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ABSTRACT. We give examples where the specialization map between the
{-primary torsion subgroups of Chow groups is not injective for almost
every prime £.

1. INTRODUCTION

Let S = Spec(A) be an affine, regular, integral scheme of finite type
over Spec(Z) (or a localization of such a scheme) and let f : V — S be a
smooth, projective morphism with geometrically connected n-dimensional
fibers. Consider the diagram

Vs Vs 4 Vi Vi

[

5 2 s 2,90 n n
where g is the inclusion of the generic point n = Spec(K), i, is the inclusion
of a non-generic point s = Spec(F), and the maps v and € are the base
change morphisms to algebraic closures of ' and K.

If ¢ is a prime number, there is a specialization map on /-primary torsion
subgroups of Chow groups

og : CH"(Vy)[£] — CH"(V5)[£~],

for the construction of this map in case codimg s > 1, see [7, pg.12]. If £ is
prime to the characteristic of F, this map is known to be injective in codi-
mensions r = 1, 2, n; this is classical for divisors, and follows in the remaining
cases from work of Bloch, Roitman and Merkurjev-Suslin [7, Proposition].
In [7] Schoen has given examples where for ¢ prime to the characteristic of
[ the specialization map o% is not injective in the range 2 < r < n; in these
examples ¢ € {5,7,11,13,17}. Similar examples, for finitely many primes ¢,
have been obtained by Soulé-Voisin in [9]; in their examples the cycles are
external products of the Kollar cycles giving counterexamples to the integral
Hodge conjecture with the cycle of an /-torsion line bundle. We show

€

Theorem 1. For all 2 < r < n there are examples where the map
og : CH(Vy)[¢>] — CH" (V) [¢~]

is not injective for all but finitely many primes { prime to char(F).
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We remark that our examples cover the case of mixed characteristic (as
Schoen’s examples in [7]) as well as the case of equal characteristic 0.

2. PROOF OF THE THEOREM

Proof. The proof is similar to the proof given in [7], using our results from
[4]; to make this note self-contained, we give the complete argument.

If X is a smooth projective variety over an algebraically closed field of
characteristic prime to ¢, Bloch [1, 2.7] has constructed a map

Ny o CH'(X)[0] — HZ 7YX, Qu/Ze(2)).

For f : V — S as above, this map is compatible with the cospecialization
isomorphism ¢z in étale cohomology, i.e. we have a commutative square

CH (V)[0>] i, HZ (Vi Qo/Z4(2))

T ~ -1
UEJ{ —J(%

AT
CHY (V3)[6<] —= HE (Vs Qu/Z4(2))
Thus to give non-trivial cycles in ker oL one needs cycles in ker )\(/ﬁ. Such
cycles have been constructed using external products as follows: Let n =4
and r = 3. There are examples of smooth projective 3-folds W, defined over
an algebraically closed subfield ¥ C K (here 7 = Spec(K) and char(k) = 0),
such that CH*(W) ® Z/{ is infinite; this holds for the triple product of a
general elliptic curve and the primes ¢ € {5,7,11,13,17} [5, Theorem 0.1],
and for the generic abelian 3-fold and all but finitely many primes ¢ [4,
Theorem 1.2]. Given this, it follows that CH?*(W%) ®7 Qy/Z, has infinite
corank. If Y is an elliptic curve with j-invariant j(Y) ¢ k, let K = k(j(Y))
and Viz = Wg Xz Y. Because the external product map

CH? (W) ® (Qe/Ze)** 22 CH*(Wy) ® Pic(Yy)[(] = CH (V) [(>]

is injective [6, Proposition 0.2], it follows that CH?(V;)[¢>°] has infinite
corank and ker )\‘;’/ﬁ is non-trivial. Note that by rigidity [3, 3.9] we can replace

in the external product above CH?(Ws) by CH?(W;). For n > 4 one gets
analogous statements replacing Wr by Wy x IP’%’4 2, 3.3(b)].

The idea is now to take such a product cycle z x 7 € CH?*(Wy x Y5)[(>],
z € CH*(W5) and 7 € Pic(Y;)[(>°], and arrange that 2 specializes to a torsion
point. Then the divisibility of 7 will imply that z x 7 specializes to zero.

To achieve this, one needs the relative version of the above external prod-
uct considered by Schoen. Let ¢ be a prime and let ky be a field of character-
istic prime to £. Assume W is a geometrically connected, smooth projective
variety of dimension n — 1 over ky. Let Ag C ko be a regular integral do-
main of finite type over Z with quotient field ky. By localizing we may
assume that ¢ € Aj, and that W extends to a smooth, projective morphism
h:W — Sy = Spec(Ap). Let ky C K be a field extension of transcendence




SPECIALIZATION OF TORSION SUBGROUPS OF CHOW GROUPS 3

degree 1 and let Y be an elliptic curve whose j-invariant j(F) € K is tran-
scendental over ky. Assume Y has a torsion point (i of exact order ¢™. Let
A be a regular integral domain, flat and of finite type over Ay whose quotient
field is isomorphic to K. Localizing we may arrange that Y /K extends to
an abelian scheme ) — S = Spec(A) with identity section e. Write ( for
the ¢™-torsion section extending (x. The composition

[ V=WxgYV—=YV—=S5

defines a smooth projective morphism of relative dimension n with connected
fibers. If s € S is an arbitrary point and sq is the image of s in Sy, the fibers

V’? = WXSOyXSU = WXSOyn = kaoyn
‘/s = WXSoyXSS = WXSO ys = Wso X so ys
have product structures.

If X is a scheme over T', define Z};(X) as the subgroup of the free abelian
group of codimension p cycles on X whose components are flat over T’

Z3(X) = {Z n;2; € ZP(X) | each subscheme Z; is flat over T},

and let CHY (X)) be the image of Z7,(X) in CHP(X). Let ko be an algebraic
closure of ky. Schoen constructs the following commutative diagram

CH"'(Ws,) @ CH' (D)%) = CH" (Wi, X4, Vs)

z"W®i’yT Ti!v

CHy ' (W) ® CHR(Y) = CHp(W x5, )

j;véml lj*v
CH™™ (W) ® CH' (V) — CH" (W, x5, Yn)

where the horizontal maps are the external products from [2, 1.10 and 20.2]
and [6, 1.1] (the middle row requires flatness), the j* are flat pullbacks, and
the ' are intersections with a geometric closed fiber. The restriction of the
bottom product map to CH"(Ws,) @ CH'(V5)[(>] is injective [6, 0.2].

Let 7 = ¢ — e. Schoen gives the following criterion for a cycle to define
a non-trivial element in ker o% [7, Lemma 2]: Assume we are given a cycle
Ze CH;}l—l(W) with the following two properties

(i) jy (Z£) ® 1/0™ has exact order ¢™ in CH™™' (W) ® Qy/Zy, and

(i) 4y (2) € CH™ Y (Ws, )tors-

Then the cycle j;;, (2) % j3-(7) has exact order £™ in CH"(V5)[(>] and its
image o%(jii (Z) % j3 (7)) is trivial in CH" (Vz)[¢€>].

Here the first condition (i) implies that jj;,(Z) ® j;(7") has exact order

(™ in CH™™'(Wg,) ® CH'(5)[€>°], so that ji,(Z) x j3(7T) has exact order
™ because of the injectivity of the external product map quoted above.
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Furthermore, we have j5y,(2) x j5(7) = ji(Z x T) and by intersection
theory oZ(ji(Z x T)) = iy,(Z x T) [7, Lemma 1]. Since the top square in
the above diagram commutes, it suffices to show

ity (2) @iy (T) = 0 in CH™Y(Ws,) ® CH()%).

This follows from condition (ii), if i}y, (Z) is a torsion cycle, iy, (2) @iy (T) =
0 since CH*()%)[£*°] is a divisible group.

The results of [4] show that this criterion is fulfilled for all but finitely
many primes ¢ for the Ceresa cycle on the Jacobian of the generic curve of
genus 3 over C. Recall that if J(C') is the Jacobian of a smooth projective
complex curve of genus 3, the Ceresa cycle Z is defined as

Z = p(C) = [=1] % p(C),

where ¢y is a base point, p : C' — J(C'), ¢ — c—cy is the canonical embedding
and [—1], is the morphism on cycle groups induced by the involution on
J(C). The Ceresa cycle is homologically trivial and defines a class [Z] in the
Griffiths group Griff?(J(C)) which is independent of the choice of ¢y. By [4,
Theorem 1.1] the image of [Z] in CH}_ (J(C)) ® Z /¢ = Griff*(J(C)) ® Z/¢
is non-trivial for all but finitely many primes /.

Let kg be a finitely generated field such that Z and C are defined over
ko, and its image in CHp,,,(J(C)z,) ® Z/{ is non-zero for almost every (.
Set W = J(C)g, and choose Ay C ko as above such that C, J(C) and p
extend over Sy = Spec(4y). If Z € Z3 (W) is the extension of Z, then
Ji(Z2)®@1/0™ = Z®1/™ has exact order (™ in CH* (W, ) © Q¢/Zy, i.e. the
cycle Z satisfies condition (i).

Let C5, be the fiber of the relative curve extending C' over 5, and let
pso : Cs, — Wi, be the canonical embedding. Consider the cycle iy (Z) =
P50, (Cs,) — [—1]4ps0. (Cs,) € CH?(Ws,). Since Wy, is an abelian variety, [—1],
acts as the identity on H*(Wg,,Q(2)) and i}, (Z) is homologically trivial.
Since sy is a closed point, 5y is the spectrum of an algebraic closure of a
finite field, and by a theorem of Soulé [8, Théoreme 4] the Chow group of
homologically trivial 1-cycles on abelian varieties over such fields is a torsion
group. Hence i'(Z) € CH*(Ws, )iors, i-e. we have (ii) as well.

This proves the case n = 4 and r = 3. For n > 4 one obtains analogous
examples by replacing W by W x Pr—4, O

Remark 3. For the case of equal characteristic 0 we may specialize to the
Jacobian of a hyperelliptic curve and choose a Weierstrass point as a base
point. Since the involution —1 on the Jacobian of such a curve restricts to
the hyperinvolution on the curve, the image of the curve in the Jacobian,
as a cycle, is invariant under [—1],, and specialization of the Ceresa cycle
yields a trivial cycle.
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