guided by ignorance of the observer

e In BM the position plays a distinguished role: The unitary symmetry
of Hilbert-space is violated

e In BM particles have definite positions: The indistinguishability of
quantum particles is violated

e solution: configuration space of identical particles is (like in classical
mechanics) the manifold R3V /Sy — Fermion-Boson-Alternative

e spin cannot be described in BM

e solution: read szuw as inner product in spinor space
e particle creation and annihilation contradicts the existence of

particles

e solution: standard birth and death process
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physical

e W as function of configuration is called "entanglement” of the wave
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Einstein's criticism: W on configuration space®cannot be
physical

e W as function of configuration is called "entanglement” of the wave
function

e k—th particle's trajectory Qx(t)

ko(t) _ i U*V, W
T mklmi\ll*\lf (Q1, (t)...,Qu(t), 1),

for entangled wave function influenced by all particles at t =
manifestly not local, against the spirit of relativity

2108% dimensional
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Einstein's criticism answered by John S. Bell

e the derivation of Bell's inequalities and the experimental results
establish that nature is nonlocal (Jean Bricmont's talk)
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Einstein's criticism answered by John S. Bell

e the derivation of Bell's inequalities and the experimental results
establish that nature is nonlocal (Jean Bricmont's talk)

e W is that nonlocal agent, which produces nonlocal correlations
e BM is just what the doctor ordered.
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universal ¥ and subsystem's

S. Goldstein, N. Zanghi and | started this analysis 25 years ago
here at IHES

e BM is a complete quantum theory, notions like measurement or
observer are not fundamental notions for defining the theory

e the empirical import of BM comes solely from mathematical analysis

e Boltzmann's statistical analysis of BM (p = ||?) based on typicality
measure dPY = |W|2dg®N which is equivariant (cf. quantum flux
equation)
Bohmian flow TY : Q — Q(t) commutes with Schrédinger evolution
\IJ —> \Ut:

dPY o (TY)t = ap¥:

e Anology: Stationarity of microcanonical measure (Liouville equation)
on phase space in Hamiltonian Mechanics

e p is the empirical density in an ensemble of subsystems

e o is wave function of subsystem



conditional wave function ¢ of subsystem

X =(Xq,...,X,) system’s particles
Q = (X,Y) splitting in system and rest of universe

4
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conditional wave function ¢ of subsystem

X =(Xq,...,X,) system’s particles
Q = (X,Y) splitting in system and rest of universe

4
PY (x) = V(x, Y)/[w(Y))

normalized conditional wave function of subsystem guides X

crucial "conditional measure” formula

PY(X € dx|p” = ) = |p(x)[*dx
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Autonomous subsystem: effective wave function

If wave function of universe W(x,y) = @(x)®(y) + ¥(x,y)*
where
supp® N suppV¥+ = 0 macroscopically disjoint
and if Y € supp® e.g. preparation of ¢

I

0¥ = s effective wave function for system

decoherence sustains disjointness of supports

I

Schrodinger equation for ¢ for some time

n 2

., 0p B
155()(, t) - = ; mAkW(Xa t) + V(X)QO(X7 t)



macroscopically disjoint Y- supports

N=10

supp @ ¢

1
supp ¥

N=10

24



Bohmian Subsystem

(X,¢) physical variables

dX *
— =v?(X(t),t) = hm*IImLW(X(t), t) guiding equation
dt Pre
. Op ~ . ,
ih—=—(x,t) = = Y —Akp(x,t)+V(x)p(x,t) Schrodinger equation
ot 2my

k=1
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Born's law p = |¢|?

o Consider an ensemble of subsystems each having effective wave
function ¢

e Theorem: PY-typically the empirical distribution p of X-values is
~ Jpf?

e In short: Quantum Equilibrium holds!



Hydrogene ground state: p = |1p]?, v¥0 =0



two slit experiment, computed trajectories

computer simulation of Bohmian trajectories by Chris Dewdney



two slit experiment: weak measurement of phase, trajectories
reconstructed

Transverse coordinate[mm]

—4t

-6

3000 4000 5000 6000 7000 8000
Propagation distance[mm]

S.Kocsis et al: Observing the Average Trajectories of Single Photons in a
Two-Slit Interferometer. Science 2011
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operational analysis of BM: PVM's

system (X, ) and apparatus (Y, ®) with pointer positions Y, pointing
towards value «. Suppose

Schrédinger evolution
¢ — a®a

Pa
then for o =" caa, D, lcal? =1

Schradi voluti
Spd) chrédinger evol tanwzzcagoaq)a
[e3%

If Y € supp®gs then g is new effective wave function for system
(effective wave function collapse)

the ¢, 's form an orthogonal family (= PVM)
Prob?(8) = Prob?(Y € supp®s) = |cs|* = [(¢lps) ?

PVM = self adjoint A = 3" a|pa) (o] encodes all relevant data for
the experiment



operational analysis: POVMs

Schrédinger evolution
¢ ? e} (Doz

Suppose not ¢,
but apparatus (Y,v) with values F(Y) =X €A
then probability for pointer position if system’s wave function is ¢
Prob?(A) := P®T(F~Y(A)),AC A

can be written as

— (4] / N6 (62 ll)

where in general (¢x|¢,) # Ix,. (overcomplete set)

/AdAlmw, Ac A

is called POVM or generalised observable



Heisenberg's uncertainty relation follows from BM

Equivariance of p = |¢|?

dlp(x, t)?

5 = —divv?(x, t)|p(x, t)|* =

E2(f(X(1)) = EFO(f(X))
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Heisenberg's uncertainty relation follows from BM

Equivariance of p = |¢|?

dlp(x, t)?

5 = Al ) =

E2(f(X(1)) = EFO(f(X))

| by analysis

X(t
£ i mX(t) is distributed according to |@|?

I
P = / dkk|k)(k| ~momentum observable
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e classical limit

«0O»

o«
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empirical import: (X(t), ¢) for interesting ¢

e classical limit Bohmian trajectories approximately Newtonian

e measurement of ¢  ||? through measuring X, phase by weak
measurement

e statistics of (arrival) time for good wave functions good statistics






arrival time statistics

OIOROXOXOXOXOXC)

when and where does a counter click?



time statistics for Bohmian flow

PY(X(7) € dS, 7 € dt) = v |2 - dSdt = j* - dSdt



scattering formalism and scattering cross section

Born’s scattering formula for single particle




scattering formalism and scattering cross section

Born’s scattering formula for single particle

PUX(7) € Trym € [0,00) R [ dk(k[Sthn)?



many particle scattering




many particle scattering

XY (o, te ")

RS?

XY (2o, tod™)

"genuine” Bohmian analysis






Gretchen Frage: Wie hiltst du es mit der Relativitat?
Relativistic Bohmian Theory

Weinberg's challenge

It does not seem possible to extend Bohm's version of quantum
mechanics to theories in which particles can be created and destroyed,
which includes all known relativistic quantum theories. (Steven Weinberg
to Shelly Goldstein, 1996)
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Why should it be problematic to have particles created or
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e philosophically not possible?
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Why should it be problematic to have particles created or
destroyed?

e philosophically not possible?
e technically, i.e. mathematically not possible?

e not possible in a deterministic theory of particles in motion?



Creation and Annihilation, the configuration space
Q: configuration space  Q = |22, Q" (disjoint union)

a) 90 no particle  b) 01 one particle
c) Q@ two particles  d) Q®) three particles

() (b)

o(t-)
f 0(t+) 3
J o)

(© (d)
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e guiding field W € F, a Fock space

«O>» «Fr « >

«E)»
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The LAW: equivariant Markov Process

e guiding field W € F, a Fock space

e P(dq): positive-operator-valued measure (POVM) on Q acting on
F so that the probability that the systems particles in the state W
are in dg at time t is

P:(dq) = (V| P(dq)[V+)
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The LAW: equivariant Markov Process

e guiding field W € F, a Fock space

e P(dq): positive-operator-valued measure (POVM) on Q acting on
F so that the probability that the systems particles in the state W
are in dg at time t is

P:(dq) = (V| P(dq)[V+)

e For a Hamiltonian H (e.g. quantum field Hamiltonian)

L OV
ih mt = HV, —
dP.(d 2
';l(t 9 _ = Tm (V| P(d) H|V)
e Find "minimal” generator so that (rewrite left hand side, so that)
dP:(d
fd(t 9D _ £p(dg).

(Minimal) Markovian Process: Flow, (No) Diffusion, (Only as much
as necessary) Jumps



Quantum field Hamiltonians provide rates for configuration
jumps

Generator for pure Jump-Process

(co)da) = [ (otdala)p(de") - ad|@)o(a))
q'eQ
H = Hy+ H
L=Lo+ L
H, is often an Integral-Operator —> Jump-Generator given by rates

[(2/7) Im (W|P(dq) H; P(dq") V)]
(W|P(dq")|W) '

o(dqlq’) =
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The tension with relativity challenge: Einstein’s criticism of

QM

Nature is nonlocal, the wave function is the nonlocal agent, Bohmian
Mechanics takes the wave function seriously: it needs for its formulation
a simultaneity structure, e.g. a foliation .% which seems to be against
the spirit of relativity



The tension with relativity challenge: Einstein’s criticism of

QM

Nature is nonlocal, the wave function is the nonlocal agent, Bohmian
Mechanics takes the wave function seriously: it needs for its formulation
a simultaneity structure, e.g. a foliation .% which seems to be against
the spirit of relativity

Possible relief: The foliation .# "V is given by the wave function, e.g.
defined by a time like vector field induced by the wave function.
Covariance is expressed by the commutative diagram

v —— gV
| B )
v Y

Here the natural action Az on the foliation is the action of Lorentzian g
on any leaf ¥ of the foliation .#V.



=]

=

v



to which end...

e non commutativity of observables is a simple consequence of BM



to which end...

e non commutativity of observables is a simple consequence of BM

e nonlocality of nature is manifest in BM



to which end...

e non commutativity of observables is a simple consequence of BM
e nonlocality of nature is manifest in BM

e BM is in Bell's sense a theory like Maxwell-theory of
electromagnetism: theorems instead of a cornucopia of axioms



to which end...

e non commutativity of observables is a simple consequence of BM

e nonlocality of nature is manifest in BM

e BM is in Bell's sense a theory like Maxwell-theory of
electromagnetism: theorems instead of a cornucopia of axioms

o the challenge BM offers: Dirac divided the difficulties of quantum
theory in two classes



to which end...

e non commutativity of observables is a simple consequence of BM

e nonlocality of nature is manifest in BM

e BM is in Bell's sense a theory like Maxwell-theory of
electromagnetism: theorems instead of a cornucopia of axioms

o the challenge BM offers: Dirac divided the difficulties of quantum
theory in two classes

e First class difficulties are those which have to do with the
measurement problem—how do facts arise?



to which end...

e non commutativity of observables is a simple consequence of BM
e nonlocality of nature is manifest in BM

e BM is in Bell's sense a theory like Maxwell-theory of
electromagnetism: theorems instead of a cornucopia of axioms
o the challenge BM offers: Dirac divided the difficulties of quantum
theory in two classes
o First class difficulties are those which have to do with the
measurement problem—how do facts arise?
e Second class difficulties are those which have to do with singularities
in field theories (self energy, Dirac vacuum, ...)



to which end...

e non commutativity of observables is a simple consequence of BM
e nonlocality of nature is manifest in BM

e BM is in Bell's sense a theory like Maxwell-theory of
electromagnetism: theorems instead of a cornucopia of axioms

o the challenge BM offers: Dirac divided the difficulties of quantum
theory in two classes

o First class difficulties are those which have to do with the
measurement problem—how do facts arise?

e Second class difficulties are those which have to do with singularities
in field theories (self energy, Dirac vacuum, ...)

e BM solves first class difficulties — it encourages the search for
relativistic interacting theories which are mathematically coherent
from the start



to which end...

e non commutativity of observables is a simple consequence of BM
e nonlocality of nature is manifest in BM

e BM is in Bell's sense a theory like Maxwell-theory of
electromagnetism: theorems instead of a cornucopia of axioms

o the challenge BM offers: Dirac divided the difficulties of quantum
theory in two classes

o First class difficulties are those which have to do with the
measurement problem—how do facts arise?

e Second class difficulties are those which have to do with singularities
in field theories (self energy, Dirac vacuum, ...)

e BM solves first class difficulties — it encourages the search for
relativistic interacting theories which are mathematically coherent
from the start

e a guiding example is
Gauss-Weber-Tetrode-Fokker-Schwarzschild-Wheeler-Feynman direct
interaction theory. Fully relativistic and without fields (my friends
Shelly and Nino are not enthusiastic about that theory, my young
friends are and future is theirs)
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