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KIQ numbr field

1 +g On mus Ily
ack Caly = Ngjugk)
These are non-archimedean

For g :< me lag : = Ig()/
5 :K m lals : = (sa)

archimedea values

Relation : Ty kaly The plat = 1
.

Compilations

Let (K , 11) be a valued field.

completier(Q
, 1(p) s (Q , /(p)

(Q . (10) m IR
. (10)

Exampler
:D1)

2) K numbo field ,
11- Ily



mus (Ky . Ilg (

Ky is valued field
, complete and we

have the strong A-inequality.

Let (K , 11) be non-archemden .

Let

be the completion. Let v the valuation

associated with 11
. Deline

1a) := lim lan) ,
where

n-X

a = Jahein mod 11

S
Since /laul-lam) = Caterie rending to

Klauknew is a Couchy series (nzm-
in R

,
hence converges. O

Deline (a) : = -leg(a)
= - log lina
= hims (bglan)) = hi vlan

a = Janine mod 11.



Remak: We have

v(an) = v(an - a + x)
-

-

= mind(an-a) , la)] = () ·
-

for n 0.

Corallery : v (K* ) = I E ). In particular,
if v is discrete

,
then also i is discrete

Theorem : Let v be a discrete valuation on K .

a

normalized

Let I be the complation andthe extensiono
to K

.
Let

0 : = (xck/vk = a =
y

- (xk)(x) = 1)

8 . = (x (ük) = a = y
= ( xc /(x) = 1}

↑han :

Ö,



Beweis : Similar as fer OpIQ
UI UI

p (p)

*

Theorem : Let i = O be a set of representatives
-

of My ,
&ER

,
ht it be a prime element.

Them each xE ** has a unique representation
as a convigent series

x
=m(a +ai + ... ) ,

aiER

do &

m = v(x).

Prof: Let x = Nu
,
u. Since

/ = Oly
the exists a ER with

u = an (modi) = u = a + +by ,
b

Suppose that we found aa--- ,
an-ER

such Mat

e = actat ... + an-entr+ bu
,

In



Write bu = an+ but ,
an ER

=>
m

= 20 +
- - -

+ an + m+ bu+

Example: k = Q
,

v = Vp

R =20 ,
1

. ---

, p- 16 is a set of
reposentatives of

a = /p

Example : K nunhi field
, y Ou ,

Y =

Ky
Them we can identity ky with foral infinite
series

-

2 St , vglt = 1

-= m

NEK
mE

ape R

R is a set of

sepresentative of

Erg : so IRIX,

Explicit example : k = Qi)

g
= (2+ i) = 25

,
2+i



K a Only =52I

& = 25 R = 20 . . .
-

, 4}
Do the -adic expansion ofx = 11 :

11 = 1 (modit) T = 2 + i

=> 11 = 1 + m - 2(2- i)

2(2-i) = 3 (modit)

= n = 1 + m(3 + +( - i)
=>
1 + 34+ (-i)

- i = - i + (2 + i) = 2 (mod it

-> 11 = 1 + 35 + 2 + 0()

Menuls Lemma

Let K be a field which is complete with

respect to a non-archimedean value. Let

O be the valuation ring andy the maximal ideal.

Let b : = O/y



Del : & OEX] is called primitive ,
if

↓ & (mody)
De : (f) : = max (laoh--- , land) , where

f(x) = anx" +
-..

+ anX + 901ai k

Clearly : f=OK] prim .
( If) = 1.

Herrl Lena : Let feOEX] be primitive
If & mod

g has a decomposition

f(x) = g(x)[(x) (modig)
with coprime g ,

n RExT ,
Men

f(x) = g(x)h(x)
with giheOIX] ,

such tat

deg(g) = deg(g)
g(x) = g(x) (mody)
h(x) = [(x)(mody)

Corollery : Let teOEX] is primitive and

suppare (F , 5) = 1
. Let aOy such that

-

↓ (a) = 0
. Then there exists &0 with



f(x) = &
,
a = a (mody)· *

Example :

Mp-
- *
p

Pf : Xp-v - 1 EEX] is primitive

Xp-v- 1 E FEX] decompares in
linear factors : each he #p is a zera

of xp
-1

-1 FpEXY
We can lift by the crollery to

Memels Lenna .

Corollery : Let k be complete wit . The non-

archimedean value 11 . Let

+ (x) = anX" +
--- + agE KEX] , and &

be irreducible .

Then : (f) = max(lan)
, 190)

In particular ,
if fekEx] is normalized with

a 8 ,
then

feOFX]

Prof : whoy teOFX] with 18 = 1.

Let an , an .... ar ,
---

, an

& the first with value 1.



- f(x) = X(ar + ---
+ anx-) (mody)

If & < i < n
,
we would get a decomposition

off in OEX] by Menuls Lemma G #

SATZ : Let k be complete with rupect to 11 .
Let 1/k be a field extension with n : = [L : <]
Then 11 has a unique exterior to L given by

la)=(a)) ,
a = 2

In addition
,
L is complete with respect to 1.

Example : K
= athi

R lalk = (a))
-

Proof of SATZ : Only for nan-archimedean
values

·

? & vitegal closure o O in

k 28

claim . O = (aeL/ Nunk)co] (*)



Pf : =
" Let f(x) = x +a

be the mipo of a

Im => Nukk) = am=: Kla]

↓ => la/ = 1. lao = 1
=> feof

Proof of A-inequality : We have to sow

(x + Bl = max (1xk
. (BK) = Iph

wo lak = lik A
L

+11
15 = 1 => INull = 1

= Nuk() = O

# O

=> f +1 0

Nuk( +1) O



=>+1) = 1

U

1 +1

Remark : 0 = integral clasure
= valuation ring in L wit /k.


