
Mathematical Quantum Mechanics
TMP Programme Munich – winter term 2012/2013

PROBLEMS IN CLASS
Some of these problems will be discussed during the tutorials on 4/5 December 2012.
Info: www.math.lmu.de/~michel/WS12_MQM.html

Problem 1. Let f ∈ Lp(Ω), 1 ≤ p < ∞. Prove the dual characterisation of the norm of f ,

∥ f ∥p = sup
g∈Lq(Ω)
∥g∥q=1

∣∣∣∣∫Ω
f g dx

∣∣∣∣ = sup
g∈D

∥g∥q=1

∣∣∣∣∫Ω
f g dx

∣∣∣∣
where D is a dense subspace of Lq(Ω) and 1

p +
1
q = 1.

Problem 2. Recall the notation

|α| := α1 + · · ·+ αd , Dα :=
∂|α|

∂xα1
1 · · · ∂xαd

d
, xα := xα1

1 · · · xαd
d

for a d-dimensional multi-index α = (α1, . . . , αd) ∈ Nd
0 and x = (x1, . . . , xd) ∈ Rd. Recall

also that for any positive integer k,

Dk := ∑
α∈Nd

0
|α|=k

Dα

(In particular, there are d(d+1)
2 terms in D2 = ∑i⩽j

∂2

∂xi∂xj
and only d terms in ∆ = ∑d

j=1
∂2

∂x2
j
).

(i) Prove that ∥∇ f ∥2
2 ⩽ ∥∆ f ∥2∥ f ∥2 ∀ f ∈ S(Rd).

(ii) Prove that ∥D2 f ∥2 ⩽ d(d+1)
2 ∥∆ f ∥2 ∀ f ∈ S(Rd).

(iii) Prove that for any multi-index α there exists a constant Cd,|α| such that

∥D|α|f ∥2
2 ⩽ Cd,|α| ∥∆|α|f ∥2 ∥ f ∥2 ∀ f ∈ S(Rd) .

(iv) Let d > 2, p ∈ [2, 2d
d−2 ], a := d(1

2−
1
p ). Prove that there exists a constant Cd,p such that

∥ f ∥p ⩽ Cd,p ∥∇ f ∥a
2 ∥ f ∥1−a

2 ∀ f ∈ S(Rd) .

(v) Let d > 2, p ∈ [2, 2d
d−2 ], b := d

2 (
1
2 −

1
p ). Deduce from (i) and (iv) that there exists a

constant Cd,p such that

∥ f ∥p ⩽ Cd,p ∥∆ f ∥b
2 ∥ f ∥1−b

2 ∀ f ∈ S(Rd) .
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Problem 3. Let d ∈ N, d ≥ 3, and let V ∈ Ld/2(Rd) be real-valued. Define the energy
functional

E [ψ] :=
∫

Rd
|∇ψ(x)|2 dx +

∫
Rd

V(x)|ψ(x)|2 dx

for ψ ∈ H1(Rd). Prove that for ∥V∥d/2 sufficiently small, the ground state energy

E0 := inf{E [ψ] : ψ ∈ H1(Rd), ∥ψ∥2 = 1}.

is non-negative, E0 ≥ 0.

Problem 4. Let ρ ∈ Lp1(R3) ∩ Lp2(R3) with 1 ⩽ p1 < 3
2 < p2 ⩽ ∞.

(i) Prove that the function 1
| · | ∗ ρ : R3 → C is bounded, continuous, and vanishes as

|x| → ∞.

(ii) Using Young’s inequality, prove the bound∥∥∥ 1
| · | ∗ ρ

∥∥∥
∞

⩽ Cp1,p2 ∥ρ∥a1
p1 ∥ρ∥a2

p2 (•)

where a1 = (2
3 − 1

p2
)/( 1

p1
− 1

p2
) and a2 = ( 1

p1
− 2

3)/(
1
p1
− 1

p2
), and where the constant

Cp1,p2 depends on p1 and p2 only and blows up as p1 → 3
2 or p2 → 3

2 .

(iii) Let p1 = 3
2 − ε and p2 = 3

2 + ε with ε > 0. Show that as ε → 0 the product of the two
norms in the R.H.S. of (•) converges to ∥ρ∥3/2 (while Cp1,p2 obviously blows up), but
an inequality of the form ∥ | · |−1 ∗ ρ∥∞ ⩽ C∥ρ∥3/2 is false.

Problem 5. Decide which of the following spaces are C∗ algebras.

(i) Cn with the component-wise product and the norm ∥v∥p := (∑n
i=1 |vi|p)1/p, 1 ≤ p <

∞, and ∥v∥∞ = maxi |vi| for v = (v1, . . . , vn).

(ii) Mn(C), the set of n×n matrices with complex entries, with the norm ∥M∥ = (trM∗M)1/2 =(
∑i,j |Mij|2

)1/2
for M = (Mij).

(iii) Mn(C) with the norm ∥M∥2 = supv∈Cn :∥v∥2=1 ∑i |∑k Mikvk|2.

(iv) P(K), the set of polynomials on a compact set K ⊂ Cn, with the norm ∥P∥ = supz∈K |P(z)|,
z = (z1, . . . , zn).

(v) C r(K), the set of r times continuously differentiable functions f on K ⊂ Cn, with norm
∥ f ∥ = supz∈K | f (z)|.

(vi) Lp(Ω, µ) with the norm ∥ f ∥p = (
∫
| f |p dµ)

1/p for a positive measure µ on Ω.

Problem 6. Let A be a C∗ algebra with identity 1. Prove the following properties of the
spectrum of an operator A ∈ A.

(i) σ(A)n ⊂ σ(An) where σ(A)n = {λn : λ ∈ σ(A)}
(ii) σ(λ1 − A) = λ − σ(A)

(iii) σ(A∗) = σ(A)
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