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Exercise 24. (Thermodynamic limit of a free Bose gas)

Consider

• a bounded open domain Λ in Rd, d ∈ N,

• the domains ΛL := {x ∈ Rd |x/L ∈ Λ}, for every L > 0,

• the free particle Hamilton operators hL = −∆ on L2(ΛL) with Dirichlet boundary condi-
tions

and use the fact that the spectrum of h1 consists of a sequence of eigenvalues 0 ≤ ε1 < ε2 ≤
ε3 · · · accumulating at infinity according to the Weyl law:

lim
ε→∞

N(ε)

εd/2
= const,

whereN(ε) is the number of eigenvalues smaller or equal to ε (for simplicity we assume ε1 < ε2).
In this problem and in the following you are asked to study, for β > 0, 0 < z ⩽ 1, the quantity

ρL(z, β) :=
1

|ΛL|
Tr

z e−βhL

1− ze−βhL

when L→ ∞. To this aim, fix ρ > 0 and define zL to be the unique solution to

ρ = ρL(zL, β) , zL := eβµL , µL < hL .

In terms of the eigenfunctions ψ
(L)
N of hL, namely, hLψ

(L)
N = ε

(L)
N ψ

(L)
N , N = 1, 2, 3, . . . , write

ρL(zL, β) =
∞∑

N=1

ρ
(N)
L (zL, β) , ρ

(N)
L (zL, β) :=

1

|ΛL|

⟨
ψ

(L)
N ,

zL e
−βhL

1− zLe−βhL
ψ

(L)
N

⟩
and prove that

lim
L→∞

ρ
(N)
L (zL, β) = 0 when N > 1 .

Exercise 25. (Follow-up to Exercise 24)

With respect to the assumptions and notation of Exercise 24, prove that

lim
L→∞

∞∑
n=2

ρ
(n)
L (zL, β) = C < ∞

where the constant C is independent of ρ (recall that in class it was claimed that the C amounts
exactly to ρc(β)), and thus that

lim
L→∞

ρ
(1)
L (zL, β) > 0 .
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Exercise 26. (Bose-Einstein statistics for Weyl’s operators)

Recall that in class the KMS states for the free Bose gas were determined in terms of creation
and annihilation operators. This required a regular representation. In this exercise you are
asked to re-do the argument directly for the Weyl’s operators, under the assumption that the
state is quasi-free. To this aim, consider

• the one-particle Hilbert space h,

• the one-particle Hamiltonian h on h such that h > c1 for some c > 0,

• the Weyl operator W (f) as in class, and in particular τ t(W (f)) = W (ei thf), t ∈ R,

• a (τ t, β)-KMS state ω (β > 0) which is quasi-free and, correspondingly,

ξ(t) := ω(W (−f)τ tW (f)) .

Rewrite ξ as ξ(t) = ω(W (η))F (η, t) for some η ∈ h that depends on t and f and for some
F (η, t) that is analytic in t. Use the analytic continuation of F to complex-valued arguments
to define

ξ(iβ) := ω(W (η))F (η, iβ)

and use the KMS condition to determine ω(W (η)).
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