
THE EQUIVARIANT TAMAGAWA NUMBER CONJECTURE

AND MODULAR SYMBOLS

WERNER BLEY

Abstract. We show that for each elliptic curve E/Q with L(E/Q, 1) 6= 0

there are in�nitely many odd primes l and for each such l in�nitely many
abelian l-extensions K/Q such that the l-part of the equivariant Tamagawa
number conjecture holds for the pair (h1(EK)(1), Z[Gal(K/Q)]).

1. Introduction

Let E/Q be an elliptic curve and K/Q a �nite Galois extension with group G.
We write EK for the base change of E and consider the motive MK := h1(EK)(1)
as a motive over Q with a natural action of the semi-simple Q-algebra Q[G].

In this manuscript we study the equivariant Tamagawa number conjecture (for
short, ETNC) as formulated by Burns and Flach in [3] for the pair (MK ,Z[G]) in
the case where K/Q is an abelian l-extension where l denotes an odd prime. In this
context the l-part of the ETNC, here denoted by ETNCl, is of particular interest.
Combining recent results of Fearnley, Kisilevsky and Kuwata [6] and of the author
[2] with the theory of modular symbols as introduced by Mazur and Tate in [7]
we prove ETNCl for in�nitely many pairs (E,K). More precisely, we show that
for any elliptic curve E/Q with L(E/Q, 1) 6= 0 there exist in�nitely many primes
l and for each such l in�nitely many abelian l-extensions K/Q satisfying the the
explicit hypotheses below. By important results of Gross and Zagier and Kolyvagin
(see [5] for a survey) we may assume the l-part of the Birch and Swinnerton-Dyer
conjecture for E/Q. Together with our explicit conditions this allows us to deduce
ETNCl. We want to emphasize here that ETNCl cannot be deduced from the Birch
and Swinnerton-Dyer conjectures for E/F where F runs through the sub�elds of
K/Q (see Remark 2.2).

To present our results in more detail we need to introduce some notations most of
which are standard. Throughout the manuscript we write dK for the discriminant
of K and NE for the conductor of E. For a prime p we write cp(E,Q) for the
usual Tamagawa factor at p and if p - NE we let Ē(Fp) denote the group of Fp-
rational points on the reduced curve E modulo p. As usual we write E(K) for the
Mordell-Weil group and X(E/K) for the Tate-Shafarevic group.

We impose the following

Hypotheses 1.1.

(i) [K : Q] = ln, l an odd prime,
(ii) (dK , l) = 1, (dK , NE) = 1,
(iii) l - #E(Q)tors

∏
p|dK #Ē(Fp),
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(iv) l - NE,
(v) l -

∏
p|NE cp(E,Q),

(vi) rkZE(K) = 0,
(vii) l - #X(E/K).

In the following a pair (E,K) satisfying Hypotheses 1.1 is called l-arithmetically
trivial.

Let X0(NE) denote the modular curve of level NE and let ϕ : X0(NE) −→ E be
a modular parametrization. Let c(ϕ) be the Manin constant associated to ϕ.

The main results of this manuscript are as follows.

Theorem 1.2. Let l be an odd prime, K/Q an abelian extension and E/Q an ellip-
tic curve such that (E,K) is l-arithmetically trivial. Assume that l - c(ϕ)#X(E/Q)
and that the l-part of the Birch and Swinnerton-Dyer conjecture for E/Q is valid.
Then ETNCl holds for the pair (MK ,Z[G]).

Theorem 1.3. Let E/Q be an elliptic curve such that L(E/Q, 1) 6= 0. Then there
are in�nitely many primes l and for each such prime l in�nitely many abelian
extensions K/Q such that (E,K) is l-arithmetically trivial.

If L(E/Q, 1) 6= 1, then it is well known that X(E/Q) is �nite and that the Birch
and Swinnerton-Dyer conjecture holds up to a rational factor. Hence we deduce

Corollary 1.4. Let E/Q be an elliptic curve such that L(E/Q, 1) 6= 0. Then there
are in�nitely many primes l and for each such l in�nitely many abelian l-extensions
K/Q such that ETNCl holds for the pair (MK ,Z[G]).

The author thanks Christian Wuthrich for very helpful discussions concerning
the application of modular symbols and valuable comments on a preliminary version
of this manuscript.

2. A special case of ETNC

In this section we brie�y recall the relevant results of [2]. In particular, we
will state (in our very special setting) a very explicit reformulation of ETNCl.
Throughout this section we assume that l is an odd prime such that the pair (E,K)
is l-arithmetically trivial.

For a �nite group G we write Irr(G) for the set of absolutely irreducible charac-
ters. For any ring R we let ζ(R) denote the center of R. As usual, we canonically
identify the center ζ(C[G]) of the complex group ring C[G] with

⊕
χ∈Irr(G) C. We

recall that the equivariant motivic L-function L(MK , s) attached toMK is given by
the ζ(C[G])-valued function (L(E/Q, χ̄, s+ 1))χ∈Irr(G) (for some further details see

the paragraph preceding [1, Remark 3.2]). For each character χ we let L∗(E/Q, χ, 1)
denote the leading coe�cient in the Taylor expansion at s = 1 and set

L∗ := (L∗(E/Q, χ̄, 1))χ∈Irr(G) .

From [2, Prop. 2.8] we deduce L∗ ∈ ζ(R[G]).
We let ω0 denote a Néron di�erential and write γ+ and γ− for Z-generators of

H1(E(C),Z)+ and H1(E(C),Z)−, respectively. We de�ne

Ω+ :=
∫
γ+

ω0, Ω− :=
∫
γ−

ω0,
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and normalize γ± such that Ω+ is positive real and Ω− is a positive real multiple
of i.

We �x an embedding ι : K ↪→ C. Since l is unrami�ed in K/Q, the ring OK,l :=
OK ⊗Z Zl is Zl[G]-free. Let α0 ∈ K be a Zl[G]-generator of OK,l and set

λα0 := Ω+

(∑
σ∈G

(ι ◦ σ)(α0)σ−1

)−1

Since l is odd K is totally real and therefore we deduce from [1, Prop. 3.1] that the
equivariant period is given by NrdR[G](λα0). Explicitly we obtain

NrdR[G](λα0) :=
Ω

R(α0)

with

Rχ = Rχ(α0) = det

(∑
σ∈G

ι(σ(α0))Tχ(σ−1)

)
,

Ωχ = Ωχ(1)
+ ,

where Tχ : G −→ Glχ(1)(C) is a representation associated to the character χ.
Finally we set

(1) ul = ul(α0) :=
L∗R(α0)

Ω
=

(
L∗(E/Q, χ̄, 1)Rχ(α0)

Ωχ(1)
+

)
χ∈Irr(G)

and

(2) ξl :=
∏
p|dK

(Lp(E/Q, χ̄, 1))−1
χ∈Irr(G)

where Lp(E/Q, χ̄, 1) denotes the local Euler factor at s = 1. By equation (8) of [2]
and the paragraphs following it we have

(3) ETNCl is valid ⇐⇒ ul ≡ ξl(mod NrdR[G](Zl[G]×)).

Note that by [1, Rem. 3.6] the validity of the right hand side does not depend on
the choice of α0.

Remark 2.1. We will use the Hypotheses 1.1 to establish ETNCl by proving
the equivalent congruence condition in (3). It seems to be possible to prove this
congruence in greater generality, however, all of Hypotheses 1.1 is needed to show
the equivalence to ETNCl.

Remark 2.2. It does not seem to be possible to deduce ETNCl from the validity of
the Birch and Swinnerton-Dyer conjectures for E/F where F runs over all sub�elds
of K/Q. For example, if K/Q is cyclic of order l and L(E/K, 1) 6= 0, then one can

prove that ulξ
−1
l ∈ ζ(Q[G])× = Q[G]×. However, Ql[G] ' Ql ⊕ Ql(ζl) and an

element λ ∈ Ql[G]× corresponding to (λ0, λ1) ∈ Ql ⊕Ql(ζl) is contained in Zl[G]×

if and only if λ0 ∈ Z×l , λ1 ∈ Zl[ζl]× and λ0 ≡ λ1(mod (1− ζl)). For more examples
of these congruences we refer the reader to [1, Sec. 2.3] and [2, Sec. 5].
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3. Abelian extensions and modular symbols

In this section we brie�y recall the de�nition and relevant properties of modular
symbols as introduced by Mazur and Tate in [7] and normalized by Darmon in [4].
We combine this with the explicit formulation of ETNCl given in (3) in order to
prove Theorem 1.2.

Let f be a square-free positive integer such that (f,NE) = 1. Let Q(ζf )+

denote the maximal real sub�eld of the f -th cyclotomic �eld Q(ζf ). We set Gf :=
Gal(Q(ζf )/Q) and G+

f := Gal(Q(ζf )+/Q) . As usual, for any a ∈ (Z/fZ)× we
write σa for the automorphism which sends ζf to ζaf .

Let Λ ⊆ C denote a Néron lattice. Then we can identify E(C) with C/Λ and ω0

with dz. We de�ne Ω± ∈ R>0 such that Λ ⊆ ZΩ+⊕ZiΩ− with minimal index. We
let c∞ denote the number of components of E(R), i.e., c∞ = 2 if E(R) is rectangular
and c∞ = 1 otherwise. Then Ω± = c∞

2 Ω±.
If ϕ : X0(NE) −→ E is a modular parametrization, then the pullback of the

Néron di�erential ω0 de�nes a cusp form of weight 2 on X0(NE),

ϕ∗ω0 = c(ϕ)f(q)dq/q = c(ϕ) · 2πif(z)dz,

where f(q) =
∑
n≥1 anq

n, q = exp(2πiz), is normalized such that a1 = 1 and c(ϕ)
denotes the Manin constant.

Following Mazur and Tate [7] we de�ne the modular symbols by the equality

2πi
∫ a/t+i∞

a/t

f(z)dz =
[a
t

]+
Ω+ + i

[a
t

]−
Ω−.

The modular symbol
[
a
t

]±
depends only on the value of a modulo t. Since we will

only consider totally real abelian extensions K/Q we will henceforth only consider
the modular symbols [ ]+. Following Darmon [4] we de�ne the regularized modular
symbols by [

a

f

]∗
:=

∑
1≤t|f

µ

(
f

t

)[
a(f/t)−1

t

]+

where µ denotes the Möbius function and (f/t)−1 is the inverse of f/t modulo t.
Recall here that f is square-free so that f/t and t are relatively prime.

We set

ΘMT
f :=

1
2

∑
a∈(Z/fZ)×

[
a

f

]∗
σa ∈ Q[Gf ]

and call it the Mazur-Tate element.
We recall the main properties of ΘMT

f . Since l is odd and l - #E(Q)tors we have

(4) ΘMT
f ∈ Zl[Gf ].

If p - f and zp : Q[Gfp] −→ Q[Gf ] denotes the canonical projection, then

(5) zp(ΘMT
fp ) = −σp(p− σ−1

p ap + σ−2
p )ΘMT

f .

This is precisely Lemma 2.2 of [4]. Finally we recall the relation to twisted Hasse-
Weil-L-functions. We write

LMT (E/Q, χ, s) =
∞∑
n=1

χ(n)ann−s



ETNC AND MODULAR SYMBOLS 5

for the L-series considered in [7] and [4]. Here we consider χ as a primitive character
de�ned modulo its conductor fχ. If f is a positive multiple of fχ, then we write
LMT
f (E/Q, χ, s) for the L-function where we omit the primes dividing f in the

de�nition via the usual Euler product, i.e., we consider χ as a character modulo f .
If χ is an even Dirichlet character of conductor fχ dividing f , then by [4, Prop. 2.3]

(6) χ(ΘMT
f ) = c(ϕ)

f

fχ

τ(χ)LMT
f (E/Q, χ̄, 1)

2Ω+

with the Gauss sum

τ(χ) =
∑
a=1

χ(a)e2πia/f ,

where χ is considered as a character modulo f , i.e., χ(a) = 0 whenever a and f are
not coprime.

Unfortunately our L-functions are not normalized in the same way as the L-
functions in [7] and [4]. In the following we describe how they are related.

We let Tl(E) := lim
←
E[ln] denote the l-adic Tate module. We de�ne Vl(E) :=

Tl(E)⊗Zl Ql and set

Hl(E) := Hom(Vl(E),Ql)⊗Ql Q̄l.

For χ ∈ Irr(G) we write Vχ for a representation space for χ and without loss of
generality we regard Vχ as a Q̄l-vector space. For primes p 6= l the local polynomials
used to de�ne the equivariant motivic L-function (see [3, Remark 7]) are given by

Pp(E/Q, χ, T ) := det
(

1− Fr−1
p T |

(
Hl(E)⊗Q̄l Vχ

)Ip)
.

Let α, β denote the eigenvalues of Frp on Vl(E). It follows that for abelian charac-
ters χ and primes p such that p - dKNE one has

(7) Pp(E/Q, χ, T ) = (1− χ̄(p)αT )(1− χ̄(p)βT ) = 1− χ̄(p)apT + χ̄(p)2pT 2.

Since (f,NE) = 1 we have
(
Hl(E)⊗Q̄l Vχ

)Ip = Hl(E)Ip ⊗Q̄l V
Ip
χ . Furthermore,

(8) V Ipχ = 0 ⇐⇒ Ip 6⊆ ker(χ) ⇐⇒ p | fχ.

It follows from (7) and (8) that L(E/Q, χ, s) =
∑∞
n=1 χ̄(n)ann−s where χ is con-

sidered as a primitive character modulo fχ. For future reference we record

(9) LMT (E/Q, χ, s) = L(E/Q, χ̄, s).

We rewrite (6) and obtain

(10) χ(ΘMT
f ) = c(ϕ)

f

fχ

τ(χ)Lf (E/Q, χ, 1)
2Ω+

.

Our next aim is to relate the Gauss sum τ(χ) to our resolvent Rχ(α0) for a
suitable choice of normal basis element α0. Let f = fK denote the conductor of
K. Since l is unrami�ed in K/Q by (ii) the conductor f is squarefree. By Hilbert's
Theorem 132 the element ζf generates a normal integral basis for Q(ζf )/Q and
consequently α0 := TrQ(ζf )/K(ζf ) is an integral normal basis element for K/Q. We
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let ι : K ↪→ C denote the embeding which is induced by ζf 7→ exp(2πi/f), but
usually omit ι from the notation. We obtain

λ0 = λ0(α0) =
∑
σ∈G

σ(α0)σ−1 =
∑
σ∈G

σ

 ∑
τ∈Gal(Q(ζf )/K)

τ(ζf )

σ−1

=
∑

γ∈Gal(Q(ζf )/Q)

γ(ζf ) (γ|K)−1 =
∑

a∈(Z/fZ)×

ζaf (σa|K)−1
.

We conclude that for each character χ ∈ Irr(G) we have

(11) Rχ(α0) = χ(λ0) = τ(χ̄).

Proof of Theorem 1.2 By (3) we must show that the element ηl := ulξ
−1
l is

contained in NrdR[G](Zl[G]×) = Zl[G]×, where ul and ξl are de�ned in (1) and (2),

respectively. From (10), (11) and Ω+ = c∞
2 Ω+ we deduce

ηl =
(
c∞fχ
c(ϕ)f

χ̄(ΘMT
f )

)
χ∈Irr(G)

.

Let # : Ql[G] −→ Ql[G] denote the involution induced by g 7→ g−1. We obtain the
fundamantal relation

(12) χ(ΘMT,#
f ) =

c(ϕ)f
c∞fχ

ηl,χ, ∀χ ∈ Irr(G).

For χ ∈ Irr(G) we let eχ :=
∑
g∈G χ(g)g−1 denote the primitive idempotent at-

tached to χ. Since G is abelian we may and will identify ηl = (ηl,χ)χ∈Irr(G) with

the group ring element ηl =
∑
χ∈Irr(G) ηl,χeχ. We write ΘMT

K for the image of ΘMT
f

under the canononical map Zl[Gf ] −→ Zl[G]. Then we obtain from (12)

ΘMT,#
K =

c(ϕ)
c∞

 ∑
χ∈Irr(G)

f

fχ
eχ

 ηl.

By Proposition 3.1 (see below) we know that
∑
χ
f
fχ
eχ ∈ Zl[G]×, so that it remains

to show that ΘMT,#
K ∈ Zl[G]×. Let χ0 denote the trivial character. For α, β ∈ Q×l

we wite α =l β if α/β ∈ Z×l . Then

χ0(ΘMT,#
f ) = c(ϕ)f

τ(χ0)Lf (E/Q, 1)
2Ω+

= c(ϕ)fτ(χ0)

∏
p|dK

Lp(E/Q, 1)

 L(E/Q, 1)
c∞Ω+

=l c(ϕ)f

∏
p|dK

Lp(E/Q, 1)

 #X(E/Q)
(#E(Q)tors)

2

∏
p|NE

cp(E,Q),

where we used τ(χ0) = ±1 and the validity of the l-part of the Birch and Swinnerton-
Dyer conjecture for E/Q. We claim that under our hypotheses the right hand side
is an l-adic unit. For each of the factors in the product, except the Euler factors,
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this is immdiately clear from Hypotheses 1.1 (i)-(vii) and the additional assump-
tions made in the statement of Theorem 1.2. Each of the Euler factors is of the
form

Lp(E/Q, s) = 1− app−s + p1−2s,

with ap = p+ 1−#Ē(Fp), so that pLp(E/Q, 1) = #Ē(Fp). Hence hypothesis (iii)
implies that Lp(E/Q, 1) is indeed an l-adic unit.

Since G is an l-group, the group ring Zl[G] is a local ring with maximal ideal
given by the kernel of the natural map Zl[G] −→ Fl which is induced by λ 7→
χ0(λ) mod lZl. It follows that ΘMT,#

f is contained in Zl[G]×.
To complete the proof of Theorem 1.2 it remains to show the following proposi-

tion.

Proposition 3.1. a) Let K/Q be a tame abelian extension with group G and
conductor f = fK . Then ∑

χ∈Irr(G)

f

fχ
eχ ∈ Z[G].

b) If, in addition, G is an l-group and l - f , then∑
χ∈Irr(G)

f

fχ
eχ ∈ Zl[G]×.

Proof. a) For a divisor d of f we set

f(d) =
∑
fχ=d

eχ, g(d) =
∑
fχ|d

eχ.

Let n be any positive divisor of f . Then
∑
d|n f(d) = g(n) and by Möbius inversion∑

d|n µ(n/d)g(d) = f(n), or rather,∑
d|n

µ
(n
d

)∑
fχ|d

eχ =
∑
fχ=n

eχ.

Since
∑
χ
f
fχ
eχ =

∑
n|f

f
n

∑
fχ=n eχ it remains to show

(13)
∑
n|f

f

n

∑
d|n

µ
(n
d

)∑
fχ|d

eχ ∈ Z[G].

Let Hd := Gal(K/K ∩Q(ζd)). By de�nition of the conductor we obtain

fχ | d ⇐⇒ Kker(χ) ⊆ K ∩Q(ζd) ⇐⇒ Hd ⊆ ker(χ).

It follows that
∑
fχ|d eχ = eHd , where we write eH := 1

#H

∑
h∈H h for the idempo-

tent attached to a subgroup H of G. Substituting this in (13) we further conclude

∑
n|f

f

n

∑
d|n

µ
(n
d

)∑
fχ|d

eχ =
∑
d|f

∑
t| fd

f/d

t
µ(t)

 eHd .

By induction it is easily shown that for any squarefree integer s one has∑
t|s

s

t
µ(t) =

∏
p|s

(p− 1).



8 WERNER BLEY

Hence it su�ces to show that∏
p| fd

(p− 1)

 eHd ∈ Z[G].

This �nally follows from

#Hd = [K : K ∩Q(ζd)] | [Q(ζf ) : Q(ζd)] =
∏
p| fd

(p− 1).

b) In this case χ0

(∑
χ∈Irr(G)

f
fχ
eχ

)
= f , so that

∑
χ∈Irr(G)

f
fχ
eχ is not contained

in the maximal ideal of the local ring Zl[G].
�

4. Satisfying the hypothesis

In this section we will prove Theorem 1.3.

Proof of Theorem 1.3 By results of Kolyvagin we know that X(E/Q) is �nite.
If E does not have complex multiplication, then fundamental work of Serre [10]
shows that Gal(Q(E[l])/Q) is isomorphic to Gl2(Fl) for almost all primes l. If
E has complex multiplication, say by some order in the imaginary-quadratic �eld
k, then the classical results of the theory of complex multiplication show that for
almost all primes l one has

[Q(E[l]) : Q] =

{
1
wk

(l − 1)2, if l is split in k/Q,
1
wk

(l2 − 1), if l is inert in k/Q.

Here wk denotes the number of roots of unity in k.
It easily follows that for each elliptic curve E/Q there are in�nitely many primes

l such that

(a) l - #E(Q)tors#X(E/Q)NE
∏
p|NE

cp(E,Q),

(b) [Q(E[l]) : Q(ζl)] is not a power of l.

For any �nite extension K/Q let S(l)(E/Q) and S(l)(E/K) denote the respec-
tive Selmer groups. Let S := {l,∞} ∪ {q : q divides NE} and denote by SK
the set of places of K lying over the places in S. Let H1(GQ̄/Q, E[l];S) (resp.

H1(GQ̄/K , E[l];SK)) denote the set of cohomology classes which are unrami�ed

outside S (resp. SK). Then by [9, Ch. X, Cor.4.4]

S(l)(E/Q) ⊆ H1(GQ̄/Q, E[l];S),

S(l)(E/K) ⊆ H1(GQ̄/K , E[l];SK).

By [8, Ch. I, Prop.3.8] we obtain

S(l)(E/Q) = ker

H1(GQ̄/Q, E[l];S) −→
∏
p∈S

H1(GQ̄p/Qp , E)

 ,

S(l)(E/K) = ker

(
H1(GQ̄/K , E[l];SK) −→

∏
v∈SK

H1(GK̄v/Kv , E)

)
.
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Let S = {∞, l, q1, . . . , qt}. We will �rst show that there is a positive density of
primes p such that

(c) p ≡ 1(mod l),

(d) q ≡ ylq(mod p) with yq ∈ Z/pZ for all q ∈ S \ {∞},
(e) ap − 2 6≡ 0(mod l).

For this purpose we consider the tower of �elds

Q ⊆ E ⊆ F ⊆ L
with

E := Q(ζl), F := E( l
√
l, l
√
q1, . . . , l

√
qt), L := F (E[l]).

Because of (b) there exists σ ∈ Gal(L/Q) such that σ 6= id and σ|F = id. Hence
σ|Q(E[l]) 6= id. By Chebotarev's density theorem there are in�nitely many unrami-
�ed primes P of L such that the Frobenius of P is contained in the conjugacy class
of σ. Let p denote the residue characteristic of P. Then p is completely split in
F/Q and (c) and (d) are immediate from our construction. We now demonstrate
(e). Let α, β denote the eigenvalues of Frp on Vl(E). Then α and β are contained
in Zl and satisfy α + β = ap and αβ = p. Because of (c) the eigenvalues α and β
are actually units in Zl. Now suppose that ap ≡ 2(mod l). Then one easily shows
that α ≡ β ≡ 1(mod l), and hence, Frp acts trivial on E[l]. This is a contradiction
to σ|Q(E[l]) 6= id.

Let K denote the unique sub�eld of Q(ζp) with [K : Q] = l and set G :=
Gal(K/Q). It remains to show (iii), (vi) and (vii).

Combining (c) and (e) we deduce (iii) from ap − 2 = p− 1−#Ē(Fp). From (e)
and the proof of [6, Th. 3.7] we deduce that L(E/Q, χ, 1) 6= 0 for each non-trivial
character χ of Gal(K/Q). Hence L(E/K, 1) 6= 0 and by results of Longo and Tian
and Zhang (see e.g. [5, Theorem 3.7]) we conclude that rk(E(K)) = 0. This is (vi).

Since G is an l-group (iii) implies that l - #E(K)tors. From the exact sequence

0 −→ E(K)/lE(K) −→ S(l)(E/K) −→X(E/K)[l] −→ 0

we derive X(E/K)[l] ' S(l)(E/K) (and analogously X(E/Q)[l] ' S(l)(E/Q)).
Hence it su�ces to show that S(l)(E/K) = 0.

From the in�ation-restriction sequence (see [11, VII, �6]) we see that the restric-
tion map induces an isomorphism

res : H1(GQ̄/Q, E[l]) '−→ H1(GQ̄/K , E[l])G.

Let Sram = {p} denote the set of primes which ramify in K/Q. We set S′ :=
S∪Sram and write S′K for the set of primes ofK lying above primes in S′. Then it is
straightforward to show that res induces an isomorphism betweenH1(GQ̄/Q, E[l];S′)
and H1(GQ̄/K , E[l];S′K)G. Hence we have the diagram

S(l)(E/Q)
⊆ //

��

H1(GQ̄/Q, E[l];S′)

' res

��
S(l)(E/K)G

⊆ // H1(GQ̄/K , E[l];S′K)G

Assume that there is a non-trivial element ξ ∈ S(l)(E/K)G. Let η ∈ H1(GQ̄/Q, E[l];S′)
such that res(η) = ξ. Then η becomes trivial in H1(GK̄v/Kv , E) for all v ∈ S′K .



10 WERNER BLEY

Let v | q. If q ∈ S, then Kv = Qq since �nite primes q split completely in K/Q
by (d) and K is totally real. If q = p, then Kv = Qq since p is totally rami�ed in
K/Q by construction. As a consequence, the element η is a non-trivial element in
S(l)(E/Q) which contradicts (a).

Since G is an l-group, it follows immediately that S(l)(E/K) is trivial. Indeed,

|S(l)(E/K)| = |S(l)(E/K)G|+
∑

(cardinality of G-orbits of length > 1),

so that |S(l)(E/K)| = 1.

Remark 4.1. In the proof we only constructed �elds K of prime conductor p. But
one can easily prove that any compositeK of these �elds will also satisfy Hypotheses
1.1. For the conditions (i) - (v) this is obvious. The proof of [6, Th. 3.7] shows that
L(E/Q, χ, 1) 6= 0 for each non-trivial character χ of Gal(K/Q) since we have (e)
for each of the prime divisors of fK . Finally an induction argument very similar as
above shows (vii).
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