Chapter 7
String Theory as a Conformal Field Theory

We give an exposition of the classical system of a bosonic string and its quantization.
In bosonic string theory as a classical field theory we have the flat semi-
Riemannian manifold

(RP,n) with n = diag(—1,1,...,1)
as background space and a world sheet in this space, that is a C”-parameterization
x:0—RP

of a surface W = x(Q) C RP, where Q C R? is an open or closed rectangle. This
corresponds to the idea of a one-dimensional object, the string, which moves in the
space RP and wipes out the two-dimensional surface W = x(Q). The classical fields
(that is the kinematic Variables of the theory) are the components x* : O — R of the
parameterization x = (x%,x!,... x?~1) : 0 — RP of the surface W = x(Q) C RP.

7.1 Classical Action Functionals and Equations
of Motion for Strings

In classical string theory the admissible parameterizations, that is the dynamic vari-
ables of the world sheet, are those for which a given action functional is stationary.
A natural action of the classical field theory uses the “area” of the world sheet. One
defines the so-called Nambu—Goto action:

SnG(x) := /\/—det dqdq",

with a constant k¥ € R (the “string tension”, cf. [GSW8&7]). Here,
g=x"n, (x*n)uv = nijauxi()vxja

is the metric on Q induced by x : Q — R? and the variation is taken only over those
parameterizations x, for which g is a Lorentz metric (at least in the interior of Q),
that is
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104 7 String Theory as a Conformal Field Theory

det(guv) <O.

Hence, (Q, g) is a two-dimensional Lorentz manifold, that is a two-dimensional
semi-Riemannian manifold with a Lorentz metric g.
From the action principle

d
A Sva(+ev)len = 0

with suitable boundary conditions, one derives the equations of motion. Since it is
quite difficult to make calculations with respect to the action Syg, one also uses a
different action, which leads to the same equations of motion. The Polyakov action

Sp(x, h) ::—g/Q\/—det I b gy dgP dg!

depends, in addition, on a (Lorentz) metric & on Q. A separate variation of Sp with
respect to / only leads to the former action Syg:

Lemma 7.1.

d
%Sp(x7h+€f)‘e=0 =0

holds precisely for those Lorenizian metrics h on Q which satisfy g = Ah, where
A1 Q — Ry is a smooth function. Substitution of h = % g into Sp yields the original
action Syg.

Proof. In order to show the first statement let (E’j ) be the matrix satisfying
2deth = hh;j,  h7 = (deth)™'h'.
Then 7% = Ky, h'! = hoo, and K0! = —hyo. Hence,

— ij

V—det(h+ef)(h+ef) = —(\/—det(h+ef)) " (h+ef)

for symmetric f = (fi;) with det(h+€f) <0, and it follows
Sp(x,h+ef) =5 /Q( “det(ht &))" (i +ef)gidq dq"
Since hi/ = —(—deth)'h and Z“ﬁfaﬁ = fob hop, we have

d
%SP(x7h+8f)

e=0

_ / fi h”f‘whﬁ 2:dq’dq’
2 —deth 2v/—deth Y

K fii 1
=~ L (g:—=h"Bg oh;:)dq®dq .
2 Jo V=deth <glj ) 8op 1/) q aq
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This implies that §Sp(x, k) = 0 for fixed x leads to the “equation of motion”
1 o B
8ij—§h gaﬂhij_o (7.1)
for h. Equivalently, the energy—momentum tensor
1 op
Tj = 8ij = 5h"" 8aphij (7.2)
has to vanish. The solution & of (7.1) is g = Ah with
L g

(A > 0 follows from detg < 0 and deth < 0).
Substitution of the solution & = % g of the equation 7 = 0 in the action Sp(x,h)
yields the original action Sy (x). O

Invariance of the Action. It is easy to show that the action Sp is invariant with
respect to

e Poincaré transformations,
e Reparameterizations of the world sheet, and
e Weyl rescalings: h — h' := Q?h.

Sng is invariant with respect to Poincaré transformations and reparameteriza-
tions only.

Because of the invariance with respect to reparameterizations, the action Sp can
be simplified by a suitable choice of parameterization. To achieve this, we need the
following theorem:

Theorem 7.2. Every two-dimensional Lorentz manifold (M, g) is conformally flat,
that is there are local parameterizations , such that for the induced metric g
one has

vig=0n =07 <_01 ?) (7.3)

with a smooth function Q. Coordinates for which the metric tensor is of this form
are called isothermal coordinates.

For a positive definite metric g (on a surface) the existence of isothermal coor-
dinates can be derived from the solution of the Beltrami equation (cf. [DFN84, p.
110]). In the Lorentzian case the existence of isothermal coordinates is much easier
to prove. Since the issue of existence of isothermal coordinates has been neglected in
the respective literature and since it seems to have no relation to the Beltrami equa-
tion, a proof shall be provided in the sequel. A proof can also be found in [Dic89].
Proof. ' Let x € M and let w : R? D U — M be a chart for M with x € y(U).
We denote the matrix representing y*g by guv € C*(U,R). If we choose a suitable
linear map A € GL(R?) and replace y with yoA : A~!(U) — M, we can assume that

I By A. Jochens
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-1 0
@ =n= (3" 7).
where & := y~!(x). We also have

det(guv) = 811822 *g%z <0

since g is a Lorentz metric. We define

a:= \/g%zfg“gzz GCOO(U,]R).

By our choice of the chart y we have g2;(€) = 1. The continuity of g, implies
that there is an open neighborhood V C U of & with g (&) > 0for &' € V.

Now, there are two positive integrating factors A, € C*(V’,R™) and two func-
tions F,G € C*(V’,R) on an open neighborhood V' C V of &, so that

+a

HF =AJem, OF = ;Lg;gz :

G = /g0, G = us2_2.
V82

The existence of F and A can be shown as follows: we apply to the function
f € C=(V,R) defined by

f(t,2) = (g12(x,1) +alx, 1))/ g2 (x,1)

a theorem of the theory of ordinary differential equations, which guarantees the
existence of a family of solutions depending differentiably on the initial conditions
(cf. [Die69, 10.8.1 and 10.8.2]). By this theorem, we get an open interval J C R
and open subsets Uy, U C R with € € Uy xJ CU xJ C V, as well as a map ¢ €
C=(J xJ xUy,U), so that for all ¢, s € J and x € Uy we have

%w,s,x) L 6(nsx)  and  6(n6x) = x. (7.4)

Using the uniqueness theorem for ordinary differential equations, it can be shown
that 03¢ is positive and that

o(t,t,x) €Uy = 0(s,7,0(7,2,%)) = ¢(s,7,x)
fort,s, T € J and x € Uy. Defining

A\ F (x,1)

F(x,t) := ¢(to,t,x) and Ax,t) =
gn(x,1)
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for (x,1) € Up x J and a fixed 1y € J we obtain functions F,A € C*(Up x J,R) with
the required properties. By the same argument we also obtain the functions G and
L. The open subset V/ C V is the intersection of the domains of F and G.

1
_(® - F-G oo (Y7 T2
For the map ¢ = ((p2> = <F+G> € C*(V',R*) we have

+a grn—a
o' =(A—u)yEm, e =220 ,
19 =(A—1)Ven X0 N u\/@
+a gnn—a
ho*=(A+u)yEm  apr=282"0 .
19 ( 1)v/822 X N ”\/gE

After a short calculation we get
Iu9P @ Mpo = Aup' I’ — dug’dve® = 4Auguy.
that is @*1n = 4A py*g. Furthermore,
detDp = 0,0 020 — 91 9?drp! = —4Apa #0.

Hence, by the inverse mapping theorem there exists an open neighborhood
W CV of & so that ¢ := @|ly : W — @(W) is a C diffeomorphism. ¢*n =
42 uy*g implies

n=(¢") e n=4au(@ ") ye=24p(yop ') e
Now ¥ :=yo ¢ !: (W) — M is a chart for M with x € y(¢(W)) and we have
¥g=0"
with Q :=1/(21/Au). O

By Theorem 7.2 one can choose a local parameterization of the world sheet in

such a way that
2 2 —1 0
h=QMn=Q (0 1)

This fixing of & is called conformal gauge. Even after conformal gauge fixing a
residual symmetry remains: it is easy to see that Sp(x) in conformal gauge is invari-
ant with respect to conformal transformations on the world sheet. In this manner,
the conformal group Conf(R""!) 2 Diff, (S) x Diff (S) turns out to be a symmetry
group of the system, even if this holds only on the level of “constraints”. In any
case, the classical field theory of the bosonic string can be viewed as a conformally
invariant field theory.

To simplify the equations of motion and, furthermore, to present solutions as cer-
tain Fourier series, we need a generalization of Theorem 7.2, stating that (in the case
of closed strings, to which we restrict our discussion here) there exists a conformal
gauge not only in a neighborhood of any given point, but also in a neighborhood
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of a closed injective curve (as a starting curve for the “time 7 = 0”). The existence
of such isothermal coordinates can be shown by the same argumentation as Theo-
rem 7.2. Finally, for the variation in the conformal gauge, it can be assumed that
isothermal coordinates exist on the rectangle

0 =[0,27] x [0,27]

and that 0 — x(0,0), o € [0,2n] describes a simple closed curve. This is possible
at least up to an irrelevant distortion factor (cf. [Dic89]).

Theorem 7.3. The variation of Syg or Sp in the conformal gauge leads to the equa-
tions of motion on Q = (0,27 x [0,27]: These are the two-dimensional wave equa-

tions 5 5
dyx—dix=0 resp. Xrr—Xg6=0

with the constraints
<x01-x1'> =0= <-x67-x6> + <x17x1>7 <x17x1> <0,
imposed by the conformal gauge.

By x5 we denote the partial derivative of x = x(7, ) with respect to ¢ (that is
7:=¢° 0 :=¢"), and (v,w) is the inner product (v,w) = vwYnyy forv,w e RP.

Proof. To derive the equations of motion and the constraints we start by writing Sp
in the conformal gauge h = Q1 with \/—deth = Q? and h'/g;; = Q*(—goo + &11):

K
Sp(x) = Sp(x, @%n) = 5 /Q (Ao, Aox) — (A1x, yx))dg’dq’
For y : Q — RP and suitable boundary conditions y| a0 = 0 we have

d
£SP(X—|- Ey)

=K / ((ox, doy) — (d1x,91y))dq"dq’
0

e=0
= | (@11 au.y) g’
(integration by parts). This yields
aux — 800x =0
as the equations of motion in the conformal gauge.

Because of the description of the metric & by h = % g with A > 0, that is

A= Ahy) = <<xf,xf> <xo,x1>> |

<xr>xc> <x67-x6>
the gauge fixing 7 = Q21 implies the conditions

<xa,xr> =0, <xc77x0> = _<'xT7xT> > 0. O
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The constraints are equivalent to the vanishing of the energy—momentum 7,
which is given by

1 ..
Tl‘j:<X[,Xj>—§hijhkl<Xk,_X1>, l?.],kJE{T’G}

(see (7.2) and cf. [GSW87, p. 62ff]).
The solutions of the two-dimensional wave equations are

x(1,0) =xg(t—0) +x.(T+0)

with two arbitrary differentiable maps xg and x; on Q with values in R”. For the
closed string we get on Q := [0,27] x [0,27] (that is x(7,0) = x(t,0 + 27)) the
following Fourier series expansion:

1 1
xp(t—0)=-xb +—ph(t—0

ole —in(t—0)
270 " 4xx \/477;1(%

\/m z f/.Lefm T+U) (75)
n;éO

xo and pg can be interpreted as the center of mass and the center of momentum,
respectively, while o', @ are the oscillator modes of the string. x; and xr are
viewed as “left movers” and “right movers” We have xO , po € R and oy, ,H,‘fl e C.
o, is not the complex conjugate of ¢, but completely independent of ¢, For xg
and xr, to be real, it is necessary that

1
drx

xg+ p§(17+6

N =

(t+o)=

()" =(at,) and (at)" = (a",) (7.6)
hold for all u € {0,...,D—1} and n € Z \ {O} where ¢ — ¢* denotes the com-
plex conjugation. We let (x(‘)‘ = ch : \/7 po The x = xz, +xg with (7.5) can be
written as

x(o,7) =x0+

i .
T+ ( —m T—0) +ane—m(‘r+6)) )
vark gb

2
Varx

Hence, arbitrary o,, 0,,x0, po With (7.6) yield solutions of the one-dimensional
wave equation. In order that these solutions are, in fact, solutions of the equations
of motion for the actions Syg or Sp, they must, in addition, respect the conformal
gauge. Using

l1 =

I\JM—‘
l\)\'—‘

Y (o, ) and L,:= = (O, Cpy) forneZ, (7.7)
keZ kez

the gauge condition can be expressed as follows:
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Lemma 7.4. A parameterization x(7,0) = x.(T — 0) +xg(T + 0) of the world
sheet with xg,xy, as in (7.5) and (7.6) gives isothermal coordinates if and only if
L,=L,=0forallncZ.

Proof. We have isothermal coordinates if and only if
<xr +Xg,X7 +x0'> = <xr —Xo, X1 *x6> =0.

Using the identities

) 4
ope MT=0)  and
Varnxk ,gi

2 .
XrtXe = —— Y 0, ¢~in(Tto)
T Vare 5"

Xt —Xo =

we get
<xr —Xo, Xt _xc> =0
= 0=() e "(T=0) D e (70
nez nez
= 0= Y g, o)
neZkeZ
=0=3 Y ™o, o)
meZn+k=m
= VmeZ: Y (o) =0
n+k=m
= VmeZ: Y (O, 0k) =0
kez
<~ VmeZ:L,=0.
The same argument holds for x; + x5 and L,,. [l

Altogether, we have the following:

Theorem 7.5. The solutions of the string equations of motion are the functions

0T+ (ane—in(r—c) +ane—in(i'-s—cf)) ’

2
varx

for which the conditions (7.6) and L, = L,, = 0 hold.

x(t,0) =x0+

i 1
\/4m<,§;)n

For a connection of the energy—momentum tensor 7" of a conformal field theory
with the Virasoro generators L, and L, we refer to (9.3) and to Sect. 10.5 in the
context of conformal vertex operators.

The oscillator modes ¢, and @, are observables of the classical system. Obvi-

ously, they are constants of motion. Hence, one should try to quantize the oz} Oy
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In order to quantize the classical field theory of the bosonic string one needs the
Poisson brackets of the classical system:

{ogy, 00/} = imn*Y 8,1 = {00k, 00 }, (7.8)
{od. @} =0, (7.9)
{po.x0} =n"", (7.10)
{5020} = {xg, o} = {x5, 0, } =0, (7.11)

forall u,v €{0,...,D—1} and m,n € Z (here and in the following we set 4wk = 1).

Observe that for each single index v the collection of the observables o) ,n € Z,
define a Lie algebra with respect to the Poisson bracket which is isomorphic to the
Heisenberg algebra.

Lemma 7.6. For n,m € Z one has
{Ln,Ly} =i(n—m)Lyyn, {Ln,Ly} =i(n—m)Lyip,
and {Ly,L,} =0.
This follows from the general formula
{AB,C} =A{B,C}+{A,C}B

for the Poisson bracket.

7.2 Canonical Quantization

In general, quantization of a classical system shall provide quantum models reflect-
ing the basic properties of the original classical system. A common quantization
procedure is canonical quantization. In canonical quantization a complex Hilbert
space H has to be constructed in order to represent the quantum mechanical states
as one-dimensional subspaces of H and to represent the observables as self-adjoint
operators in H. (The notion of a self-adjoint operator is briefly recalled on p. 130.)
Thereby the relevant classical observables f,g,... have to be replaced with opera-
tors f, g such that the Poisson bracket is preserved in the sense that it is replaced
with the commutator of operators in H

{'a } — _i['v']'

Hence, for the relevant f,g,... the following relations should be satisfied on a
common domain of definitions of the operators

7.8 = —i{/.g}.



112 7 String Theory as a Conformal Field Theory

In addition, some natural identities have to be satisfied. For example, in the sit-
uation of the classical phase space R?" with its Poisson structure on the space of
observables f : R — C induced by the natural symplectic structure on R?”* it is
natural to require the Dirac conditions:

1. 1=idg, o
2. [qﬂaﬁ;] = 15\'1/17 [q#’q"] = []/7/:’[/7;] =0,
with respect to the standard canonical coordinates (g, py) of R,

In general, one cannot quantize all classical observables (due to a result of van
Hove) and one chooses a suitable subset .2/ which can be assumed to be a Lie
algebra with respect to the Poisson bracket. The canonical quantization of this sub-
algebra o7 of the Poisson algebra of all observables means essentially to find a
representation of .27 in the Hilbert space H.

The Harmonic Oscillator. Let us present as an elementary example a canonical
quantization of the one-dimensional harmonic oscillator. The classical phase space
is R? with coordinates (g, p). The Poisson bracket of two classical observables f, g,
that is smooth functions f,g: R? — C, is

The hamiltonian function (that is the energy) of the harmonic oscillator is
h(g,p) = %(q2 + p?). The set of observables one wants to quantize contains at
least the four functions 1, p, g, . Because of {1, f} =0,{q,p} = 1,{h,p} = ¢, and
{h,q} = —p the vector space o generated by 1,q, p,h is a Lie algebra with respect
to the Poisson bracket.

As the Hilbert space of states one typically takes the space of square integrable
functions H := L?(R) in the variable g. The quantization of 1 is prescribed by the
first Dirac condition. As the quantization of g one then chooses the position oper-
ator ¢ = Q defined by ¢(gq) — g@(g) with domain of definition Dy = {¢ € H :
Jrlg9(q)|?dg < =}. Q is an unbounded self-adjoint operator. This holds also for
the momentum operator P which is the quantization of p: P = p. P is defined as
P(o) = za(g( 9 for ¢ in the space D of all smooth functions on R with compact
support and can be continued to Dp such that the continuation is self-adjoint. Ob-
serve that D is dense in H. The second Dirac condition is satisfied on D, i.e

[Q,Plo =ip,p €D

Finally, the quantization Tt of the hamiltonian function # is the hamiltonian oper-
ator H, given by

o) =5 (520 +ota)

on D with domain Dy such that H is self-adjoint. It is easy to verify [H,Q] =

—iP,[H,P| = iQ on D from which we deduce [a,b] = —z{a b} for all a,b € o
onD.
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Note that p(a) := ia defines a representation of . in H.

A different realization of a canonical quantization of the harmonic oscillator
is the following. The Hilbert space is the space H = /> of complex sequence
z = (zv)ven Which are square summable ||z||> = X5_|zv|* < . Let (e,)ven be
the standard (Schauder) basis of £2, that is e, = (/). By

H(e,) := (n+ %)en,

A¥(ey) := V2n+2epy1,
Aleg) := 0,A(ep+1) :=V2n+2ey,,

we define operators H,A,A* on the subspace D C H of finite sequences, that is finite
linear combinations of the e,s. H is an essentially self-adjoint operator and A* is the
adjoint of A as the notation already suggests. (More precisely, A and A* are the
restrictions to D of operators which are adjoint to each other.)

With Q := J(A+A*) and P := }(A —A*) the operators idg, Q, P, H satisfy in D
the same commutation relations

[Q,P] =iidg, [H,Q] = —iP,[H,P| = iQ

as before, and therefore constitute another canonical quantization of .2/. The two
quantizations are equivalent.

Note that D can be identified with the space of complex-valued polynomials C[T]
by e, — T". This opens the possibility to purely algebraic methods in quantum field
theory by restricting all operations to the vector space D = CJ[T] as, e.g., in the
quantization of strings (see below), in the representation of the Virasoro algebra
(cf. Sect. 6.5), or in the theory of vertex operators (cf. Chap. 10).

For obvious reasons, A is called the annihilation operator and A* is called the
creation operator.

Returning to the question of quantizing a string one observes immediately that for
any fixed index u the Poisson brackets of the (oc,ﬁ) are those of an infinite sequence
of one-dimensional harmonic oscillators (up to a constant). The corresponding os-
cillator algebra </ generated by (o, ) (with fixed p) can therefore be interpreted as
the algebra of an infinite dimensional harmonic oscillator. For a fixed index p > 0
(which we omit for the rest of this section) the relevant Poisson brackets of the
oscillator algebra 7 are, according to (7.8),

{0, 0} = imSyym,{1,0t,} =0.

After quantization the operators a, := 0, generate a Lie algebra which is the
complex vector space generated by a,,n € Z, and Z (sometimes denoted Z = 1)
with the Lie bracket given by

[am;an] = m6n+mZ7 [Zyam} =0.

We see that this Lie algebra is nothing else than the Heisenberg algebra H
(cf. (4.1)).
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We conclude that constructing a canonical quantization of the infinite dimen-
sional harmonic oscillator is the same as finding a representation p : H — End D of
the Heisenberg algebra H in a suitable dense subspace D C H of a Hilbert space H
with p(Z) = idy.

Fock Space Representation. As the appropriate Fock space (that is representation
space) we choose the complex vector space

S:=C[T},D,.. ] (7.12)

of polynomials in an infinite number of variables. We have to find a representation
of the Heisenberg algebra in End¢S. Define

p(an for n > 0,

)= aT,

p(ao) := pids  where u € C,
pla_y) = Tn forn>0, and
p(Z):

Then the commutation relations obviously hold and the representation is irre-
ducible. Moreover, it is a unitary representation in the following sense:

Lemma 7.7. For each |l € R there is a unique positive definite hermitian form on
S, so that H(1,1) = 1 (1 stands for the vacuum vector) and

H(p(an)f.g) =H(f,p(a-n)g)
forall f,geSandn € Z, n#0.

Proof. First of all one sees that distinct monomials f,g € S have to be orthogonal
for such a hermitian form H on S. (The monomials are the polynomials of the form
T,,kl1 T,,k22 . Tnkrf withn;,k; € Nfor j=1,2,...,r.) Given two distinct monomials f,g
there exist an index n € N and exponents k # I, k,I > 0, such that f = T*f},g =
T,f g1 for suitable monomials f7,g; which are independent of 7,,. Without loss of
generality let k < [. Then

H((plan) 1T ) = H((

= H(0,T' " 1g)
=0

)k+lka Tl k—1 )

and
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imply H(f,g) = 0. Moreover,

H(f,f) =H(f,n *(p(an) f1)
= n"*H(p(an)*T} f1, 1)

k!
= EH(fhfl)
Using H(1,1) = 1, it follows for monomials f = Tnkll 7}1](22...Tnkr’ with n; < ny
<...<n,
ki'ky!. . k!
H(fvf)—m- (7.13)

Since the monomials constitute a (Hamel) basis of S, H is uniquely determined
as a positive definite hermitian form by (7.13) and the orthogonality condition. Re-
versing the arguments, by using (7.13) and the orthogonality condition H(f,g) =0
for distinct monomials f,g € S as a definition for H, one obtains a hermitian form
H on S with the required properties. (I

Note that p(a,)* = p(a_,) by the last result and for each n > 0 the operator
p(ay,) is an annihilation operator while p(a,)* is a creation operator.

7.3 Fock Space Representation of the Virasoro Algebra

In order to obtain a representation of the Virasoro algebra Vir on the basis of the
Fock space representation p : H — End(S) of the Heisenberg algebra described in
the last section it seems to be natural to use the definition of the Virasoro observables
L, in classical string theory, cf. (7.7),

L,= % Y o0k = % Y, otioy,
keZ keZ
which satisfy the Witt relations (up to the constant i, see Lemma 7.6).

In a first naive attempt one could try to define the operators L, : S — S by
L, = % Yiez arn—i resp. Ly = % Yiez p(ax) p(an—r). But this procedure is not well-
defined on S, since

p(ar)p(an—i) # p(an—i)p(ar),
in general.

However, the normal ordering

co(a)p(an):  JPlaplas) fori<j
:p(ai)p(aj): : {p(aj)p(a,-) fori> j

defines operators

pL):S—S, plLy) = ;}%zp(ak)p(an_o:.
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The p(L,) are well-defined operators, since the application to an arbitrary poly-
nomial P € S = C[T},T5,...] yields only a finite number of nonzero terms. The
normal ordering constitutes a difference compared to the classical summation for
the case n = 0 only. This follows from

plai)p(a;) = plaj)p(a;) for i+ j#0,
tplap)pla—i): = pla_g)p(ax) for keN.

Consequently, the operators p(L,) can be represented as

p(Lo) = %p(ao)2+ 2, plai)p(a),
keN,

pLan) = 5 (plan)+ 3, plan-0p(anss)
keN;

p(Lom+1) = z P (am—k)P (@m+i+1),
keNg

forme Ny (here Ny ={n€Z:n>k}).

We encounter normal ordering as an important tool in a more general context in
Chap. 10 on vertex algebras.

Theorem 7.8. In the Fock space representation we have

n .
[Ln,Lm] = (I’l — m)L,H_m + E (f’lz — 1)6n+mld

(with L, instead of p(L,)). Hence, it is a representation of the Virasoro algebra.
Proof. First of all we show
[Lmam} = —Mdp+n, (7.14)

where m,n € Z, using the commutation relations for the a,s. (Here and in the fol-
lowing we write L, instead of p(L,) and a, instead of p(a,).) Let n # 0.

I

L,a,, = >

Z An—kAkAm
keZ

1
= E Z Ap—k (amak + k6k+m)
keZ
1
) Z ((amanfk + (n - k) 6n+m7k)ak + k5k+man7k)
kel

= apyLy+ D) (_man+m - maner)

= apmL, —may, .
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The case n = 0 is similar. From [L,, a,,]) = —may,, one can deduce
[[Ln, L], ax] = —k(n—m)aymik- (7.15)
In fact,

LanClk = Ln (akLm — kam+k)
= agLnLy — kayy gk Lin — kLyGpy g

Hence,

[LmLm]ak = ak[LmLm} +k[Lmaan+k] - k[Lnyam+k]
ag [Ln , Lm] - k(l’l + k)am+n+k + k(m + k)am+n+k

ag[Ln, L] — k(n —m)a, k-

It is now easy to deduce from (7.14) and (7.15) that for every f € S with
n
[Ln;Lm]f = (” - m)Ln+;nf+ E (”2 - 1)5n+mf
and every k € Z we have

[Ls L@ f) = (n=m)Lysm(axf) + 15 (0% = 1)rsm(acf).

As a consequence, the commutation relation we want to prove has only to be
checked on the vacuum vector Q = 1 € S. The interesting case is to calculate
[Ly,L_,;]Q. Let n > 0. Then L,Q = 0. Hence [L,,L_,]Q = L,L_,Q. In case of
n =2m+ 1 we obtain

1
L,nQ = E kz a_n_kakQ
€Z

D a pprajQ
ke

n
Y a_nira_i L
k=0

1
)
1
2

n—1

1
= unT, + 3 N k(n— k)T T,
k=1

= unTy+ Y k(n— k)T =: Py
k=1

Now, a;a,_;P, # 0 holds for [ € {0,1,...n} only and we infer a;a,_;P, =
I(n—1),1<1<n—1,and qa,_;P, = u’n for | = 0,1 = n. It follows that
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m
Ly, L_,)Q = u’n+ N k(n—k)
k=1
m m
=2nLoQ+n Y k— Y K
k=1 k=1

1
:2nLOQ+n%(m+1)—8m(m+1)(2m—|—1)
— 2nLyQ + gm(m—i- 1)

_ e
= 2nLoQ + 12(n 1).

The case n = 2m can be treated in the same manner. Similarly, one checks that
[Ly, L] Q2 = (n—m)L,+p, for the relatively simple case n+m # 0. O

Another proof can be found, for instance, in [KR87, p. 15ff]. Here, we wanted
to demonstrate the impact of the commutation relations of the Heisenberg algebra
respectively the oscillator algebra 7.

Corollary 7.9. The representation of Theorem 7.8 yields a positive definite unitary
highest-weight representation of the Virasoro algebra with the highest weight ¢ =
L,h=1u? (cf. Chap. 6).

Proof. For the highest-weight vector vy := 1 let
V :=spanc{L,vo:n € Z}.

Then the restrictions of p(L,) to the subspace V C S of S define a highest-weight
representation of Vir with highest weight (1, % u?) and Virasoro module V. O

Remark 7.10. In most cases one has S = V. But this does not hold for u = 0, for
instance.

More unitary highest-weight representations can be found by taking tensor prod-
ucts: for fge VRV let

(p@p)(La)(f@g) = (p(Ln)f) @8+ f @ (p(Ln)g)-
As a simple consequence one gets

Theorem 7.11. p ® p : Vir — End¢(V ® V) is a positive definite unitary highest-
weight representation for the highest weight ¢ = 2,h = u>. By iteration of this pro-
cedure one gets unitary highest-weight representations for every weight (c,h) with
ceNjandheR,.

For the physics of strings, these representations resp. quantizations are not suffi-
cient, since only some of the important observables are represented. It is our aim in
this section, however, to present a straightforward construction of a unitary Verma
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module with ¢ > 1 and & > 0 for the discussion in Chap. 6 based on quantization.
Indeed, the starting point was the attempt of quantizing string theory. But for the
construction of the Verma module only the Fock space representation of the Heisen-
berg algebra as the algebra of the infinite dimensional harmonic oscillator was used
by restricting to one single coordinate.

We now come back to strings in taking care of all coordinates x*,u € {0,1,
cod—1}.

7.4 Quantization of Strings

In (non-compactified bosonic) string theory, the Poisson algebra

D—1 D—1
o :=Cle P (Cxy oCpy) o P P(Cak)
u=0 n=0m+#0

of the classical oscillator modes and of the coordinates xg , Py has to be quantized.
(See (7.8) for their Poisson brackets.) Equivalently, one has to find a representation
of the string algebra

D-1 __ D1
Z:=Clo@(Cxy &Cplh) & P P (Cah)
n=0 1=0m=#0

with the following Lie brackets
{ap.ay} = mn" Spin,
Py = i,
() = (a0,

according to (7.8).
The corresponding Fock space is

S:=C[T}:neNy,u=0,....D—1]

and the respective representation is given by

plam) = n“va’%}{ for m > 0,
Pt :=p(dh) = in“va%l (o = ph ifdnc=1),
p(d",) :=mT, form >0,
O =p(xy) =Ty
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The natural hermitian form on S with H(1,1) =1 and

H(p(op)f.8) =H(f.p(0t,,)g)

is no longer positive semi-definite. For instance,

H(T?,1’) = H(’1,a° 1) =H(1,00 0% 1)
= H(l?[a?’agl]l) :H(lv_l)
=1

Moreover, this representation does not respect the gauge conditions L, = 0.
A solution of both problems is provided by the so-called “no-ghost theorem”
(cf. [GSW8T]). It essentially states that taking into account the gauge conditions
L, =0, n > 0, the representation becomes unitary for the dimension D = 26. This
means that the restriction of the hermitian form to the space of “physical states”

P ={feS:L,f=0foralln>0,Lof = f}

is positive semi-definite (D = 26). A proof of the no-ghost theorem using the Kac
determinant can be found in [Tho84].
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