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MATHEMATICAL STATISTICAL PHYSICS I — SOSE14

MATHEMATICAL STRUCTURE OF PHYSICS: ALGEBRAIC APPROACH

Postulate 1. The set of physical observables of a system is described by the set of self-adjoint ele-
ments of a C*-algebra A.

Note: It is customary and mathematically easier to call the whole of A the algebra of ob-
servables and work with it.

Postulate 2. The system is classical if A is commutative.

Theorem 1. Let A be a commutative C*-algebra. Then there exists a unique locally compact
Hausdorff space X such that A is isomorphic to the C*-algebra Cy(X) of continuous functions on
X which vanish at infinity.

Postulate 3. The physical ‘state’ of the system is a mathematical state over A, namely a normalized,
positive linear map w : A — C.

Theorem 2. Let X be a locally compact space. Every state w on Cy(X) is of the form
w(f) = / fdu

where 1 is a (Baire) probability measure.
In complete generality:

Theorem 3. Let A be a C*-algebra with a unit and let w be a state on A. Then there exists a Hilbert
space H,,, a representation w,, of A in B(H,,) and a unit vector Q,, € H,, such that
w(A) = (Qus 7o (A) )y,

forall A € A, and such that {r,(A)S, : A € A} is dense in H,. Such a representation is unique
up to unitary isomorphism.

Remark 1. The proofs of these theorems are constructive.

Remark 2. In the commutative case, the space X depends on A but not on the state. In general,
this is not true: ‘H,, depends on A and the state, and there are truly inequivalent representations.

Remark 3. Ran(m,) does not necessarily cover all of B(H.,): it is only a C*-subalgebra of it.

The morale of the story:

i. For any classical system, the set of observables is the set of functions over a phase
space and all states are probability measures on that phase space.

ii. For any system and given a state, the set of observables is a subset of the bounded
operators on a Hilbert space and the state is the vector state associated to a unit
vector in that Hilbert space.
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