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Problem 30. (The f(x)g(∇) theorem.)

Notation: ̂ denotes the Fourier transform, ∨ denotes the inverse Fourier transform.

(i) Let f, g ∈ L∞(Rd). For every ψ ∈ L2(Rd) define(
f(x)g(−i∇)ψ

)
(x) := f(x) (g(2π·) ψ̂)∨(x) . (∗)

Prove that (∗) defines an element of L2(Rd) and that the map ψ
T7−→ f(x)g(−i∇)ψ is a

bounded operator on L2(Rd) with ‖T‖ 6 ‖f‖∞‖g‖∞.

(ii) Let f, g ∈ L2(Rd). Prove that (∗) defines a Hilbert-Schmidt map ψ
T7−→ f(x)g(−i∇)ψ

with ‖T‖HS = (2π)−d/2‖f‖2 ‖g‖2.

(iii) Let f, g ∈ L2(Rd) ∩ L∞(Rd)
‖ ‖∞

(the closure in the L∞-norm). This is the case, for
instance, when f, g ∈ L∞(Rd) and f(x), g(x) → 0 as |x| → ∞. Prove that (∗) defines a
compact operator ψ

T7−→ f(x)g(−i∇)ψ.
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