THE EQUIVARIANT TAMAGAWA NUMBER CONJECTURE
AND MODULAR SYMBOLS

WERNER BLEY

ABsTrAaCT. We show that for each elliptic curve E/Q with L(E/Q,1) # 0
there are infinitely many odd primes [ and for each such [ infinitely many
abelian l-extensions K/Q such that the I-part of the equivariant Tamagawa
number conjecture holds for the pair (h!(Ex)(1), Z[Gal(K/Q))]).

1. INTRODUCTION

Let E/Q be an elliptic curve and K/Q a finite Galois extension with group G.
We write Ex for the base change of E and consider the motive Mg := h'(Ex)(1)
as a motive over Q with a natural action of the semi-simple Q-algebra Q[G].

In this manuscript we study the equivariant Tamagawa number conjecture (for
short, ETNC) as formulated by Burns and Flach in [3] for the pair (Mg, Z[G]) in
the case where K/Q is an abelian [-extension where [ denotes an odd prime. In this
context the [-part of the ETNC, here denoted by ETNC,, is of particular interest.
Combining recent results of Fearnley, Kisilevsky and Kuwata [6] and of the author
[2] with the theory of modular symbols as introduced by Mazur and Tate in [7]
we prove ETNC; for infinitely many pairs (E, K). More precisely, we show that
for any elliptic curve E/Q with L(E/Q,1) # 0 there exist infinitely many primes
[ and for each such [ infinitely many abelian l-extensions K/Q satisfying the the
explicit hypotheses below. By important results of Gross and Zagier and Kolyvagin
(see [5] for a survey) we may assume the [-part of the Birch and Swinnerton-Dyer
conjecture for £/Q. Together with our explicit conditions this allows us to deduce
ETNC,;. We want to emphasize here that ETNC,; cannot be deduced from the Birch
and Swinnerton-Dyer conjectures for E/F where F runs through the subfields of
K/Q (see Remark 2.2).

To present our results in more detail we need to introduce some notations most of
which are standard. Throughout the manuscript we write dx for the discriminant
of K and N for the conductor of E. For a prime p we write c,(E,Q) for the
usual Tamagawa factor at p and if p { N we let E(F,) denote the group of F,-
rational points on the reduced curve E modulo p. As usual we write E(K) for the
Mordell-Weil group and III(E/K) for the Tate-Shafarevic group.

We impose the following

Hypotheses 1.1.

(i) [K:Q]=1",1 an odd prime,
(i) (dk,l) =1, (dx,Ng)=1,
(111) ! Jf #E(Q)tors Hp\dK #E(Fl))ﬂ
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(IV) lJ[NE,
V) U1 v, e (E,Q),
(vi) tkz E(K) =0,

(vii) 1 #II(E/K).

In the following a pair (F, K) satisfying Hypotheses 1.1 is called [-arithmetically
trivial.

Let Xo(Ng) denote the modular curve of level Ng and let p: Xo(Ng) — E be
a modular parametrization. Let ¢(p) be the Manin constant associated to ¢.

The main results of this manuscript are as follows.

Theorem 1.2. Let! be an odd prime, K/Q an abelian extension and E/Q an ellip-
tic curve such that (E, K) is l-arithmetically trivial. Assume that 1t c(@)#1I(E/Q)
and that the l-part of the Birch and Swinnerton-Dyer conjecture for E/Q is valid.
Then ETNC; holds for the pair (Mg, Z[G]).

Theorem 1.3. Let E/Q be an elliptic curve such that L(E/Q,1) # 0. Then there
are infinitely many primes | and for each such prime | infinitely many abelian
extensions K/Q such that (E, K) is l-arithmetically trivial.

If L(E/Q,1) # 1, then it is well known that III(E/Q) is finite and that the Birch
and Swinnerton-Dyer conjecture holds up to a rational factor. Hence we deduce

Corollary 1.4. Let E/Q be an elliptic curve such that L(E/Q,1) # 0. Then there
are infinitely many primes | and for each such 1 infinitely many abelian l-extensions
K/Q such that ETNC; holds for the pair (Mg, Z[G]).

The author thanks Christian Wuthrich for very helpful discussions concerning
the application of modular symbols and valuable comments on a preliminary version
of this manuscript.

2. A SPECIAL CASE oF ETNC

In this section we briefly recall the relevant results of [2]. In particular, we
will state (in our very special setting) a very explicit reformulation of ETNC;.
Throughout this section we assume that [ is an odd prime such that the pair (E, K)
is l-arithmetically trivial.

For a finite group G we write Irr(G) for the set of absolutely irreducible charac-
ters. For any ring R we let ((R) denote the center of R. As usual, we canonically
identify the center ((C[G]) of the complex group ring C[G] with @B, ¢y, C. We
recall that the equivariant motivic L-function L(M, s) attached to My is given by
the ((C[G])-valued function (L(E/Q, X, s + 1)), crpr (g (for some further details see
the paragraph preceding [1, Remark 3.2]). For each character x we let L*(E/Q, x, 1)
denote the leading coefficient in the Taylor expansion at s = 1 and set

LY = (L*(E/Qv)_(v 1))Xe1rr(G) '

From [2, Prop. 2.8] we deduce £* € ((R[G]).
We let wy denote a Néron differential and write v; and vy_ for Z-generators of
H,(E(C),Z)* and H1(E(C),Z)~, respectively. We define

Q. ::/ wo, _ ::/ wo,
T+
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and normalize v+ such that 2 is positive real and €)_ is a positive real multiple
of i.

We fix an embedding ¢: K <— C. Since [ is unramified in K/Q, the ring Ok :=
Ok ®z Zy is Z;[G]-ree. Let ap € K be a Z;[G]-generator of Ok ; and set

Aa = €0t (Z(L ° U)(ao)0_1>

ceG

Since [ is odd K is totally real and therefore we deduce from [1, Prop. 3.1] that the
equivariant period is given by Nrdgjg)(Aa, ). Explicitly we obtain

NrdR[G](Aao) = R(O[())

with

Ry = Rylar) = det (Z L<a<ao>>TX<al>> ,

oeG
1
QX — Q)_f_()7

where T : G — Gl,(1)(C) is a representation associated to the character x.
Finally we set

(1) u = w(ag) = ﬂ*%(ao) - (L*(E/Q»;Ell))Rx(ao))

2 X€lrr(G)
and
(2) &= ] LolB/Q. 3 1) ey

pldx

where L,(E/Q, x,1) denotes the local Euler factor at s = 1. By equation (8) of [2]
and the paragraphs following it we have

(3) ETNCZ isvalid <— u; = fl(mod NI‘dR[G] (Zl [G]X))

Note that by [1, Rem. 3.6] the validity of the right hand side does not depend on
the choice of .

Remark 2.1. We will use the Hypotheses 1.1 to establish ETNC; by proving
the equivalent congruence condition in (3). It seems to be possible to prove this
congruence in greater generality, however, all of Hypotheses 1.1 is needed to show
the equivalence to ETNC;.

Remark 2.2. It does not seem to be possible to deduce ETNC; from the validity of
the Birch and Swinnerton-Dyer conjectures for E//F where F' runs over all subfields
of K/Q. For example, if K/Q is cyclic of order [ and L(E/K,1) # 0, then one can
prove that w& ' € ((Q[G])* = Q[G]*. However, Q[G] ~ Q; ® Q;({;) and an
element \ € Q;[G]* corresponding to (Ao, \1) € Q; @ Q;(¢;) is contained in Z;[G]”*
if and only if Ao € Z, Ay € Zy[(;]* and Ao = A (mod (1 —¢;)). For more examples
of these congruences we refer the reader to [1, Sec. 2.3] and [2, Sec. 5].
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3. ABELIAN EXTENSIONS AND MODULAR SYMBOLS

In this section we briefly recall the definition and relevant properties of modular
symbols as introduced by Mazur and Tate in [7] and normalized by Darmon in [4].
We combine this with the explicit formulation of ETNC; given in (3) in order to
prove Theorem 1.2.

Let f be a square-free positive integer such that (f,Ngp) = 1. Let Q(¢s)*"
denote the maximal real subfield of the f-th cyclotomic field Q(¢y). We set G :=
Gal(Q(¢r)/Q) and G]f = Gal(Q(¢y)*/Q) . As usual, for any a € (Z/fZ)" we
write o, for the automorphism which sends ¢ to CJ‘%.

Let A C C denote a Néron lattice. Then we can identify F(C) with C/A and wy
with dz. We define QF € R+ such that A C ZQ* @ ZiQ~ with minimal index. We
let co denote the number of components of E(R), i.e., ¢ = 2 if E(R) is rectangular
and ¢ = 1 otherwise. Then QF = .

If ¢: Xo(Ng) — E is a modular parametrization, then the pullback of the
Néron differential wy defines a cusp form of weight 2 on X((Ng),

©*wo = c(@) f(q)dq/q = c(p) - 2mif(2)dz,

where f(q) = ", 51 ang"™, ¢ = exp(2miz), is normalized such that a; =1 and c(y)
denotes the Manin constant.
Following Mazur and Tate [7] we define the modular symbols by the equality

2mi /;:Hioo f(z)dz = E} i QF 44 [%} o

The modular symbol [4] * depends only on the value of @ modulo ¢. Since we will
only consider totally real abelian extensions K/Q we will henceforth only consider
the modular symbols [ ]*. Following Darmon [4] we define the regularized modular

symbols by * .
5] = (D) [

where p1 denotes the Mdbius function and (f/t)~! is the inverse of f/t modulo t.
Recall here that f is square-free so that f/¢ and ¢ are relatively prime.

We set

1 al®
OMT .— 3 > M 0q € Q[GY]
a€(Z/ )"

and call it the Mazur-Tate element.

We recall the main properties of @j}/[T. Since [ is odd and [ { #E(Q)+ors we have

(4) oy e Z[Gy).
If pf f and 2, : Q[Gyp] — Q[G/] denotes the canonical projection, then
(5) Zp(@%[oT) = —op(p— ngap + 0;2)@?/[T‘

This is precisely Lemma 2.2 of [4]. Finally we recall the relation to twisted Hasse-
Weil- L-functions. We write

LM (EJQ.x,5) = 3 x(m)aun ™

n=1
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for the L-series considered in [7] and [4]. Here we consider x as a primitive character
defined modulo its conductor f,. If f is a positive multiple of f,, then we write
Lj\/T(E/@,X,s) for the L-function where we omit the primes dividing f in the
definition via the usual Euler product, i.e., we consider x as a character modulo f.
If  is an even Dirichlet character of conductor f, dividing f, then by [4, Prop. 2.3]

f TO)LYT (E/Q,x, 1)
fy 20+

(6) X077 = c()

with the Gauss sum

T(X) _ Z X(a)ezm‘a/f7

where x is considered as a character modulo f, i.e., x(a) = 0 whenever a and f are
not coprime.

Unfortunately our L-functions are not normalized in the same way as the L-
functions in [7] and [4]. In the following we describe how they are related.

We let T)(F) := lim E[l"] denote the l-adic Tate module. We define V(F) :=

T)(F) ®z, Q; and set
H|(E) := Hom(V,(E),Q;) ®q, Q.

For x € Irr(G) we write V) for a representation space for y and without loss of
generality we regard V, as a Q;-vector space. For primes p # [ the local polynomials
used to define the equivariant motivic L-function (see [3, Remark 7]) are given by

P,(E/Q,x,T) := det (1 — Fr;lT | (Hl(E) ®g, VX)IP) .

Let o, B denote the eigenvalues of Fr, on Vi(E). It follows that for abelian charac-
ters x and primes p such that pt dx Ng one has

(1) Pp(B/Qx,T) = (1= xX(p)aT)(1 = x(p)BT) = 1 = X(p)apT + X(p)*pT*.
Since (f, Ng) = 1 we have (H;(E) ®g, VX)I” = H|(E)'» @4, V,”. Furthermore,
(8) VI =0 < I, Zker(x) < p| fy.

It follows from (7) and (8) that L(E/Q, x,s) = > »o, X(n)a,n™* where y is con-
sidered as a primitive character modulo f,. For future reference we record

(9) LM (E/Q,x, ) = L(E/Q, X, 5).
We rewrite (6) and obtain

f TOOL(E/Q,x,1)
fy 20+

(10) X(©7") = c(y)

Our next aim is to relate the Gauss sum 7(x) to our resolvent R, (ag) for a
suitable choice of normal basis element «y. Let f = fx denote the conductor of
K. Since [ is unramified in K/Q by (ii) the conductor f is squarefree. By Hilbert’s
Theorem 132 the element (; generates a normal integral basis for Q(¢y)/Q and
consequently ag := Trg¢,)/x ((r) is an integral normal basis element for K/Q. We
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let .: K — C denote the embeding which is induced by {; — exp(2mi/f), but
usually omit ¢ from the notation. We obtain

Ao = No(ag) = Z olag)o™t = Z o Z (¢p) | o7t

oe@ =e T€Gal(Q(¢r)/K)
= > Y(¢r) (V)T = Z CF (oalx) ™
y€Gal(Q(¢r)/Q) €(z/fz)*

We conclude that for each character x € Irr(G) we have
(11) Ry (o) = x(Xo) = 7(X)-

Proof of Theorem 1.2 By (3) we must show that the element 7, := w& ! is
contained in Nrdg(g)(Zi[G]™) = Zy[G]™, where u; and & are defined in (1) and (2),
respectively. From (10), (11) and Q% = ¢=Q_ we deduce

w=(gpxern)

Let # : Q[G] — Q[G] denote the involution induced by g — g~*. We obtain the
fundamantal relation

x€lrr(G)

(12) x(©3 1) = (‘p}f My, Yx€TIrr(Q).
CooJx

For x € Irr(G) we let e, := dec x(9)g~! denote the primitive idempotent at-
tached to x. Since G is abelian we may and will identify n;, = (m,X)Xelrr(G) with

the group ring element 1 = Y- (1) M.xex- We write ©3/" for the image of ©F"
under the canononical map Z;[Gs] — Z,;|G]. Then we obtain from (12)

QMT# _ c(¢) I _
K Cos D e |m
x€Irr(G)
By Proposition 3.1 (see below) we know that fiex € 7Zy[G]™, so that it remains
X
to show that G%T’# € 74[G]. Let xo denote the trivial character. For o, 3 € Q
we wite o = 3 if a/3 € Z]. Then

T(x0) Ly (E/Q, 1)
20+

xo(OF ) = cle)f

L(E/Q,1)

c@)fr0w) | 11 Lo(B/Q.D) | =57

pldx

#1(E/Q)
L b
pg( /Q (#E(Q)t0r5)2 p|11_V[E

where we used 7(xo) = %1 and the validity of the l-part of the Birch and Swinnerton-
Dyer conjecture for E/Q. We claim that under our hypotheses the right hand side
is an [-adic unit. For each of the factors in the product, except the Euler factors,
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this is immdiately clear from Hypotheses 1.1 (i)-(vii) and the additional assump-
tions made in the statement of Theorem 1.2. Each of the Euler factors is of the
form

Ly(B/Q,s) =1 —app™ +p' 7%,
with a, = p+ 1 — #E(F,), so that pL,(E/Q,1) = #E(F,). Hence hypothesis (iii)
implies that L,(E/Q,1) is indeed an [-adic unit.

Since G is an l-group, the group ring Z;[G] is a local ring with maximal ideal
given by the kernel of the natural map Z;[G] — TF; which is induced by A —
Xo(A) mod IZ;. It follows that @yT’# is contained in Z;[G]™.

To complete the proof of Theorem 1.2 it remains to show the following proposi-
tion.

Proposition 3.1. a) Let K/Q be a tame abelian extension with group G and
conductor f = fx. Then

iex € ZIG).
x€Irr(G) fX

b) If, in addition, G is an l-group and 1t f, then
iex € 7 [G]X
x€lrr(G) X
Proof. a) For a divisor d of f we set
fld) = Z ey, ¢g(d) = Zex.
Ix=d Ixld

Let n be any positive divisor of f. Then ) din f(d) = g(n) and by M&bius inversion
de pu(n/d)g(d) = f(n), or rather,

n

Su() e T

dn fxld fx=n
Since ) %ex =2y % fo=n ey it remains to show

f n
n|f d|n fxld
Let Hy := Gal(K/K NQ(¢q)). By definition of the conductor we obtain
frld = KN C KNQ((y) <= Hy C ker(x).

It follows that -, |, ey = em,, where we write ey := 5 3, h for the idempo-
tent attached to a subgroup H of G. Substituting this in (13) we further conclude

SIS u () T e =X (S | en

nlf " dln fyld df \t4

By induction it is easily shown that for any squarefree integer s one has

PRETORS | ((ES)E

tls pls
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Hence it suffices to show that

[[e-1 | en, € zG).
pld
This finally follows from
#Hy = [K: KNQ(C)] | Q) : Q)] =] — 1)

L
b) In this case xo (erm(c) fLeX) = f,sothat }° 1) fiex is not contained
X X

in the maximal ideal of the local ring Z;[G].
O

4. SATISFYING THE HYPOTHESIS

In this section we will prove Theorem 1.3.

Proof of Theorem 1.3 By results of Kolyvagin we know that III(E/Q) is finite.
If E does not have complex multiplication, then fundamental work of Serre [10]
shows that Gal(Q(E[!])/Q) is isomorphic to Gly(F;) for almost all primes [. If
F has complex multiplication, say by some order in the imaginary-quadratic field
k, then the classical results of the theory of complex multiplication show that for
almost all primes [ one has

a-(=1)%, i Lis split in k/Q,

[Q(EM) - @l = { (12—1), if Lis inert in k/Q.

1
wy,
Here wy denotes the number of roots of unity in k.

It easily follows that for each elliptic curve E/Q there are infinitely many primes
[ such that

(@) U #EQuors#H(E/QNE [] (B, Q),

p|NE
() [Q(E[]) : Q(¢;)] is not a power of .

For any finite extension K/Q let SO(E/Q) and S (E/K) denote the respec-
tive Selmer groups. Let S := {l,00} U {q : ¢ divides Ng} and denote by Sk
the set of places of K lying over the places in S. Let Hl(G@/Q,E[l];S) (resp.
H'(Ggk, Ell]; Sk)) denote the set of cohomology classes which are unramified
outside S (resp. Sk). Then by [9, Ch. X, Cor.4.4]

sO(B/Q) © H'(Gge Ell);S),
SU(E/K) © H'(Ggx. Bll): Sk)-
By [8, Ch. I, Prop.3.8] we obtain

N

SOE/Q) = ker | H' (G Elll;S) — [ H'(Go,/0,.B) |-
peS

SO(E/K) = ker <H1(GQ/K,E[Z];SK)—> II Hl(GKU/KU,E)>.
VESK
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Let S = {oo0,l,q1,...,q:}. We will first show that there is a positive density of
primes p such that

(c) p = 1(mod 1),
(d) q= yé(mod p) with y, € Z/pZ for all ¢ € S\ {oo},
(e) ap — 2 % 0(mod 1).
For this purpose we consider the tower of fields
QCECFCL
with

E:=Q(¢), F:=ENVLVa,..../a), L:=F(E[).

Because of (b) there exists ¢ € Gal(L/Q) such that o # id and o|r = id. Hence
olg(ep)) # id. By Chebotarev’s density theorem there are infinitely many unrami-
fied primes P of L such that the Frobenius of 3 is contained in the conjugacy class
of 0. Let p denote the residue characteristic of 3. Then p is completely split in
F/Q and (c) and (d) are immediate from our construction. We now demonstrate
(e). Let «, 5 denote the eigenvalues of F'r, on Vi(E). Then a and (3 are contained
in Z; and satisfy o + 3 = a, and af = p. Because of (c) the eigenvalues a and
are actually units in Z;. Now suppose that a, = 2(mod [). Then one easily shows
that o = f = 1(mod [), and hence, F'r,, acts trivial on E[l]. This is a contradiction
to U‘Q(E[l]) #id.

Let K denote the unique subfield of Q({,) with [K : Q] = [ and set G :=
Gal(K/Q). It remains to show (iii), (vi) and (vii).

Combining (c) and (e) we deduce (iii) from a, —2 =p — 1 — #E(F,). From (e)
and the proof of [6, Th. 3.7] we deduce that L(E/Q, x, 1) # 0 for each non-trivial
character y of Gal(K/Q). Hence L(E/K,1) # 0 and by results of Longo and Tian
and Zhang (see e.g. [5, Theorem 3.7]) we conclude that rk(E(K)) = 0. This is (vi).

Since G is an l-group (iii) implies that { { #E(K )¢ors. From the exact sequence

0 — E(K)/IE(K) — SO(E/K) — HI(E/K)[l] — 0

we derive II(E/K)[l] ~ SO(E/K) (and analogously III(E/Q)[l] ~ SO (E/Q)).
Hence it suffices to show that SU)(E/K) = 0.

From the inflation-restriction sequence (see [11, VII, §6]) we see that the restric-
tion map induces an isomorphism

res: Hl(G@/Q,E[l]) = Hl(G@/K7E[l])G-

Let Sram = {p} denote the set of primes which ramify in K/Q. We set S’ :=
SUSyam and write S} for the set of primes of K lying above primes in S’. Then it is
straightforward to show that res induces an isomorphism between H'(Gg,q, E[l]; S")
and H'(Gy, g, E[l]; S )¢. Hence we have the diagram

SO(EB/Q) HY(Ggyo: E[I1;5")

l Nl

SO(E/K)¢ ——=—> H'(Ggyx. Ell]; S)©

Assume that there is a non-trivial element ¢ € S (E/K)%. Letn € H'Y(Gg,q, Ell]; ")
such that res(n) = & Then 5 becomes trivial in H' (G, k., , E) for all v € S
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Let v | g. If ¢ € S, then K,, = Q, since finite primes ¢ split completely in K/Q
by (d) and K is totally real. If ¢ = p, then K, = Q, since p is totally ramified in
K/Q by construction. As a consequence, the element 7 is a non-trivial element in
SO (E/Q) which contradicts (a).

Since G is an [-group, it follows immediately that S)(E/K) is trivial. Indeed,

ISO(E/K)| =|SY(E/K)Y+ ) (cardinality of G-orbits of length > 1),
so that [SW(E/K)| = 1.

Remark 4.1. In the proof we only constructed fields K of prime conductor p. But
one can easily prove that any composite K of these fields will also satisfy Hypotheses
1.1. For the conditions (i) - (v) this is obvious. The proof of [6, Th. 3.7] shows that
L(E/Q,x,1) # 0 for each non-trivial character x of Gal(K/Q) since we have (e)
for each of the prime divisors of fx. Finally an induction argument very similar as
above shows (vii).
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