NUMERICAL EVIDENCE FOR THE EQUIVARIANT BIRCH
AND SWINNERTON-DYER CONJECTURE

WERNER BLEY

ABsTRACT. Let E/Q be an elliptic curve and K/Q a finite Galois extension
with group G. We write Ex for the base change of E and consider the equi-
variant Tamagawa number conjecture for the pair (h!(Ex)(1),Z[G]). This
conjecture is an equivariant refinement of the Birch and Swinnerton-Dyer con-
jecture for E/K. For almost all primes | we derive an explicit formulation of
the conjecture which makes it amenable to numerical verifications. We use
this to provide convincing numerical evidence in favour of the conjecture.

1. INTRODUCTION

Let E/Q be an elliptic curve and let K/Q be a finite Galois extension with group
G = Gal(K/Q). We write Ex for the base change of E. We consider the motive
M = h'(E)(1) and regard My := h°(Spec(K)) @po(spec@)) M = h'(Ex)(1) as a
motive over Q with a natural left action of the rational group ring Q[G] via the
first factor. We write ((C[G]) for the center of the complex group ring C[G] and
L(Mg, s) for the ((C[G])-valued L-function of My which is defined and analytic
in Re(s) > 1/2. It is conjectured that L(Mk,s) has meromorphic continuation
to all of C. Assuming this conjecture we write L*(Mg) for the leading term in
its Taylor expansion at s = 0. To be more explicit, we let Irr(G) be the set of
absolutely irreducible characters of G. For any character y we write L(E/Q, x, s)
for the twisted Hasse-Weil-L-function and L*(E/Q,x, 1) for the leading term in
the Taylor expansion at s = 1. The center ((C[G]) is canonically isomorphic to
1 enr(c) C and via this identification L* (M) equals (L*(E/Q, X, 1)), crr(q)- 1t
is easily shown that L*(Mg) € ((R[G])* (see Remark 3.2).

The ‘Equivariant Tamagawa Number Conjecture’ (for short ETNC) formulated
by Burns and Flach in [12] for the pair (Mg, Z[G]) is equivalent to an equality of
the form
(1) 6(L*(Mk)) = x(Mk)
where ¢ is a canonical homomorphism from the unit group ((R[G])* to the relative
algebraic K-group Ko(Z[G],R) and x(Mk) is a certain Euler characteristic in this
relative group constructed from the various motivic cohomology groups, realiza-
tions, comparison isomorphisms and regulators associated to My and its Kummer
dual. We note in passing that the ETNC is formulated in much more generality
and that the general formulation is comparatively abstract. Indeed, in our elliptic
curve case with K = Q the ETNC is equivalent to the Birch and Swinnerton-Dyer
conjecture (for short BSD). But even this basic fact is not evident and we refer the
reader to [24] or [36] for a detailed proof. For the base change of an elliptic curve
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the ETNC is an ‘equivariant BSD conjecture’. Our main result Proposition 4.4
makes this apparent for arbitrary elliptic curves E/Q and Galois extensions K/Q.
The aim of this article is to describe an approach for converting the rather
involved and abstract conjectural equality (1) into a form which is amenable to
numerical computations. In this way we systematically improve upon work of
Navilarekallu [30] which originally was the motivation for this manuscript.

As in the classical case of the BSD conjecture the ETNC splits into three parts:
an ‘equivariant rank conjecture’, an ‘equivariant rationality conjecture’ and an
‘equivariant integrality conjecture’.

We will use work of T. Dokchitser [17] to compute numerical approximations
to the leading terms of the twisted Hasse-Weil-L-functions and for our general
approach we will then usually assume the validity of the rank conjecture. However,
in our concrete examples in Section 6 we are often able to deduce the rank conjecture
from theoretical results or from an explicit computation of Selmer groups.

We then show how to compute numerical approximations to equivariant periods
and to equivariant regulators (provided that we are able to compute the Mordell-
Weil group F(K)). Combining these computations we are able to numerically verify
the rationality conjecture up to the precision of our computations.

From now on we assume the validity of the equivariant rationality conjecture.
We note in passing that there are important results in the literature (without being
exhaustive we only mention [22, 25, 26, 27, 37] and recent results of Bertolini and
Darmon) from which one can possibly deduce the equivariant rationality conjecture
provided that the analytic (equivariant) rank is at most 1. This will be part of a
further research project. In our numerical examples we mostly consider elliptic
curves E defined over Q and dihedral extensions K/Q of order 2 for an odd prime
[ such that the Mordell-Weil group F(K) is finite. In this case, where all absolutely
irreducible characters are of degree 1 or 2, there is important work of Shimura
[33, 34] which probably allows to deduce the equivariant rationality conjecture. In
a slightly different situation, namely for subextensions of the false Tate curve tower,
Bouganis and V. Dokchitser in [7] successfully apply Shimura’s work to deduce
algebraicity and Galois equivariance of twisted BSD quotients. Similar arguments
will hopefully work in our context.

Furthermore we throughout assume that the Tate-Shafarevic group HI(E/K)
is finite. Again it is possible to deduce finiteness of III(E/K) in many examples
provided that the analytic rank is at most 1 from the above mentioned work, how-
ever, since the aim of this paper is to work out the additional difficulties of the
equivariant conjecture, we prefer to make the general assumption that II(E/K) is
finite.

A further main result of this paper (Corollary 4.7) shows that we can use the
computational results from the verification of the rationality conjecture to prove
the l-part of the ETNC for all primes [ outside a finite set of difficult primes. This
finite set contains in most cases the prime divisors of #G and the prime divisors of
#II(E/K). There are two different reasons why we get into difficulties with these
primes. Our approach is restricted to the case that certain cohomology groups are
perfect Z;[G)-modules. If [ ¥ #G the ring Z;[G] is regular so that this assumption
is satisfied for every finitely generated Z;[G]-module. On the other hand, even if
[ | #G there are some rare cases where the modules under consideration are perfect,
so that we can also produce numerical evidence for these interesting primes (see the
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examples in Section 6). Primes dividing #III(E/K) are difficult just because we
are not able to compute IHI(E/K) as a Galois module (which would be necessary
in order to compute Euler characteristics). The situation is even worse because
we do not dispose of an algorithm to compute #1I(E/K). In order to compute a
conjectural candidate for the set of difficult primes we will assume the validity of
the classical BSD conjecture for F/K and use it to compute a conjectural value for
#UI(E/K).

We point out that the equivariant BSD conjecture has far reaching explicit con-
sequences (see [14]) which could not be derived from non-equivariant versions. This
may indicate that any theoretical or numerical verification of the equivariant ver-
sion requires a lot of additional effort. A lot of the additional algorithmic problems
are hidden in the algorithms described in [5]. In particular, it can be shown that the
ETNC is true if and only if the twisted BSD quotients satisfy certain congruences.
For cyclic groups Z,, dihedral groups Dy, p an odd prime, and the alternating
group A4 we explicitly determine these congruences.

We will illustrate our results in Section 6 with some explicit examples. More
examples can be computed using the MAGMA implementations available from

http://www.mathematik.uni-kassel.de/~bley/pub.html.

The structure of the paper is as follows.

In the first part of Section 2 we review algebraic preliminaries like determinant
functors, categories of virtual objects and the construction of Euler characteristics
in these categories. These very abstract concepts are used to formulate the ETNC
in [12]. Following an approach of Burns [13] we then make the construction of
Euler characteristics more explicit in terms of relative algebraic K-groups and in
this way amenable to numerical computations. In particular, in the second part of
Section 2 we recall the algorithmic methods of [5] which allow the computation of
the relevant relative algebraic K-groups and provide methods to compute in them.
For certain small groups we explicity determine the above mentioned congruences.

In Section 3 we describe the ETNC for the base change of an elliptic curve and in
Section 4 we then derive our main theoretical results (Proposition 4.4 and Corollary
4.7) which are the basis for our numerical computations. In Section 5 we comment
upon the algorithmic aspects of our work and in the final Section 6 we describe
several interesting examples in detail. In particular, we have chosen the examples
such that we can apply our methods for a prime divisor [ of #G and such that the
explicit congruences can be seen.

In future work [1] we will study the [-part of ETNC for elliptic curves E/K and
cyclic extensions K/Q of prime power order [, [ odd.

Acknowledgements: 1T am very grateful to David Burns and Tom Fisher for their
interest and helpful discussions. I also would like to thank the referee for his careful
reading of the manuscript and many valuable comments.

2. ALGEBRAIC PRELIMINARIES

2.1. Determinant functors and virtual objects. Let R by any associative uni-
tal ring. Let PMod(R) denote the category of finitely generated projective R-
modules and write PMod(R)*® for the category of bounded complexes of such mod-
ules. We also write D(R) for the derived category of complexes of R-modules and



4 WERNER BLEY

DrPer/(R) for the full triangulated subcategory of D(R) consisting of those com-
plexes which are isomorphic in D(R) to an object in PMod(R)®. These complexes
are called perfect. Recall that C* is perfect if and only if there exists a complex
P* € PMod(R)® and a quasi-isomorphism P* — C*®. We say that an R-module
N is perfect if the complex N[0] belongs to D"/ (R).

Our main reference for determinant functors, Picard categories and virtual ob-
jects is [12]. Let V(R) denote the Picard category of virtual objects associated to
PMod(R) and write [-]g for the universal determinant functor

[lr: (PMod(R),is) — V(R),

where (PMod(R),is) denotes the subcategory of all isomorphisms in PMod(R). By
[12, Prop. 2.1] this functor extends to a functor

[r: (DP"T(R),is) — V(R).

We recall that V(R) is equipped with a canonical bifunctor (L, M) — LM. We
fix a unit object 1 and for each object L an inverse L~! with an isomorphism
LL7' ~ 1p. Each element of V(R) is of the form [P]z[Q];" for modules P,Q €
PMod(R). Furthermore, [P]r and [Q]r are isomorphic in V(R) if and only if their
classes in Ko(R) coincide.

For any Picard category P we define mo(P) to be the group of isomorphism
classes of objects of P and set m(P) := Autp(1lp). The groups mo(V(R)) and
m1(V(R)) are naturally isomorphic to Ko(R) and K;(R), respectively.

Let A be a finite dimensional semisimple Q-algebra. For any extension field F' of
Q we put Ap := A®q F and abbreviate A, := A ®q Q. Let A C A be a Z-order
and set

p p
For L € PMod(A) we set

Lp Z:L®ZZP, LQ =L ®;Q, Lp:=L®zF.

We set V(A) := V(A) x4, V(A) and recall that elements in V(A) are of the form
(X,Y,0) with X € V(A),Y € V(A) and § : X ® 4 A =Y @4 A an isomorphism

in V(A). Note that the tensor in this context is the functor between categories of
virtual objects induced by the tensor functor on the levelef modules by the universal
property [12, (2.3),f]. Note also that we can identify X with [[, X}, € [[, V(4,)
where X, := X ® 4 Ap € V(Ap).

There is a natural monoidal functor V(A) — V(A) induced by

(L] 4= (H [LP]_AP [Lala H [gp}> )

p p

where 0,: L, @z, Qp = L ®72 Q, LNy ®z Qp = Lo ®q Qp is the natural map.

Let Py be the Picard category with unique object 1p, and Autp,(1p,) = 0.
Following [12] we define V(A, F) to be the fibre product category V(A) xv (4, Po-
Explicitly, elements in V(A, F') are given by triples

((£.10) 1002).
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where
X e V(A),
5 Y e V(A),
(2) é:X@AAiY@)AA,

O :Y ®4 AR i’]-AF-

We usually omit 1p, in the notation.
By [12, Prop. 2.5] one has a canonical isomorphism

LA7FZ 7T0V(.A, F) ~ K()(A, F),

where Ko(A, F) is the relative algebraic K-group as defined in [35, page 215].
Following the proof of [12, Prop. 2.5] we explicitly describe the inverse of 14 . Let
[P, v, Q] be an element in Ky(A, F) with P,Q € PMod(A) and an isomorphism
0: P4 Ar — Q ®4 Ap of Ap-modules. Then

L;\,lF ([Pa @, QD = <<H[PP]AP [Qp];\iﬂ [P DA A]A[Q @A A];la H 91)) 7¢triv>

P P
where each 0, is the canonical map and ¢4, is the composite
[P @4 AF)a, Q@4 AF];L — [Q ®4 AF)a,[Q @4 AF],L — 1a,.
Here the first isomorphism is induced by .
If we set V(A, I') := V(A) Xy (a,) Po, then the functor V(A) — V(A) induces
a canonical functor V(A, F') — V(A, F) and a homomorphism
7TO‘/(~’43 F) - 7TO“’(-Av F)v

and hence a homomorphism 7V (A, F) — Ky(A, F) which we also denote by
ta,r- In the same way we obtain isomorphisms (see again [12, Prop. 2.5])

LA,,Qp -+ 7TOV(AP’ Qp) = KO(ApvQP)a
Given data as in (2) we therefore obtain an element
LAF (((X7Y7é) ,900)) S K()(.A, F)

In the context of the ETNC we are, in addition, given an element £* € ((Ap)*.
There is a canonical commutative diagram of the form

1 0

(B)  Ki(A)— Ki(Ap) % Ko(A, F) 27 Ko(A) — Ko(A)
Ki(A) —— Klj(A) & Ko(i» Q) 8214&% Ko(A) —— Ko(A)

If R is a finite dimensional semisimple algebra over either a global field or a local
field, then we have an injective reduced norm map

Nrdg : K1(R) — ¢(R)™.
If G is a finite group, then Nrdg(g) is in general not surjective. However, by [12,
Sec. 4.2] there always exists a canonical ’extended boundary homomorphism’
d: ((R[G])* — Ko(Z[G], R)
such that § o Nrdgjg) = aé[c],R. See [10, Sec. 2.1.2] for a conceptual description of
J.
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The conjectures we wish to consider in this paper are essentially of the form
T = LZ[G],R (((X,Y, é) 300c>> - 5(,6*) =0

in Ko(Z[G],R). In the sequel we set A =Z[G], A =Q[G] and F =R.

For our computational purposes, in particular to be able to apply the results
and algorithms of [5], we need to reinterprete this construction in terms of explicit
elements of K(A, F'). Here we essentially follow the approach of Burns in [13]. For
any bounded complex P* we define objects P*! P’ and P°¢ by

Pall — @Pi, P = @ Pi, Pod — @ Pz

€7 i even i odd

We write Z*(P*®), B*(P*) and H*(P*) for the complexes of cycles, boundaries and
cohomology of P®, each with zero differentials.
In arithmetical applications we often have the following data

(a) Y Yl € PMod(A) together with an Ap — isomorphism
Yyev ®Q F 9—F> YOd ®Q F.
(b) X, € PMod(A,)*® together with isomorphisms

(4) H(X}) @z, Qp == Y ©g Qp,

od
91’

HOd(X;) ®Zp @p LN Yod ®Q Qp-
() Lred(Ap)™.

This data is related to the data given in (2) in the following way

X = [[Ix3a4,.
P
Yoo el
O Y @4 Ar = [Y®4Ap)a.[Y @2 AF]Zi

¢

Yo @4 Ap)a [Y ®4 AF] 4

~ 14,, with the first isomorphism induced by 0r
bp: X, = [X)@z, Q) Ap

[H (X} ®z, Qp)la, [H(X) @z, Q)]

[V ®q Qp)]a, [V ©0 Qp)]4!

= [V ®q QP]AP'

RE

R8

Here «; is the canonical isomorphism of [12, Prop. 2.1e] and as is induced by 05"
and 697

Let C, denote the completion of a fixed algebraic closure of Q,. For every prime
p and every homomorphism j : R — C,, we obtain induced maps j. : Ko(Z[G],R) —
Ky(Z,|G],C,) and j. : ((R[G])* — ¢(C,[G])*. We fix p and j and consider the
map 0, : X5¥ ®z, C, — ng ®z, C, defined by
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X;U ®Zp (Cp ~ (Hev Xo ) Ball (Cp)
B2 ev a
~ (Y ®g, ) (B*(X3) ® )
(Y()d ®Zp ) (B(Jll( ) )
(Hod ) @ (Ball ® (C )

Kol

~ de ®Z,, (Cp.

The isomorphisms §; and 85 are induced by choosing splittings of the tautological
exact sequences

0— Zi(X; ®q, Cp) — XZ, ®q, Cp — Bi+1(X; ®q, Cp) — 0

0 — B'(X} ®q, C,) — Z'(X; ®q, Cp) — H'(X; ®g, C;) — 0,
p2 and 4 are induced by 67" and 9°’i, respectively, and (3 by fp. It can be
shown that the refined Euler characterlstlc [Xgv,0,, X2 € Ko(Zp|G],Cp) does not

p ) p7
depend on any of the above choices. See [9, Section 6] or [13] for more information

on this construction of refined Euler characteristics and its relation to the Euler
characteristic used in [12].

Lemma 2.1. Assume thalt X) ®z, C, is acyclic oulside degrees 1 and 2. Then

Jx <LZ[G],R <<X7KHGP> 7000>> [X;v791/a7X0d]
p

Proof. We consider the diagram

7TOV(Z[G}, R) & WOV(Zp[G]v Cp)

lbz[c],?a lbzp[G],CP

J

Ko(Z[G],R) — Ko(Z,[G], Cp)

It follows from the explicit descriptions of Li[lG] g and ¢ 1[G].(C that the diagram is
commutative. From [9, Th. 6.2 and Cor. 6.3] we deduce that

LZP[GL(CP (prJ <<X7KHQP> 7900>> [X;v70;)7XOd]
p

Hence the result follows. O

Remark 2.2. Although [9, Th. 6.2] is more general we chose to formulate Lemma
2.1 with the acyclicity condition. This simplification suffices for our applications
and, moreover, we can use the additivity result [9, Th. 5.7] without introducing any
correction terms.

Let C denote a finite perfect Z,[G]-module. Recall that a finite Z,[G]-module
C is perfect if and only if there exists a projective resolution

0—P 1T 5P 0 —0
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of length 2. Then the element
Xz,(61.0,(C) = [P™, a ® Qp, P’] € Ko(Z,[G],Qp)

does not depend on the choice of the above resolution.
For any Z,[G]-module P we write P,,,s for the submodule of Z,-torsion elements
and set Py := P/Pioys.

Lemma 2.3. Assume that we have data given as in (4). Let p be a fized prime
and j : R — C, an embedding.
(a) If all cohomology modules H' (X3),i € Z, are Zy,|G]-perfect, then

Jx (LZ[G]R <<X Y, Ha ) )) = [Hev( )70p7H0d(X.)]

with 0, = (059 @ C,) " o (0F @ Cp) 0 (0S¥ @ Cp).
(b) If, in addition, H (X3)iors is Zy|G]-perfect for all i € Z, then

i (LZ[G]R«XyHe) ))

= [Hev( )tfvevaOd(X ) } - Xz,|G ]Qp(Hev(X )tor8)+XZp[G] Qp(HOd(X )tor8)~

Proof. Part (a) follows from the definition of 0}, and [12, Prop. 2.1e|. If the modules
H(X3)tors and HOU(X3)tors are also Zy[G]-perfect, then

(o))

_ [Hev( )tfae Hod(Xo) ]+[H6U(X.)t07‘870 Hod(X )tors}

Part (b) follows now from the very definition of the second summand by devissage.
([l

For later reference we record the following lemma. We write 6,: ((C,[G])* —
Ko(Zy|G],C,) for the extended boundary homomorphism. Note that

oy = 8%?7[ a).c, © Nrdg [G] and  J, 04, = j. 00
Lemma 2.4. a) Let £ € ((R[G])*. Then
5(§) € Ko(Z[G, Q) = £ ¢(QIG])™.
b) Let £ € ((C,[G])*. Then
3p(§) € Ko(Zy[Gl, Q) = € € ((Qp[G])™-

Proof. We recall the definition of §. By the Weak Approximation Theorem we may
choose A € ((Q[G])* such that ¢ is in the image of the reduced norm map Nrdgg.
We shorten 93,  to 0'. Then

Z[G],R
6(6) = 0" (Nrdg iy (X)) — 25

and therefore
3(6) € Ko(Z[G],Q) <= 0" (Nrdgi;(XE)) € Ko(Z[G], Q).
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An easy diagram chase using diagram (3) implies that 9* (Nrdﬂg[la] (\)) € Ko(Z]G],Q)
if and only if there exists n € K1(Q[G]) such that
Nrdg (M) /n € im(K1(Z[G]) — K1(Q[G))).

It follows that & € ((Q[G]).
Let dg: ((Q[G])* — Ko(Z[G],Q). The reverse implication is immediate from
the commutative diagram

QlGD~ ((RIG])™

o

Ky(Z]G],Q) =, Ky(zZ]G

The proof of b) is similar, but easier, because in the local case the reduced norm
map is an isomorphism. ([

Proposition 2.5. Assume the situation of (4). Let p be a prime and j : R — C,,
an embedding. Assume that X and X;d are free Z,|G]|-modules. Let (v1,...,vq)
and (w1,...,wq) denote Qp[G]-basis of X' @z, Qp and X;,’d ®z, Qp, respectively.
Let B € Gly(Cp[G]) represent 0,, with respect to the chosen basis. Set

Qp = (X5, 0, X2 — j.(5(L)).

p o Up
Then
Q, € Ko(Zy[G],Q,) <= Nrdg,[)(B)/j«(L") € ((Qp[G])*.
Proof. Let FO :=Z,[Glv1®...®Z,[Glvg and F! := Z,[Glw1 &...®Z,[Gwa. Then
(%, B, F'] = [X}", 0, X}] € Ko(Zy[G], Qp).
Writing 0, = 07 |5, ¢, one therefore has
Qp € Ko(Zp[G),Qp) <= [F°, B, F'] = ju(6(L")) € Ko(Zy[G], Qp)

— 8;17 ([CP[G]T7B]) _51)( *(£ )) € KO( [ ] Qp)
= 0, (Nrde,6)(B)/j+(L")) € Ko(Zy[G], Qp)
< Nrdg,(6)(B)/j+(L") € ((Q[G])*,

where the last equivalence follows from Lemma (2.4). O

In the next section we will recall from [5] how the relative algebraic K-group
Ko(Zy|G),Qp) can be explicitly computed as an abstract abelian group and how
the element (), can be realized as an element of this abstract group.

Remark 2.6. a) The assumption in Proposition 2.5 is no restriction because we
can always find a projective Z,[G]-module Z such that both X" & Z and X% & Z
are Z,|G]-free. Indeed, the canonical map Ko(Z,[G]) — Ko(C,[G)) is injective by
[15, (32.1)], so that the existence of the isomorphism 6], implies that [X£] = [X27]
in Ko(Zp[G]). By [15, 11, page 79] we further conclude that X¢¥ ~ X4 as Z,[G]-
modules.
b) The definition of ¢, shows that for rationality questions it is enough to consider
the map Y ®z R — Y°¢ @7 R induced by 6g. More explicitly, let Q[G] = A; ®
..® A, be the Wedderburn decomposition of Q[G] with corresponding idempotents
er,...,ep. Weset Y 1= ;Y and Yi‘)d = ¢;Y°?. Then each A, is a central
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simple algebra and we denote by S; the unique simple A;-module. Then Y** ~ Sfi
and Y4 ~ S;ii. By abuse of language, we refer to the explicit choice of such
isomorphisms as ‘a choice of Q[G]-basis’ for Y and Y 4.

These isomorphisms combine with fr to define an isomorphism

T:@(Sgi ®@R) :Y€U®QRE>YOCI®@R:@(S? ®QR>.
=1 =1

Then one has:
Qe Ko(Z|G],Q) — Nrdg(g (r)/L* € ((Q[G))*.

2.2. Relative algebraic K-groups. In this section we recall results from [5] which
will be used to perform explicit computations in the relative algebraic K-groups
Ky(Z[G],Q) and Ky(Z,[G],Q,). For the definitions of these groups we refer the
reader to [35, page 215] or [5, Sec. 2.1].

We set A := Z[G], A := Q[G] and choose a maximal order M in A containing
A. We take C' := ((A) to be the centre of A and write O¢ for the maximal order
in C.

We let DT(A,) denote the torsion subgroup of the finitely generated abelian
group Ko(Ap,Qp). It is well-known that the map on relative groups induced by
the functor M, ®., _ gives the top exact sequence of the following commutative
diagram. The vertical maps are induced by the reduced norm map (see [5, Th. 2.2
and 2.4] for more details).

(5) 0 DT(A) KO(AP7 Qp) —— Ko(M,p,Qp) —0

;T

OHOéP/NrdAP(A;) HCﬁ/NTdAP(A;) C’Zf/(’)é,p

0

For ¢ € Ko(A,,Q,) we will often write ¢ for any lift of ¢ via the middle vertical
isomorphism, i.e., 5p(§~) =¢.

Next we briefly recall from [5, Sec. 2.2] how the diagram (5) can be used to
perform explicit computations in Ko(A,, Qp).

The primitive idempotents of C' will be denoted by e1,...,e.. Fori=1,...,r
we set A; := Ae;. Then

(6) AZAl@@A.,

is a decomposition into indecomposable ideals A; of A. Each A; is a Q-algebra
with identity element e;. The centers K; := ((A;) are finite field extensions of Q
via Q — K;,a — ae;, and we have Q-algebra isomorphisms A; ~ Mat,, (D;) for
each i = 1,...,r, where D; is a skew field with {(D;) ~ K;. The Wedderburn
decomposition induces decompositions

C = Ki®..0K,,
Oc = Ok, ®...60k,.

Let f be a full, two-sided ideal of M contained in A4 and put g := O¢ N {. Since
M contains the idempotents e; the ideal f of M decomposes into f =1 & ... & §,
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and similarly g = g1®...®g,. By [5, Th. 2.6] the reduced norm Nrd4 on A induces
a homomorphism

p: Ki(A/f) — (Oc/g9)”
and a canonical isomorphism DT(A) ~ cok(u), where DT(A) denotes the torsion
subgroup of Ky(A,Q). This isomorphism encodes certain congruences implied by
the triviality of an element in DT(A).
For a rational prime p one has canonical isomorphisms

Ay~ P Ay,

where for given ¢ € {1,...,7}, P runs through all maximal ideals of Ok, dividing
p and A; ¢ is defined as A; ®k, K; g, where K; g3 denotes completion of K; with
respect to 3. Similarly we have a canonical isomorphism

(7) Cp~ P Kixy.

We write I,,(C) for the group of fractional ideals of C' with support above p. Then
(5) together with (7) induces a canonical identification of Ko(M,,Q,) with I,,(C).
We put a, for the p-primary part of a fractional ideal a. Then one has a hom-

morphism
.

o Ki(Ap/fr) — (Oc, /ar)" = €D (O, /81)"

and a canonical isomorphism
(8) DT(A,) = cok(u).

Combined with the isomorphism ¢, from (5) this is the origin of explicit congru-

ences. See the next section for even more explicit versions of these congruences in

the case of cyclic groups Z,, dihedral groups D, and the alternating group A,.
We obtain the following canonical short exact sequence

0 — cok(pp) — Ko(Ap, Qp) — 1,(C) — 0.

After choosing an explicit splitting we have by [5, Prop. 2.7] a non-canonical iso-
morphism
Ko(Ap, Qp) ~ cok(py) ® Ip(C).

In [5, Sec. 3 and 4] it is shown how the right hand side can be computed explicitly
and how to solve the logarithm problem. We briefly recall the logarithm algorithm,
for the details we refer the reader to [5, Sec. 4.1].

Let n = [P, Q] € Ko(Ap,Qp). By Remark 2.6 a) we may without loss of
generality assume that P and ) are A,-free. Then one computes A,-basis v1, ..., vy
and wy,...,wq of P and @ and a matrix S € Gly(A,) such that (p(11),...,p(v)) =
(w1,...,wq)S. In all of our applications we will be able to choose S € Gl;(A4). If
7 := Nrd 4 (S), then 7 represents n via the middle vertical isomorphism in (5) and
we will use [5, Prop. 2.7] to read 7 in cok(u,) @ I,(C). In particular, we have a test
whether [P, p, Q] =0 in Ko(A,,Qp). If 7= (m1,...,n,) with n; € K;, then

vp(mi) =0, Vie{l,...,r} and P |p
[P7QP7Q]:0 — and
(71 - - - 7y) € im(pp),

where 7j; is the image of n; under the projection OIXQ » — (Ok, /8ip) "
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Example 2.7. Let p be a prime and let T be a finite perfect Z,[G]-module. Then
T is also perfect as a Z[G]-module and we may choose a Z[G]-projective resolution
of the form
0—Q-5P—T—0

By a fundametal result of Swan (see [15, Th. (32.11)]) the projectives P and @ are
locally free and we can therefore apply the algorithm of [5, Sec. 4.2] to compute
Zy[G)-basis vq,...,vq of Q ®z Z, and wy,...,wq of P ®z Z,. The algorithm of
loc.cit. actually produces elements v; € @ and w; € P. Hence we obtain a matrix
S € Glg(A) which represents a. Then 7 := Nrda(S) € C* C C)° represents

Xz,(61,0, (1) € Ko(Zp[G], Qp).
Note that in the case #G = 1 this just generalizes the notion of the order of the
p-primary part of T.

We conclude this section by explicitly describing the element
Qp = (X", 00, X2 — 6,(j. (L))

p TP
from Proposition 2.5. We assume that vy, . .., v, respectively wy, ..., wq, constitute
a Zp|G]-basis of X5V, respectively X7 °d Then (), is represented by

Nrdc,(q)(B)/j+(L").

By Lemma 2.4 the element €2, is rational if and only if

Nrde, (61 (B)/5+(£7) € ((Qp[G]) ™.
If this is the case, we can interprete Nrdc, (q(B)/j«(L*) = (11, -, 7r) in cok(p,) ©
I,(C) and thus determine the image of €, in cok(u,) @ I,(C).

In our applications the modules X ;¥ ®z, Q, and Xl‘jd ®z, Qp are usually of the
form X ®z Q, and X°? ®z Q, with finitely generated Z[G]-modules X' and
X°4, In this case the rationality question can be treated by studying the quotient
Nrdg(q(B)/L*, where B is a matrix computed with respect to any choice of Q[G]-
basis.

It remains to explain how we actually perform the test Nrdgg)(B)/L* € ((Q[G])*.
Let Irr(G) denote the set of absolutely irreducible characters. By Wedderburn’s the-
orem C[G] ~ ][, c1,r(q) Mn, (C), which induces a canonical isomorphism ((C[G]) ~

HXEIrr(G C. EXpll(:ltly,
[I ©—<CE) (@yema = Do oxex
x€Irr(G) x€Irr(G)

with the central primitive idempotents e, = 1‘7' dec x(9)g~ 1.

Lemma 2.8. Let Q C F C C and let o = (ay)xern(c) € [l erm(a) C = C(C[G]).
Then one has

a € ((FIG]) <= agoy =0(ay)
for all x € Irr(GQ) and all 0 € Aut(C/F).
Proof. We have to show that >, .1, (g axex € F[G] if and only if agoy = o(ay)
for all x € Irr(G) and all 0 € Aut(C/F). This amounts to show that

Z X(1>OCXX(9) € F,Vg — Qgox = U(ax),VXJ.
XEIrr(G)
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If > x(1ayx(g) € F,Vg € G, then we easily show that

Z X(1)(tgoy — (ay))(oox)(g) =0

x€lrr(G)

for all g € G. The assertion now follows from the linear independence of absolutely
irreducible characters.
Conversely, we deduce that

ol > x(Mayx(@) | = Y. x(Dayx(g)

x€lrr(G) x€lrr(Q)
for all o € Aut(C/F). Since for any 5 € C one has

BEF < o(f)=p, VoecAut(C/F),
the result follows. U

For x € Irr(G) we write Q(x) for the extension generated over Q by the values
of x. We recall that Q(x)/Q is an abelian extension. By Lemma 2.8 one has

a € ((Q[G]) <= o, € Qx) and apoy = o(ary)

for all x € Irr(G) and all 0 € Gal(Q(x)/Q). This can be efficiently checked if we
dispose of good approximations of the complex numbers a, and bounds for the
denominators.

We fix a set Irrg(G) C Irr(G) of representatives of Irr(G) modulo the action of
Aut(C/Q). Thus we identify C with erma(c) Q(x). Once we know or trust in
the validity of the rationality conjecture, we will work in erhr@(G) Q(x). Note
that the fields K;, ¢ = 1,...,r, can be identified with the character fields Q(x),
x € Irrg(G).

2.3. Explicit congruences. Assume that a = (ay)y € [l epmy @ QX) = C*.
We let p denote an odd prime. In this section we will consider the cyclic groups
Zy, the dihedral groups Dy, and the alternating group A4 and exemplary rephrase
the condition d0,(a) = 0 in Ko(Z,[G], Qp) in terms of explicit congruences. On the
one hand this serves as an explicit illustration of the methods introduced in [5],
on the other hand it leads to very remarkable congruences which are conjecturally
satisfied by the twisted BSD quotients (see Remark 4.5).

Let p be a rational prime and G an arbitrary finite group. We adopt the notation
from the previous subsection. Let f := {\ € Q[G] | AM C Z[G]} be the conductor
of Z|G] in M. Let g := f N O¢ be the central conductor. Note that we dispose of
an explicit formula for g by [15, Th. (27.13)].

We recall that

dp(e) € DT(Z,|G]) <= oy € Oé(x)’p for all x € Irrg(Q).

The explicit congruences are encoded in the canonical isomorphism (8). We will
exemplary make this explicit for the groups Z,, Ds, and Ay.

Let G = (go) be cyclic of order p. Let ¢, be a fixed primitive p-th root of unity
and define irreducible characters xo and x1 by Xxo(g90) =1 and x1(go) = - Then

Q[G] EQ@Q(Cp)v A (XO()‘)aX1()‘))'
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Let a = (ag, a1) € Q% @ Q((y)* be a p-adic unit (ie. o € OF ). Then
(9) dp((aw, 1)) =0in DT(Z,[Z,])) <= o = aq(mod (1 —(p)).

For a proof and the generalization for cyclic groups of prime power order we refer
the reader to [1, Section 5].

Let now G = (0,7 | o? = 72 = 1,70 = 0~ '7) be the dihedral group Ds, for an
odd prime p. Then Q[G] ~ Q ® Q & M2(Q(¢,)™) and we fix such an isomorphism

by
1 G+¢t
- (Y o)) (o P ),

From [5, Th. 1.1] we know that DT(Z,|G]) ~ Z,_1 (where for n € N we write Z,
for the cyclic group of order n). Let H = (o). By [8, Prop. 3.2] we know that the
restriction map

1

res: DT(Z,|G)) — DT(Z,[H])
is injective. Let o = (ap, a1, a2) € Q% @& Q* & Q(¢p) ™™ be a p-adic unit. By [8,
Lemma 3.9] or [2, page 575] one has res(a) = (apay, az), so that we conclude from
the result for cyclic groups Z,, that

(10) dp((avo, 1, 2)) = 0 in DT(Z,[D3,)]) < apor = az(mod p)

where p denotes the unique prime ideal of Q((,)* over the rational prime p. It is
also well known (see e.g. [8, Prop. 3.2]) that DT(Zs[Dyp)) is trivial.

Let now G be the alternating group A4. If 0 = (1,2)(3,4) and v = (1, 2, 3), then
G = {o,v). We have Q[G] ~ Q@ Q(¢3) ® M3(Q) and we fix such an isomorphism
by

1 0 0 01 0
o— (1,1, 0 -1 0 v (1,6, 0 01
0 0 -1 100

From [5, Th. 1.2] we know that DT(Z3|G]) ~ Zy and DT(Z3|G]) ~ Z,. We have
Oc = (Z,Z[¢3],Z) and g = (12Z,4(1 — (3),4Z). We first consider p = 3. Clearly
(Oc/e3)” ~ (Z/3Z)" ® (Z[(3]/(1 = (3))™ =~ Zs x Zy. Since Nrdggy(1 +v) =
(2,1+(3,2) = (-1, —1)(mod gs) it follows that im(us) = {(1,1), (—1,—1)} and we
obtain
(11) 03((cg, a1, 2)) = 0 in DT(Z3[A4]) <= a1 = ag(mod (1 — (3)).
For p = 2 one has (O¢/g2)™ ~ (Z/AZ)* @ (Z[(3]/(4))” @ (Z/AZ)™ ~ Zy x (Z3 ¥
Zg) X Zy. By explicit computation we show that
Nrdgig)(2+v) = (—1,2+ (s, 1)(mod go),
NI‘d@[G](—l—f—Qll) (1,—1+2C3,—1)(mod 92),
NrdQ[G](*J) (—=1,—-1,—1)(mod go).

Again by explicit computation one verifies that the classes of Nrdgg (2 + v),
Nrdg(g)(—1 + 2v) and Nrdgjg)(—c) generate the kernel of the surjective homo-
morphism

(Oc/g2)" — (Z/AZ)", (a0, a1, a2) — agNg(c,)olar)as.
Together with DT(Z2[G]) =~ Zs it follows that im(u2) equals this kernel, so that
(12) 52((0[0, o1, OQ)) =0in DT(ZQ[A4]) <~ aONQ(Cg)/Q(Ofl) = OLQ(mOd 4)
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3. THE ETNC FOR THE BASE CHANGE OF AN ELLIPTIC CURVE

Let K/Q be a finite Galois extension with group G. Let E be an elliptic curve
defined over Q. We denote the base change Spec(K) Xgpec(q) FF by Ex and consider
My = h*(Ek)(1) as a motive over Q. The Galois group G naturally acts on M
via the first factor and thus we have a natural action of A = Q[G] on the realizations
and motivic cohomology groups attached to My . For an explicit description of the
realizations we refer the reader to [14, Sec. 4.1].

The purpose of this section is to provide an explicit description of the ETNC for
the pair (Mg, Z[G]). Our main reference is [12], from where we adopt most of our
notation. Further references are the survey articles of Flach [18], [19] and Venjakob
[36].

We first note that by Poincaré duality the dual motive M} (1) identifies with
M. The motivic cohomology spaces HJQ (Mg) and H}(]WK) are given by

H}(Mg) =0, H}(Mg)=E(K)©zQ

where, as usual, E(K) denotes the Mordell-Weil group of E/K.

For a number field F' we write G for the absolute Galois group. Let v be a
place of K. We write K, for the completion of K at v, and fix an algebraic closure
K, of K, and an embedding K into K,. We denote by G, C G the corresponding
decomposition group and, if v is non-archimedean, by I, C G, the inertia group.
We write Fr, € G, /1, for the Frobenius substitution.

For any number field F we let X(F) denote the set of embeddings of F into C.
We define Hg := @y i) Q. The groups G and Gal(C/R) act on ¥(K) and endow
Hy with the structure of a (Gal(C/R) x G)-module. Let {w; : j € X(K)} denote
the canonical Q-basis of Hx. We write ¢ € Gal(C/R) for complex conjugation.
Then cw; = weoj and ow; = wjo,—1 for o € G.

For any commutative ring R and any R[Gal(C/R)]-module X we write Xt and
X~ for the submodules on which complex conjugation acts by +1 and —1, respec-
tively.

We write pg : C ®9 K — C ®qg Hg for the canonical C[Gal(C/R) x G-
equivariant isomorphism which is induced by 2z ® a — (zj(a))jGE(K). Let pi :
R®g K — R®qg Hg be the R[G]-equivariant isomorphism defined in |2, page 554]
where it is denoted by 7.

We write oo for the archimedean place of Q and let S (K) denote the set of
archimedean places of K. For each v € S, (K) we choose o, € X(K) corresponding
to v. Since F is defined over Q one has 0 Ex = Ex for all 0 € ¥(K). As usual, we
write Mp for the Betti realization, that is

Mp= @ H'(0Ek(C),2riQ) = Hx ®q H'(E(C), 2miQ).
ceX(K)
By identifying H!(E(C), 2miQ) with the dual homology H := Homg(H;(E(C),Q), 2miQ)
we obtain
My~ @ H'(0,Ex(C),2miQ)% ~ [Hk ®gH]" .
vES (K)

We write Myg for the deRham realization,

Mg = Hjz(E/K)
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with the natural decreasing filtration {F'H}r(E/K)};cz shifted by 1. Thus
Man /My, = Han(B/K) /P Hy(B/K) ~ H'(Ex, O, ).
The G-module H'(Ef, O, ) is isomorphic to K ®g H'(F,Og). Now H'(E,OF)
is canonically isomorphic to QL (E)* := Hom(Q%(E), Q), so that we finally identify
Map/M3% ~ K ®q Q% (E)*.

We let wy denote a Néron differential and let v and v_ be Z-generators of H,(E(C),Z)*
and Hy(E(C),Z)~, respectively. We define

Q+ Z:/ wo, Q_ Z:/ wo-
T+ Y-

We write w € QL(E)* for the map which sends wp to 1. Similarly we define
Q-linear maps v} ,v* € H by
Yi(g) =2mi, Yi(y-) =0, 72(y) =0, 7yi(y-)=2mi.

For v = ayy + by- € Hi(E(C),Q), a,b € Q, we set v* := avy} + by*. Finally we
define

7 : C®gH— C®qQL(E)*

z®'y*r—><w»—>z/w>.
vy

We write mx : R®g Mj — R®g Myr/MY, for the period isomorphism. Then
7 18 explicitly given by the following composite of R[G]-equivariant maps
R ®q [Hk ®q H]+
= R®q Hy; @M @ R®q Hy ®g H™
= (R ®q H+) R (R Vo) H+) @(R @ HI_() QR (R@Q Hi)
(1d@m,id®@)
—

(R ®g Hi) ®r (R ®g N5 (E)") @ (R ®g H) @ (iR ®g Up(E)")
W) (Rag HY) or (R 9g Q4(E)Y) @ (Reg Hy) ®r (R 96 Q% (E)*)
- (R ®q Hk) @k (R ®¢ Qp(E)%)
PO (R eg K) or (R g Q4 (E))

= R ©q K ®q Q5 (E)*.

Proposition 3.1. Fiz . € 3(K) and define 7 € G by cov=1o7. Let ag € K be
a normal basis element.
a) The elements 1J2rcwb ® 7i 1;ch ® vE and ag @ w§ are Q[G]-basis of
[Hx ®¢ H]" and K ®9 QL(E)*, respectively.
b) With respect to these basis the period isomorphism T is represented by

Aag - <Q+1;T+Q_ 27) (Z(Log)(ao)al>l

ceG

Proof. a) is obvious. For the proof of b) we write mx = (ﬁl}l ® z'd) o f and first
compute the matrix for

f:R®q [Hk ®gH|" — (R®q Hr) ®r (R ®g QL(E)¥)
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with respect to the basis W := 1@ 3w, @7 + 1015w, @v* and (19w,)® (1Qw}).
The basis element W is mapped to

1+4+c¢ . 1-c .
<Q+ ® TU), ZQ_ ® 2U)L) ® (1 ® UJO) .
By the definition of 7 one has
1+7 1—7 +c 1-c¢
Q —iQ_— (1 =(Q — 1Q_ .
(+ 5 i 5 )(@wb) (+® 5 W~ ® 5 wb)

Next we compute the matrix of the map px : (R ®g K) — R ®qg Hx with
respect to the basis 1 ® ag and 1 ® w,. One has

k(1 ® ap) = (Re(i(o(ao)) + Im(c(o(a0)))peq -

On the other hand one computes

(Z A<o<ao>>a-1) (-5 )asw)

oeG
= (Re(u(o(a0))) +Im(e(o(0))))oeq -

Summarizing we obtain
k(W) = ((pxc @id) o f) (W)

<Q+1;T Q. 2T>(~_1®zd)((1®wL)®(1®w8))

(Q l+7 _1;7') (1;T—i1;7—)_1 (g(toa)(ao)01>l(1®a0®“’6)
(Q 147 _1;T> <1;T+z’1;T) <Z(LOU)(O¢0)U1>_1(1®a0®w8)
<Q L7 1;7) (Z(LOO')(OZO)U_1>_1(1®a0®w8)

ceG
ceG

O

For a ring R and a R-module W we set W* := Hompg (W, R) whenever there is
no danger of confusion. Following [12, (29)] we define

E=E(Mk) = [H}(Mg)lgigHf(E, M (1) oie) Mg [Mar/Mrloja
= [B(K) @2 Qlly [(B(K) €2 Q)lgia) Mgy [Mar/MSrlaic
The height pairing induces an R[G]-equivariant isomorphism
§: B(K)®zR — (E(K)®zR)*.
Together with the period isomorphism 7k we obtain an isomorphism in V(Agr) =
v (E[G) i
O : = ®qQjq) R[G] — 1[G
Let Syam(K/Q) be the set of rational primes which ramify in K/Q and Speq(E)

the set of rational primes where E has bad reduction. We put S := Spqm (K/Q) U
Shada(E) and for a fixed prime [ we set S; := S U {i}. We let T}(F) := lim E[I"]

denote the l-adic Tate module of F and set T} := Z;[G]®z, T;(E) which we regard as
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a (left) module over Gg x G. Explicitly, Gg acts diagonally and g(A®t) = A\g~' &t
for g € G, A € Z;|G] and t € T;(E). We further define

W(E) ZE(E) ®Zz le ‘/l 5:Tl®Zl Ql~

Although not visible in the notation, the modules 7; and V; depend both on E and
K.
We let RT'.(Zg,,T;) denote the complex defined in [12, Sec. 3.2 - 3.3] and let

0,: 204 4 — [RFC(ZS”TI)] Qa4 Ay

be the isomorphism defined in [12, Sec. 3.4]. Given this data we obtain an element

RQ = LZ]G],R <<<H[RF¢:(ZSHTI)]75>H€Z1> ’6°°>>
l

1
in Ko(Z[G],R).

Next we will formulate the conjecture for which we wish to provide numerical
evidence. For each character ¢ € Irr(G) we write L(E/Q,,s) for the twisted
Hasse-Weil- L-function. We assume that L(E/Q, v, s) has analytic continuation to
all of C and write L*(E/Q,,1) for the leading term in its Taylor expansion at
s=1.

In order to compare the vector of twisted Hasse-Weil-L-functions to the motivic
L-function it is necessary to recall the precise definition of the twisted Hasse-Weil-
L-functions. The [-adic representation attached to F is

Hy(E) :=Hom(V,(E), Q) ®q, Q.

For x € Irr(G) we write V) for a representation space for xy and without loss of
generality we may regard V, as a (;-vector space. For primes p # [ we define local
polynomials by

P T) 5= det (1= Fr, ' | (H1(B) 9, )"

As usual we put L (E, X, s) := Pp(E,x,p~%) and L(E/Q, x, s) =[], Lp(E, x, s)~ L
The l-adic realization of M is given by

HZ(MK) = HOIH(W(E),Q[)(Z[) ®QI HK,Z'
where we have put Hg,; := Hx ®z Z;. 1If we fix an embedding ¢ : K — Q
then H;(Mp) gets identified with Hom(V;(E),Q;)(1) ®q, Q;[G]" where Q,[G]" :=

Hom(Q,[G],Q;) denotes the contragredient representation. By [12, Rem. 7|, the
motivic L-function associated to Mg is defined by the Euler factors

1
Nl"d(c[g] (1 — FT‘;lT ‘ Hl(MK)Ip) = (det (1 - EF’I“;lT ‘ (Hl(E) ®@l VX)IP>>

It easily follows that L(Mk,s) = (L(E/Q, X, s+ 1)), crer(c)-

Remark 3.2. Since L(E/Q, ¥, s+1) is the complex conjugate of L(E/Q, x, s+1) for
each real value s, it follows from Proposition 2.8 that L* (M) = (L(E/Q, X, 1)), crr(c)

belongs to ((R[G])*.

Remark 3.3. For later reference we compute the refined Euler characteristic of
the complex

-1
7, 1=Fr I
Tlp P Tlp

x€lrr(G)
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where the non-trivial modules are placed in degrees 0 and 1 under the assumption
that Tle is Z;[G]-perfect. In this case the refined Euler characteristic associated
with the above complex is represented by (L,(E, X, 1))yemnr(c) Via the middle verti-
cal isomorphism of diagram (5). Indeed, the Weil pairing induces a Gg-equivariant
isomorphism T;(E) ~ Hom(T;(E), Z;)(1). Moreover, T; = Z;[G] ®z, T1(E) as (left)
G-module, so that the assertion easily follows. For the same reason we always have

- I, _
(13) det (1= Fry | V") = (Ly(B, X 1))xemmia)-

We now set B
£ = (L(B/Q.6,1)) ) € CRIGD™,
so that L*(Mg) = L*. If we define
TQ := RQ+6(L7),

then the ETNC (see [12, Conj. 4 (iv)]) for the pair (Mg, Z[G]) can be stated in the
form

Conjecture 3.4.
TQ =0 in Ko(Z[G],R).

For a set of places P of Q we write P(K) for the set of places of K lying above
places in P. In the next section we will (assuming the rationality conjecture [12,
Conj. 4 (iii)] and certain further hypothesis on K, F and [) describe the [-part
T € Ko(Zi|G), Q) of TS in terms of refined FEuler characteristics. To that end
we will define a Z;[G]-perfect complex RI';(Q, T;) and for each v € Soo (K) U Si(K)
a Z;|G)-perfect complex RT f(K,,T;(E)) such that there is an exact triangle

b RT;(K,, Ti(E))[-1] — RT.(Zs,,Ti) — RT;(K,T,(E)).
VES oo (K)US (K)
This may be considered as an explicit integral version of the middle column of
diagram (26) in [12].

We will now use the additivity of refined Euler characteristics (see [9, Th. 5.7]
and our Remark 2.2) and the explicit nature of the complexes RI';(K,T;(E)) and
RUf (K, Ti(E)) to describe RS). We write xz,(g),c, for the refined Euler character-
istic introduced in [13]. In this way we obtain

Ry = Xxzec @ RT (Ko, Ti(E))[~1], 7"
VESo (K)US(K)
(14) + xzanc (RUH(K,Ti(E)),671).

To conclude this section we aim to formulate an explicit rationality conjecture.
As we will see one has

0, i #1,2,
(15)  Hp(K,Vi(E)) = Hy(K, T)(E)) ®z, Qi = { E(K) ©z Q, i=1,

(E(K) Kz @l)*, 1=2.
Moreover, by [12, (28)] there is an isomorphism in DP¢"/(Q;[G])

P Rry(K.,Vi(E)) = (M} ©q Q) [0],
VESs (K)
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and by [12, (22)] an exact triangle
((Mar/MSp) €0 Q) [-1] — @ BT (Ko Vi(E) — €D (Viw 2 Vi) -

vl vl
Just for the moment, we content ourselves with observing that the terms resulting
from (Vl,v LN 17,,,) for v € S)(K) are rational and, in fact, will give certain Euler
factors. In order to state the rationality conjecture we can therefore neglect these
terms. To tie up with the situation described in (4) we set
Y = (B(K) ©z Q)" ® (Mar/Mgg)
Y= (E(K) ®z Q) & M,
b :=0"1® 77;(1,
X = RUf(K, Ty(E)) & D BTy (K, Ty(B)[-1].
v|loo
Recall that for the rationality conjecture we do not have to consider the maps 67"
and 0¢¢ (see Remark 2.6). Note also that it is usually more convenient to separate
the height and period isomorphism and thus to consider
Y= (B(K) 2 Q)" YY'=EK)®2Q 6Oir:=45",
X7, = RU (K, Ti(E))
and
V5¥ = (Mar/M3g), Y3% =M}, Oyp:=mg',

X3, = €D RU4 (K, Ty(E)[-1].
v|loo
Let 71 be defined as in Remark 2.6 (b) with respect to Y*¥ and Y%. Let ag be a
normal basis element for K/Q. For each x € Irr(G) we choose a C-space V,, which
realizes x. Let T\, : G — GI(V,) denote the corresponding representation and

define d () := dimc (Vfal(C/R)) and d_(x) := codimg <VXGa1((C/]R)).
We set

Reg = (Regx)xelrr(G) = NI’dR[G] (’7’1),

R = R(ao) = (R),crmicy = (det (Z L<a<ao>>TX<a1>>> |
x€lrr(G)

— (QT(X)Q{*(X)) -

Q= (QX)XEIH(G) '

x€rr(G) ’

and note that Nrdgjg)(Aa,) = 2/ R(ao), where \,, is defined in Proposition 3.1.
From Remark 2.6 (b) we deduce that the rationality part of [12, Conjecture 4] is
equivalent to

Conjecture 3.5.

*

X E R * * 7
u € ¢(Q[G])*, where u := OReg and L* := (L (E/Q, 9, 1))w€1rr(g) ‘

Remark 3.6. Conjecture 3.5 does not depend on the choice of «g. Indeed, if Gy
is another normal basis element, then By = Aoy with A € Q[G]™. It is then easy to
see that R(3y) = Nrdgg)(A) R(ao)-
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We will compute complex approximations to

u = (uy)yemr(c) € [[C* = ¢(CIG)*
X
and then use Lemma 2.8 to numerically verify the rationality conjecture.

4. EXPLICIT VERSION OF THE ETNC

In this section we will define the complexes RI'¢(Q,T;) and RI'f(Qp,T;) and
explicitly describe their cohomology. We will closely follow [11] and [14, Sec. 12].

Under certain hypothesis on E, K and [ (see below), we will derive an explicit
version of ETNC in terms of refined Euler characteristics of classical objects of the
theory of elliptic curves, such as the Mordell-Weil group and the Tate-Shafarevic
group.

We fix an algebraic closure Q of Q and an embedding ¢: Q — C. Recall that we
have defined 7 € G by cor = toT with ¢ € Gal(C/R) denoting complex conjugation.
We set Go, = Gal(C/R) and identify G, via ¢ with a subgroup of Gg. For each
rational prime p we fix an embedding j,: Q — @p With respect to j, we let
Gp C G denote the decomposition group and I, C G}, the ramification subgroup.
Finally we let fp C Gp C @ denote the ramification and decomposition group of p
in K/Q.

For a profinite group II and a continuous II-module N we denote by C*(II, N) the
standard complex of continuous cochains. We write Zg, for the ring of \S; integers
and G, for the Galois group of the maximal subextension of Q which is unramified
outside S;. Following [12, Sec. 3.2-3.4] we set

RP(ZS”E) = O.(GSmT‘l)a

RT.(Zs,,T;) := Cone | RI(Zs,, Ti) — €D C*(G,, Th) | [-1],
PES;

where the morphism here is induced by the natural maps G, € Gg — Gg,.
We now proceed to define the remaining complexes in the true triangle

RT.(Zs,,T;) — RT;(Q,T) — € RT4(Q,,T)

peS;U{co}

Our aim is to define these complexes such that they are Z;[G]-perfect. We point
out that for I { #G the algebra Z;[G] is regular, so that every complex of Z;[G]-
modules with only finitely many non-trivial cohomology groups all of which are
finitely generated is automatically perfect.

For a finite place v of K we write Ok, for the valuation ring in the completion
K, and m, for the maximal ideal. Let k, := Ok, /m, denote the residue class field.
We write Fy(K,) for the points of F(K,) which reduce to a non-singular point on
the reduced curve E(k,). Let E,s(k,) denote the group of non-singular points of
E(k,).

We will need the following
Hypothesis:

(HO) III(E/K) is finite.

(H1) [ is at most tamely ramified in K/Q.

(H2) (a) Ifl € Sorl=2,thenlt{#G.

(b) Ifl ¢ Sandl+#2,then ({1, forallpeS.
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(H?’) Sbad(E) N S’r'am(K/Q) = @

(H4) If [ | #G, then
(a) E(K)®zZy, (E(K)®z Z;)* are Z;[G]-perfect and I { #E(K)ops-
(b) It #UI(E/K).

(H5) If 1 ¢ S and I # 2, then | 1 #(E(K,)/Ey(K,)) for all v € S(K).

(H2) and (H3) are needed to show that the above complexes are perfect. (H1),
(H4) and (H5) will be needed to be able to compute the refined Euler characteristics
of these complexes. Note that (H2) possibly excludes certain prime divisors [ of #G
from our considerations. However, in certain circumstances all of the hypothesis
(H1) - (H5) are conjecturally satisfied for some divisors [ of #G. Explicit examples
are given in Section 6. We remark also that with some additional effort it would
be possible to relax (H5) by stipulating it only for I | #G, but for a related,
more complicated module. However, in this case the computation of the relevant
Euler characteristics becomes more complicated and less suitable for numerical
computations (see Remark 4.3).

If p = oo we define RT';(Qp,T}) to be the complex H°(Qu,T1)[0] = T7=0).
Then RI'f(Qu,T;) is indeed a perfect complex. This is clear for [ { #G by the
preceeding remark. In general, we may identify F(C) with the complex torus
C/(ZQy ®Z0_). In this way we obtain an isomorphism of G..-modules T}(E) ~
7,4 @ 7;Q2_. Using this identification it is clear that

T(E)G” 7y, if v is real,
! 729y @72, if v is complex,

for each v | co. Hence RT'f(Qoo,T;) is free of rank 1 as a Z;[G]-module generated
by Q4 if K is totally real, and by T ® Q4 + 157 ® Q_ if K is complex (note that
[ # 2 by (H2a) if K is complex). For later reference we record

1+ 1-
T®Q++2T®Q_>.

(16) TF> ~7,G <

For a Z-module A we write A" for the [-completion lim A/I" A. For each pair of

primes p and [ we write H}(Qp, T,) sk for the finite support cohomology group de-
fined by Bloch and Kato in [6, Sec. 3]. We will explicitly describe this group. From
Kummer theory we obtain a natural monomorphism E(K,)" — H'(K,,T;(E))
for each place v | p. By [6, after (3.2)] the group H}(KU,Tl(E))BK is equal
to the image of F(K,) in H'(K,,T;(E)) under the composite map E(K,) —
E(K, )N — HY(K,,T;(E)). Using (23) one can show that E(K,) — E(K,)" is
onto, so that

H(Qy, Th) s ~ €D E(K,)™.

v|p

The next definition is motivated by [14, Sec. 12.2 and Rem. 12.4.2]. We need
the following notations. If p € S and p # 2, then we define a finitely generated
Zy[G]-module by setting D), := Dey (1)) ~ Ok p @z, Derp(Tp(E)) where Ok, :=
Zy, ®7 Ok and D, is the quasi-inverse to the functor of Fontaine and Lafaille
that is used by Niziol in [31]. For each such p we also write ¢, for the natural
Zy[Gl-equivariant Frobenius on D).
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We define

-1
Ip 17Frp

T, T, #HIgS1#2,1#p,

_ 40
RUp(QpT) =\ pop, "% p it1¢S.1#21=p,
HYQp.T))px, ifleSorl=2,

where F'r), is the natural Frobenius in Gal(Q,"/Q,), ¢2 is the restriction of ¢, to
F'D, C D,. In the first two cases the modules are placed in degrees 0 and 1, in
the third case the module is placed in degree 1.

The following lemma and its proof are analogous to [14, Lem. 12.2.1].

Lemma 4.1. Assume (H2) and (H8). Then RI';(Q,,T) is a perfect complex of
Z,|G]-modules.

Proof. Tf [ € S or I = 2 the result is clear because in this case Z;[G] is regular.
Ifl ¢ S;1 # 2 and | = p we note that p is unramified in K/Q by definition of
S, and hence O, is a free Z,|G]-module.Thus FOD, ~ Ok, ®z, F'Deyp,(T,(E))
and D, ~ Ok, @z, Derp(Tp(E)) are finitely generated Z,[G]-modules of finite
projective dimension.

Finally, if [ ¢ S,1 ## 2 and [ # p, we first note that

T\ = (ZlG) @2, TUE)"™ = LG)" @2, Ty(E)"

because of (H3). If p € Srum(K/Q), then TIIP = 7|G)"» ®y, T)(E). We write
e, for the idempotent associated with I,. By (H2b) we have Z,[G] = Z, (Gler, ®
ZG(1 —eg,) = Z Q) & 7]G)(1 — er,). Therefore TZI” is a direct summand of
7,|G) @z, T)(E) ~ 7Z,|G]? and thus projective.

If p € Spaa(E), then T)" = Z)[G] @z, Ty(E)™ is clearly Z;[G)-free. 0

We define the complex RI'(Q,7;) as in [11, (1.33)] and proceed to recall the
computation of its cohomology (for more details see [11, Sec. 1.5.1]). For an arbi-
trary Z;-module W we write W* for the linear dual Homg, (W, Z;) and WV for the
Pontriyagin dual Hom o, (W, Q;/Z;).

We note that the Weil pairing induces an isomorphism between T; and T;(1).
Furthermore, we recall that

izt~ [° if i = 0,
WUTYEB(R) 9,2, i =1

4.1. The case | ¢ S and [ # 2. For a finite Z-module C' we write Cj~ for the
I-Sylow subgroup of C.
From [11, (1.35)-(1.37)] we derive

H}(Q,T)) = H(Zs,, T1) = 0,
H}(Q,T1) = (H' (Zs,, T (1))1ors)
H(Q,T;) =0 for i > 4.
Defining ITI(7}*(1)) as in [11] we have the short exact sequence (see [11, (1.36)])
(17) 0 — HI(T7(1))Y — H}(Q,T1) — H(Q,T;"(1))" — 0.
By this sequence we identify H?(Q,Tl)wrs with II(7}*(1))Y and H]%(Q,Tl)tf with
HH Q. Ty (1))

\Y

= ((E(K) Rz Zl)tors)v 5
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We let
C(Qp Th) ~ H*(Qp, H' (I, Ti)tors)
be the module introduced in [11, (1.38)], so that we have exact sequences (by [11,
1.38)] and the displayed exact sequence succeeding it)

(18) 0 — H}(Qy, ) — Hy(Qp, i) px — C(Qp, Ty) — 0

and
(19)
0— H{(QT) — HyQ,T))px — C — TI(T;(1))Y — (T} (1)) — 0.

with
C:= @ C(@val)
PES)

We claim that under our assumptions the module C is trivial. If p = [, then
HY(I},T;) = Homeopn (I, T}) because I; acts trivial on T} (recall that [ ¢ S). There-
fore H'(I;,T;) is torsion free and C(Qy,T)) is trivial. Assume now that p # [.
We fix a place v of K above p and set L := K, Q)" where Q" denotes the maxi-
mal unramified extension of Q,. Furthermore we put U := Gal(Q,/L). From the
inflation-restriction sequence we derive

0 — HY(I,, 1Y) — H'(I,, 7)) — H'(U,T)"» — H*(I,,T").

If p € Sram(K/Q), then p & Spea(E) because of (H3) and we obtain TV =
74|G) @z, Ti(E) which is a cohomologically trivial I,-module. Hence H'(I,,T}) ~
HY(U,T))'» ~ Homey,:(U,T7)», where the second isomorphism holds because U
acts trivially on T;. It follows that H'(I,,T;) is torsion free which, in turn, proves
the claim for primes p € Sy.am (K/Q).

For p & Sram(K/Q) we have I,, = 1, so that we get H*(I,,T;) ~ H'(U,T;). Now
U = I, acts trivially on Z;[G] and we obtain H'(I,,T}) ~ 7|G] ®z, H (U, T;(E)).
It follows that

HI(IIU ﬂ)gﬁ“s
Gy
~ (Zi[G) @z, H' (Ip, Ti(E))iors )
Gal(Q, /K,

~ iG] @xa, H' (1 Ti(E)) gy ™.

By [23, Exp. IX, (11.3.8)] the group H (I, Ti(E))S™(@/5+) can be identified with

the l-primary part of E(K,)/Eo(K,) and the claim follows now from (H5).
From (18) and (19) we now deduce

By [11, (1.39)] we may identify III(7}*(1)) % with III(7}) gk, which in turn identi-

fies with II(E/K) ®z Z;.
We recall from [6, Prop. 5.4] that H}(Q,TZ)BK ~ E(K) ®z Z;, so that

Hi(Q,T)) ~ E(K)®zZy, H}Q,Ti)i ~ (B(K)®zZ)" .

Our next aim is to compute the refined Euler characteristic xz,(q),c, (RI'f(Q, T1), 51
introduced in (14) in terms of classical modules of the theory of elliptic curves. In
full generality this is a very difficult task because it seems to be very hard to com-
pute the complex RI';(Q,T;). Our hypothesis allow us to use [12, Prop. 2.1 (4)],
so that we can work entirely with the cohomology modules.
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Lemma 4.2. Assume (H0) - (H5) and write x = xz,jc),c,- Then

X(RL4(Q,11),67") = [(B(K)®zZi)", 67", B(K)iys ®z Zi]
— X(II(E/K)i=,0)
+ X(B(K)i,0) + X(E(K))~,0)

Proof. The proof follows from the preceeding computation of cohomology and
Lemma 2.3. O

Remark 4.3. If we relax (H5) the module C is possibly non-trivial. Combining
the exact sequences (17) and (19) we derive

(20) 0— H{(Q,T)) — H{(Q,T))px — C— H}(Q,T)) — & —0
with a module § which sits is a short exact sequence of the form
(21) 0 — LI(E/K) ©Z — § — HNQ, 1)) — 0.

The module S is related to the integral Selmer group defined by Mazur and Tate
in [29] (see [14, Lem. 12.2.2] and its proof). It is certainly possible to compute
X(RT#(Q,T;),67 1) in this more general setting for [ { #G, however, any description
of X(RT¢(Q,T;),6~1) would then involve the modules S, C and III(7}(1)). For
computational purposes this seems to be less useful.

We now compute x(RI'¢(Qp,T;),0) for p # [, 00. Recall that we are still in the
case | € S,1 # 2. From the definition of RI'¢(Qp,T;) we immediately obtain

I 1
X(RTf(Qy,T0),0) = [T;7,1— Fr, ' T, 7).

By Remark 3.3 this Euler characteristic is represented by (L(E/Q, X, 1))yelr(q)-

We let € be a Néron model for E over Z. Because of hypothesis (H3) we
may regard Spec(Ox) Xspec(zy € as a Néron model £k of E over K. Recall
that we identified tqr(Mf) = Mar/M3; ~ H'(Ex,Op,) ~ K ®g QL(E)*. In
this way the integral lattice H'(Ex, Og,) is identified with Ox ®z QL(€)*. Re-
call that QL(£)* = Zw§. We define Hg 7 = Doenx)Z © Hrx and Hg =
Homy(H'(E(C),Z),2miZ) C H. Finally we define Hr gz, = Z; ®z Hgkz and
Hz, =7, @z Hz.

We will compare the refined Euler characteristic of

RI';(Qu, T7) ® RT£(Qp, Tp).
with the [-part of

(Hiz @z Hz) " 7x, H (Ex, (95;()} = [(HK,Z ®zHz)" 7k, Ok @z Q};(f)*}

in K()(Zl [GL(C[)
Using the fixed embedding ¢: K — C we identify Hxz ~ Z[G]. It is easily

shown that

1+7
2

1—7
(Hk .z, ®z, Hz,)" = Zi[G] ( 7y +—— ®7i> :

2
By (16) we may therefore identify RI'¢(Qoo,T}) = TZGoo (0] and (Hg 7, ®z, Hz,)".
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For each prime p we write ¢,(V,,) for the tangent space Dyr(V,)/F°D4r(V,) of
Vp (see [12, page 521] for the precise definition) and
kp: Qp @ tar(Mk) — tp(V3)
for the canonical comparison isomorphism of [12, (23)]. For any embedding j: R —
C; we write g ; for the composite map

Cim Ci®k
Cror; R®g (Hi g H)H] 25 €, 0p s Rog K ©g QL (E)* 257 ¢, ®q, (VD).

Since [ ¢ S and [ # 2 the theory of Fontaine and Messing implies that
ki (Zy ®7, H (€, O¢, ) = Di/F°Dy

(see the proof of [14, Lem. 12.4.1]). In particular, D;/FOD; is Z;[G]-projective since
7y ®7, H! (gK,OgK) ~ 71 Rz O Q7 Q}:(g)* is 7 [G]—free as [ € S is unramified in
K/Q.

Since D, 1= D, is injective, the short exact sequence of complexes (with vertical
differentials)

0 FOD,—5 =D =D, /F'D,—>0
1—¢) 1—¢1
0 D— = =D 0

implies that 0 — D;/F'D; — H(Qi, Ty) — Di/(1 — ¢1)Dy — 0 is exact. Tt
follows that H}(Qq,T;) is Z;[G]-perfect and

Jx ([(HK,Z ®zHz)t 7k, Ok ®z Qé(g)*D

[TZG“,WK,J‘, k1 (Zy ®7, Ok ®7 H' (Ex, OsK))}

_ [Tle,wK,j, D, /FODI]

[ﬂcmaﬂ-K,ij}(Qlaﬂ)} - [Dla 1- ¢l7pl]
xzc)c, (BUf(Qoo, T1) & RU¢(Qy, Th), k) — [D1, 1 — ¢y, D,

where the last equality follows from Lemma 2.3.
In summary, we obtain for [ € S, | # 2

Ry =
[(B(K) ®z 20)", 671 E(K)ey @z Zi] + X(B(K)i=,0) + x(E(K))~,0)
(22) —x(II(E/K )=, 0) _Z [:GIP71_FT;1,TZIP}

peS
. =+ 1 *
—Jx ({(HK,Z ®z Hz)" 7k, Ox ®z Qe (E) D — D, 1 —¢1, Dy .
4.2. The case [ € S or | = 2. By our assumptions [ { #G. We recall from [11,
end of Sec. 1.5] that
H}(Q.T)) Bk 0 fori #1,2,3,
H{(QT)pr = E(K)®zZ,
H}(Q Ti)px = BE(K)k
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and
0 — HI(E/K) ®2Z; — H}(Q,T))px — (E(K) ®zZ)" — 0.

As before we write x = xz,(q),c, for the refined Euler characteristic. If v is a
finite place of K we also put x, = Xxz,G,],c, for the refined Euler characteristic

in Ko(Z[G,],Cy). If we write ind% : Ko(Zi[Go),C1) — Ko(Zi[G],Cy) for the
natural induction map, then x = indgu 0 Xo-
Applying Lemma 2.3 we obtain

X(er(QaT'l)v(s_l) = [(E(K) ®z Zl)*’ 6_17 E(K)tf Sz Zl]
+ X(E(K)i,0) + X(E(K)js,0) = x(HI(E/K)=, 0).

We write E for the formal group associated with E. Then we have the basic
short exact sequence

(23) 0 — E(m,) — Eo(K,) — Epny(ky) — 0.

We recall that H}(Qp,Ti) ~ @,, E(K,)". For p # [ and v | p we first note

that £(m,) = 0. From (23) we derive the short exact sequence
0— Em(kv)l‘” — E(Kv)/\l — (E(Kv)/EO(Kv))loo — 0,

so that H}(Qp,Tl)BK is finite and, by Lemma, 2.3,

X(er((@val)vO) = indgva (En8<kv)l°°70> + indgva ((E(Kv)/EO(Kv))loo ,0).

As in the previous case we must now relate the Euler characteristic of RI" t(Quo, T7)®
RE;(Qu,T;) and the element |(Hyz 2 Hz)" e, Orc 92 QL)) .
We write
eprK ttp(Vp) — H}f (Qp, V)

for the isomorphism given by the Bloch-Kato exponential map and recall that the
logarithm attached to the formal group F induces an isomorphism

log, : E(K,)" ®z, Q) ~ K,.

We use the commutative diagram

K1

Q ®q K ®q Qp(E)* !

\L— eprK

D, Ko ®wg Q @z, Hy(Qi, Ti)Bx

1: :

@v\l KU @vﬂ E(KU)AI ®Zz Ql

® log,

For each place v | I we choose a positive integer n, such that log, induces an
isomorphism between E(m(*) and m}*. For every prime p we fix a place v, above
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p. We obtain
Jx ([(HK,Z ®zHz)" 7k, Ok @z Qé(é‘)*D
= :TIGOO’WK,JW ki1(Zy ®7 Ok ®7, QU (E)* )]
= :TZGOQ’T‘-Kdv K1(Dy) Ok, ® wé)}

= |:7"lGoo’eXplBK OTK s (explBK Oﬁl)(@vllOKu ® wé)}

= TZGOO 3 eXpFK OTK,j5 (explBK OK)Z)(@Ullmzv & WS)} + [@vumnu ; ida @v\loKu]

|:T‘1Goo 3 eXplBK OTTK,j5 @U\ZE(mﬁv ):| + [@vﬂmnv 5 ’Ldv EBU\IOKU]

= :TszanPzBK OWK,j»@qu(mv)} - {@UUE(mn”)aid» @qu(m)} + [Bom™,id, ©,,0k, |
[ﬂGoo7explBK OWK,jy@v\lEO(Kv)M} X (o1 Ens (k)i 0) + [Byum, id, ©, Ok, |
= :TZGOO’GXplBKoﬂK,j7H}(@laTl)BK]

X (@1 (E(Ky)/Eo(Ky))se »0) = X (@1 Ens (k)i 0) + [Bom, id, @, O, |
= :TzGoo’explB omej, Hp (Qu, l)BK]

—indgvl (X0, (B(Ku,)/Eo(Ku,))y ,0)) — de  (Xoi (Bns (K, 1=, 0)) —Hndgw (Xw; (k5 0))
(ii)

= X (BT'#(Qw, T1) ® RUy(Qi, T1), k)
7indg“l (sz((E(sz)/EO(sz))loo 70)) - indgvl (sz (EnS(kvz) O)) + de (sz(kvmo))

Here (i) is induced by the diagram and our choice of integers n,, (ii) comes from
(23) and (iii) follows from Lemma 2.3.
In summary, we obtain for [ € S or I = 2 (always assuming [ 1 #G)

RO, = [( (K)@ZZI), E(K)tf@)zzl]
(Hg.z @z Hz) " 7TK,(’)K®ZQ(1g(5)*D
(( )i, 0) + X(E(K)%,0) — x(I(E/K )=, 0)

/N

(24) — Z ll’ldG va ns(kvp)IOQ?O))
PES)
= > indg, (x, ((E(K,,)/Eo(Ky,)) o 1 0))
pES;

+indg, (o (ku,.0))

If B(K)iy®zZ; and (E(K) ®gzZ;)* are Z;|G]-projective, then by the arguments
of Remark 2.6(a) we can find a Z;[G]-module Z such that both (E(K):; ®zZ;)® Z
and (E(K) ®z Z;)* @ Z are Z;[G]-free. Then one has

(BE(K)®zZ:)*,6 ' B(K) ;@27 = (B(K)®27)*®©Z, 6 ' @id, (E(K ) ;@271)DZ)

so that without loss of generality we may assume that we can work with Z;[G]-basis.
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If T'is a finite perfect Z;[G]-module, then we write Xz,(g,c, (T’ 0) for any lift of
xzja),c, (T, 0) via the middle vertical map of (5). Analogously we use the notation
>~C and >~(1J~

Recall the definition of u = C*fg

ree i Conjecture 3.5.

Proposition 4.4. Assume hypothesis (HO) - (H5) and let o be a normal basis
element such that Ok | = Z;|Glog. Assume that u = u; is computed with respect to
ao and a Zi|G]-basis of E(K )iy ®z Z; and (E(K) ®z Z;)*. Assume also that the
rationality conjecture holds.

Ifl ¢S andl # 2 we set

& = B ), 0) 7 B, 0) 7 - Y((E/K ), 0).
Ifle S orl=2 we set
& = X(EE)=, 07" X(BE)%,0)" - X(LL(E/K )=, 0)
[ ind€, %o, (Ens(ko,)i=.0) - [T nd@, %o, ((E(K,)/Eo(Ky,)),w ;0)
PES) PES;
indg, Ko, (ko2 0) " T LB % D) e
PES)
Then
(25) T =0 <= u; =& in COk(,U,l) D IZ(C)

Proof. The Euler factor terms [Tllp, 1—Fr;t, Tllp] and [Dy, 1— ¢y, Dy in (22) cancel
because of the identification made in [12, (24)] applied to (19) and (22) of loc.cit.
See Remark 3.3.

For the same reason we obtain the local Euler factors (L,(E, X,1))yemry(a) in

(24). Indeed, by (13) the local factors (L,(E, X, 1))X€Irr@(a) represent the refined

Euler characteristics of the complexes (V, Y, Vp) which occur in (19) and (22) of
loc.cit.

Remark 4.5. The local Euler factors in the above formulae can be computed using
their explicit definition. For the computation of the refined Euler characteristics of
finite modules we use the method explained in Example 2.7. Hence we obtain & as
an element in C*.

If w& = (m1,. . .,m) with n; € K;, then TSy = 0 if and only if

vp(ni) =0, Vie{l,...,r}and P |lin K,;/Q, and
(M1, -, r) € im(),

where 7; denotes the image of 7; under the projection leg.l — (OKi/gi,l)X and
1 is the isomorphism from (8). Recall that this means that the ; have to satisfy
certain complicated congruences. In Section 2.3 we made these congruences explicit
for cyclic groups Z;, dihedral groups Do; and the alternating group A4. For explicit
examples see Sections 6.1, 6.2 and 6.3 where we consider dihedral extensions K/Q
of degree 2[ for an odd prime [. In each of these examples the prime [ is of particular
interest because we have to check that the BSD quotients satisfy the congruence
(10).

Remark 4.6. The element u; in (25) depends on the choice of «g, however, the
validity of the statement u; = & in cok(y;) @ I;(C) is independent of this choice. If
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Bo is another Z;[G]-generator of O, then Gy = Aoy with a unit A € Z;[G]*. As
in (3.6) we see that u;(5) = Nrdg,[q(M)ui(ag). Hence the independence follows
from the fact that Nrdg,g)(A) is a unit in O¢,; which is contained in the image of

-

We fix a normal basis element o and Q[G]-basis of E(K)®7Q and (E(K)®7Q)*
in the sense of Remark 2.6 b) and compute u with respect to these basis. Note that
for almost all primes ! the element «q constitutes a Z;[G]-basis of Ok, and the
chosen Q[G|-basis of E(K) ®z Q, respectively (E(K) ®z Q)*, is a Z;[G]-basis of
E(K)if ®z Zy, respectively (E(K) ®z Z;)*. For all these primes [ we can use this
fixed u as u; in Proposition 4.4.

We define two finite sets of rational primes

HP, = SU{2YU{l:1|#GYU{l: 1| #E(K,)/Eo(K,) for a v € S)(K)} U
{l: 1| #E(K)wors} UL 1| #1I(E/K)},
HP, = {l:u #u}.

So for all [ ¢ HP, we can use the fixed v as u; in Proposition 4.4. Note that HP;
depends on the choice of o and the Q[G]-basis of E(K) ®z Q and (E(K) ®z Q)*.
Finally we set
HP:.=HP,UHP;.
We say that an element w = (wy,...,w,) € ((Q[G])* has support in HP, if
(w;,p) =11for i =1,...,r and all primes p ¢ HP.

Corollary 4.7. Assume (HO) and (H3) and the rationality conjecture. Let | ¢ HP
be a rational prime. Then | satisfies the hypothesis (H1),( H2), (H{) and (H5) and

TQ; =0 <= wu has support in HP.

Proof. There first assertion is clear from the definition of HP. If | ¢ HP, then
we are in the case [ ¢ S and [ # 2. By definition of HP; the element & is trivial.
By definition of HP, we have u = u;. Since [ t #G, we have cok(u;) = 0, so that
TQ; = 0 if and only if w is prime to [ in the sense of Remark 4.5. O

By the corollary we can, in principle, numerically verify ETNC for almost all
primes [ as soon as we have computed a good approximation of u € [ ] ¢y, (q) C*-
If the computed u makes us believe that the rationality conjecture holds, and if we
are able to round u to an element of u" € [T, ¢1,, () @(X) ™, we only have to check
if «’ has support in HP.

Of course, the main restriction to our approach is our incapability of computing
the Mordell-Weil group and the Tate-Shafarevic group. In order to obtain at least
some numerical evidence we will usually trust in the equivariant rank conjecture
and thus assume that the analytic rank equals the geometric rank r and compute
r by computing approximations to the L-values. Even here our approach is rather
vague since we do not dispose of a criterion which would allow to decide whether
an L-value is actually 0 from the knowledge of numerical approximations.

However, numerical computations can prove that the analytic rank is 0 and in
this case (assuming that K is totally real) we can use results proved independently
by Longo and Tian-Zhang (see [16, Th. 3.7]) to deduce that the algebraic rank is
also 0.

If r = 0 or in the rare case that r > 0 and we know generators for E(K) we use
the usual Birch and Swinnerton-Dyer conjecture to compute a conjectural value
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for #III(E/K). In a sense our results can be characterized as ‘deducing numerical
evidence for ETNC from the classical BSD-conjecture for E/K”.

5. COMPUTATIONAL REMARKS
In this section we describe how we perform our computations.

5.1. Computation of L-values. For the computation of the leading coefficients
L*(E/Q,x,1), x € Irr(G), we use the algorithm of Dokchitser decribed in [17].
Actually we apply the MAGMA [28] implementation of this algorithm.

We use the algorithm to compute complex approximations to the derivatives
L¥)(E/Q,x,1) of the twisted Hasse-Weil-L-functions at s = 1. We also use these
values to guess the order of vanishing of L(E/Q, x,s) at s = 1 in a very naive way.
Explicitly we set

7(x) == min{k > 0| [LW(E/Q, x, 1) > ¢}

where € > 0 is a chosen lower bound which seems to be reasonable in an unspecific
way. At least one can hope that 7(x) is equal to the order of L(E/Q, x, s) at s = 1.

5.2. Computation of periods. For the computation of periods associated to
h'(E)(1) considered as a motive over Q with coefficients in Q[G] we apply Propo-
sition 3.1. The computation of (2} and €2_ is standard and we just use the imple-
mentation provided by MAGMA. It is usually very efficient to compute a normal
basis element aq just by trial and error. Without loss of generality we assume that
ag € Ok. Then the exceptional set H P, contains

HPy = {1 |1 divides [0k : Z[G]ao]}

which can be computed easily.

If we want to check the conjecture for primes [ € H P we must assume hypothesis
(H), in particular, that [ is at most tamely ramified in K/Q. In this case we can
use algorithm [5, Alg. 4.2] to compute o € Ok such that Ok ; = Z;[Gap.

However, it is reasonable to compute u such that the exceptional set HP is
as small as possible. Under certain assumptions on the group G (which are, e.g.,
satisfied for all groups with #G < 32) we can often use the methods of [3, 4]
to compute g € Ok such that HPy; C HP;. This is possible because for small
groups G the ring of integers Ok is often free over the associated order 4 =
AQ[G]; Ok) == {) € Q[G] | M(Ok) C Ok} and in this case the algorithm of
loc.cit. computes a free generator g such that O = Aagp. Basic properties of
associated orders then imply that O = Z;[G]ay for all I { #G.

5.3. Computation of equivariant regulators. Our possibilities to compute reg-
ulators are very limited because in most cases we are not able to compute the
Mordell-Weil group E(K) when K # Q (or a subgroup of finite index in F(K)).
Henceforth we assume r > 0 and that

E(K)=E(K)tors ®ZP, & ...x D LP;

is explicitly known. Note, however, that for the rationality conjecture it would be
enough to know a subgroup of finite index.

We consider F(K) ®z Q and remind the reader of Remark 2.6 b) where the
general recipe for the computation of regulators is described. However, for our
actual computations described in the next section it will be enough to consider
irreducible rational characters x € Irrg(G) which factor through the commutator
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subgroup G’. For all other characters we assume that e, (E(K) @z Q) is trivial.
Under these circumstances it is rather straightforward to compute a Q[G]-basis
in the sense of Remark 2.6 b). We describe the computation of the equivariant
regulator in this case.

Let ¢ € Irr(G) denote an absolutely irreducible abelian character and set F :=
Kkt W) Let y = ZaeGal(Q(w)/Q) 1% be the associated rational character. Then
ey Q[G] ~ Q(v) is a field and e, (E(K)®zQ) = ey (E(F)®zQ) is a finite dimensional
ey Q[G]-vector space. Let Q1,...,Qq be a e, Q[G]-basis.

For an abelian character ¢ we write ¢ | x if ¢ is a constituent of x. If a =
(ay)pernr(a) € H%Irr(g) ~ ((C[G]), then we write a, for the x-part (ay)e, €
[L,, ~ ¢(exCIG))

Proposition 5.1. Assume the above notation. With respect to the e, Q[G]-basis
Q1,...,Qq and QF, ..., Q% with QF defined below in (26) the x-part of the requlator
is given by

R = (d t is o 1 . ) .
egx € (<Q 6¢ Q‘7>)1§17]Sd o€Gal(Q(¥)/Q)

Proof. Theset {e,Q; |i=1,....d,¢ | x}is aC-basis of e, (E(K)®zC). We define
the dual basis by

* ) if =A di= ‘7
(e0Q:) (BAQ;'){l Hp=Aandi=j

0, otherwise.

Then one easily verifies that

x (6,Q)" = {(6‘”@‘)*’ =1

0, otherwise.

The elements
(26) Q=) (epQi)", i=1,....d,
elx
form a e, Q[G]-basis of (e, (E(K) ®z Q))". Then
(€oQis_) = Y (eoQi,exQ;)(ex@))”
A
= S Qi eperQ)(exQy)’
A
= ) (QirepQ;)(epQ;)*

J

Hence

(exQis_) = D> (QiresQ))(epQ;)

elx J

= D[ 2o (@ies@ien | | Do(es@)

elx elx

Z Z<Qia6’¢@j>€¢ Qj

J elx



EQUIVARIANT BSD 33

Therefore with respect to the basis Q1,...,Qq and Q7, ..., @} the regulator map is

represented by the matrix (Z¢|X<Qi, ezQ;j)
computing the reduced norm.

e and the result follows upon
1<i,j<d

O

For integrality considerations we restrict ourselves to the case where [ # 2 and
11 #G. Then E(K) ®z Z; is Z;|G]-perfect and we wish to compute a e, Z;[G]-basis
Q1,...,Qq of ey (E(K) ®z Zy). Since e,Z;|G] naturally identifies with [[g; Zi[y)]
which is a product of discrete valuation rings such a basis always exists. From

X(l)a leZ]a
0, ifi4j

we see that ﬁ@’{, ce ﬁ@; is a e, Z;[G]-basis of e, (E(K) ®z Z;)*.

Working with localisations rather than completions we can also consider e, (E(K)®z
Z(y) as a module over e, Z[G] ~ Z)[1] € Q(v) which is principal ideal ring (be-
cause it is Dedekind with only finitely many maximal ideals). It is then quite
standard to compute a basis from the knowledge of Py, ..., P,.

Q7 (Qj) :{

Example 5.2. In [21] Fearnley and Kisilevsky consider the situation when K/Qis a
cyclic extension of odd prime degree [ and examine the case that L(E/Q, v, s) have
simple zeroes for all non-trivial characters ¥ € Irr(G). We write G for the group
of linear characters of G and fix a generator 1y of G. Let y := Z%Gal(@(%)/@) g
denote the associated irreducible rational character. The computations described
in loc.cit. suggest that for non-trivial ¢» and a point P € F(K) of infinite order
with trace 0 (i.e., P € ey (E(K) ®z Q) is a e, Q[G]-basis) one has

E(E/Q.1.1) = TR0 (P)ay(P)
with a Gauss sum 7(1), the conductor f, of ¥, Ay(P) := > o ¥(o7 ) (P, P?)
and an algebraic number oy (P) € Q(v) which satisfies v (P) = ay(P)” for all
7 € Gal(Q(¢))/Q). In other words this means that (o (P)),,, € C(exQIG]) ™.
The results and computations of loc.cit. are completely consistent with the ra-
tionality conjecture 3.5 and provide numerical evidence for it. Indeed, one easily
shows that Ay (P) = (P, e;P), so that we deduce from Proposition 5.1

Re = ()\ ot P)
gx vy (P) YEGal(Q(t0)/Q)

where = means up to a multiplicative factor in e, Q[G]™ C [1y%1 €. Furthermore,
by [20, §9(i), (ii)] one has

(T(6))ecal@w) /@) = (Z o (0)0(0‘0)> :
o€G YEGal(Q(t0)/Q)

Recall that the right hand side is exactly the y-part of the resolvent R from Con-
jecture 3.5.
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5.4. Computation of refined Euler characteristics of finite perfect mod-
ules. Let T be a finite perfect Z;[G]-module. The recipe for the computation of
Xzia),@ (T) is already given in Example 2.7. We give two applications.

Proposition 5.3. Let F/Q, denote a finite Galois extension with group D. Let
v denote the normalized discrete valuation of F'. Let E/Q), be an elliptic curve so
that E/F has split multiplicative reduction. Then

(a) #E(F)/Ey(F) = ¢ with ¢ := —v(j(E)).

(b) Let ! be a prime. Then E(F)/Ey(F)®z7Z; is Z;|D]-perfect if and only if 1 { ¢
orl1#D.

(c) Setcp = # (E(F)/Eo(F) @z Zy). If 11 corl{#D, then xz,p),0,(E(F)/Eo(F)®z
Zy) is represented by (c1,1,...,1) € ¢(Q[D])*.

Proof. We apply [32, Th. 14.1]. E is isomorphic over F to the Tate curve E; with
v(q) = c. The isomorphism FE,(F) ~ F* /q” induces a D-equivariant isomorphism
E(F)/Eo(F) ~ F*/(q* x OF). Note that D acts trivially on the right hand side
so that F*/(¢” x OF) ~ Z/cZ as Galois modules. a) and b) are now immediate.

To prove ¢) we may assume [ 1 #D. Then we have a projective resolution of
Zy[D]-modules

0 — Zy[D] ") 7, D] — Z)aZ — 0.

The result follows. O

Proposition 5.4. Let F/Q; denote a finite Galois extension with group D and
ramification subgroup I. Let v denote the normalized discrete valuation of F. Let
k., denote the residue class field. Then k, is Z;[D]-perfect if and only if 1+ #1. In
this case Xz,[p)q,(kv) is represented by (ay)y € C(Q[D])™ = [y ermyp) QUY) with

{l, if I C ker(v),
oy =

1 otherwise.

3

Proof. By the normal basis theorem on has k, ~ F;[D/I]. One easily shows that
H°(D,F,[D/I]) ~ F;/|I|F,. It follows that if k, is perfect, then [ t #I. Conversely,
if I 1 #1I, then we have the projective resolution

0 — zD] """V ZD) — ky —— 0

and the result follows. O

In general we assume that the finite perfect Z;[G]-module T is given by a Z[G]-
generating set, t1,...,tq with explicitly known G-action, i.e.

d
gt; = Zagd‘t]‘, Qg5 € Z[G],g eq.
=1

It is then easy to compute a Z[G]-resolution of the form

with P := Z[G]d, m(e;) := t; where e; denotes the canonical basis and @ := ker(7).
We then proceed as described in Example 2.7.

In this way it is, in principle, possible to compute the refined Euler characteristics
of E(K)=, B(K))s and Eyg(ky, )i, at least in small examples where we are able
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to provide an explicit generating set with explicitly known G-action. If v is a place
of bad reduction we can use Tate’s algorithm to determine the reduction type and
then use [32, Ex. III, 3.5] in order to compute E,s(ky)je.

5.5. Computation of E(K) and III(E/K). The computation of E(K) is very
difficult even if K = Q and does usually not work if K # Q. In our examples we
mostly consider pairs (F, K) such that the analytic rank of E/K is 0 and K is
totally real. In this case we use [16, Th. 3.7] to deduce that the algebraic rank is
also equal to 0. In small examples (see e.g. Section 6.1) it is sometimes possible to
prove that the algebraic rank is trivial by a Selmer group computation.

If r > 0 we generally assume the validity of the equivariant rank conjecture
and only consider examples where the equivariant rank conjecture implies that
E(K) is built from subgroups E(F) where F' ranges over the subfields of K/Q with
[FF: Q] < 2. For F = Q we use the MAGMA routine to compute E(Q) and if
F' is a quadratic extension we look at the associated quadratic twist £y of F and
compute E4(Q). Computing the isomorphism F ~ E; (defined over F') we then
obtain E(F).

Our ability to compute III(E/K) is even more limited. We remind the reader
that throughout the manuscript we assume finiteness of III(E/K). In order to
compute #II(E/K) we use the classical BSD conjecture for E/K. In this way
we obtain a conjectural value for #II1(F/K) which we wish to use to compute the
associated refined Euler characteristic. Since we only dispose of the (conjectural)
order of II(E/K) we are usually restricted to deal with primes [ which do not
divide this order. However, in some rare cases (see e.g. Section 6.2) it suffices to
know this order to compute the refined Euler characteristic of III(E/K). Moreover,
in some examples (see Section 6.1 and 6.3) the computations lead to a conjectural
description of the structure of III(E/K) as a Galois module.

5.6. Computation of induction. If H is a subgroup of G then there is a canonical
induction map ind$ : Ko(Z[H], Q) — Ko(Z[G],Q;). We refer the reader to [5,
Sec. 6] where we provide an algorithmic description of this map.

6. EXAMPLES

In this section we illustrate our results with some explicit examples. The com-
putational results of this section can be reproduced using the MAGMA implemen-
tations available from

http://www.mathematik.uni-kassel.de/~bley/pub.html.

6.1. Navilarekallu‘s example. In this subsection we redo the example from [30].
Let

E:y?4+y=2a®—2%—10x—20

and K be the splitting field of f(z) = 23 — 42 + 1. Then K/Q is an S3-extension.
The elliptic curve E is denoted 11A41 in Cremona‘s database. Its conductor is
Ng =11 and the discriminant of K is given by dg g = 229%. The field K is totally
real and contains the quadratic subfield F := Q(1/229). Actually, K is the Hilbert
class field of F.
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We have S = {11,229}. For a rational prime ¢ we fix a place v, of K above g.
One easily computes

#1229 = 2,

#E s (ko) = 5, % Bns (kug) = 20, #Bns(kuy) = 140,

#E (k) = 1330, # Epg(ku,,, ) = 215

E(K)tors = E(Q)tors is cyclic of order 5,

E has split multiplcative reduction at vi; with ¢,,, =5,
(L11(E/Q,x,1)) = (10/11,10/11,133/121),
(Laso(E/Q, %, 1)) = (215/229, 1,215/229)

ind¢, xa.,, (ko) = (11,11,121),

indg  xa,,, (kuas) = (229,1,229).

v229
The L-values can easily be computed with a precision of 20 or more decimal
digits. We give here only the first 6 decimal digits: (L(E/Q,)Z,l))xehr@(c;) =
(0.253842,0.419359,2.66127). Therefore the analytic rank for each of the L-functions
is trivial. By [16, Th. 3.7] (which has been proved independently by Longo and
Tian-Zhang) we have E(K) = E(K)tors = E(Q)tors-

In this small case this can also be proved by algorithmic methods. Let K; be
the number field defined by f(x) = 23 — 4x + 1. Then the computation of Selmer
groups using the MAGMA routine TwoSelmerGroup shows that Sel® (E/K;) and
Sel®® (E/F) are trivial. It follows quite easily that E(K) must be torsion.

We obtain
u = (0.200000, —5.00000, —25.0000),

which numerically confirms the rationality conjecture. We point out that the re-
solvents and therefore also the value for u depend on the choice of the integral
normal basis element . The algorithm of [3] does not always produce the same
generator, so that one may obtain different results when running the algorithm.
Note, however, that the validity of the ETNC does not depend on this choice (see
Remark 4.6).

From the BSD-conjecture we conclude the conjectural order #II(E/K) = 625,
sothat HP = {2,3,5,11,229}. By Corollary 4.7 we immediately obtain a numerical
confirmation for all primes [ ¢ HP.

For | = 2 hypothesis (H2a) is not satisfied and for [ = 5 we do not have (H5). For
l=3wehave & = (1,1,1). Sou = ufl_l is a torsion element in Ko(Z3[G], Q3). Here
Ky(Z3[G],Q3)tors is cyclic of order 2 and by the methods of [5] we can check that
u is indeed trivial in this group. We can also directly check the explicit congruence
(10) which becomes —1 = —25(mod 3) in this example.

For I € {11,229} the group Ko (Z;[G],Q1)tors is trivial and from the above data
one easily deduces the validity of the [-part of ETNC.

Although we do not have (H5) for [ = 5 one can try to proceed as in Remark
4.3. By Proposition 5.3 we can compute the refined Euler characteristic of C (see
Remark 4.3 for the notation). Since we do not know how to rigorously compute
the Euler characteristics of S and H}(Q, T;)* we only get a very vague idea about
the Galois structure of III(E/K). However, by the conjectural validity of ETNC at
I =5 one is tempted to guess that Y(III(E/K)s~) = (1,1, 5=). One may therefore
guess that III(E/K)se lives in the 2-dimensional component of Q5G] and has the
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(0 5)

resolution

This was verified by T.Fisher in private communication.

6.2. A Ds-Example. In this example we let E be the curve 73A1 in Cremona‘s
notation. We let K be the number field defined by the irreducible polynomial

f(z) =2 — 22% — 202® 4 227 + 692° — 2° — 692* + 223 + 202 — 22 — 1.

Then K/Q is a Galois extension with dihedral group Ds. We have Ng = 73

and dg /g = 401°. The field K is totally real and contains the quadratic subfield

F := Q(+/401). Hence S = {73,401}. Actually, K is the Hilbert class field of F.
We have four characters

‘ id T o o2
1 T 1 1 1
Y2 1 -1 1 1
xs | 2 0 G+Gt E+G7
Xe. | 2 0 G4+G7 G+t

Hence Q[G] ~ Q @ Q @ M3(K3) with K3 = Q(8) where 3 := (5 + C5_1. Elements
in the center of C[G] will be denoted by 4-tuples z = (z1,...,24),2; € C. Recall
that z € ((Q[G]) if and only if 21,20 € Q, 23,24 € K3 and ¢(z3) = 24, where
(p) = Gal(K3/Q). Elements in z € ((Q[G]) will be represented by tuples z =
(ZX1 1 Zx2) ZX3)‘

The L-values were computed with a precision of 20 decimal digits and are given
by

(L(E/Q7 X? 1)))(611‘1‘@((3’)
= (1.1826604672413298661,2.1261328339601570537,
0.16304872052191552777,7.6598191709443800630).

The analytic rank of each of the twisted L-functions is therefore 0 and as in the
first example the theorem of Longo and Tian-Zhang (see [16, Th. 3.7]) allows us to
conclude that F(K) is finite.

The numerical computation of L-values, resolvents and periods leads to

u = (0.49999999999999999999, 18.000000000000000008,
0.58359213500126187216, 27.416407864998738187).

Numerically this confirms the rationality conjecture because u is close to
(1/2,18,—128 4 8,125 + 20)

and ¢(—120 4+ 8) = 1283 + 20. The minimal polynomial of —125 + 8 is given by
2% — 28z + 16. Again we point out that the resolvents and therefore also the value
for u depend on the choice of the integral normal basis element «y.
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We further see that

#1010 =2,

H#Epo(Kuy) = 22, # Eps (kuy) = 16, # By (ky;) = 3044,
HE s (kuny) = 2073071592, #E s (Ko, ) = 388,

E(K)tors = E(Q)1ors is cyclic of order 2,

E has split multiplcative reduction at vz with ¢, = 2,

1

(Lio1(E/Q, %, 1)) = (388/401,1, 388/401, 388 /401),
indgw XGu,, (kv,,) = (73,73,5329),
indg, X0, (Fuse,) = (401, 1,401).

Recall that any element z € ((Q[G]) is represented by a tuple z = (2y,, Zyss Zys)-
This explains why some of the above tuples have only 3 components.

From the BSD conjecture we derive the conjectural order #1I(E/K) = 2304 =
2832, Thus we have HP = {2,3,5,73,401} and by Corollary 4.7 the ETNC is
numerically confirmed outside HP.

For [ = 2 we cannot perform our computations because 2 divides #G.

For [ = 3 our MAGMA implementation terminates without verifying the 3-part
of ETNC because 3 divides the order of III(E/K). In general we are not able to
compute the refined Euler characteristic of HI(E/K) if | divides #11I(E/K) because
we have no information about its Galois structure. However, in some special cases
like this one, it is possible to pin down the exact FEuler characteristic by purely
representation theoretic considerations. Here III(E/K)[3] is conjecturally bicyclic
of order 9 and we may consider it as a representation over Fs. There are three
irreducible representations over Fs, namely the trivial character, the sign character
and a 2-dimensional representation (defined over Fg). A BSD-computation for
E/Q and E/F shows that #II(E/Q)[3] = 1 and #III(E/F) = 9 so that we obtain
X(II(E/K)) = (1,9,1). Using this we can also confirm the validity of ETNC at
l=3.

For | € {73,401} the Ko(Zi[G],Q1)tors is trivial and from the above data one
easily deduces the validity of the l-part of the ETNC.

Most interesting is the case [ = 5 because in this case we have non-trivial torsion
subgroup Ko(Z;[G], Q1)tors so that we must verify the explicit congruence (10). We
have & = (1,1,1), so that n := ufgl = (1/2,18,—128 + 8). Let p denote the
unique prime lying over 5 in K5. Then one easily checks that the valuation at p of
% <18 — (=120 + 8) equals 1, as predicted by the ETNC.

5339 (~ 738 +5330),

Y401

6.3. A D7-Example. In this example we let E be the curve 11A1 in Cremona‘s
notation. We let K be the number field defined by the irreducible polynomial

flz) = o' —22"8 — 25212 4 692! + 161210 —
6322° — 14728 + 214627 — 11712% — 26692° + 26822* +
667z — 14662% + 3362 + 49.

Then K/Q is a Galois extension with dihedral group D7;. We have N = 11
and dg /g = 5777. The field K is totally real and contains the quadratic subfield
F :=Q(+v/577). Hence S = {11,577}. Actually, K is the Hilbert class field of F'.
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We have five characters

id T o o2 o3

X1 1 1 1 1 1
X2 1 -1 1 1 1

s | 2 00 GHGt G+ G+E7
Xa | 2 0 G+G? G+Gt g+
xs | 2 0 G+¢G? $+¢° E+¢G7

Hence Q[G] ~ Q @ Q & My(K3) with K3 = Q(3) where 8 := (7 + ¢, '. Elements
in the center of C[G] will be denoted by 5-tuples z = (z1,...,25),2; € C. Recall
that z € ((Q[G)) if and only if 21,20 € Q, 23,24, 25 € K3 are Galois conjugates.
Elements in z € ((Q[G]) will be represented by tuples z = (2, , 2y, , Zxs)-

The L-values were computed with a precision of 30 decimal digits and are given
by

(L(E/Q, X 1) yenmg (@)

= (0.253841860855910684337758923351, 0.264189373454632540506329085616,
8.46480303158617169018788040257,1.07820141250454111015938289065,
0.516343882321445768698269093336).

The analytic rank of each of the twisted L-functions is therefore 0 and as before
the theorem of Longo and Tian-Zhang (see [16, Th. 3.7]) allows us to conclude that
E(K) is finite.

The numerical computation of L-values, resolvents and periods leads to
u = (—0.199999999999999999999999958641, —5.00000000000000000000000004909,

126.222933488057632838305516431, 16.0776033026947639028170113251,
7.69946320924760325930251071912).

Numerically this confirms the rationality conjecture because wu is close to
(—=1/5,—5,256% 4+ 508 + 25, =503 — 253 + 125,253 — 2513)

and the last three components are Galois conjugates. The minimal polynomial of
2532 + 503 + 25 is given by x3 — 15022 + 31252 — 15625. Once again we point out
that the resolvents and therefore also the value for v depend on the choice of the
integral normal basis element «y.

We further see that

#1577 = 2,

# B (kuy) = 145, # B (kuy) = 35, # B (ko) = 60,
H#Es(ky,,) = 19487170, # B,y 4 (ky,..) = 545,
E(K)tors = E(Q)tors is cyclic of order 5,

E has split multiplcative reduction at vz with ¢,,, =5,

(L (E/Q, %, 1)) = (10/11,10/11, - (~116° + 144))),
indg,  xa.,, (k) = (11,11,121),

indgw XGogor (vgrr) = (577,1,577).
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Recall that any element z € ((Q[G]) is represented by a tuple z = (2y,, Zyss Zys)-
This explains why the above tuples have only 3 components.

From the BSD conjecture we derive the conjectural order #I1(E/K) = 5'2.
Thus we have HP = {2,5,7,11,577} and by Corollary 4.7 the ETNC is numerically
confirmed outside H P.

For [ = 2 we cannot perform our computations because 2 divides #G.

For [ = 5 we cannot perform the computations because 5 divides the order of
II(E/K) and the Tamagawa numbers. As in Example 6.1 we try to proceed as
in Remark 4.3. By the conjectural validity of ETNC at [ = 5 one may guess that
X(II(E/K)s) = (1,1, 5=). One may therefore guess that III(E/K)s~ lives in the

2-dimensional component of Q5G] and has the resolution

5 0

0 5
0 — My(Zs[¢]T) © — 7 Ma(Zs[¢r]T) — HI(E/K)5% — 0.

Note that Zs[(7]T/5Zs5[¢7]" = Fss so that this matches with the conjectural order
of II(E/K).

For | € {11,577} the Ko(Zi[G],Q1)tors is trivial and from the above data one
easily deduces the validity of the [-part of the ETNC.

The most interesting prime is [ = 7 because in this case we have non-trivial
torison subgroup Ko(Z;[G], Q;)tors S0 that we must verify the explicit congruence
(10). We have & = (1,1,1), so that n := u&; ' = (=1/5,—5,258% + 508 + 25).
Let p denote the unique prime lying over 7 in K3. Then one easily checks that the
valuation at p of %1 -(=5) — (253% + 503+ 25) equals 1, as predicted by the ETNC.

6.4. More dihedral examples. We have numerically checked a few more D;-
examples which are completely analogous to the previous examples. We searched
for cases where we could apply our methods for the prime [. In particular we
needed the Mordell-Weil group E(K) to be finite. In all our examples K is a
totally real number field, so that we can apply [16, Th. 3.7]. In all the examples
our computations numerically confirm the l-part of ETNC.

In the following we list our examples. In each of our examples K is the Hilbert
class field of the real quadratic field Q(v/d). The elliptic curve is referenced as in
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Cremona’s tables.

d E
D; 229 1lal
229 17al
257  1lal
257  17al
733 17al
761 17al
Ds 19-43 17al
19-43 37b1
7-199 17al
7-199 19al
1429  17al
1429 19al
D; 577 1lal
577 17b1
577  19al
1009  37b1

With more effort it is certainly possible to compute more examples. We refer the
interested reader to the batch files in
http://www.mathematik.uni-kassel.de/~bley/pub.html

6.5. Another Ds;-Example (incomplete). In this example we let again E be
the curve 1141 in Cremona‘s notation. We take the same number field K as in
the first D5 example, namely the Hilbert class field of F := Q(v/401). We have
Ng =11 and dg ;g = 401*. Hence S = {11,401}
Recall thatQ[G] ~ Q & Q © My (K3) with K3 = Q(8) where 8 := (5 + (5 L
The computation of L-values showed that conjecturally
ords—1 (L(E/Q, x:,8)) =0 for i =1, 3,4,
OI'd5:1 (L(E/Q, X2 S)) = 2.
The leading terms in the Taylor expansion of the twisted L-series were computed
with a precision of 20 decimal digits and are given by

(L* (E/Q? >_<7 1))x61rr@(G)
= (0.25384186085591068434, 11.064607087619745148,
5.2651360430010329737,0.76817299610176707595).
The validity of the rank conjecture would imply that the yq-eigenspace of EF(K)®z

Q is 2-dimensional. Since K**(x2) = Q(y/401) =: F this implies that conjecturally
rk(E(F)) = 2. By considering the quadratic twist of E/Q

Eqo1 : y? = 2® — 21534469922 — 69667552958832

we compute
E(F)/E(F)tors = <P1»P2>
with

74 53 1 1 1
}1<9,MVMH2),}5(&2VM 2)
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One checks that the conjugate of P; is —P; for ¢ = 1,2 so that by Proposition 5.1
we obtain for the ys-part of the equivariant regulator

det (((PZ-, Pj>)i’je{172}) = 34.914427985010413291.

Possibly (P1, P,) is not the full Mordell-Weil group E(K). However, if we content
ourselves with checking the rationality conjecture, then this information is enough.
Together with the computations of L-values, resolvents and periods we obtain

u = (0.20000000000000000000, —5.0000000000000000017,
—65.450849718747376977, —9.5491502812526296414).

Numerically this confirms the rationality conjecture because u is close to
(1/5,—5,—-258 — 50,2508 — 25)

and p(—250 — 5) = 2568 — 25. The minimal polynomial of —253 — 5 is given by
2% 4+ 75z + 625. Again we note that u also depends on the choice of ap.
We further see that

#1101 = 2,

#E,.(kyy) = 25, #F,s (ko) = 3025, # Eps(ky,, ) = 161050, # Eps (ky,,, ) = 400
E(K)iors = E(Q)tors is cyclic of order 5,

E has split multiplcative reduction at vy; with ¢,,, =5,

(Ln(E/Q, X, 1)) = (10/11,10/11, ﬁ(—nwr 122)),
(L1 (E/Q, X, 1)) = (400/401, 1,400/401),
indg, xa,,, (ku,) = (11,11,121),

v11
XGU401 (kv401) = (401, 1, 401)

Recall that any element z € ((Q[G]) is represented by a tuple z = (2y,, 2y, Zxs)-

Although we cannot be sure that we have computed the full Mordell-Weil group
E(K) it seems to be most likely that we have found a subgroup of finite index and
that the only primes that possibly divide this index are 2 and 5. Therefore, as long
as we exclude these primes from our considerations, we still obtain some evidence
for the integrality conjecture.

Assuming E(K) = (P, P;) we derive from the BSD conjecture the conjectural
order #I1I(E/K) = 5%. Thus we have HP = {2,5,11,401} and by Corollary 4.7
the ETNC is numerically confirmed outside H P.

As already mentioned we cannot expect any integrality statements for [ = 2,5,
which would also not be possible for other reasons because for [ = 2 we cannot
perform our computations because 2 divides #G, and [ = 5 divides #G and we
have non-trivial cohomology modules such as HI(E/K) and E(K) which may not
be Z;[G]-perfect. Also, (H5) is not satisfied.

For [ € {11,401} the Ky(Z;[G],Q))tors 1s trivial and from the above data one
easily deduces the validity of the [-part of the ETNC.

i 1G
lndG%m

REFERENCES

[1] W. Bley, Numerical evidence for the equivariant Birch and Swinnerton-Dyer conjecture (part
II), preprint 2010.



EQUIVARIANT BSD 43

[2] W. Bley, D. Burns, Equivariant epsilon constants, discriminants and étale cohomology, Proc.
London Math. Soc. 87 (2003), 545-590.

[3] W. Bley, H. Johnston, Computing generators of free modules over orders in group algebras,
J.Algebra (Computational Section), 320 (2008), 836-852.

[4] W. Bley, H. Johnston, Computing generators of free modules over orders in group algebras II,
to appear in Math.Comp..

[5] W. Bley, S.M.J. Wilson, Computations in relative algebraic K-groups, LMS JCM 12 (2009),
166-194.

[6] S. Bloch, K. Kato, L-functions and Tamagawa numbers of motives, In: ‘The Grothendieck-
festschrift’ vol. 1, Progress in Math. 86 Birkhiuser, Boston, (1990), 333 - 400.

[7] T. Bouganis, V. Dokchitser, Algebraicity of L-values for elliptic curves in a false Tate curve
tower, Math. Proc. Cambridge Philos. Soc. 142 (2007), 193-204.

[8] M. Breuning, On equivariant global epsilon constants for certain dihedral extensions, Math.
Comp. 73 (2004), 881-898.

[9] M. Breuning, D. Burns, Additivity of Euler characteristics in relative algebraic K-groups,
Homology, Homotopy and Applications 7 (2005), 11-36.

[10] M. Breuning, D. Burns, Leading terms of Artin L-functions at s =0 and s = 1, Compositio
Math. 143 (2007), 1427-1464.

[11] D. Burns, M. Flach, Motivic L-functions and Galois module structures, Math. Ann. 305
(1996) 65-102.

[12] D. Burns, M. Flach, Tamagawa numbers for motives with (non-commutative) coefficients,
Documenta Math. 6 (2001) 501-570.

[13] D. Burns, Equivariant Whitehead torsion and refined Euler characteristics, CRM Proceedings
and Lecture Notes, Vol. 36 (American Mathematical Society, Providence, RI, 2004), 35-59.
[14] D. Burns, Leading terms and values of equivariant motivic L-functions, Pure App. Math. Q.

6 (2010), (John Tate Special Issue, Part II), 83-172.

[15] C. Curtis, I. Reiner, Methods of representation theory, volume I and II. Wiley, 1981 and 1987.

[16] H. Darmon, Heegner points, Stark-Heegner points and values of L-series, International Con-
gress of Mathematicians. Vol.II, 313-345, Eur. Math. Soc., Ziirich, 2006.

[17] T. Dokchitser, Computing Special Values of Motivic L-Functions, Experiment. Math. 13
(2004), 137-149.

[18] M. Flach, The equivariant Tamagawa number conjecture - A survey, in: ‘Stark’s Conjec-
ture: recent progress and new directions’ (eds. D.Burns, C.Popescu, J.Sands and D.Solomon),
Contemp. Math. 358 Amer. Math. Soc.,(2004) 79-126.

[19] M. Flach, Iwasawa theory and motivic L-functions, Pure and Applied Mathematics Quaterly
5, Number 1, (2009) 255-294.

[20] A. Frohlich, L-values at zero and multiplicative Galois module structure (also Galois-Gauss
sums and additive Galois module structure, J.Reine Angew. Math 397, (1989) 42-99.

[21] J. Fearnley, H. Kisilevsky, Critical values of derivatives of twisted elliptic L-functions, Ex-
periment. Math. 19 (2010), 149-160.

[22] B. H. Gross, D. B. Zagier, Heegner points and derivatives of L-series, Inventiones Mathe-
maticae 84 (2), (1986) 225-320.

[23] A. Grothendieck, Groupes de Monodromie en Géométrie Algébrique (SGA 7 1), Lecture Notes
in Math. 288, Springer Verlag, 1972.

[24] G. Kings, An introduction to the equivariant Tamagawa number conjecture: the relation to
the Birch-Swinnerton-Dyer conjecture, Preprint Nr. 26/2009, Universitdt Regensburg.

[25] V.A. Kolyvagin, Euler systems, The Grothendieck Festschrift, Progr. in Math. 87, Boston,
Boston, MA (1990).

[26] V.A. Kolyvagin, D.Y. Logachev, Finiteness of the Shafarevich-Tate group and the group of
rational points for some modular abelian varieties, Leningrad Math.J. 1, (1990) 1229-1253.

[27] V.A. Kolyvagin, D.Y. Logachev, Finiteness of IIl over totally real fields, USSR Izvestiya 39,
(1992) 829-853.

[28] MAGMA, Version V2.15-9, Sydney 2010.

[29] B. Mazur, J. Tate, Refined conjectures of the Birch and Swinnerton-Dyer type, Duke Math. J.
54 (1987), 711-750.

[30] T. Navilarekallu, Equivariant Birch-Swinnerton-Dyer conjecture for the base change of ellip-
tic curves: an example, International Mathematics Research Notices, Vol. 2008, 33 pages.

[31] W. Niziol, Cohomology of crystalline representations, Duke Math. J. 71 (1993), 747-791.



44 WERNER BLEY

[32] J.H. Silverman, The arithmetic of elliptic curves, Springer Verlag (1986).

[33] G. Shimura, On the periods of modular forms, Math.Ann. 229 (1977), 211-221.

[34] G. Shimura, The special values of the zeta functions associated to Hilbert modular forms,
Duke Math. J. 45 (1978).

[35] R. G. Swan, Algebraic K-theory, Lecture Notes in Mathematics 76, Springer Verlag (1968).

[36] O. Venjakob, From the Birch and Swinnerton-Dyer Conjecture over the Equivariant Tam-
agawa Number Conjecture to non-commutative Iwasawa theory, in ‘L-functions and Galois
representations’, London Math. Soc. Lecture Note Ser., vol. 320, Cambridge University Press,
Cambridge, 2007, 333-380.

[37] S. Zhang, Heights of Heegner points on Shimura curves, Annals of Math. 153, (2001) 27-147.

FACHBEREICH FUR MATHEMATIK UND NATURWISSENSCHAFTEN DER UNIVERSITAT KASSEL,
HeiNRICH-PLETT-STR. 40, 34132 KASSEL, (GERMANY
E-mail address: bley@mathematik.uni-kassel.de



