ON REFINED METRIC AND HERMITIAN
STRUCTURES IN ARITHMETIC, I:
GALOIS-GAUSS SUMS AND WEAK RAMIFICATION
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ABSTRACT. We use relative K-theory to develop a common refinement of the existing theories
of metrized and hermitian Galois structures in arithmetic. As a first application, we derive
new results concerning the arithmetic properties of Galois-Gauss sums for weakly ramified
Galois extensions of number fields.
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1. INTRODUCTION

This article has two main purposes. Firstly, to develop a natural algebraic formalism that
gives a common refinement of the theory of ‘hermitian modules’ and ‘hermitian class groups’
described by Frohlich in [22] and of the theory of ‘metrised modules’ and complexes and
‘arithmetic classgroups’ introduced by Chinburg, Pappas and Taylor in [16] and, secondly, to
show that this refined theory gives new insight on the arithmetic properties of wildly ramified
Galois-Gauss sums.

To give a few more details we fix a finite group I' and recall that an hermitian I'-module
is a pair comprising a finitely generated projective I'-module together with a non-degenerate
[-invariant pairing on this module. Frohlich showed that such modules are naturally classified
by a ‘discriminant’ invariant that lies in the Hermitian classgroup HCI(I") of I' and is defined
in terms of idelic-valued functions on the ring Rr of Q%valued virtual characters of T'.

This theory was developed with arithmetic applications in mind since for any tamely ram-
ified Galois extension of number fields L/K with Gal(L/K) =T the ring of algebraic integers
of L constitutes an hermitian I'-module when endowed with its natural trace pairing. In this
setting, Frohlich conjectured, and Cassou-Nogues and Taylor subsequently proved ([13]), that
the corresponding discriminant element uniquely characterises the Artin root numbers of ir-
reducible complex symplectic characters of I'. The latter result is commonly regarded as the
highlight of classical ‘Galois module theory’, as had been developed in the 1970’s and 1980’s
(for more details see [22])

To develop an analogous theory in the setting of arithmetic schemes admitting a tame
action of I, Chinburg, Pappas and Taylor subsequently defined a metrised I'-module (respec-
tively, complex of I'-modules) to be a pair comprising a finitely generated projective I'-module
and a collection of suitable metrics on the isotypic components of the complexified module
(respectively, a perfect complex of I'-modules together with metrics on the isotypic compo-
nents of the complexified cohomomology modules). To classify such structures they defined
the Arithmetic classgroup A(I') of I' in terms of idelic-valued functions on Rr and showed
each metrised I'-module (respectively complex) gives rise to an associated invariant in A(T).

To describe a common refinement of the above algebraic theories we construct canonical
homomorphisms T and TIH™ from the relative algebraic Ko-group Ko(Z[I'],Q°[I]) of the
ring inclusion Z[I'] — Q°[I'] to the group A(I') and to a natural extension of the group
HCI(T") respectively. We then show that IT*°* and Hlllerm send each of the natural generating
elements of Ky(Z[I'], Q°[I']), respectively of the subgroup Ky(Z[I'],Q[I']) of Ko(Z[I'], Q°[I]),
to the difference of the natural invariants of two metrised modules in A(T"), respectively of the
discriminants of two hermitian modules in HCI(I"). To define the homomorphisms I and
I1h™ we rely on a description of the group Ko(Z[I'],Q°[I']) in terms of idelic-valued functions
on Rr that is proved by Agboola and the first author in [1].

The strategy to apply this theory in arithmetic settings is then twofold. Firstly, in any given
setting, one hopes to identify a canonical element of Ko(Z[I'], Q°[I']) that at least one of Tt
or H}ﬁerm sends to arithmetic invariants that have been considered previously. Then one can
hope to prove, or at least to formulate conjecturally, a precise relation in Ky(Z[['], Q°[I']) that
projects (under either H?et or H?erm or both) to recover pre-existing results, or conjectures,
in A(T") and HCI(T).

In any case in which this can be achieved one can expect three significant outcomes. Firstly,
one will obtain strong refinements of earlier results since both II'** and Hlllerm have large
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kernels. Secondly, one will obtain an explanation of any parallel aspects of the nature of earlier
results in A(I") and HCI(T"). Thirdly, and perhaps most importantly, since Ko(Z[I'], Q[I']) has
a canonical direct sum decomposition as @, Ko(Z[I'], Q¢[I']), where ¢ runs over all primes,
theorems and conjectures in A(I") and HCI(I") that appeared to be intrinsically global in
nature are replaced by problems that can admit natural local decompositions and hence
become easier to study.

Whilst there is no guarantee that this strategy can work in all natural settings, in this
article we show that it works well in the setting of hermitian and metrised modules that arise
from fractional ideals of number fields and their links to classical Galois-Gauss sums.

In addition, in a separate article it will be shown that the same approach can also be used to
refine the theory of Chinburg, Pappas and Taylor related to connections between the Zariski
cohomology complexes of sheaves of differentials on arithmetic schemes with a tame action of
a finite group and the associated epsilon constants and, in particular, to explain the strong
similarity between the results obtained in [16] and [17].

A little more precisely, in the present article we first use the above approach in the setting of
tamely ramified extensions of number fields to quickly both refine and extend previous results
of Chinburg and the first author in [12] related to the links between Galois-Gauss sums and
the hermitian modules comprising fractional powers of the different of L/K endowed with the
natural trace pairing.

In the main body of the article we then consider wildly ramified Galois-Gauss sums. Whilst
the arithmetic properties of such sums are still in general poorly understood, significant
progress has been made by Erez and others (see, for example, [20]) in the case of Galois
extensions L/K that are both of odd degree and ‘weakly ramified’ in the sense of [19]. We
recall, in particular, that under these hypotheses there exists a unique fractional ideal Ay, /K
of L the square of which is equal to the inverse of the different of L/K and that the Hermitian-
Galois structure of Ay /i has been shown in special cases to be closely linked to the properties
of Galois-Gauss sums twisted by second Adams operators.

Following the general strategy described above, we shall now show that for any such ex-
tension L/K, with Gal(L/K) = T', there exists a canonical element ay/x of Ko(Z[l'], Q°[I'])
that simultaneously controls both the hermitian and metrised structures that are naturally
associated to Ar -

We prove that ar/x belongs to, and has finite order in, Ko(Z[I'],Q[I']) and also that it
behaves well functorially under change of extension. We also show that ay, /g has a canonical
decomposition as a sum of elements constructed from local fields and then use this decom-
position both to compute ay - explicitly in several important cases and, in the general case,
to formulate (in Conjecture 7.2) a precise conjectural description of ar/k in terms of local
‘Galois-Jacobi’ sums and canonical classes. We show that this conjecture is equivalent to a
special case of the ‘local epsilon constant conjecture’ formulated by Breuning [10] and hence
provides a first concrete link between the theory of the square root of the inverse different
and the general framework of Tamagawa number conjectures that originated with Bloch and
Kato.

By using these results we derive several unconditional results concerning the hermitian and
metrised structures associated to Ay i and thereby, for example, extend the main results of
Erez and Taylor in [20].
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At the same time, we find that the approach gives a new, and effective, strategy for proving
the epsilon constant conjecture formulated by the first and second authors in [2] for certain
infinite families of wildly ramified Galois extensions of number fields.

To give a yet more concrete example of the insight that arises in this way we recall that
in [37] Vinatier conjectures Ay, /k is a free [-module when K = Q and is able, by using the
connection to twisted Galois-Gauss sums, to prove this conjecture if the decomposition groups
in Gal(L/Q) of each wildly ramified prime are abelian (see [35]). The conjecture is also known
to hold if L/Q is tamely ramified by the work of Erez in [19]. However, aside from numerical
verifications in a small (finite) number of cases (see [36]), there is still essentially nothing
known about this conjecture in the non-abelian weakly and wildly ramified case.

By contrast, applying our approach in this setting now allows us to show easily that
Vinatier’s Conjecture naturally decomposes into a family of corresponding conjectures con-
cerning extensions of local fields. This observation leads directly to a general ‘finiteness result’
for Vinatier’s Conjecture and hence renders the conjecture accessible to effective computation.
In particular, in this way we are able to prove the conjecture for several infinite families of
non-abelian wildly ramified Galois extensions.

Although we do not pursue it here, we believe it likely that the same local approach would
also shed light on several of the explicit questions that were recently raised by Caputo and
Vinatier in the introduction to [15].

Finally, we would like to note that much of this work grew out of the King’s College London
PhD Thesis [23] of the third author.

Acknowledgement We are very grateful to Stéphane Vinatier for interesting correspon-
dence and to Claus Fieker for his valuable help with the computation of the automorphism
groups for the degree 63 extensions that are discussed in §10.2.

PART I: THE GENERAL APPROACH AND FIRST EXAMPLES

In this part of the article we shall first review some basic facts concerning relative algebraic
K-theory and the theories of both Arithmetic and Hermitian classgroups. We then establish a
new link between these theories that will play a key role in subsequent arithmetic applications.

Throughout the section we illustrate abstract definitions and results by means of arithmetic
examples that are motivated by our later applications.

For any Galois extension of fields F//E we set G(F/E) := Gal(F/E). We write Q¢ for the
algebraic closure of Q in C and for any number field £ C Q¢ we also write Qg for the absolute
Galois group G(Q¢/E).

For any finite group I' we write T for the set of irreducible Q¢-valued characters of I'. If £
denotes a rational prime, then we write fg for the set of irreducible Qf-valued characters.

2. RELATIVE K-THEORY, METRIC STRUCTURES AND HERMITIAN STRUCTURES

2.1. Relative algebraic K-theory. We fix a finite group I' and a Dedekind domain R of
characteristic zero and write F' for the field of fractions of R.

For any extension field E of F' and any R[I']-module M we set Mg := E ®g M and for
any homomorphism ¢ : M — N of R[['|-modules we write ¢ : Mp — Ng for the induced
homomorphism of F[I'l-modules.
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2.1.1. We write Ko(R[I'], E[I']) for the relative algebraic Ko-group that arises from the in-
clusion of rings R[['] C E[I'] and we use the description of this group in terms of explicit
generators and relations that is given by Swan in [32, p. 215].

We recall in particular that in this description each element of Ko(R[I'], E[I']) is represented
by a triple [P, ¢, Q] where P and @ are finitely generated projective left R[I'l-modules and
¢: Pp — Qg is an isomorphism of (left) E[I']-modules.

We write CI(R[I']) for the reduced projective classgroup of R[I'] (as discussed in [18, §49])
and often use the fact that there exists a canonical exact commutative diagram

1

K\(RIT) —— Ky (B[T) 2825

e
o T |

Ky(RIT)) —— Ky(FIT)) ~25 Ko(RIL), FT)) e, CI(R[LT).

Here the map ¢ is induced by the inclusion F[I'] C E[I'] and ¢’ sends each element [P, ¢, Q] to
[P, E ®F ¢,Q]. These maps are injective and will usually be regarded as inclusions. The map
8%7 pr sends each element [P, ¢, Q] to [P] — [Q]. (For details of all the other homomorphisms
that occur above see [32, Th. 15.5].)

We write KoT'(R[I']) for the Grothendieck group of finite R[I']-modules that are of finite
projective dimension and recall that there are natural isomorphisms of abelian groups

(2) KoT(R[T]) 2 Ko(R[L), FIT]) = @ Ko(Ru[L], F[1)).

We choose the normalisation of the first isomorphism so that for any finite R[I']-module M

of finite projective dimension, and any resolution of the form 0 — P S P M 0, where
the modules P and P’ are finitely generated and projective, the class of M in K T'(R[I]) is
sent to [P, 0, P']. In addition, the direct sum in (2) runs over all non-archimedean places v
of F' and the second isomorphism is the diagonal map induced by the homomorphisms

T - Ko(R[L], FT) — Ko(Ry [, Fu[T)

that sends each element [ X, £, Y] to [ Xy, &, Y], where we set X, := R,®@rX and &, := F,®p¢.
We write ((A) for the centre of a ring A. Then to compute in K;(E[I']) one uses the
‘reduced norm’ homomorphism

which sends the class of each pair (V,¢), where V is a finitely generated free E[I']-module
and ¢ is an automorphism of V' (as E[I'J-module), to the reduced norm of ¢, considered as an
element of the semisimple E-algebra Endgry(V). If E C Q° is a number field and [I'] is odd,
then Nrdpgr) is bijective by the Hasse-Schilling-Maass Norm Theorem (cf. [18, Th. (45.3)]).
The same is true for algebraically closed fields and p-adic fields. In particular we write

(3) or : C(QII]) ™ — Ko(Z[I'], Q°[T])

for the composite 0% Qer © (Nrd(@c[p])_l. For a rational prime ¢ we write

ore: C(QTT)™ — Ko(Z[I'], Q7[T])
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for the composite aéu@?f o (Nl“d@;[r])_l

2.1.2. In the sequel we make much use of the fact that Ko(Z[I'], Q°[I']) can be explicitly
described in terms of idelic-valued functions on the characters of I'. R

To recall this description we write Rp for the free abelian group on I'. Then the Galois
group Qg acts on Rr via the rule (wo x)(v) = w(x(vy)) for every w € Qg, x € I' and v € I'.

For each a in GL,(Q°[I']) we define an element Det(a) of Hom(Rr, Q°¥) in the following
way: if T is a representation over Q° which has character ¢, then Det(a)(¢) := det(T'(a)).
This definition depends only on ¢ and not on the choice of representation 7. Analogously, if
w denotes a finite place of Q°, then each element a of GL,,(Q¢[I']) defines a homomorphism
Det(a): Rp — (Q5,)*

We write J;(Q°[I']) for the group of finite ideles of Q°[I'] and view Q[I']* as a sub-
group of J¢(Q°[I']) via the natural diagonal embedding. In particular, if a is any ele-
ment of GL,(Jf(Q°IY])) the above approach allows one to define an element Det(a) of
Hom(Ryr, J;(Q°)) which is easily seen to be Qg-equivariant. We set

HZ£ * C J(QI),

with the product taken over all primes ¢, and then define a homomorphism
Hom(Rr, J;(Q°))e
Det(Uy (Z[I))

where [0] denotes the class of § modulo Det(Us(Z[I'])). We recall that by the Hasse-Schilling-
Maass norm theorem

(4) AR Det(QIA)) - X Det(QT]): 0 ([0),07))

Det(Q[G]™) = Hom™ (Rp, Q¢

where the right hand expression denotes Galois equivariant homomorphisms whose values on
Ry, the group of virtual symplectic characters, are totally positive. In particular, if I' has odd
order, then Det(Q[G]*) = Hom(Rr, Q°*)%e

It is shown in [1, Th. 3.5] that there is a natural isomorphism of abelian groups

hi' : Ko(Z[T), Q°[I) = Cok(A[).

We shall often use the explicit description of this map given in the following result (taken
from [1, Rem. 3.8]).

In the sequel for any ordered set of d elements {e’}1<j<q we write ¢/ for the d x 1 column
vector with j-th entry e’.

In addition, for any I'-modules X and Y we write Isgirj(Xq, Yp) for the set of isomorphisms
of Q[I'l-modules Xg — Yp.

Lemma 2.1. Let ¢ = [X,&,Y] be an element of Ko(Z[T'], Q¢[T"]) with locally free Z[T'|-modules
X andY of rank d. Choose a Q[T)|-basis {}} of Yo and, for each rational prime p, a Z,|T)-
basis {y}} of Y, and an Z,|I)-basis {3} of X, and define , to be the element of GL4(Q,[I])
which satisfies v}, = -3 Fiz 0 in Isgmr (X, Yg), note {071 (4)} is a Q[T)-basis of Xg and
write Ay for the matriz in GL4(Q,[I']) with ) = Ap - 9_1(3/6). Finally, write v for the matrix
in GLg(QC[]) that represents £ o (07! ®q Q‘?) with respect to the Q°[I']-basis {y’} of Yge.
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Then the element h%el(c) 1s represented by the homomorphism pair
<H Det (A, - M;1)> x Det(x) € Hom(Rr, J;(Q%))%e x Det(Q°[]*).
P

2.1.3. We give a first example of elements of relative algebraic K-groups that naturally arise
in arithmetic contexts.

To do this we fix a finite Galois extension of number fields L/K and set G := G(L/K).
Since Q¢ C C we identity the set X (L) of field embeddings L — Q¢ with the set of embeddings
L — C and we write H, := [y, Z.

Then the natural action of G on ¥(L) endows Hj, with the structure of a G-module (ex-
plicitly, if {w, : 0 € ¥(L)} is the canonical Z-basis of Hy, then yw, = w,0,-1). This module
is free of rank [K : Q] since, if one fixes an extension ¢ in ¥ (L) of each ¢ in 3(K), then the
set {ws }rex(k) is a basis of Hy, over Z[G].

In addition, the map

Kkt Q°®qg L — H Q°=Q°®z H,
%(L)
that sends each element 2z ® £ to (0(£)z),ex (1) is then an isomorphism of Q°[G]-modules.
As a result, any full projective Z[G]-sublattice £ of L gives rise to an associated element

[£7 HLvHL]
of Ko(Z[G], Q°[G)).
In the case that £ is an Og[G]-module the recipe in Lemma 2.1 gives rise to a useful

description of this element that we record in the next result.
In this result (and the sequel) we use the following notation. For each element b of L with

L = KI[G] - b and each character y in G that is represented by a homomorphism of the form
Ty : G — GL, (Q°), one defines a resolvent element

(b] x) = det(d_ g(O)Ti(g™))
geG
and then an associated ‘norm-resolvent’ by setting
Nigja® 1) =[] x ),
w
where w runs through a transversal of {2g modulo Q.

For each finite place v of K we write K, for the completion of K at v and note that
L, = L®x K, ~ Hw‘v L, is a free K,[G]-module of rank one. Then, in the same way as
above, for each element b, in L, such that L, = K,[G]-b, we define an idelic-valued resolvent
(by | x) and an idelic-valued norm resolvent N q(by, | x) (for more details see [12, § 4.1]).
For an Og-module £ we also set £, := L ®o, Ok, .

Lemma 2.2. Fiz a Z-basis {as },cx (i) of Ok, an element b of L such that L = K[G]-b and,
for each finite place v of K, an element b, of L, such that L, = Ok, [G] - by.

Then the element KS\([L, k1, HL]) is represented by the homomorphism pair (0105, 0203)
where for x in G one has

010x) = [[Nrsolbo | ), 0200 = Nicjg(b | %), b3(x) = 65"
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with 0 1= det(T(aU))a,TGE(K)'

Proof. Since Hyp, is a free G-module, in terms of the notation of Lemma 2.1 we can and will
use the basis {yé} = {y} = {ws }sex (k) S0 that ju, is the identity matrix for every prime p.

We write 0, : L — Hp, g for the Q[G]-linear isomorphism that sends each element a, - b
to wg.

For each prime p we set Ok ), 1= 7, ®7 O ~ H,U|p Ok, and L), := 7, @7 L ~ Hv|p L,. We
note that the element by, := (by),, is a Ok p|Gl-generator of £, and that the homomorphism
of Zy[G]-modules 0y, : £, — Hp, that sends each element a, - b, to ws is bijective.

For the basis {27} that occurs in the statement of Lemma 2.1 we choose {a, - bp}oes(k) and
then write A, for the matrix in GLy(Q,[G]) which satisfies a, - b, = A, - 0, ' (ws). We note, in
particular, that A, is the coordinate matrix of the Q,[G]-linear map (Q5®q6h) o (Q5®z, Gbp)*l
with respect to the basis {ws }.

Then Lemma 2.1 implies that hi$'([L, krHp]) is represented by the homomorphism pair
(Hp Det()\p)> x Det(u) where p is the coordinate matrix in GL4(Q¢[G]) of k1 o (Q° ®g 6) "
with respect to the basis {ws}.

In addition, from [2, (16) and (17)], one knows that Det(u)(x) = (5?((1) - Nk (b | x) for
each character Y.
Finally to compute each homomorphism Det(),) we note that

(Q5 ®q 05) © (Qf ®q, 0b,) " = ((Q5 ®q ) 0 (Qf ®ge k1)) 0 (Qf ®qe k1) 0 (Qf @z, O,) ")

and write A, 5 for the coordinate matrix of (Q5 ®ge £r) o (Qf @z, 0p,) "
Then using similar computations to those used to derive [2, (16) and (17)] one finds that
for each character x one has

Det()\pg)(X) :NK/Q(bp ‘ X) = HNK/Q(bv | X)ﬂ

vlp

as required to complete the proof. O

2.2. Hermitian Modules and Classgroups. In this section we recall some of the basic
theory of Hermitian Modules and Classgroups. For more details see Frohlich [22, Chap. II].
Note however, that in contrast to the convention used in loc. cit. we consider all modules as
left modules.

Definition 2.3. A Hermitian form on a I'-module X is a nondegenerate bilinear map
h: X@ X XQ — Q[F]

that is Q[T']-linear in the first variable and satisfies h(z,y) = h(y, z)* with z + 2 the Q-linear
anti-involution of Q[I'] which inverts elements of I'.

A Hermitian T-module is a pair (X, h) comprising a finitely generated projective I'-module
X and a hermitian form h on X.

Ezample 2.4. For any number field K and any finite group I' we extend the field-theoretic
trace trg /g : K — Q to a linear map K[I'] — Q[I'] by applying it to the coefficients of each
element of K[I'].
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This action then gives rise to a hermitian form
tgry: K[ x K[I'l — Q[I']

by setting txr)(7,y) = trgg(zy). In particular, since Ok is a free Z-module the pair
(Ok[I'],tkry) is a hermitian I'-module.

Ezample 2.5. For any finite Galois extension L/K of number fields, with G = G(L/K), one
obtains a hermitian form
tL/K L xL— Q[G]

by setting t7,x (z,y) = deG trro(7 - g(y))g. For each full projective G-sublattice £ of L
the pair (£,t7,) is then a hermitian G-module.

Ezxample 2.6. Let X1 and X5 be finitely generated projective I'-modules and & an isomorphism
of Q[I'J-modules X5 g = X g. For any hermitian form h on X; we define the ‘pullback of h
through £’ to be the hermitian form £*(h) on Xo that satisfies

§"(h)(z2,y2) = h(&(22),&(y2))
for all zo,y2 € Xo.

To classify general hermitian I-modules Frohlich defined (see, for example, [22, Chap. II,
(5.3)]) the ‘hermitian classgroup’ HCI(T') of T" to be the cokernel of the homomorphism

HOHI(RF, Jf(Qc))Q@

(5)  ARe™: Det(Q[I]*) — Det(U¢(Z[I))

x Hom(R$, Q°)%; 0 — ([0]71,6°)

where R, denotes the subgroup of Rr generated by the set of irreducible symplectic characters
of I" and 6° denotes the restriction of 6 to Ry.

To each hermitian I'-module (X,h) Frohlich then associated a canonical ’discriminant’
element Disc(X, h) in HCI(T") that is defined explicitly as follows.

Definition 2.7. Let (X, h) be a hermitian I'-module and write d for the rank of the free Q[I']-
module Xg. Choose a Q[I']-basis {m{)} of Xg and, for each prime p, a Z,[[']-basis {27} of X,.
Then there exists an element A, of GL4(Q,[I']) with :c% =Ap- :c% and the ‘discriminant class’
Disc(X, h) is the element of HCI(I') represented by the pair

(H Det(),), Pf(h(x, x{)))> .

Here Pf is the ‘Pfaffian’ function in Hom(R{, Q°*) defined in [22, Chap. II, Prop. 4.3].
We end this section with a new definition that will be useful in the sequel.

Definition 2.8. The ‘extended Hermitian classgroup’ eHCI(T") of T" is defined to the cokernel
of the homomorphism that is defined just as A?erm except that the term Hom(R{, Q)% on
the right hand side of (5) is replaced by Hom(R§, Q“*). We regard HCI(I") as a subgroup of
eHCI(T") in the obvious way.
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2.3. Metrised modules and Classgroups. We quickly recall the definition of metrised
modules and class groups. For further details we refer the reader to [16, §2 and §3.1].

For each ¢ in T we write Wy for the Wedderburn component of Q°[I'] which corresponds
to the contragredient character ¢ of ¢. Thus Wy has character #(1)o.
For any Q°[I']-module X we then set

top
X, = /\@c (X ®gc Wy)T,
top,

where ¢ /\Q denotes the highest exterior power over Q¢ which is non-zero, and I' acts diago-
nally on the tensor product. We recall from [16, Lem. 2.3] that X, ~ W ,X.

Recall that Q¢ is the algebraic closure of Q in C. We write 04 : Q¢ — C for the inclusion
and Z for the conjugate of a complex number z.
Definition 2.9. A metrised I'-module is a pair (X Al gt p ef) comprising a finitely generated

projective I'-module X and a set {[|-||4} et of metrics on the complex lines C®ge X induced
by positive definite hermitian forms j4 on the spaces C ®ge Xy.

In this situation, we usually abbreviate (X, {I| - H¢>}¢ef> to (X, ue) and note that for each
¢ in I' and each element x of C ®ge X4 one has HxHi = pg(x, ).

Ezample 2.10. An important special case occurs when 14 arises as the ‘highest exterior power’
of a positive definite hermitian form fi4 on the space

(X @z Wy)F @ge C = (X ®z C) &¢ (Wy @ge C))F.
In this case, for any C-basis vy, ..., v of this space one has

HUl VAN Ud”g& = det((ﬂqg(vi, 'Uj)lgi,jgd))-

Let I" be a finite group. Then the standard I'-equivariant positive definite hermitian form
peqry on C[I' is defined (for example, in [16, § 2.1]) by setting

pery [ D29, > wnh | =D x40y,

ger her g€l
The associated C[I']-valued hermitian form is the so-called ‘multiplication form’

that sends each pair (z,y) to z -7, where we extend complex conjugation to an anti-involution

on C[I'] by setting
e Y
yel ~yel

Example 2.11. In this example we use the hypotheses and notation of §2.1.3.
(i) We write py, for the (unique) I'-equivariant positive definite hermitian form on C ®z Hy,

that satisfies
1239 Z ToWe, Z YoWs | = Z TolYo-
oceX(L) oceX(L) ceX(L)
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For each ¢ € T the form pr together with the restriction of ucy on C ®ge Wy induces a
positive definite hermitian form fiz, 4 on the tensor product

((C®z Hy) ®c (C®ge Wy))" = C @ge (Hy, @2 W)

We then write pur, 4 for the positive definite hermitian form on
top T top r
C ®q- /\QC (Hr oz We)' =\, (C®ge (HL @2 Wy)")

that is obtained as the highest exterior power of jir 4 (as per the discussion in Example 2.10).
The induced metric
nre = {HLg}yer
on Hp, plays an important role in the sequel.
(ii) There is a I-equivariant positive definite hermitian form hz, on C ®g L defined by

hp(z1 ® m,ze @n) = 2123 Z o(m)o(n).
oeX(L)
(This form is a scalar multiple of the ‘Hecke form’ defined by Chinburg, Pappas and Taylor in
16, §5.2].) For each ¢ in ' we write hr, 4 for the positive definite hermitian form on (C®g L)y
that is obtained as the highest exterior power of the form on (L ®g W) which is induced
by hr on C ®q L and by the restriction of ucr) on C @ge Wi,
We set
hL7. = {hL7¢}¢€f

and note that if £ is any full projective Z[I']-sublattice of L, then the pair (£, hr o) is naturally
a metrised I'-module.

Example 2.12. Let E C Q° be a subfield and let X; and X2 be finitely generated locally-free
Z[I'l-modules. Let & denote an isomorphism of E[I']-modules X5 p = X; . For each ¢ in r
we write

o1 (X2 ®z2 Q%) ®ge C = (X1 ®2 Q%) ®g- C
for the isomorphism of complex lines which is induced by &. If A is any metric on X7, then
we define the ‘pullback’ of h under £ to be the (unique) metric £*(h) on X which satisfies

' (R)g(2) = he(§s(2))
for all ¢ € T and z € (X ®z Q%) ®q- C.

In order to classify metrised I'-modules Chinburg, Pappas and Taylor ([16, §3.1 and §3.2])
defined the arithmetic classgroup A(T") of T to be the cokernel of the homomorphism

Hom(Rr, J;(Q°))%%e
Det (U (Z[I7))

where we write |6| for the homomorphism which sends each character ¢ in I to |0(¢)|~!. Note
that we adopt here the convention of [1, §4.2 and Rem. 4.4], i.e. our |f] is the inverse of the
map || used in [16].

To each metrised I'-module (X, h) one can then associate a canonical ‘arithmetic class’
[X, k] in A(T).

We next recall the explicit definition of this element from [16, §3.2] (see also [1, Rem. 4.6])
and to do this we use the notation of Lemma 2.1.

AR Det(Q[T]¥) — x Hom(Rr,RZ,); 6+ ([6], |0])
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Definition 2.13. Let (X, pe) be a metrised I'-module, with X locally-free over Z[I'] of rank d.
Choose a Q[I'|-basis {:1;0} of Xg and, for each prime p, a Z,[I'|-basis {1} of X,. Then there
exists an element X\, of GL4(Qp[I']) such that ) = Ap - 1‘%.

For each z in Xg we set r(z) := > p7(z) ®y € X ®z Q°[I'] and note that for each w in
Wy one has r(z)(1 ® w) € (X ®z Ws)' where for each w in W, the action of r(z) on 1 ®w is
defined by r(z)(1 @ w) =3 pv(2) ® y(w).

Let {wg k f1<k<q(1)? be a Q%basis of W, that is orthonormal with respect to the restriction
of pcyr) to Wy. Then the set {r(x%)(l ® we )ik is an Q%basis of (X ®z Wy)' and so
A N (@) (1 ® wg 1) is an QC-basis of (X @z Q%)

We then define [X, ue] to be the element of A(T") that is represented by the homomorphism
on Rr which sends each character ¢ € T to

1/6(1)
(6) [IDetOn) @) x ([ [ AA @)1 @wy) | @1 € J;(Q°) x R%,.
p Jj ok

¢
We note that it is straightforward to show that [X, u] is independent of the precise choices of

bases {x{)}, {23} and {wg 1}

As a simple example, we apply the above recipe in the setting of Example 2.11(i). The
following result will play an important role in a later argument.

Lemma 2.14. In terms of the notation of Example 2.11(i) the element [Hr, o] of A(G) is

represented by the pair (1,60) where 6 sends each character ¢ of G to ]G\[K:Q]$.

Pmof. If X = Hp, and pie = ji1e, then in the notation of Definition 2.13 we can take both
{zy} and {2p} to be the basis {ws},ex (k) described in §2.1.3 and so A, = 1.

In addition, for a character ¢ in CA?, embeddings o and 7 in X(K) and integers k and ¢ with
1 <k, ¢ < ¢(1)? one has

(1L ® pee) (r(ws) (1 @ we,k), r(wz) (1 @ we,r))

= (pL ® pcjq Zg ws) @ g(we k) Zth ® h(wg,))
geG heG

=) pr(g(ws), h(ws)) - ey (9(we k), h(wg, )
n

= 0gnds - ey (9(wer), M(we,e))
g,h

=0670k 0 - |G|.

From the explicit description given in Example 2.10 it thus follows that the second compo-
nent of the representative (6) is equal to the ¢(1)-st root of

det (852610 - |G oy (ry) = |G O0/2,

as suffices to give the claimed result. O
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3. CANONICAL HOMOMORPHISMS AND THE UNIVERSAL DIAGRAM

In this section we establish a direct link between relative algebraic K-theory and the theories
of metrised and hermitian modules. The existence of such a link plays a key role in subsequent
arithmetic results.

For any finite group I' we abbreviate C1(Z[I']) to CI(I") and we recall that there is a natural
isomorphism of abelian groups

hied : CI(I) = Cok(AIY)
where Arred denotes the homomorphism

Hom(Rr, J5(Q°))%
Det(Uy(Z[I7))

Remark 3.1. We normalise the isomorphism h{f’d asin [21, Rem. 1, p. 21]. To be specific, if X
is a finitely generated projective Z[I'|-module, then one can give an explicit representative of
the class hi*d([X]) as follows. We choose a Q[I']-basis {17} of Xg and, for each rational prime
p, a Zp[[)-basis {23} of X,. Let A, be the matrix in GL4(Q,[I']) which satisfies ) = \,, - z.
Then hd([X]) is represented by the function (I, Det(Ap)).

A4 Hom(Rp, Q%)% 0 [6].

In the next result we shall use the canonical homomorphisms (of abelian groups)

5'1;1 : Cok(Af) — A(D), (161],62) = ([61], 162])
op” :+ Cok(Ap ey — eHCI(I), ([01], 62) — ([01],605)
o+ A(D) = Cok(Af?), ([61],02) — [61]
82 2 . eHCII') — Cok(Ared), (161], 62) — [61].
We shall also use the following composite homomorphisms (defined using the isomorphisms

Ryt and hisd)

It := " o hie! . Ko(Z[T],Q°[)) — A(D),
e .= 92" o hrel . Ko(Z[T], Q")) — eHCI(T),
amet (hred) oa;’2 . A(l) — CUD),

a?erm = (hE) o dF? 1 eHOUT) — CUT),

For convenience we shall use the same notation 815‘3““ to denote the restriction of ﬁFerm to
the subgroup HCI(T).

Theorem 3.2.

(i) The homomorphism IR sends each class [X,&,Y] to [ X, & (n)]—[Y, u] for any choice
of metric p on'Y .
(ii) The homomorphism ITE™ sends each element [X,&,Y] of the subgroup Ko(Z[T'], Q[I'])
to Disc(X, *(h)) — Disc(Y, h) for any choice of hermitian form h on'Y .
(iii) The homomorphism O™t sends the class [X,h] of a metrized module (X,h) to the
class [X].
(iv) The homomorphism OR™ sends the discriminant Disc(X,h) of a hermitian module

(X, h) to the class [X].
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(v) The following diagram commutes.

Hme; amet

Here the unlabeled arrow is the natural inclusion HCI(I') — eHCI(T") and the remaining
homomorphisms that are not defined above are as follows.

— up is the composition of the first isomorphism in (2) and the natural inclusion

Ko(Z[T], Q[T]) — Ko(Z[T), @[T,

— Yt is the homomorphism defined by Frohlich in [22, Chap. 2, §6],

— Or is the canonical map (as described in [22, Chap. 1, (1.3)]),

— 0t the homomorphism described in [22, Chap. 2, (6.16)].
(For further details of these maps see the argument below.)

Proof. Claim (i) is proved by Agboola and the first author in [1, Th. 4.11].
To prove claim (ii) we write d for the Q[I']-rank of Xg = Yg and, just as in Definition 2.13,

we fix a Q[I']-basis {x0}1<]<d of Xg and also, for each prime p, Zy[I']-bases {xp}1<]<d of X,

and {yf;}lgjgd of Y}, ‘ ' .
We write A\, and p, for the (unique) elements of GL4(Q,[I']) with li, =Ap- a:i) and yi, =

L - 5(336), where in the last equality we use the fact that {§(x‘g)}1§j§d is a Q[I']-basis of Yg.

Then the explicit definition of At as described in Lemma 2.1 ensures that hi([X, €, Y]) is
represented by the pair

(H Det(),) - Det(up)_l) x 1 € Hom(Rr, J;(Q%)% x Hom(Rr, (Q%)%).
p

The assertion of claim (ii) thus follows because Definition 2.7 implies that for any hermitian
form h on X the element Disc(X,&*(h)) — Disc(Y, h) is also represented by
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(TTDet(ry), PEE* () (2, 25)) HDet (1)~ PE(A(E(h), €))7
=(J[ Det(p) - Det(uy)~", Pf(h(g(xo)v E(wf)))PE(A(E(h), E(5))) )
=(J I Det(Ap) - Det(py) ", 1)

where the first equality follows immediately from the definition of the pullback £*(h).

Claim (iii) and (iv) are immediate consequences of the respective Hom-descriptions of the
groups A(I"),eHCI(I") and CI(T).

Turning to claim (v) we note at the outset that the upper and lower left and right hand
most triangles commute by definition of the maps involved and that the outer quadrilateral
commutes since both of the composites 8%’2 o 1141 and 81%’2 o 81%’1 send each pair ([61],62) to
the class of [6;].

We next note that the commutativity of the upper central triangle, namely the equality
8%@67F = opetoret will follow if we show that the composites 8114208%’1 oht¢! and hrredoa%7Qc7F
coincide.

This is true because the explicit description of hrel implies that 8%’2 o E)llﬂ’l o h{?l sends each
element [X,&,Y] of Ko(Z[T'],Q°[T']) to the class represented by the homomorphism

[I(Det(A,) - Det(p,) HDet ) - ([ Det (1)) "

whilst
(hE*Y 0 0 e ) ([X, €, Y]) = A ([X] — [Y]) = A ([X]) bt ([Y])

and Remark 3.1 implies that the classes hi*4([X]) and hi®4([Y]) are respectively represented
by the products [], Det(\,) and [, Det(x).

The above facts combine to directly imply commutativity of the lower central triangle,
namely the equality a%QC,F = gherm o w%erm and so it only suffices to prove commutativity of
the four triangles inside this triangle.

We shall now discuss these triangles clockwise, starting from the uppermost.

The commutativity of the first triangle follows directly from the fact that for any finite

I-module M of finite projective dimension, and any resolution of the form

0-P%pP Moo,

where P is finitely generated and locally-free and P’ is finitely generated and free, the class
of M in KoT'(Z[I']) is sent by tr to [P, 0g, P’ and by dr to [P] — [P'] (= [P] as P’ is free).

If for the above sequence we fix a Z[[']-basis {z'} of P’ and then for each prime p choose a
matrix A\, in GLg(Q,[I']) so that the components of the vector A, - Q@I(xi) are a Zp[I']-basis of
P, then the image of the class of M in KoT'(Z[I']) under Yr is represented by (][, Det(Ap),1).
This implies the commutativity of the second triangle since Remark 3.1 implies the class of
or(M) = [P] is represented by ([],Det();)) whilst the definition of op implies that it is
induced by sending each pair ([01],62) to (R¢4)~1([64]).
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The latter fact also directly implies commutativity of the third triangle and the fourth
triangle commutes since, in terms of the above notation, the composite hf?l ot sends the
class of M to the element represented by the pair (][, Det(}p)),1). O

In the next result we describe an explicit link between the elements in relative algebraic
K-theory constructed in §2.1.3, the hermitian modules described in Example 2.5 and the
metrised modules defined in Example 2.11. This link explains the relevance of Theorem 3.2
to our later results.

Proposition 3.3. Let L/ K be a finite Galois extension of number fields with group G. Then
for any full projective O [G]-submodule L of L the following claims are valid.

i) The image of [L, k1, Hy] under TIR® is equal to [L,hr.e] — [HL, L1 -
G b b
ii) The image of [L,kr, Hr] under TIX™ s equal to Disc(L,tr /).
G /

Proof. The pullback with respect to x, of the metric ji1, o defined in Example 2.11 is equal
to hre (cf. [1, Exam. 4.10(i)]). This fact combines with Theorem 3.2(i) to directly imply the
equality in claim (i).

To prove claim (ii) we use the representative (01605 ", 0203) of RS\([L, k1, Hy)) described in
Lemma 2.2. We also recall that, with this notation, the general result of Frohlich in [22, Cor.
to Th. 27] implies the element Disc(L,tr,x) — Disc(Ok[G], tx(q)) of HCI(G) is represented
by (61 - 65 1.65), where the form ¢ K[q) is as defined in Example 2.4.

Comparing these results one deduces that the element

ngrm([£7 kr, Hr]) — Disc(L, tr k) + DiSC(OK[G],tK[G])

of HCI(G) is represented by the pair (1, 63).

To deduce claim (ii) from this it is thus enough to show that the pair (1,65) also represents
the element Disc(Ok[G], tk(q))-

To check this we need only note that, in the terminology of [22, Chap. II, §5], the Pfaffian

of the matrix (tx(g)(as, @r))srex (k) sends each character x in Rg to (5}2(1) = 03(x)-
Then, by applying the recipe of Definition 2.7 with {z} = {23} = {a¢}sex(k) one finds
that Disc(Ok |G|, tk[q)) is indeed represented by the pair (1,63), as required. O

PART II: WEAK RAMIFICATION AND GALOIS-GAUSS SUMS

In this part of the article we describe a first arithmetic application of the approach described
in earlier sections by using Theorem 3.2 (and Proposition 3.3) to refine existing results con-
cerning links between Galois-Gauss sums and certain metric and hermitian structures that
arise naturally in arithmetic.

In this way, in §4 we refine the main results of Chinburg and the second author in [12]
concerning relations between hermitian-metric structures involving fractional powers of the
inverse different of a tamely ramified Galois extension of number fields and the associated
Galois-Gauss sums (twisted by appropriate Adams operations).

In the remainder of the article we then focus on weakly ramified Galois extensions (of odd
degree) and use Theorem 3.2 to refine key aspects of the extensive existing theory of the
square root of the inverse different for such extensions.
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4. TAMELY RAMIFIED GALOIS-GAUSS SUMS

4.1. Galois-Gauss sums, Adams operators and Galois-Jacobi sums. For the reader’s
convenience in this section we fix notation regarding various variants of Galois-Gauss sums
that will play a role in the sequel.

To do this we fix an arbitrary finite Galois extension L/K of number fields in Q° and set
G :=G(L/K).

We use the fact that each element of ((Q¢[G]) can be written uniquely in the form

7) p=Y ey
xeG

with each z, in Q°. For convenience we extend the assignment x — x, to arbitrary elements

x of Rg by multiplicativity.

4.1.1. We define the ‘equivariant global Galois-Gauss sum’ for L/K by setting

TL/K = Z ey - T(K, x) € ((Q°[G])
x€G

where each (global) Galois-Gauss sum 7(K, x) belongs to Q¢ and is as defined, for example,
by Frohlich in [21, Ch. I, (5.22)].
We also define an ‘equivariant unramified characteristic’ in ((Q[G]) by setting

Yo/Kk ‘= Z Ex - H Y(Ko, Xo)-

xea vldy,

Here y, is the restriction of x to the decomposition subgroup of some fixed place w of L above
v and (following [21, Ch. IV, §1]) for any finite Galois extension of local fields F'/E of group

D and each ¢ in D we set

L, if ¢[1 # 1,
_¢(U)a if ¢’I =1,

where I is the inertia subgroup of D and o is a lift to D of the Frobenius element in D/I.
We then define the ‘modified equivariant (global) Galois-Gauss sum’ for L/K by setting

(8) y(E,9) = {

-1
Ti/K = TL/K : yL/K
Since we rely on certain results from [2] we will also use the ‘absolute (global) Galois-Gauss
sum for L/K’ that is obtained by setting

T} = Y exm(Q indfy) € C(QUG))*.
xe@

In particular, it is useful to note that the inductivity property of Galois-Gauss sums com-
bines with the fact 7(K,1x) = 1 to imply

0 =78 T
where 7¢ is the invertible element of ((Q°[G]) obtained by setting
¢ = Nrdgg (T(Q, ind%lK))
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so that (7%), = 7(Q,ind%1 )X for all x in G.

4.1.2. For each integer k that is coprime to |G| we write 15 for the k-th Adams operator on
R (for the relevant properties of which we refer to [12, Lem. 3.1]).

We use this operator to construct endomorphisms of ((Q°[G]) in the following way. For
each pair of integers m and n we then write (m+mn-1y, ,)(x) for the unique element of ((Q°[G])
with (m +n - g (@) 1= (23)™ - (T, ()" for every x in G.

We then define the ‘k-th Galois-Jacobi sum’ for the extension L/K by setting

Jen/i = (ke — k) (T0)K).

In the sequel we shall often use the following key property of these sums.
Lemma 4.1. For each integer k prime to |G| one has Jy, 11k € C(Q[G])*.

Proof. An element x of ((Q°[G]) belongs to ((Q[G]) if and only if one has (x,)“ = xy« for all

X € G and all w € Qq.
To verify that the elements Jj 1,/ satisfy this criterion we recall how the absolute Galois

group acts on Gauss sums. We let Verg q: Q?Qb — Q%’ denote the transfer map and write
vg /@ for the cotransfer map from abelian characters of Qi to abelian characters of {g. Thus,
for each x € G the map v /g dety is an abelian character of {2g. Then, by [21, Th. 20B(ii)],
one has 7(K,x* ' )¥ = 7(K, x) - (v /g dety) (w) for all x € G and all w € Qq.

Hence it suffices to show that ((vg/q dety) (w))k = (vi/gdety, () (w) and this is true
because dety, () = (dety)* (see [12, Lem. 3.1]). O

With the results of [2] in mind we finally note that if G has odd order, then an explicit
comparison of the respective definitions shows that

(10) T - (P — 1)(7'/L/K) : (Tz/K)_l = Jo /i (P2, — 1)(.@2/1;()-

Remark 4.2. If F//E is a finite Galois extensions of p-adic fields (for some p) with group D, then
one can use the canonical local Gauss sum 7(F, ¢) (as discussed, for example, in [21, Ch. III,
§2, Th. 18 and Rem. 1]) for each ¢ in D to define natural analogues Tr/g, Yr/E> T;;/E, T}/E, D
and Jy p/p in ((Q°[D]) of the elements defined above. Then in the same way as above one
can show that for each integer k that is coprime to | D| the element J;, /g belongs to ((Q[D])
and can also prove the following local analogues of the equalities (9) and (10):

(11) r}/E:T,?-rF/E
and
(12) TE - (Yo — 1)(7'1,?/15’) . (T}T;,/E)_l =Jo /g (Y25 — 1)(9}/1E)-

4.2. Tame Galois-Gauss sums and fractional powers of the different. We now assume
the Galois extension L/K is tamely ramified and fix a natural number & that is both coprime
to |G| and so that the order of each inertia subgroup of G is congruent to 1 modulo k.

In any such case it follows immediately from Hilbert’s formula for the different in terms of
ramification invariants (cf. [30, Ch. IV, Prop. 4]) that there exists a unique fractional ideal
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@Z%(k of O, whose k-th power is equal to the inverse of the different ©,/x of L/K and for
“ifk 1)k
L/K — (DL/K )"

Each ideal CDZ%? is stable under the natural action of Ok[G] and, since L/K is assumed

to be tamely ramified, the Ok [G]-module @;%? is known to be locally-free (by Ullom [34]).

In particular, since ’DZ%? is a full sublattice of L, the construction of §2.1.3 gives rise to a
well-defined element [@Z%?, kL, Hr| of Ko(Z[G], Q°[G]).

We can now state the main result of this section. This result uses the invertible elements
¢ and Ti/K of ((Q°[G]) that are defined in §4.1.

any integer ¢ we set ©

Theorem 4.3. Let L/K be a tamely ramified Galois extension of number fields with group
G and k any natural number as specified above. Then in Ko(Z[G],Q°|G]) one has

k—1

—i/k Gk

(13) S IO s Hi) = 0a (T - n (7] 10))-

i=0

Before proving this result we use it to derive certain explicit consequences concerning

the metric and hermitian structures that arise in this setting. In particular, the following

result extends to all integers k as above the results on the hermitian modules (Op,tr,/k),
corresponding to k = 0, and (@;/11/(2 ytr) k), corresponding to k = 2 and G of odd order, that
are obtained by Erez and Taylor in [20].

We recall the definition of dx from Lemma 2.2 and write di for the discriminant of Og.

In the sequel we will often use the fact that
(14) 7(Q,ind21x)? = di = 6%,
as follows by combining [27, Th. (11.7)(iii)] together with [21, (5.23)].

Corollary 4.4. Assume the notation and hypotheses of Theorem 4.3. Then both of the
following claims are valid.

(i) In A(G) one has

k—1

—i/k me
Z[@L/ép hre] = €Lk
=0

where hr, o is the metric defined in Example 2.11 and Erilf;{k is represented by the pair

i) (L 'ﬁ’é'l)(é”fth Oul(#) = (G| )5 - (K, i(6)) for all ¢ in Re.
11 n one nas

k—1
: —i/k
> Dise(D )4 tryi) = £y
i=0
where the hermitian form ty,k is as defined in Example 2.5 and 5%7r}}17k 1s represented

¢(1)

by the pair (1,0;) with Oy(¢) = dl;(T -T(K, (@) for all ¢ in RE.

Proof. To prove claim (i) we note first Proposition 3.3(i) implies that for each i one has

me —i/k —i/k
g ([0, )5t wins Hil) = [0 hiee] = [Hy, i)
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We next recall that for a = (o), .z € ((Q°[G])* the element R (5 () is represented by
the function x — (1, ay).

This implies, in particular, that hi$! (3¢ ((T5)* -y (1] / x))) is represented by the pair (1, 6;)
with 6 (¢) := T(Q,lnd%lK)k¢(1) 7 (K, y(¢)) for each ¢ in G.

Finally we recall that the element [Hr, p11, o] has been explicitly computed in Lemma 2.14.

Putting these facts together with Theorem 4.3 one finds that the element

N
—_

[QZ;gahL,o] =k- HL;ML ZHmet L/Ka’%LaHL])

~
Il
o

=k [Hr, pre] + Hmet(5G((TK) P (TL))
of A(G) is represented by the homomorphism pair (1, |6)|) where for each ¢ in G one has
0u(0) == G U 7(@ind R 1,0) D (K i (9))

But, taking account of both (14) and the fact that y(K,, ¢,) is a root of unity for all ¢ in G,
one finds that

1041(6) = (1G] EWdge Vo5 - | (K, o (0))]

and this proves claim (i).
It is enough to prove the equality of claim (ii) in eHCI(G) and to do this we note that the
description in Proposition 3.3(ii) combines with Theorem 4.3 to imply that

k—1 k—1
> Dise(D, i tryx) = ™ (Z[QL;QHL,HL]) = ™ (B ()" ra (T 1))
i=0 1=0

By the definition of IT%™ one has the following equality in eHCl(G)
™ (66 (76" - (T 50))) = (05" © ) (G ((TR)* - i (71 /).

Hence one deduces that Zf:_ol Disc(D, /K,tL /K) is represented by the pair (1,(6},)%), where
¢, is as defined in the proof of claim (i).
To deduce claim (ii) from this it is now enough to note that for ¢ in R¢, one has

(15) 01(6) = T(Q indF 1)) - 7/ (K, du(9)) = did " (K (9)),
where, to derive the second equality, we have used (14) and the fact that for every ¢ in R,
the integer ¢(1) is even and y(K,, ¢,) = 1 by [21, Th. 29 (i)]. O

In the remainder of this section we shall prove Theorem 4.3 by combining results of the
first and second author from [2] and of Chinburg and the second author from [12].

To do this we fix a K'[G]-generator b of L and a Z-basis {a }sex (k) of Ok. For each integer
i with 0 <4 < k and each non-archimedean place v of K we also fix an O ,[G]-generator b; ,,

of (@Z%? )v. Then by Lemma 2.2 the element hrGel([@Z%(, KL, Hp)) is represented by the pair

of homomorphisms (6; 1 - 65 Lg,. 03) where for each y in Rg one has

(16) 0i1(x) = [[Nr/obiv | ), 02(x) = N | x), O5(x) = o
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We next write 1 for the map which sends a function h on R to h o ¢y and recall that,
since k is prime to |G|, Cassou-Nogues and Taylor in [14] have shown that the assignment
(0,0") — (¥ (0), ) (0)) induces a well-defined endomorphism ¥y, of Ko(Z[G],Q°[G]).

With this notation, it is straightforward to check that

(65",65) = () (62) 71, 4{(82)) (mod im(AF)),

(see, for example, the end of the proof of [12, Prop. 3.3]) and it is also clear ¢}/ (63) = 6s.

In particular, if we denote the sum on the left hand side of (13) by Xj, then these ob-
servations combine with the above description of each element hg?l([@;%g k1, Hr)) and the

congruence proved in Lemma 4.5 below to imply that hgil(Ek) is represented by the pair

(W (B0,1 - 027), 9 (02 - 03)) = (5! (Bo,1 - 037), 05! (02 - 05)) - (1,0577).

It follows that, writing xy for the element of Ko(Z[G],Q¢[G]) for which hi$(zy) is repre-
sented by the pair (1,0571), one has ¥, = U, ([Or, k1, HL]) + 2.

The key fact now is that, from [2, Cor. 7.7], one knows [Op, kr, Hr] = 6 (1 - I/Jk’*(Ti/K))
(where we use (9) to convert the result of loc. cit. to the notation used here) and hence
that A (U ([OL, kL, Hy))) is represented by the homomorphism pair (1,65 - ¥ (64)) where
for each x in R¢ one has 65(x) = 7(Q, ind%lK)X(l) and 04(x) = 7(K, x).

Substituting this fact into the last displayed equality one finds that hlgl(Ek) is represented
by the pair (1,05 - 04 - ¥}/ (64)).

Now from (14) we deduce 7(Q, ind%lK) = +6x and hence that (1,603) = (1,604) (mod im(AK)).

This implies i (g ((T§)" ¥k «(T1/K))) is also represented by the pair (1, o515 VY (64))
and therefore that %), = da((T¢) - TL/K,k), @s claimed.

This completes the proof of Theorem 4.3.

Lemma 4.5. For the homomorphisms 0;1 for 0 <i < k that are defined in (16) one has

k—1

[T 6:1 =% (60.1) (mod Det(U(Z[G)))).

i=0
Proof. This is proved by a slight adaptation of the arguments in [12] (and is implicitly used in
the proof of Corollary 2.2 in loc. cit.). To be precise, we shall use the notation of [12, §4.3.1]
with our integer k corresponding the integer £ used in loc. cit.

Then the present hypotheses (on k) allow us to choose the integer ¢’ to be (1 —e)/¢. In
particular, if we set N := 0, then Ny = 0 and, for each ¢ with 0 < i < ¢, also N; = —il'(e—1) =
—il'e + Nj with N := —i(e —1)/¢. Each element ay, can therefore be written as ¢; - ay; with
¢; an element of B with vy(c;) = —il'.

With this choice of ¢ an explicit computation shows that the integer M, ¢ defined in (2.4)
of loc. cit. is equal to Zf;é i¢’ and so one can take the element ¢ chosen in [loc. cit., Cor. 4.5]
to be the product Hf;ol ¢;. For this element there is for every x in Hom(A, B*) an equality

-1 =1
(cao | ox) [ [(an: | )7" = (a0 [ o) [ J(ans | )7
i=0 i=0

and so [loc. cit., Cor. 4.5] asserts that the p-adic valuation of this element is zero.
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It is now straightforward to derive the claimed congruence by combining this fact with the
argument of [loc. cit., §5]. O

5. WEAKLY RAMIFIED GALOIS-GAUSS SUMS AND THE RELATIVE ELEMENT ar g

In the remainder of the article we study links between Galois-Gauss sums and hermitian
and metric structures that arise in weakly ramified Galois extensions of odd degree. In this
first section we define a canonical element in relative algebraic K-theory that is key to the
theory we develop and then state some of the main results about this element that we establish
in later sections.

At the outset we fix a finite odd degree Galois extension of number fields L/K that is
‘weakly ramified’ in the sense of Erez [19] (that is, the second lower ramification subgroups
in G of each place of L are trivial) and set G := G(L/K).

Since L/K is of odd degree there exists a unique fractional Op-ideal Ay x whose square is
the inverse of the different D/ (see the discussion at the beginning of §4.2).

In addition, since L/K is weakly ramified, Erez has shown that Ay, g is a locally-free
module with respect to the restriction of the natural action of Ox[G] on L (see [19]).

We may therefore use the general construction of §2.1.3 to define a canonical element of
Ko(Z]G],Q°[G]) by setting

(17) ap/k = [Apjic, kL, Ho) = 0a(T§ - (o — 1)(77, )

where the Galois-Gauss sums Tg and 1 /K are as defined in §4.1.

Proposition 3.3 implies the projection of [Ay, k1, H1] to each of the groups A(G), HCI(G)
and CI(G) recovers arithmetical invariants related to Ay g that have been studied in previous
articles. By using this fact explicit information about the element ay /x can often constitute
a strong refinement of pre-existing results or conjectures concerning the metric and hermitian
structures that are associated to Ay i and this observation motivates the systematic study
of ar i that we undertake in later sections.

In the next result (which will be proved in §8.2) we collect some of the main results that
we prove CONCerning ay, k.

In the sequel we write Wy i for the set of finite places v of K that ramify wildly in an
extension L/K and Wg/  for the set of rational primes that lie below any place in W k.
We also let Ao, denote the torsion subgroup of an abelian group A.

Theorem 5.1. Let L/K be a finite odd degree weakly ramified Galois extension of number
fields of group G. Then the following assertions are valid.
(i) The element ap, g belongs to the subgroup

P Ko(ZGl, QlG)ior

WS

of Ko(Z|G],QI[G]). In particular, if L/ K is tamely ramified, then ar,/x = 0.
(ii) In A(G) one has
AL s hre) = TIE (ag k) + Pk
where the metric hy, o is as defined in Example 2.11 and 6?7;{ 1s represented by the
pair (1,0) with 6(¢) = (|G|FY|dg )?D/2 - |7(K, 4pa(¢) — ¢)| for all ¢ in Re.
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(iii) In HCI(G) one has

Disc(Ar/k tr/x) = H}éerm(aL/K) + 526/??

where the hermitian form ty i is as defined in Ezample 2.5 and 5%%‘}1 is represented

by the pair (1,0) with 6(¢) = A3V 7(K, a(¢) — ¢) for all ¢ in RE,.
(iv) In CI(G) one has a%ch(aL/K) = [AL/Kk]-

Remark 5.2. In addition to the result of Theorem 5.1(i) it is also possible to explicitly compute
ar/i for certain (weakly) wildly ramified extensions L/K (see, for example, Theorem 8.3
below). These results show, in particular, that aj, g does not in general vanish.

In Conjecture 7.2 below we shall offer a precise conjectural description of ar,/x in terms of
local (second) Galois-Jacobi sums and invariants related to canonical classes arising in local
class field theory. This description is related to certain ‘epsilon constant conjectures’ that are
already in the literature and hence to the general philosophy of Tamagawa number conjectures
that originated with Bloch and Kato.

This connection gives a new perspective to the theory of the square root of the inverse
different but does not itself help to compute ay x explicitly in any degree of generality.

Nevertheless, our methods combine with numerical experiments to suggest that, rather
surprisingly, it might be possible in general to describe ar,/x explicitly (see, in particular,
Remark 10.4). This possibility seems worthy of further investigation, not least because it
could be used to obtain significant new evidence in the context of certain wildly ramified
Galois extensions in support of the formalism of Tamagawa number conjectures.

In a different direction, Theorem 5.1 leads to effective ‘finiteness results’ on the natural
arithmetic invariants related to ay,/x that arise as the extension L/K varies.

To give a simple example of such a result, for each number field K and finite abstract group
' of odd order we write WR g (T") for the set of fields L that are weakly ramified odd degree
Galois extensions of K and for which there exists an isomorphism of groups ¢: G(L/K) =T.

For each field L € WRg(I') we then write Isy(I') for the set of group isomorphisms
t:G(L/K) =T, and for each ¢ € Isy(I') we consider the induced isomorphism of relative
algebraic K-groups

b s Ko(Z[G(L/K)], Q°[G(L/K)]) = Ko(Z[I'], Q°[T]).
We then define a subset of ‘realisable classes’ in Ko (Z[['], Q°[I']) by setting
RE(T) := {e(ag/k): L € WRK(T),e € Isp(T')}.

Recalling that the group Ko(Z[G],Q[G])tor is finite (see, for example, [7, Cor. 2.5]) the
result of Theorem 5.1(i) leads directly to the following result.

Corollary 5.3. The set Ry (I') is finite.

In §9 we explain how the set R} (I') can be computed effectively and then apply the general
theory in the setting of an explicit conjecture of Vinatier (from [37, §1, Conj.]) concerning
the Galois structure of Ap, /-

To end this section we prove an important preliminary result.

Proposition 5.4. Let L/K be a finite odd degree weakly ramified Galois extension of number
fields of group G. Then ar,/r belongs to the subgroup Ko(Z[G],Q[G]) of Ko(Z|G],Q°[G]).
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Proof. For x and y in Ky(Z[G], Q°[G]) we write x = y if 2 — y belongs to K(Z[G], Q[G)).
Then ar,/k is equal to

ALk, fiz, Ho] = 06 (§ - (P2 — 1) (71 /) = ([AL/K,RL,HL] - 50(72/;()) —0a(J2,1/K)

=[Ar/k, kL, Hp] — 5G(T£/K)

where the first equivalence follows from (10) and the obvious containment (¢2. —1)(yr/x) €
¢(Q[G]) and the second from Lemma 4.1 (with k = 2).

It thus suffices to note that the computations in [2, p. 555-556] (which rely heavily on a
result of Frohlich in [21, §9 (i),(i1)]) show that [Ap ., ki, Hr] = da(7] 1), O

6. FUNCTORIALITY PROPERTIES OF arL/K

Following Proposition 5.4 we know that each element ay,x belongs to Ko(Z[G], Q[G]). In
this section we prove the following result which establishes the basic functorial properties of
these elements as the extension L/K varies.

Theorem 6.1. Let L/K be a weakly ramified odd degree Galois extension of number fields of
group G, fix an intermediate field F' of L/K and set J := G(L/F).

(i) The restriction map p§ : Ko(Z[G), Q[G]) — Ko(Z[J],Q[J]) sends ar/k toap/p .

(ii) Assume J is normal in G and write I' for the quotient G/J = G(F/K). Then the
natural coinflation map ©< : Ko(Z[G], Q[G]) — Ko(Z[T], QL)) sends ar/k o ap/k.

Proof. 1t is convenient to first prove claim (ii) in the statement of Theorem 6.1. To do this
we use the commutative diagram

(18) C(QIG))* = Ko (ZIG), Q°[G))

QM) —— Ko(Z[L'], Q°[L).

in which #&(2)4 = ZingG (@) for all z in C(Q°[G))* and ¢ in T (sce, for example, [2, p. 577)).

Then both of the equalities #&(7¢) = 7% and 75 (2. — 1)(7—£/K)) = (Y2 — 1)(7’1’17/1{)
follow easily from the (well-known) facts that Gauss sums and unramified characteristics are
invariant under inflation and Adams operations commute with inflation.

Hence the key point in proving claim (ii) is to prove WIQ([.AL/K, kL, Hi]) = [Ap/k, i, HF).
To show this we write try p for the field theoretic trace map L — F. Since Ay g is Z[G]-
projective it is also cohomologically trivial and so .Ai k= L/e (Ar/k) = Ap/k, where the
last equality follows, for example, from the explicit computations of Erez in [19, p. 246].

In addition, the natural identification of H i with Hp induces a commutative diagram of
Q°[I'l-modules
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(@ ©o L) s (QF @y Hy)'

H H

UeeF —— Q®zHr
and, taken together, these facts imply that
7TI(‘;<['AL/K7 KL, HL]) - [Ai/Ka Hi? Hg] = ['AF/K7 RF, HF]7

as required to complete the proof of claim (ii) of Theorem 6.1.
To prove Theorem 6.1(i) we use the commutative diagram (see, for example, [2, p. 575])

C(QU[G)* —2 Ko(Z[G),Q7q))

(19) ﬁsv[ ) 1

Q) =2 Ko(z[J),QeL)).

~Q

0dG
Here, for each z in ¢(Q¢[G])* and ¢ in J, one has 15(2)p = eré z><<X’de (@)6 where we write
(-,)¢ for the natural pairing on Rg.
For each number field E we now set 75 := 7(Q, indQl £). We claim that

oJ
(20) oy (TK) Nrdgy (7-[[( ])'
In fact, for all ¢ € J one has
G:J 1)[G:J ~ 1)(x,ind$
NI‘dQ[]] (TI[( ])¢ — 7'?(( )l ] and p?(Tg)d) — H 7';?( )X SO
xe@

and so the claimed equality is valid since eré x(1)(x,ind§ ) g = (1[G : J].
We next note that, since |G| is odd, one has

ind§ (¥2(¢)) = ¥2(ind (¢))

for all ¢ in G (see, for example, [19, Prop.-Def. 3.5]). Thus, given the commutativity of (19)
and the (well-known) inductivity in degree zero of both Galois-Gauss sums and non-ramified
characteristics one deduces that

(21) PG Oc((Won — D(115))) = 82(55 (20 — 1)(71 1)) = 05((20 — 1)(71 11)).
By combining (20) and (21) we obtain an equality
P50 (18 - (2,0 = 1)1} 15))) = 8 (Nedgpny(rie ™)) + 85 (%2, — (75 /)
=0, (Nrdgupy (5 mie ) + 85+ (a0 = D) (7 y1)-

To consider the corresponding behaviour of the term [Ay k1, Hr] under restriction the
key point is that in the subgroup Ko(Z[J], Q[J]) of Ko(Z[J], Q°[J]) there are equalities

05 ((Apsse, 50, Hi) = [App, b, HL) = [Ap e, 50, Hi) = [App, k1, Ho) = [Ap e, id, Ay p]
=[Ar rAr/x,id, A p) =6 (Nrdgp (75 71[( 7).
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Here the first equality is obvious, the second is by the defining relations of Ko(Z[J], Q°[J]),
the third follows from the (well-known) multiplicativity property Ay /x = A pAp i and the
fourth from the result of Lemma 6.2 below.

Comparing the last two displayed equalities it follows directly that p?(aL /K) = Qr/F, as
claimed. 0

Lemma 6.2. With the subgroup J and field ' as above one has [Ap pAp/i,id, Ap/p| =

85 (Nedgp (i - 7)) in Ko(Z1J],QL)).

Proof. By Lemma 6.3 below it suffices to show that Ng/q(Ap k) = :ETEI . 7'][?‘]}.
This equality is, in turn, a direct consequence of the fact that

Nrjg(Ar/)? = Neg@px) ™' = NF/@(@}}Q@K/@) = d}}@ - Nijo(D o)

-1 [F:K] -2 2[(G:J]
=dpig dg)g =T TK

where the last equality follows from (14). O

Lemma 6.3. Let E be a number field and G a finite group. Let N be a locally free Op[G]-
module of rank one. Let a denote a fractional Og-ideal. Then in Ky(Z[G], Q[G]) one has

[ClN, id, N] = (5@(NI‘dQ[G] (NE/Q(CL)))
Proof. Recall that for each prime p and each Z-module X we write X, for the Z,-module
Zp X7, X.

In particular, there is an isomorphism N, ~ (O ,[G])? of O ,[G]-modules and hence in
Ko(Z,|G],Qp[G]) an equality

[(@N)p,id, Np] = [a,[G]%,id, O, [G]] = d[a,[G],id, O p[G]].

It follows that [aN,id, N| = d[a[G],id, Og|G]| in Ko(Z[G], Q[G]).
Now set n := [E : Q] and choose Z-bases wy,...,w, for O and aq,...,a, for a. Then

alG] = @Z[G]ai, Op[G) = @Z[G]wi.

With respect to these bases the identity is represented by the matrix B € GL,(Q) C
GL,(Q[G]) defined by B = (bj;) where a; = » 1, bjiw;. Note that |det(B)| = Np/q(a).
By the defining relations in relative K-groups and the definitions of 9z g ¢ and d¢ we obtain
[a[G],id, Op(G]] = [Z[G]", B, Z|G]"] = 02,0,¢([Q[G]", B]) = dc(Nrdg(g)(B)).
Now Nrdgiq(B) = >_, g ¥xex With xy = det(T(B)) = det(B)X), where T}, is a represen-

XE€G
tation with character y. Hence Nrdgq(B) = Nrdgg(det(B)) and

[a[G],id, Op[G]] = da(Nrdgjg)(det(B))) = da(Nrdgjg)(| det(B)[)) = da(Nrdgje)(Ne/q(a)))-
where the second equality follows from dg(Nrdgig(—1)) = 0. O
7. A CANONICAL LOCAL DECOMPOSITION OF a,/f

In this section we follow the approach of Breuning in [10] to give a canonical decomposition
of the term ay /x as a sum of terms which depend only upon the local extensions L,/ K, for
places v of K which ramify wildly (and weakly) in L/K.
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7.1. The canonical local elements. We first define the canonical local terms that will
occur in the decomposition of ar /.
To do this we fix a rational prime ¢ and an odd degree weakly ramified Galois extension
F/E of fields which are contained in Qf and of finite degree over Q; and we set I' := G(F'/E).
We also fix an embedding of fields j, : Q° — Qf and by abuse of notation also write
Je : C(Q°[I']) — ¢(Qg[I']) for the induced ring embedding. We then write

jf,* : KO(Z[P]7QC[F]) — KO(ZZ[FLQE[FD

for the homomorphism of abelian groups that sends each element [P, ¢, Q] to [P, Qf®qe j, ¢, Q¢]
and we note that jy . o ér = dp ¢ o jy.
We write ¥(F) for the set of embeddings F' — Qf and

HF:@2®@ZF—> H QE
S(F)

for the isomorphism of Qf[I']-modules sending z ® f to (o(f)*)sex(r) for f € F and z € Qf.

We also write Hp for the submodule [[5 ) Z¢ of [ ][5y QF and note that [Ap/g, kp, Hr]
is then a well-defined element of Ko (Z[I'], Q5[I']).

We next write Up/p for the canonical ‘unramified’ element of Ko(Z[I'], Qf[']) defined
(for any Galois extension of local fields) by Breuning in [10] and then define an element of
Ko(Z,[I'], Q¢[I']) by setting

ap/p = [Ap/p, kr, He] = 6r,0(je(Th - (2,4 — V)(1p/p) = Urym,

where the elements 7}, and 77, g of ¢ (Q°[I'])* are constructed from local Galois-Gauss sums
as in Remark 4.2.

Proposition 7.1. ap/g is independent of the choice of j, and belongs to Ko(Z¢[I'], Q¢[L).

Proof. The first assertion follows immediately from [10, Lem. 2.2] and the containment

7h - (W2 — 1) (7hy) - (7)) " € CQT),

which itself follows directly from (12) and the local analugue of Lemma 4.1 (see Remark 4.2).
The second claim follows by combining the same containment with the containment

[Apym, &, Hr] = 0r.0(Ge(rhy ) = Uryi € Ko(Z[T], Qe[T)).

proved by Breuning’s argument in [10, Prop. 4.26]. O

7.2. An explicit local conjecture. In this section we reformulate the local epsilon constant
conjecture formulated by Breuning in [10, Conj. 3.2] in terms of the explicit element ap,p.

To this end we recall that for any finite Galois extension of ¢-adic fields F'/E, of group T,
Breuning’s conjecture is an equality in Ko(Z[T'], Q¢[I']) of the form

(22) Tr/e+ Cr/e+Up/g — Mp/p = 0.

Here, in addition, to the element Up,r used in the previous section, the following elements
also occur: where

® Tr/p = doru jg(r}; / 1)) is the equivariant local epsilon constant.



28 WERNER BLEY, DAVID BURNS AND CARL HAHN

o Cp/p = E(expy(L))e — [L,kr, Hr], with £ is any full projective Z[I']-sublattice of
OF that is contained in a sufficiently large power of the maximal ideal pr of Of to
ensure the (-adic exponential map exp, converges on L. For the precise definition of
E(expy(L))e we refer the reader to [10, § 2.4] and [2, § 3.2]. For the moment, we point
out only that this element relies on local fundamental classes and is very difficult to
compute explicitly in any degree of generality.

® My is a simple and explicitly defined correction term (see [10, § 2.6]).

To reinterpret (22) we assume F/E is weakly ramified. In this case the lattice £ that occurs
above can be taken to be p!V - Ap/g for any sufficiently large integer N and the element

Eryp = Elexpy(p" - Ap/p)) — O ((Nrdg,ry (p™ 7))

of Ko(Z[I'],Qg[I']) is easily seen to be independent of the choice of N.
We next define an element of Ko(Z[I'], Q/[I']) by setting

(23) CF/E ‘= or,e((2, — 1)(yF/E))-

Then by combining Lemma 6.3 with (12) one finds that Breuning’s conjectural equality
(22) is equivalent to the following conjecture.

Conjecture 7.2. Let F/E be a weakly ramified Galois extension of {-adic fields with group
I'. Then in Ko(Ze[I'],Q¢[']) one has

ar/p = Er/e — Ore(Jo,r/e) + ¢r/g — ME)p,
where the second Galois-Jacobi sum Jo p/p of F/E is as discussed in Remark 4.2.

Remark 7.3. We will later present evidence that the elements ap/p and ¢p/p are themselves
very closely related (see, in particular Remark 10.4) and hence that Conjecture 7.2 suggests,
rather strikingly, that the class-field theoretic term /g should have a simple description in
terms of the Galois-Jacobi sum J; /.

Remark 7.4. For later purposes we note that (8) implies (v2.« — 1)(yr/g) = (1 — er,) + oery,
with I'g the inertia subgroup of I' and ¢ an element of I" that projects to the Frobenius in
['/Ty, and hence that ¢z/p = ori((1 — er,) + oer,). In particular, ¢p/p vanishes if F/FE
is tame (since then (1 — er,) + ger, € Z¢[I']*) and, in all cases, I'/T'y is abelian and so
Nrdg,r((1 — er,) + oery)) = (1 —er,) + aer,.

7.3. The decomposition result. We can now state and prove the main result of this section.
In this result we use for each prime ¢, each extension F of QQ; and each subgroup H of G, the
natural induction map i?],E : Ko(Z¢[H], E[H]) — Ko(Z|G], E|G]) on relative K-groups.

Theorem 7.5. Let L/K be a weakly ramified odd degree Galois extension of number fields of
group G. Then in Ko(Z|G],Q[G]) one has an equality

ar/K = Z Z igw,(@[ (ar,/r,)

L vl

where the sum is over all primes £ and for each place v of K we fix a place w of L lying above
v and identify the Galois group of Ly /K, with the decomposition subgroup G, of w in G.
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Proof. Proposition 5.4 implies ar, i decomposes naturally as a sum ), ar/x ¢ of {-primary
components and so it suffices to prove that for each ¢ there is in Ko(Z/[G], Q¢[G]) an equality

(24) ar/Ke = Z igw,Qg(aLw/Kv)-
v|l

To do this we fix a prime ¢ and an embedding j, : Q° — Q5 and write O} for the valuation
ring of the maximal tamely ramified extension of Q, in Q.

We recall that Taylor’s Fixed Point Theorem for group determinants (see [33, Chap. 8, Th.
1.1]) implies that the following composite homomorphism is injective

37

(25) Ko(Ze[G), Qu[G)) — Ko(Z[G), Q5[G]) 2= Ko(OL[G), Qf[G))

where the first arrow is the natural inclusion and jf , sends [X,¢,Y] to [0 ®z, X, &, 0L ®yz,Y].
It is therefore enough to show that the equality (24) holds after applying jj ..

The key ingredients required to prove this fact are due to Breuning and are stated in Lemma
7.6 below.

In the sequel we abbreviate igw@é and igw QS to iy, and 1.0 respectively.

In particular, if for any finite Galois extension F//E of either local fields or number fields
we set Tp/p o 1= TEG(F/E) (o5 — 1)(7}/]5), then Breuning’s results as stated below combine
with the explicit definitions of the terms ay/k , and ar,, /x, to imply that

J(an e — Z lwe(ar,/K,))
v|l

=« (e (MAL 0 5L Hif)) — Gos(0a(Tr/k2)))

= gt (e (AL K B HL)) = 16 000 (Ge(Try 5,2)) — 150 (ULy k)
v|l

= — 6. Gen(0a(Tr K 2))) + Zjg,*(ifv,g(éGw,Z(jZ(TLw/Kv,Z))))
v|l

(26) =-— J'Z*(je,*(5G(TL/K,2(TZ/K)_1))) + Zjg,*(iqcu,ﬁ((SGwl(jE(TLw/Kv,Q(TZM/KU)_I))))
v[l

= Gt Oae( I twrnx)-

vldy,

vl
Here the first equality follows directly from the definitions and the second uses Lemma 7.6(i)
and (ii). In addition, the third equality follows from Lemma 7.6(iii) below and uses the

(resg X»¢p)

map iy : ((Q5[Gy])* — ¢(QS[G])* which satisfies i, (), = Hgoe@w Ty ““ for all x in

C(Q5[Gw))* and x in G.
Now, by (10), the first term in the expression (26) is equal to

—(J6x 00,00 o) (o, i - (Y20 = DL x0)-
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In the same way, equality (12) implies that the second term in (26) is

(Jiw 051 00G,00 jé)(H Jo Ly iy (P26 — 1)(Z/Zi/Kv))-
v|l

These two expressions combine with the commutative diagram

(27) QG 22 Ko(Za[G), QE[G))

< 1€
Tw Zw,ZJ(

QLG 2 Ko(2[G), GEIG)),

the fact that jo(Jo 1/x) = Hv‘dL i (je(J2,L,/K,)) by the decomposition of global Galois-Gauss
sums as a product of local Galois-Gauss sums and the explicit definition of yr /i to show that
the sum in (26) is equal to the image under j} , o dg ¢ of

Je(Jo,n k)" H;w(jE(JZLw/KU)) : H iw(e((V2 — 2) (YL, /K,)))

v|l vldp,
vl

= H %w(jf(Jiiw/Kv (V24 = 2)(Yru/K,)))-
vl|dp,
vl

It is thus enough to note the image under jZ . 0 0g of the latter element vanishes as a
consequence of [9, (9) and Lem. 5.3] and the second displayed equation on page 68 of loc. cit.
This completes the proof of Theorem 7.5. O

Lemma 7.6.

(i) For each prime ¢ one has

Jesx([AL/kekne, Hrp]) = Z igw,@; ([ALy /Ky ELys HL,))-
v|l

(ii) For each v | ¢ the element igw,Q;(ULw/Kv) belongs to ker(jg’*),
(iii) One has

GewBa (] ) = D16 0,0 e(e(r) 1)) = ao( T twyr, x,) (mod ker(jf,)).
o i
Proof. To prove claim (i) one can just follow the proof of [9, Lem. 5.4] verbatim, merely
substituting Ay, g for the projective Z[G]-sublattice £ of Of, that is used in loc. cit.
The property stated in claim (ii) is part of the axiomatic characterisation used by Breuning
to define the elements Uy /x, in [9, Prop. 4.4].

To prove claim (iii) we note that elements (5@(7’2 / ) and 5Gw’€(7—£w / x,) are respectively

denoted by 77,k and 17, /k, in [10] and that the claimed congruence is thus equivalent to
the equality of [9, (36)]. O
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8. RESULTS IN SPECIAL CASES

In this section we compute ar, /i explicitly in some important special cases and also give a
proof of Theorem 5.1.

8.1. Local results. The following result uses the element ¢z g defined in (23).

Theorem 8.1. Let E/Qy be a finite extension and F/E a weakly ramified Galois extension of
odd degree with Galois group I' = G(F/E). Then ap/p = cp/p if either F/E is tamely ramified
or if E/Qy is unramified and F/E is both abelian and has cyclic ramification subgroup.
Proof. We fix an embedding j,: Q° — Qj and use it to identify T with the set of irreducible

Qf-valued characters of T'.
By Proposition 7.1 and Taylor’s fixed point theorem it suffices to show that

(28) Gtw(lApyps r, HE) = 000 (Ge (7 - (Y — 1)(71/5))) — Upy — ¢pyp) = 0
with jZ* as in (25).

At the outset we note that jZ*(UF/E) =0 (by [9, Prop. 4.4]) and that if  is any element
of F' with Ap/g = Og[I'] - 0, then [9, Lem. 4.16] implies

[Ap/g, kr, Hr] = 0r Z GX(%(I) - Ni,(0 | x)
xel
We now assume F/E is tamely ramified. In this case Remark 7.4 implies both that c¢p/g
vanishes and O ¢((v2,« — 1)7p/ ) = 6re((th2,» — 1)7p/p) and so the element on the left hand

side of (28) is equal to the image under j}f,* o dr of x1 - x2 where for each x in T one has (in

terms of the notation in (7))

s Neg, 0| x)

Tiy = and z9, 1= = )
P (r(Qp ind 1) X(D) 2 (B e (X) — X))

The equality (28) is therefore true in this case since both (jf, o dr)(z1) = 0 (as a conse-

quence of the obvious local analogue of (14)) and (jz* o 0r)(z2) = 0, as indicated by Erez in
the proof of [19, Prop. 8.2].

In the remainder of the argument we assume that E/Q is unramified and F/FE is both
abelian and has cyclic ramification subgroup. The proof in this case will heavily rely on the
computations of [5] (which in turn rely on the work of Pickett and Vinatier in [29]) and so,
for convenience, we switch to the notation introduced in §3.1 of loc. cit. (so that F, E and
I' = G(F/E) are now replaced by N, K and G respectively).

In particular, we define ajs as in [5, just before Lem. 5.1.4], let 6, € K’ be such that
Ok|G] - 02 = O and TK//K(QQ) = 1 and recall that the product § = ays - 09 satisfies
An/k = Ok[G] - 0. (In this regard we observe that the assumption made in [5] that [K : Q]
and [K': K| are coprime is not needed for the results obtained in §5 of loc. cit.)

Each character ¢ € G is of the form X¢ with an unramified character ¢ of Gy and x a
character of G y/ks and from [5, Prop. 5.1.5] one has

Nijo (01 x0) [N g, (02| ), if x = xo,
P x(4) - Ngjg, (02 | 8) - ¢(p?),  if x # xo,

Je(7(K, x9))
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where here and in the following we omit each occurrence of j, in our notation.
Now the proof of [5, Prop. 5.2.1] shows that 7(K, x¢) = T(Qg,i% (x¢)) and so (12) implies

TR (Y2 — D(7yx) = (Z exyT (K, X)) - Jo N/ - (V2,6 — 1)(3/1:1}K)

R
It follows that for each x and ¢ one has
Nk/e, (0] x9) _ Ni/a, (0] x9)
(T8 - (2 = DTy 1) )xo T(K, x9) - T(K, ¥a(x¢) — 2x¢) - y(K, x¢ — a(x¢))
(K 2xp—a(xo e
_ Nk (021 9) ), o) i X = Xo.
p~ " x(4) - ¢(p2) 'NK/QZ)(02 | ¢)Ty(;<’7;(¢_—¢22(;¢))» if x # Xo-

These facts combine with the definition of ¢y/x to imply that (28) is valid if ker(j}f’* 0 da)
contains the element x3 of ((Qf[G])* for which for all x and ¢ one has

Ty — Nk, (02| 6) - 7(K,2xp — 2(x9)), if x = xo,
O\ X(4) - $(02) - Nicjg, (02 | 0) - (K, 2x6 — a(x9)),  if X # Xo-

Now, as in the proof of [5, Th. 6.1, p. 1243], one can show that ker(jz* 0dg,) contains the
element 2% of ((Qf[G])* for which at all x and ¢ one has

xg _ NK/@Z(OQ | ¢)7 if x = xo,
X X007 Nigg, (021 0), i x # Xo.
In addition, [5, Lem. 5.1.2] implies that for all x and ¢ one has 7(K,2x¢ — ¥a(x¢)) =
T(K? 2X - X2)'
The required equality (jg’* 0 0¢¢)(x3) = 0 is thus true if and only if (jz* 00g)(zs) =0
with x4 the element of ((Qf[G])* for which at each x and ¢ one has

17 if X = X0,
Tine =13 . .
T p (K, 20 — %), if x # o

But, by the last displayed formula in the proof of [29, Prop. 3.9], for each non-trivial
character x one has

T(K,x) = p™ - x(ey") Wr(ey) and 7(K,x?) = p™ - x*((ex/2)71) - ¥k ((ex/2)7),

with ¢k the standard additive character and ¢, as described in [29, Prop. 3.9].

It follows that 7(K,2y — x?) = p™ - x(4)~! for non-trivial characters y and hence that
T4 = x(4)7! for all x and ¢. Given this description, it is clear that x4 € ker(jz* 0daye), as
required to complete the proof of (28) in this case. O

Remark 8.2. The numerical results discussed in §10.1.3 (see, in particular, (35)) will show
that the equality ap/p = c¢p/p is not always valid.

8.2. Global results. In this section we derive several consequences of Theorem 8.1, including
a proof of Theorem 5.1.
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8.2.1. We shall first give a proof of Theorem 5.1.

Following Proposition 5.4, for each prime ¢ we write ar/x, for the image of ay/x in
Ko(Z[G], Q/[G]).

Then Theorem 7.5 combines with the vanishing of ap, g for each tamely ramified extension
F/E oflocal fields (as proved in Theorem 8.1) to reduce the proof of Theorem 5.1(i) to showing
that for each ¢ for which there is an f-adic place v in Wy, /i the element ayx, belongs to
Ko (Zf [G], Qe [G])tor'

In view of the explicit description of Ko(Z¢[G], Q¢[G])tor given by the first author in [11,
Th. 4.1], it is thus enough to prove that for each such prime ¢ one has wg/J(pg(aL/KI)) =0
for every cyclic subgroup H of G and every subgroup J of H with |H/J| prime to ¢.

Invoking the result of Theorem 6.1 it is thus enough to show that ap/p, vanishes for all
towers of number fields K C E C F C L with L/E cyclic and the degree [F' : E] prime to /.
However, in any such case, all {-adic places of E are tamely ramified in F'/E and so Theorem
8.1 in conjunction with Theorem 7.5 (or (24)) implies ap/g ¢ vanishes, as required.

Claims (ii) and (iii) of Theorem 5.1 will follow from the same argument used to prove
Corollary 4.4.

Finally we note that claim (iv) follows directly from the definition of aj/x and the facts
that Hy, is a free G-module and 07, ¢ o d¢ is the zero homomorphism.

This completes the proof of Theorem 5.1.

8.2.2. In order to describe a global consequence of Theorem 8.1 we define an ‘idelic twisted
unramified characteristic’ by setting

(29) Ly =Y i, 0Ly /K,)-
L wle

If v is at most tamely ramified in L /K, then ¢y, /g, vanishes. This shows ¢y /k is a well-defined
element in K(Z[G], Q[G]) and that

0, it e g WP,
: 216,00 CLu/K,), 1 LE W?/K.
In particular, by combining Theorems 7.5 and 8.1 one obtains the following result.

Corollary 8.3. Let L/K be a weakly ramified odd degree Galois extensions of number fields.
Then ar/x = ¢/ whenever all of the following conditions are satisfied at each v in W g :

(i) The decomposition subgroup of v is abelian;
(ii) The inertia subgroup of v is cyclic;
(iii) The extension K,/Qyg is unramified, where ¢ = £(v) denotes the residue characteristic.

This result immediately combines with Theorem 5.1(ii) and (iii) to give the following explicit
consequence concerning the structures discussed in Examples 2.5 and 2.11.

Corollary 8.4. Under the hypotheses of Corollary 8.3 one has
[AL/K> hL,o] = Hrélet(cL/K) + 521/6}{ and DiSC(.AL/K, tL/K) — H}éerm(CL/K) + El[l/e/r]r{n‘

It is therefore of interest to know when the classes TIH** (¢, k) and T8 (¢, /K) vanish and
the next result shows that this is often the case.
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Lemma 8.5. The images of ¢y /i in each of the groups CI(G), A(G) and HCI(G) all vanish
if for each v € Wy, /i one has either L, = Gy, or I is of prime power order.

Proof. We show that each of the individual terms in the definition of ¢,k projects to zero.
We fix v in W/ and set £ := l(v) and Ay = (1 —eg,) + ower,. If Gy = I, then
Aw = 1. In the other case I, is necessarily of ¢-power order. Hence for any prime p # £
we have dg,, (Aw) = 0 in Ko(Zp[Gu], Qp[Gy]) since Ay € Nrdg,g,)(Zp[Gw]™). Therefore
m6.(ig, (0, (M) = i&, (e, (\w)) in Ko(Z[G], Q[G)).

We next show that ¢, := igw(égw (Aw)) belongs to both ker(@é’l o hi¢h) and ker(@é’1 o high.

To do this we recall first that for o = (ax)xeé in ¢(Q°[G])* the element hi$(6c(a)) is
represented by the function x — (1,c,). Thus the global analogue of the commutative
diagram (27) implies that hl$!(c,) is represented by the pair (1,6) with

I‘GSG
ZVE | R R
$€Gu/Tu

The elements 8%;’1(11861(%)) and 8él(hrc§l(cv)) are therefore represented by the pairs (1, 6])
and (1, 0°), respectively, and so it is enough to show that the maps |f| and 6° are both trivial.

Since 0(x) is a root of unity one has |0|(x) = |0(x)| = 1, and so |0] is trivial.

In addition, the triviality of 6° follows from the fact that if y is a symplectic character of
G, then both <resgw (X)) a,, = <resgw (x), ®)q,, and ¢(oy)d(oy) = 1. O

Remark 8.6. In connection with Lemma 8.5 we note that if L,,/K, is weakly ramified and
abelian, then class field theory implies I,, is of prime-power order (as a consequence of [30,
Cor. 2, p. 70]). In fact, at this stage we know of no example in which the projection of ¢,/
to any of the groups Cl(G), A(G) and HCI(G) does not vanish. It is, however, not difficult to
show that the element ¢y /g itself does not always vanish. For example, if G is abelian, then
Ky (Z]G], Q[G]) identifies with the group of invertible Z[G]-sublattices of Q[G]. In particular,
if L/Q is an abelian p-extension in which, for any p-adic place w of L, one has I, C G, = G,
then (1 — ey, ) + ower, does not belong to Z[G] and so ¢y, /g # 0.

Remark 8.7. The element ¢y is in general different from, and better behaved than, the
simpler variant dg((v2,« — 1)(yr/K)). In particular, whilst it is straightforward to show that
¢r/K enjoys the same functorial properties under change of extension as those described in
Theorem 6.1, the same is not true of dg((Y2,« — 1)(yr/K))-

9. EFFECTIVE COMPUTATIONS AND VINATIER'S CONJECTURE

In this section we first refine Corollary 5.3 by explaining how to make an effective compu-
tation of the set of realisable classes R} (I").

We then apply this observation to consider a conjecture of Vinatier in the setting of two
natural infinite families of extensions which will then be investigated numerically in §10.

In §9.2.2 we consider the family of extensions of smallest degree for which Vinatier’s Con-
jecture is not currently known to be valid and, whilst studying this case, we obtain evidence
(described in Proposition 10.2) that ar,/x may be controlled by the idelic twisted unramified
characteristic ¢z, in cases beyond those considered in Corollary 8.3.

Motivated by this last rather surprising observation, we consider in §9.2.3 a family of
extensions of smallest possible degree for which the projection of ¢/ /x to CI(G(L/K)) might
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not vanish, and hence that a close link between ar/x and ¢,k need not be consistent with
the validity of Vinatier’s Conjecture.

In all of the cases that we compute, however, we find both that Vinatier’s Conjecture is
valid and the projection of ¢7 /i to CI(G(L/K)) vanishes.

At the same time, our methods also give a new proof of the epsilon constant conjecture
formulated in [2] for an infinite family of wildly ramified Galois extensions of number fields.

9.1. The general result. Recall that for each number field K and finite abstract group I'
of odd order we write WRg (I") for the set of fields L that are weakly ramified odd degree
Galois extensions of K and for which G(L/K) is isomorphic to I'.

Theorem 9.1. Let K be a number field and I a finite abstract group whose order is both odd
and coprime to the number of roots of unity in K.
Then there ezists a finite set WR(I") of Galois extensions E of K which have all of the
following properties:
(i) there ezists an injective homomorphism of groups ip : G(E/K) — T';
(ii) there ezists a unique place v of K that ramifies both wildly and weakly in E and for
which there exists a unique place w of E above v;
(iii) all places of K other than v that divide |U'| are completely split in E/K ;
(iv) for each L in WRk(I') and every E in WR(I') there exists an integer ny, g € {0,1}
so that in Ko(Z[T'],Q°[l']) one has

ins(ap/) = Y, LB i (i6.(@/K))-
BEEWR} ()

Proof. We recall first that for each place v of K the set R,(K,I") of isomorphism classes of
Galois extensions E/ K, for which G(E/K,) is isomorphic to a subgroup of I is finite.

We next fix a weakly ramified Galois extension L/K for which the group G := G(L/K) is
isomorphic to the given group I'. We recall that Theorems 7.5 and 8.1 combine to imply that
there is a finite sum decomposition

(30) aLe = Y DG, (en,K)

EWR vl

For each place v in this sum the (weakly ramified) Galois extension L,,/K, is isomorphic
to one of the Galois extensions F /K, in the finite set R, (K,T").

Further, since we are assuming |I'| is coprime to the number of roots of unity in K a result
of Neukirch [26, Cor. 2, p. 156] implies that there exists a finite Galois extension E /K with
both of the following properties:

(P1) E has a unique place @ above v and the completion Eg/K, is isomorphic to E/K,
(and hence to L,,/K,); )
(P2) if v is any place of K which divides |T'|, and v' # v, then v’ is totally split in E/K.

These conditions imply that the global extension E/ K is weakly ramified and that the
isomorphism of F,,/K, with L,,/K, induces a natural identification

(31) G(E/K) = G(Ly/K,) = Gy.
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In addition, since v is the only place of K that is not tamely ramified in E /K the results
of Theorem 7.5 and 8.1(i) combine to imply

(32) aE/K = aLw/Kv'

We now define WR (') to be the finite set of extensions E/K that are obtained from
the above construction as v runs over the places of K that divide |I'|. We note that this
set satisfies the claimed property (i) as a consequence of the isomorphisms (31), it satisfies
property (ii) and (iii) as a consequence of the properties (P1) and (P2) above and it satisfies
property (iv) as a consequence of the equalities (30) and (32). O

Remark 9.2. The above argument also shows that [WR (I')| < >, p 7(Ky,T') where (K, I')
denotes the number of non-isomorphic Galois extensions of K, whose Galois group is isomor-
phic to a subgroup of I'. In this context we recall that if " is a p-group then v(K,,I') is
explicitly computed by work of Shafarevich [31] and Yamagishi [38]. We also recall that Pauli
and Roblot [28] have developed an algorithm for the computation of all extensions of a p-adic
field of a given degree. One can therefore use the results of [31] and [38] to design an algorithm
to compute all p-extensions with a given p-group (see [28, § 10]).

9.2. Applications to Vinatier’s Conjecture. Vinatier has conjectured that for any weakly
ramified odd degree Galois extension L of Q the G(L/Q)-module Ay q is free (see [37, §1,
Conj.]) and we now apply our techniques to study this conjecture.

9.2.1. We first reformulate the conjecture in terms of the elements ay (global) and ap/g
(local).

If F/E is a Galois extension of (-adic fields, then we use the decomposition (2) to view
ap/p as an element of Ko(Z[G(F/E)],Q[G(F/E)]).

Proposition 9.3. The following are equivalent:

(i) For all odd degree weakly ramified Galois extensions L/ K of number fields the G(L/K)-
module Ay is free.
(ii) For all odd degree weakly ramified Galois extensions L/ K of number fields the element
ar/k projects to zero in Cl(G(L/K)).
(iii) For all odd degree weakly ramified Galois extensions F/E of local fields the element
ap g projects to zero in CI(G(F/E)).

Proof. The equivalence of (i) and (ii) is Lemma 9.4 below and (ii) follows directly from (iii)
and Theorem 7.5.

We finally assume (ii) and for a local extension F/E we choose a number field K and a
place v of K such that K, is isomorphic to F and |G(F/E)| is coprime to the number of roots
of unity in K. (Since G(F/E) is of odd order the existence of such a field K is easily implied
by the main result of Henniart [25].)

Then by the construction in the proof of Theorem 9.1 we find a global extension E /K with
the properties (P1) and (P2).

It follows that ajp/, = ap/p, and hence that ap/p projects to zero in CI(G(F/E)), as
required to prove (iii). O

Lemma 9.4. Let L/K be an odd degree weakly ramified Galois extension of number fields of
group G. Then the G-module Ay is free if and only if the image of ar /k in Cl(G) vanishes.
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Proof. By Theorem 5.1(iv) one has dz,9.¢(ar/x) = [Ar/k] in CI(G). Given this, the equiva-
lence of the stated conditions follows immediately from the fact that, as G has odd order, a
finitely generated projective G-module is free if and only if its class in CI(G) vanishes. U

9.2.2. By [35] Vinatier’s conjecture is known to be true for extensions L/Q with the property
that the decomposition group of each wildly ramified prime is abelian. The family of non-
abelian Galois extensions of degree p3, for some odd prime p, is thus the family of smallest
possible degree for which Vinatier’s conjecture is not known to be valid. Such extensions were
considered (in special cases) by Vinatier in [36].

In the following result we study the number of corresponding such extensions of the base
field Qp. This result (which will be proved at the end of this section) shows that the bounds
on the number of such extensions that are discussed in Remark 9.2 can be improved if one
imposes ramification conditions.

Proposition 9.5. Let p be an odd prime. Then there exist exactly p (non-isomorphic) weakly
ramified non-abelian Galois extensions of Q, of degree p3. Ezactly one of these extensions
has exponent p and the remaining p — 1 extensions have exponent p?.

As in the proof of Theorem 9.1 we find for each odd prime p and each weakly ramified
non-abelian Galois extension F' of Q, of degree p> a global weakly ramified Galois extension
N/Q of degree p3 such that N,,/Q, ~ F/Q,.

Definition 9.6. For each odd prime p we fix a set F(p) of global weakly ramified Galois
extensions N/Q of degree p? such that the localizations give the set of local extensions as in
Proposition 9.5 (so |F(p)| = p). Let K be a number field. For a finite set P = {p1,...,pn} of
odd primes p; we define £(P) to be the set of extensions L/K such that Wg/ € P and such
that for each v € Wy, /i the following conditions hold:

(i) Set p := £(v). Then the decomposition group G, is a p-group of order at most p>

(i) Ky = Qp.

Theorem 9.7. Let K be a number field and let P = {p1,...,pn} be a finite set of odd primes.
Then the following are equivalent:

(i) For all extensions L/K in L(P) the G-module Ay, /k is free.

(ii) For all extensions N/Q in in the finite set Ul_ F(p;) the G-module Ay is free.

Proof. Obviously (i) implies (ii). For the other implication fix an extensions L/K in L(P).
By Lemma 9.4 we have to show that the element a; /i projects to zero in C1(G). By Theorem
7.5 together with Proposition 8.1(i) we have

Ox = Y, iy, (OL./K,)
veWr k
It is therefore enough to show that each of the terms a /i, projects to zero in Cl(Z[G)).
By our assumptions K, = Q, for a prime p € P and G(L,/Qp) is a p-group of order at
most p3. If |G(L,/Qp)| < p* then L, /Q, is abelian and ar,/q, = 0 by the relevant case of
Theorem 8.1. If |G, /g,| = p* then by the definition of £(P) the local extension Ly /Q, is
the localisation of one of the extensions N/Q in F(p), so that we have ay,g = ar, /g, The
claim now follows from Lemma 9.4.
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In the rest of this section we give the postponed proof of Proposition 9.5.
As a first step we recall that there are two isomorphism classes of non-abelian groups of
order p3, with respective presentations
a,bla?” =1=10bP,b"lab = a!*P),

{(a,b,c| aP = b = P =1,ab = bac,ac = ca,bc = cb),

the first having exponent p? and the second exponent p (see, for example, [24, §4.4]). In both
cases the centre Z(G) of the group G has order p (being generated by a? and c respectively)
and the quotient group G/Z (@) is isomorphic to Z/pZ x Z/pZ.

Any weakly ramified non-abelian Galois extension L of Q,, of degree p? must thus contain
a subfield E that is Galois over Q, and such that both G(L/FE) is central in G(L/Q),) and
G(E/Qy) is isomorphic to Z/p x Z/p. Since Q) /(Q;)? has order p* local class field theory
implies £ is the compositum of the unique subextension E1 of Q,((,2) of degree p over Q,
and of the unique unramified extension Ey of Q, of degree p (and hence is weakly ramified,
as required). In the sequel we set G := G(L/Qy),H := G(L/E),T' := G(E/Q,) and A :=
G(E/Ey).

If L/E is a weakly ramified degree p extension such that L/Q, is Galois, then L/Q, is
weakly ramified. Indeed, Goe N H = Hy = 1 and hence Gy ~ GoH/H. By Herbrand’s theorem
we obtain GoH/H = (G/H)2, which is trivial since £/Q), is weakly ramified. The required
fields therefore correspond to weakly ramified degree p extensions L of E which are Galois
over Q.

For each subfield F' of E we write pr for the maximal ideal of the valuation ring O of F,
U 1(«“1) for each natural number i for the group 1+ p% of i-th principal units of F' and p/ for the
maximal finite subgroup of F* of order prime to p. If L/F is abelian we also write recy,/ for
the reciprocity map F™* — G /p.

If L/E is unramified, then the ramification degree of L/Q,, is p so that L contains both E;
and the unramified extension of @, of degree p? and so L is abelian over Qp.

On the other hand, if L/E is ramified, then the inertia subgroup Gg has order p?. In
addition, since L/Q, is assumed to be weakly ramified, the group Gy = G identifies with
G1/G9 and so is isomorphic to a subgroup of U(lpp / Uép and therefore has exponent dividing p.
It follows that Gy is not cyclic and hence that L/Q, is not abelian. We have therefore shown
that L/Q, is abelian if and only if L/FE is unramified.

In summary, there is thus a field diagram of the following sort.

L
totally weakly ramified | p
E
unramified totally weakly ramified
p p
E 1 E2

p p
totally weakly rami& Aamiﬁed

Qp
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By an easy exercise one checks that L/E is weakly ramified if and only if the upper ramifi-
cation subgroup H 2 vanishes. By local class field theory, the desired extensions L are therefore
in bijective correspondence with subgroups N of E* that are I'-stable (as L/Q, is Galois),
contain Ug) (by [30, Cor. 3 p. 228]), contain E*P (as E*/N has exponent p) and contain
Ir(E*) (as T' acts trivial on EX/N ~ Z(G)), where It denotes the augmentation ideal of
Z[T].

We note next that there are isomorphisms of abelian groups

84 U U = ((pe/pE) a)rya = (P /9D ) rya = (Z/0E)r s = Z/VZ

where the first map is induced by the natural isomorphism U g)/ Ug) >~ pp/p%. The second
isomorphism is induced by the field-theoretic trace Trg, g, . Indeed, since E/E; is unramified,
the induced map (pE/pQE)A = pEl/pQE‘l is surjective with kernel Irlfl(A,pE/pQE), which is
trivial since p%; is Z,[A]-free for each non-negative integer 7. The third is induced by the fact
that pg, /]J%1 = OF, /pE, has order p (since E;/Q), is totally ramified).

To be explicit we fix a uniformizing parameter 7 of £ and recall that E* = (m) x p/p xU ](31 ),
Any ~ € T can be written in the form v = ~179, with v; € G(E/E1),v2 € G(E/E3). The
wild inertia group I'y is equal to G(E/E3) and hence we obtain 77! = 77271 ¢ Ut(?ll) - US).
In addition, by (34) and the fact that Trg /B, acts as multiplication by p on pg,, we see that
77~1 has trivial image in (US)/Ug))p.

We set

T:= (B, U2 I(E¥) = (), U2, n(Ul))
and note that the map
BX = (m)/ (") x (U /U )r, 7%y = (= mod (n7),yUfP  mod In(U /UL)),

where a € Z, € € p/p and y € US), induces an isomorphism of the quotient group @ := E* /T
with the direct product (m)/(7P) x (Ug)/Ug))p ~ 7./pZ X 7] pZL.

In particular, if we fix an element u of U ](; ) that generates (US) / Ug))p, then the order p
subgroups of ) correspond to the subgroups generated by the classes of the elements u and
m-ul fori e {0,1,2,...,p—1}.

In addition, since L/F is ramified if and only if N does not contain u, the quotients that
we require correspond to the subgroups Q; := (7 -u* mod T) for i € {0,1,2,...,p—1}. The
corresponding subgroups N; of EX are given by N; := (7u’,T) and we write L; for the fields
that correspond to NN; via local class field theory.

If i # 0, then @Q; does not contain the class of 7 so G(L;/FE) is generated by recy, /p(7) =
recr, /g, (Ng/g, (7)) = recy, /g, (7)P and hence G(L;/E1) is cyclic of order p? (and so G(L;/Q))
has exponent p?).

Finally we claim that G(Lo/Q),) has exponent p. To prove this it is enough, in view of
the possible presentations (33), to show G(Lo/Q,) contains two non-cyclic subgroups of order
p?. Hence, since its inertia subgroup G(Lo/FEs) is one such subgroup (as Lo/Q, is weakly
ramified), it is enough to prove G(Lo/E1) also has exponent p.

To do this we note G(Lo/E) is generated by recr,/p(u) = recr, /g, (Ng/g, (u)) and so it
suffices to show N/, (u) is not contained in the subgroup Ny /g, (Lg ) of Ef*. But the above
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argument shows that the class of Ng,p, (u) generates U Sl) /U ](321) whilst one has

Nioye (LE) = Nayg, (1), 1, UD, In(UG)))
2 2
= (1), iy, U Iy s (UD)) € (), i, , UL

and so Np. /g, (L) cannot contain an element of U 1%11) that projects to a generator of U gl ) JU ](521)

This completes the proof of Proposition 9.5.

9.2.3. Following Lemma 8.5 and Remark 8.6, the weakly ramified Galois extensions L/Q of
smallest degree for which the projection of ¢y, /g to CI(G(L/Q)) might not vanish are non-
abelian and of degree ¢?p for an odd prime p and an odd prime ¢ that divides p — 1. This
motivates us to investigate such extensions numerically (in §10.2) and the next result lays the
groundwork for such investigations by determining a family of local extensions that satisfies
the required conditions.

Proposition 9.8. Let ¢ and p be odd primes with ¢ dividing p — 1 . Then there exist exactly
¢ (non-isomorphic) weakly ramified non-abelian Galois extensions L of Q, of degree £*p with
G(E/Qp) 2 Z/IZ x 7.)IZ, where E := L® and C is the Sylow-p-subgroup of G(L/Q,).

Proof. Let L/Q, be an extension with the stated conditions and set G := G(L/Q)). Then G
has exactly one Sylow-p-subgroup which we label C. We set E := LY and note that E/ Qp is
abelian and that G(E/Q)) ~ Z/{Z x Z/lZ.

As £ divides p—1 the (-th roots of unity are contained in Q, and Q. /(Q; Vo~ ZIT X TV,
so that E is the maximal abelian extension of Q, of exponent ¢. Explicitly, E = E;Ey where
E is the unramified extension of degree ¢ and E3 := Q,({/p). By local class field theory L
corresponds to a subgroup X of E* such that X is stable under the action of I' := G/C,
|[E*/X| =p and U](Ez) C X (by [30, Cor. 3 p. 228]).

Let H be a subgroup of I' such that |H| = ¢. Since H is cyclic the extension L/EH is
abelian if and only if H acts trivially on E*/X. As a consequence A := G(E/E;) acts non
trivially on E* /X since otherwise G(L/E) = Go(L/Q,) would be abelian and by [30, Cor. 2,
p. 70] this contradicts Go(L/Ey) = 1.

Since p 1 |I'| the Fy[I']-module E* /X decomposes as E* /X = P, es(E™ /X) where ¢ runs
over the Fp-valued abelian characters of I" and e, denotes the usual idempotent in F,[I']. In
addition, since |E* /X| = p, exactly one of the components, for ¢ = ¢q say, is non-trivial.

Since Hy := ker(¢g) acts trivially on e4,(E*/X) we deduce that Hy # A. In addition, for
any subgroup H of T one has Ty (E*/X) = (E*/X)H and so, since (E*/X)I' C (EX/X)? =
0, we deduce Hy # I

We claim that X contains (u, /ps Ug), IHO(UgEl)». To see this note pfy C X as ()P =
p. Since TA(E*/X) = 0 we obtain Ta(/p) = Ng,/q,(/p) =p = (¢/P)' € X. As L #p it
follows that /p € X. Finally, as L/E™° is abelian, X must contain Ij;,(E*), and hence also
Iy, (Ug)), as required.

We will show below that for any subgroup H of I with |H| = ¢ and H # A the subgroup

X(H) = (W, b, Uy In(Ug))
is both stable under I" and satisfies |E* /X (H)| = p.
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This will show, in particular, that X = X (Hp). Conversely, since each subgroup X (H)
corresponds by local class field theory (and [30, p. 70, Cor. 2]) to a weakly ramified extension
L/Q, as in the proposition, we will also have proved that the extensions L in the proposition
correspond uniquely to the subgroups H of I' with |[H| = ¢ and H # A.

It thus remains to show that for each subgroup H as above the subgroup X (H) is stable
under I' and such that |[E* /X (H)| = p.

Since v(/p) = ¢/p (mod ) for all v € T' it is immediate that X (H) is I'-stable. The
extension £/E! is unramified and therefore

(U JUY =~ U [UD )1 ~ (pe/s%) 1 = ppu [P%n ~ L/,

where the first isomorphism holds since each Ugl) is H-cohomologically trivial, the sec-
ond is canonical and the third is induced by the trace map try pu. On the other hand,

(Ug)/Ug))H = Ug)/IH(UJ(;))Ug) and so the decomposition E* = (¢/p) x pp X Ug) implies
that the quotient E* /X (H) ~ Ug)/IH(US))US) is isomorphic to Z/pZ, as required. O

Remark 9.9. Assume the situation of Proposition 9.8. Then the extension E/Q), has ¢ subex-
tensions F, ..., Fy (corresponding to the subgroups H of I" with |H| = ¢ and H # A) that
are ramified over Q,. For each such Fj there exists precisely one extension L/Q, that satisfies
the assumptions of Proposition 9.8 and is also such that L/F; is abelian.

10. NUMERICAL EXAMPLES

In this section we investigate numerically, and thereby prove, Vinatier’s conjecture for two
infinite families of non-abelian weakly ramified Galois extensions of Q.

At the same time we shall also explicitly compute both sides of the equality in Conjecture
7.2 for all weakly ramified non-abelian Galois extensions of Q3 of degree 27 and exponent 3,
thereby verifying this conjecture, and hence also Breuning’s local epsilon constant conjecture,
in this case.

10.1. Extensions of degree 27.

10.1.1. We first compute explicitly a set F(3) as in Definition 9.6. To do this we have to find
3 weakly ramified Galois extensions L of Q of degree 27 with a unique 3-adic place w and
such that L,,/Q, runs over all extensions as in Proposition 9.5.

In the following p denotes 3. We shall also only consider Galois extensions F'/Q that have
a unique place w above p and so we write F}, in place of F,,.

We let Ey be the subextension of Q((,2) of degree p and E» an abelian extension of degree
p such that p is inert in Fs. We set E := E1Fs and let p denote the unique prime ideal of
Op above p. We write I' for the Galois group of E/Q.

Set Q2 :={a € ((’)E/p2)X | @ =1 (mod p)} and note that (Q2)r ~ (USP)/U%))F ~ 7/ pZy.
Let u € Op be such that the class of u generates (Q2)r and let # € Op be a uniformizing
element for p.

By algorithmic global class field theory we compute ray class groups cl(gp?) of conductor
qp? for small positive integers ¢ with (¢, p) = 1 and search for subgroups U < cl(gp?) of index
p which are invariant under I'" and such that the corresponding extension L/E is ramified at
p. Each such U corresponds to a Galois extension L/Q whose completion at p is one of the
extensions of Proposition 9.5. As shown in the proof of Proposition 9.5 the local extensions
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L,/Q, are in one-to-one correspondence with the elements mub for b € {0,1,2,...,p — 1}.
More precisely, there is exactly one b such that recr /g, (mu?) = 1. Thus we have to find
extensions L/Q such that the resulting integers b range from 0 to p — 1. In order to compute
recr,/q, (mu®) we compute £ € Op such that £ = 7 (mod ¢) and ¢ = =" (mod p?). Then
class field theory shows that recy, g, (mu®) = recy, /0(£OE) which can be computed globally.

This approach is implemented in MAGMA. For F, we used the cubic subextension of
Q(¢19) and found a set of 3 global extensions L/Q by taking ¢ € {4,5,...,30}. The minimal
polynomials of the extensions are recorded in the file WeaklyRamifiedFields.data which can
be downloaded from the first author’s homepage.

10.1.2. Using results of [6] one can explicitly compute CI(G) as an abstract group for each
finite group G. In particular, for the two non-abelian groups of order 27 one finds in this way
that CI(G) is cyclic of order 9.

For each of the extensions L/Q computed in the last section we can use the algorithm
described in [7, § 5] to compute the logarithm of [Ay, q] in CI(G) with G := G(L/Q). Since
G is of odd order, Ay, g is a free G-module if and only if [A; ] is trivial.

In a little more detail, we first compute a normal basis element § € O, and the G-module
Ay € Q[G] such that Agf = Ar,g- Then Ay ~ Ap g and the element [Ay,id,Z[G]] €
Ko(Z|G],Q[G]) projects to the class of Ay /g in CI(G). The algorithm in [7] now solves the
discrete logarithm problem for [Agy,id, Z,[G]] in Ko(Z¢[G],Q¢[G]) for each of the primes £
dividing the generalized index [Ap : Z]|G]] and then uses the recipe described in [7, § 5] to
compute the logarithm of [A}, ] in CI(G).

However, for an arbitrary choice of 6 the algorithm will in general fail because of efficiency
problems since this set of primes £ is often too large and contains primes ¢ which are much too
big. We therefore first compute a maximal order M in Q[G] containing Z[G] and an element
0 € Q[G] such that MAy = M4. This is achieved by the method described in Step (1) to (5)
of Algorithm 3.1 in [8]. We then set ¢’ := §(f) and start over again by computing Ay such
that Ag - 0" = A /g. Then one has M -0 = MAg -0 = MAL ;g = MAy - 0.

Localizing at prime divisors £ of G' we obtain Z[G] - 0" = Ay () - 0 and hence Z[G] =
Ay (¢)- Tt follows that we only need to solve the discrete logarithm problem for [Ag ¢, id, Z[G]]
in Ko(Z¢[G], Q¢]|G]) for primes ¢ dividing |G]|.

The computations show that for each of the 3 extensions computed in the previous section
the G-module Ay q is free. As a consequence of these computations and Theorem 9.7 we
obtain the following result.

Theorem 10.1. For all extensions in L(3) the G-module Ay is free. In particular, Vinatier’s
conjecture holds for all non-abelian extensions L/Q of degree 27.

10.1.3. We now show how to compute a, /g for the extension L/Q in F(3) of exponent 3. By
Theorems 7.5 and 8.1 we have ar o = a /g, and both ay_ /g, and the right hand side of the
equality in Conjecture 7.2 can be computed by adapting the methods of [4]. In the following
we indicate where special care has to be taken to improve the performance of the general
implementation used to obtain the results of [4]

For the computation of [Aj, Qs KL, H 1] we choose a normal basis element 6 and write

[AL/Qa KL, HL] = [Z[G] : ‘97 KL, HL] + [pAL/Qa ld’ Z[G] : 9] + 6G(NrdQ[G](p))
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For computational reasons we proceed as in §10.1.2 and choose 6 such that M -0 = MA; q.
The second and the third term are straightforward to compute and the first term is given by
norm resolvents (see, for example, [4, (13)]).

For the computation of d¢ ,(jp((12,« — 1)(7’2}7 /@p)) we first digress to describe the character

theory of non-abelian groups of order p>.

The centre Z = Z(G) of any such group G is equal to the commutator subgroup of G and
the quotient G/Z is isomorphic to Z/pZ x Z/pZ so that G has p? linear characters of order
dividing p.

It is also easy to see that G has normal subgroups A that are isomorphic to Z/pZ x Z/pZ
and contain Z. We fix such a subgroup A and for each non-trivial character A of Z we choose
a character ¢ € A which restricts to give A on Z. Then it can be shown that ind§ (¥) depends
only on X\ and does not depend on the choice of 4. In addition, it is an irreducible character
of G of degree p. Since (p — 1)p? + p? = p® we have found all irreducible characters of G.

In particular, for p = 3 the characters of G comprise the trivial character, 8 linear characters
of order 3 and two characters of degree 3.

Returning now to the computation of local Galois Gauss sums we essentially proceed as
described in [3, § 2.5] but for reasons of efficiency must take care in the 'Brauer induction
step’ of loc. cit.

The computation of 7(Q,, x) for abelian characters is clear. Let now y = ind§(¢)) be one
of the characters of degree p. We set M := L4 and N := L*¥*(¥) and use

7(Qp, x) = 7(Qp, indG (¥ — 14))7(Qp, indG (1)) = 7(My, ¥ — 14)7(Qyp, indG (1))
= T(Mpaw) H T(va (P)-

cpE@
pla=1la

The problematic part is the computation of 7(M,, ). To explain why we write f(¢) for
the conductor of 1) and choose ¢ € M), such that f(¢)Dy, /9, = cOn,. Then

T(Mp,p) = > 1) (veey, jar, (2/¢)) Yaaa (z/c)

where 1,4q denotes the standard additive character and = runs over a set of representatives
of (’)ﬁp modulo U ](\2 From an algorithmic point of view it is now important to choose the
subgroup A such that L4/Q is totally ramified (e.g. we may take A = G(L/E;)) because
then (’)]T/[p JU ](\/2[2) has order 6 as compared to order 702 if M/Q were the unique unramified

subextension of L/Q.
From the explicit description of the unramified characteristic in (8) it is now easy to compute

7 (Qp, x) = 7(Qp, X)y(Qp, x) ! for all y € G and based on this it is straightforward by the
methods of [7] to compute the term 5G7p(jp((zp2,*(Tip/Qp)))).

Our computations show that for the extension L/Q in F(3) of exponent 3 we have
(35) OULp/Qp = ~CLy/Qp 7 CLy/Qy

with the twisted unramified characteristic defined in (23). Combining this with Theorems 7.5
and 8.1 we obtain the following result.
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Proposition 10.2. If L/K belongs to L(3) and is such that Gy, is of order 27 and exponent
3 for each wildly ramified place w of L, then ar,/x = —cp /i where cp ) is as defined in (29).

Remark 10.3. The equality ar g = —c,/x in Proposition 10.2 combines with the results of
Theorems 5.1(iv) and 10.1 to imply that the image of ¢z in CI(G) vanishes. Under the
stated conditions, this fact also follows directly from Lemma 8.5.

Remark 10.4. Proposition 10.2 combines with Corollary 8.3 to give a rather striking fact: for
every extension of number fields L/ K for which we have been able to compute ar,/x explicitly
one has ar/x € {CL/K, —cL/K}. In this context, the observation in Remark 8.7 is perhaps also
of relevance.

Remark 10.5. By adapting the methods implemented for [4] one can also compute the right
hand side of the equality in Conjecture 7.2 for the extension L/Q in F(3) of exponent 3.
These computations show that

ng/Qp - szLp/Qp + CLP/QP - MLP/QP = _CLP/QP’
and thus prove Conjecture 7.2, and hence also Breuning’s conjecture, for these extensions.
Combining this fact with [10, Th. 4.1] and [2, Cor. 7.6] we see that the central conjecture of
[2] is valid for all L/K in £(3) for which G, has order 27 and exponent 3 for each wildly
ramified place w of L.

10.2. Extensions of degree 63.

10.2.1. Let £ and p be odd primes with ¢ dividing p — 1. We now sketch how to compute a set
of Galois extensions L/Q of degree /?p such that L/Q is at most tamely ramified outside p
and the extensions L,,/Q), cover the set of local extensions of Proposition 9.8 (where as usual
w denotes the unique place of L above p).

We use a simple heuristic approach which is motivated by the proof of Proposition 9.8 and
which works well for £ =3 and p = 7.

We fix a cyclic extension E1/Q of degree ¢ such that p is inert and ¢ is unramified. By
local class field theory we know that there are up to isomorphism exactly ¢ totally ramified
cyclic extensions N/Q), of degree £. We compute a set F of cyclic extensions F//Q of degree ¢
such that ¢ is unramified and such that the completions Fy,/Q,, range over the set of totally
ramified cyclic extensions N/Q, of degree ¢.

For each field Fy € F we set E := E1Fs and let p denote the unique prime ideal of Op
above p. We then compute ray class groups cl(gp?) of conductor gp? for small positive integers
q with (g,#p) = 1 and search for subgroups U of cl(gp?) of index p that are invariant under
G(F/Q) and such that the corresponding extension is both wildly and weakly ramified above
p. A quick search using MAGMA produces these extensions. We also record the minimal
polynomials in the file WeaklyRamifiedFields.data which can be downloaded from the first
author’s homepage.

10.2.2. We now fix ¢ := 3 and p := 7 and apply class group methods to verify Vinatier’s
conjecture for the three extensions L/Q described in the previous section. The principal
approach is exactly the same as described in §10.1.2.

For the locally free class group of a non-abelian group G of order 63 such that G/C ~
Z]3Z x 7/3Z (where C denotes the Sylow-7-subgroup) one finds that Cl(G) is isomorphic to
7)37 X 1|37 x 7.]127.
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Our computations show that for each of the three extensions L computed in the previous
subsection Vinatier’s conjecture is valid. Taken in conjunction with Theorem 7.5 and Lemma
9.4 this fact implies the following result.

Theorem 10.6. Let L/K be a weakly ramified odd degree Galois extension of number fields
for which at each wildly ramified place v of K one has K, = Q7, |Gy| = 63 and G, /Cy
is isomorphic to 7/37 x Z/3Z, where w denote a fized place of L above v and C., is the
Sylow-T-subgroup of G. Then Ar, i is a free G(L/K)-module.

Remark 10.7. One can also use numerical methods to show that for each of the extensions
L/K considered in Theorem 10.6 the projection of ¢ /i to Cl(G) vanishes. Such computations
are again consistent with there being a close link between ar /g and ¢, /x.
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