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Exercises for Stochastic Processes

Tutorial exercises:

T1. (a) Show that 7 is a stopping time if and only if V¢ > 0: {7 < t} € F:.

(b) Let (7)nen be a sequence of stopping times. Show that sup,, 7,,, inf,, 7,, limsup,, 7,,
liminf, 7,, and, if existent, lim,, 7,, are stopping times.

T2. Let 7,(7,)nen be stopping times w.r.t. the right-continuous filtration (§,;) associated to
Brownian motion.

(a) Show that
o ={A|Vt>0: An{r <t} €5}

is a o-algebra.
(b) Show that, if 7y < 75, then §,, C Fr,-
(c) Show that, if 7,, | 7, then §, =), Tr.-

T3. Determine the distribution of

(a) 7 :=inf{t > 1| B, =0} and
(b) o :=sup{t < 1| B; =0},

for a Brownian motion B starting in the origin.
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Homework exercises:

H1. Show that, if B is a Brownian motion and 7 a finite stopping time (w.r.t. the corresponding
right-continuous filtration (§;)), then Y; := B,,; — B, defines a Brownian motion, which
is independent of §,.

H2. The “tail o-algebra” w.r.t. Brownian motion B;(w) = w(t) on C[0,00) is defined as

Ti=()o({B, | s> 1}).

t>0

(a) Show that, for any A € T, P*(A) € {0,1}.
(b) Show that P*(A) does not depend on z.

H3. Show that the (w-dependent) set of times at which a Brownian motion has local maxima
is a.s. dense in RT.

H4. (a) Let B be a Brownian motion starting in the origin, a > 0 and
T, =inf{t >0 | B, —t=a}.
Show that, for a,b > 0,
P(Tpqp < 00 | 7 < 00) = P(7, < 00).

(b) Conclude that sup,.,(B; —t) has an exponential distribution.
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