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valued fields

Del : A value on a field K is a lauction

11 : k -+ R

St . ....

: 11-11 #D they induce thesame
topology on K

Theorem : TFAE :
-

a) 1b-112

b) (121 = 12 21
a) (11 => (xh11

d) JseRo s
.
t . Ih = k

Approximation therem (WAT)
Let 11

,
--- , In be pairwise inequivalent

values on K
.

Let an -

-.. an K .
Let EX0.

Then the exists =K such that

Ix-ail: E.

I: Claim : Jzek with 121
,
>1 and

(zlj < 1 , j = 2, ..., n



Prof by induction :

n = 2 : 1 1 + 11 =Jxek : (131 , 191=1

JBEK : (B1241 , /B171
Then : Take z := B/x

.

n - 1 - n : Let zek with

1zh1 , 1z1j < 1 , j = 2, ..., n - 1
Care 1 : IzIn 1

Let yek with 1y11
, bylu = 1

Then zwy with m20 does the

job .

Case2 : 1zln > 1

t= 1 wort
. I and

1 In because

m->*
(zh 1 . 1z/n > 1

tr -> & wrt
. I /j · j = , ...,

n

because Iz1j = 1.
Now take tmy with m >30.

So the claim is preced .



Now look at

ma
1 ort

. Ih

-Im
-O Wit

. Ilj
j = 2....,n

So for lixed it [1...., my we can

contract zi with

Izilj small , jti ,
1z : -1 : small

Claim : X = Anze+...+ anzu satisfies
WAT.

Pf (x-aili = laizi-1) lajzjli
=> lail : (zi-1 : + EKli--

small small

2E *

Relation with CRT Let K =Q
.

Let pr , --- An be pairwise distinct primes.
Let 11 : = /p ,

:
.
e.



kli = (vi
Let an--- ,

an E .
Then

k-ailie (pik-ail es
Choose m big enough such tat

((m = a
,
i = 1
..., n

solve by CRT
X = ai (mod) ,

i = 1
....,

n
.

Then x satisfies the WAT.

R: 11 is called non-archimedean or

finite
,
if In) is bounded forne IN.

&owise 11 is called archimedean.

Therem : 11 is finite < (x+y = max (K , (1) 1

Ex
,yek .

Pf:
" (n) = (1 + ... + 1) = (1) = 1

-"Let InIEN , FEIN .

k +y | = Zoll klinv



=> N(n+1) 1/2 ,
if x

, yek and

|x | = (y |
=> k+y) = N

*

(n+1) (x) To show :
(+y= (x)

n-x
-> k /

#

Theorem : Each value of Q is equivalent to
1 Ip or 110

Proof of the nan-archimodean case : Let

Illl be a finite value an Q . Then

Klull = 111+... +1 = M = 1
.

FEIN
SinceI-111 = 111 = 1 we have

Ilml = 1 ,
V mez .

Let p be a prime with Apl = 1 . (p
existssince athowise 111 would be trivial).
Look at an : = Lack (Kall1]

E
by te strang
A-inequality.

We have pe =M El = pE = M.

1kos



Let ac
,
a = bph , ptb .

Then 60 = 11 = 1

=> Hall = 1ppm = lats with

Il
S := -by

p-Vpla)s
-m

#

For the archimedean care lok at [New , Th .
3

.2)
#

For a finite value 11 an K we deline a

valuation by
v() = = - bg() ,

fx k
+

v(8) :=

Then : vk) =0(x = 0

v(y) = v(x) + v(y)
vk +y) = min (vk) , v(+)

~1 YseRo : v = Si

Theorem : 0 = [xk(r( = 0 = k

= (xck((x) = 13
is an integral domain with unique maximal



ideal

m = ( x ck)v(x) - a)
= (x k)(x) = +)

Pf : & is beal because :

o = (x k(vk) = ob
= ( +k((x) = 14

& 0 = 1 is an ideal. #

Remarks 1) Equivalent values (valuations) lead
the thesame valuation rings.

2) For xek" we have :

Eithi xeO or x" &.

Definition : A valuation v an K is called

discrete
,
if v has a minimal positive values .

Then :

v(k= ) = sk
Fo

Pf : Let reK with vi = s . Then

v/r") = ur() = us

Let akt. Let v(a) = st



To show : teE.

v (ia) = vlih) + v (x) = s(t+n) .

If Ike
,
then the exists net s . t.

Dettne 1
. 4 #

Def : v is called normalized
,
it s = 1.

Each NEK with vi = 1 is called on

prime element or uniformizing element.

Lemma : Let v be a discrete nemalized valuation
m K

. LetEK with v(r) = 1. The

each xeK" can be uniquely written in the
form

X = ur" withu
,
m = v(x)

A

.
Pf : If rk = m

,
then

=
#

Example : 1) K = Q ,
11 = llp , p prime

v =up , = p



& = [5Q(a ,
be

,
(a ,
b) = 1

, ptb)

8= [51(a , b) = r , ptab)

in = Ct1 (a
, b) = 1, pla , ptb)

2) K mumher field , gO prime ideal

11 = /ly ,
v =

vy defined by

ak vg(x) = Vy(0)
Choose WO ruch yl=Or with
off te. Then it is a prime element.

& = [51a , be Or ,
beOnyl

O = [abeo ,
abe Dingly

m = [51azy , beOugl
Therem : It v is a disciete valuation on K,
Men

0 = (x ck)v(x) = 2)



is a PID . If v is normalised
,
then the

set of ideals of K is given by

(y ( n0 = 2 xek/vx) = nz ,
n = a

Puf

y
= ro .

Then

Eymin My.
Pf : As with Ep

.

5/yn
- O/y

arty* t>a +

y
.

Let k be a mumbi field. For of we have

value vy .
For g :K K a real

embedding we have

lalg : = Iglaslie
For 5 :K a complex embredding



we have lab : = I soll.
clearly, = defines the name value.

& These are all valueson K

up to equivalence.

Proposition : For xe K * one has

Ty laly Eplak
= 1

.

*


