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4 SABINE JANSEN

1. THE IDEAL GAS

1.1. Uniform distribution on energy shells. Boltzmann entropy. For m >
0 and n € N, consider the function

Hy : (R?)" % (RP)" = R,  Haf Z s [pil* = 3 p[*. (L.1)

H,, is the Hamiltonian for an ideal gas of n particles of mass m in R3. Particles have
positions x1,...,x, and momenta pi,...,p,. Hamilton functions are important
in classical mechanics because they encode dynamics via an associated ordinary
differential equation, given by

Cl)(t) = van(ﬂJ(t),p(t)), p(t) = 7van(w(t)7p(t))’ (12)
which in our case become &(t) = Lp(t), p(t) = 0, hence
pj(t) :ma'cj(t), m.'%"j(t) =0 (]: 1,...,n). (13)

The momentum is the mass times the velocity, and for the Hamiltonian defined
above, the ODE consists of a system of n independent ODEs (no interaction between
particles). From now on we choose m = 1. Fix L, E, e > 0, set

A=[-L LP3 (1.4)

|t~

and consider the energy shell
Fan = {(@,p) € A" x (R®)" | E — ne < Hy(z,p) < E}. (1.5)

Let P%y ,, be the uniform distribution on Q%7 ,,. We would like to know if P%7,
has a limit, in some sense, when E = E,,, L = L,, and n all go to infinity in such a
way that

E, . n
u7

=p, |Aal=1L3 (1.6)

lim

noo [ 00 [ A

at fixed particle density p > 0 and energy density v > 0. We investigate first the
asymptotics of the normalization constant |23, , [, i.e., the Lebesgue volume of the
energy shell. This is not strictly needed for the hmlting behavior of the probability
distributions but is of interest in its own.

Proposition 1.1. Fiz u,p > 0. Let (Ey)nen, (Ln)nen, and Ay, = [~Ly/2, L, /2]?
be sequences in Ry that satisfy (1.6). Then for every e > 0,

nle T log( 1| Q% ,An,n|) = s(u, p) (1.7)
where

s(u,p) = —pllogp— 1) + p(3 + S10g (452)) (1.8)

The function s(u, p) = is the Boltzmann entropy per unit volume of the ideal gas.
Eq. (1.8)) can be written more compactly as

s(u, p) =p(% +10g(% (%)3/2)) (1.9)

which is a version of the Sackur-Tetrode equation.
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Proof of Proposition[I.4] Clearly
log (5195 1 .|) =log (L L3") + log| B3 (v/2E,) \ Bsn(\/2E, — ne)|

where Bs,,(r) is the ball of radius » in R3". Stirling’s formula n! ~ v/27n(n/e)"
yields

%log (%Li") = %log (%) + log (%) — 1 —1logp. (1.10)
Volumes of balls are given in terms of the Gamma function I'(z) = [;* t"~te~dt
as
7.r3n/2
By (r)| = =" 1.11

The Gamma function satisfies I'(n + 1) = n! for n € Ny and Stirling’s formula
applies to non-integer input as well, i.e.,, I'(x + 1) ~ v/27x(z/e)” as © — oo, see
Exercise [L3l It follows that

Llog|Bsn(V/2Ey,) \ Ban(v/2E, — ne)
7r3n/2

— 1 0 1 3n . — 3n
= Liog <r(3; . 1)) +Llog <\/2En V2(E, — ne) )

(3n/2)3n/2 l . \/Edn
L(F+1) > Tl (,/:m/z‘”’")

1 3n
+nlog<1— -5 )

3 3 4
3 4du —

and the proof is easily completed. (I

3 1
30gﬁ+23n/2 og<

Next we address the behavior of the probability measures. To that aim it is
convenient to single out test functions F' that are local, i.e., they depend only on
the particles in some bounded Borel set A C R®. We further assume that the test
function does not depend on the labelling of the particle. Such a function F' can
be specified in the following form: let

Na(z) :=#{j € {1,...,n} |z, eA}:Zél.j(A). (1.12)

be the number of particles in A. Suppose we are given a scalar fo € R and
a family (fx)ren, of functions fr : (A x R*)k — R that are symmetric, i.e.,

fk(ya(l)a"'aya(k)) = fk(yl,“'»yk) for all o € &y and (yla"'vyk) € (A X RB)k'
We define

fo, if NA(az) =0,
F(x,p) = , 1.13
(.7) {fk(((xj,p»)je[n]:x,@), it Na(e) =ken. O
Define 5 18
B= 50 =g (), == cxp(fu) (1.14)
Equivalently,
_3p ___p _1
B= 24 z = 27'r//873, 12 3 log z (1.15)
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Proposition 1.2. Fizu,p > 0 and let 8, z, u be as in (1.15). Fiz a bounded Borel
set A C R3. Let (E,) and (L,) be as in Pmposz’tionand e > 0. Then for
families of bounded symmetric functions (fu)nengs fn @ (A x R®)™ = R and F as
mn , such that F' is bounded, we have

n—o0 [one "
En,Ln,n

= ”‘A‘Zm/
e mmzk'/

In this sense the sequence of equidistributions on the energy shell Q%° ,  does
indeed admit a limit. Moreover the limit does not depend on the shell’s thickness ¢.

nsM

1 2
k 1
zj7pj)j:1) e 2Pl dzdp

k% R:}

ﬂfJapj)f:l) o BlHEP) =1k 4 dp.

kx ]RS

Lemma 1.3. Under the assumptions of Proposition we have

n—oo

k
lim P, o (Na=k)= (pﬁ') e rlAl (1.16)
for all k € Ny.

In particular, in the limit n — oo the number Na of particles in A converges to a
Poisson random variable with parameter p|A|.

Proof. To lighten notation, we abbreviate P , = P,. Let us first look at the

k) 7L7n

distribution of the particle number Na. Fix k € {0,1...,n}. Then

Pu(Na=k)= > ™ |n/ [T1a() ] Mac(z)de
jem\J

JC[ ] n gedJ

ny k n—k |A|
= 1-— n n < T
<k)qn( n) q ™

(- f;)] (g (1 = g, — P mvial - 147)

i
[l

£=0

Lemma 1.4. Under the assumptions of Proposition we have for every k € N
and every bounded h : (R3)* — R,

W h(piy e o) e, e m, (3P1?)dp 1
lim f(R3) 128 16 2](2 ) _ - / h(p)eiﬂlpﬁ/zdp
neo Jiwsyn Vi —ne,e,) (3 1PI2) dp /B ey

(1.18)

Remark. The lemma is closely related to the following fact from probability: the
finite-dimensional marginals of the uniform distribution on an n-dimensional ball
of radius /n converge weakly to standard Gaussians. See [2I], Chapter 2.6].

Proof of Lemma[l.jl Set

sﬁnk(phn-,l?k) 2=/

(R3)n—Fk

[\J‘H
v

(1.19)

E,—ne En (% Zp

j=1
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‘We have to evaluate
f(Rg)k h(p)gpnk(p)dp
f(]RS)k (Pnk(p)dp

in the limit n — oo. Let wy be the surface area of S¥~! = 9By(1) C R, the unit
sphere in R?. Thus wy = 27 and w3 = 47. We have, for every non-negative test
function v : [0, 00) — [0, c0),

=w oov rrd=tdr. .
/Rd v(|z|)dz = d/o (r) d (1.21)

It follows that, for |p|*> < 2E,, — 2ne,

(1.20)

o k
Sﬂnk(Ph s 7pk) = W3(n—k) / H[Enfns,En] (% Zpi + %TZ),'ﬁ(n_k)_ldr
0 °
Jj=1

o W3(n—k)

= 30— k) ((2En — |p|2)3[n—k]/2 — (2B, — 2ne — |p|2)3[n—k]/2>.

(1.22)

If 2, — 2ne < |p|? < 2E,, the second term in the previous line has to be replaced
with zero.

Now fix k and p = (p1,...,px) € (R*)*. Since E, — oo, we have |p|? < 2E,, for
all sufficiently large n, and

2\3(n—k)/2 In 2
(1= B2 —exp (=221 - ) log(1 - ) — exp(—AIp2/2).  (1.28)

Moreover

2\ 3(n—k)/2 3(n—k)/2
(=g — )L < (L—e(t+o)5) " =0, (1.24)
Thus we may write
_ W3(n—k) 3(n—k)/2 =
wk(P1s o) = M) o, (P 1.25
Pnk(P1,- -, Pk) 3(n—k)( ) Cnk(p1s- - -, k) (1.25)
where
1 Bui(pr.-...px) = exp(—Blp[?/2) (1.26)

as a pointwise limit of functions. Using the bound log(l — t) < —t, valid for all
t € (—1,00), we find that for some suitable s > 0, sufficiently large k, and all
p € (R3)*, we have

0 < @ur(p1,---,pr) < exp(—s|p[?). (1.27)

The monotone convergence theorem thus implies

lim Guk(p1,- - px)dp = / APl 2qp = \/2m B (1.28)

n—oo (Ri)k (Ri)k

and, since h is bounded,

im [ e )@k (1 pi)dp = / h(p)e PP 2dp.  (1.20)

noe ) ek (B

Taking the ratio of the two equations the proof of the lemma is completed. O
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Proof of Proposition[I.3 Tt is enough to treat non-negative bounded functions (ex-
ploit linearity and F' = Fy — F_). For F as in with non-negative f,, and
k € Ny, set Fj, := lyy,—r1F. The monotone convergence theorem applied to the
partial sums Y ;" F}, yields

En[F] = E, iFk - i En [F3] (1.30)
k=0 k=0

where E;, denotes expectation with respect to P, = P37 , . We evaluate first the
limits of each individual summand. For & = 0, we have

lim E,[Fy] = lim foP,(Na =0) = foe "2l =: L. (1.31)
n—oo

n—oo

Next consider k € N. Define ¢, as in the proof of Lemma[I.4] We have

1
Sl =t Fe((@5,05)521) AN\ Al @i (p)dzdp
8, Al Jarxay
Ay s Sy e (G ) =TI L
|A| Ak fRs LPnk(p)d].’)
Lemma [I.3] and yield
k
lim E,[Fi] = Z—,/ fela, p)e— PP 2dg dp —: I (1.52)
n—00 k Akx(RS)k

It remains to check that we can exchange summation and limits in (1.30). Going
back to the proof of Lemma [I.3] we see that
k
IEn [Fi]| < [1FllaoPn(Na = k) < ||F |0 (%) enlog(1=an) (1.33)

1—qn
where g, = |A|/|A,] = 0. Using nlog(l — ¢,,) < —ng, — —p|A| we conclude that
for some s,t >0
ko
|En [Fi] | < I|F]oo3re™ ™. (1.34)
The right-hand side is independent of n and the sum over k is finite. A straight-

forward e/3-argument (or as an alternative, dominated convergence for the sum,
treated as an integral with respect to counting measure) shows that

lim Z EnlFi] = Z I. (1.35)
k=0 k=0
Together with (1.30) this completes the proof. O

1.2. Large deviations for Poisson and normal laws. Proposition shows
how in the limit n — oo, starting from the uniform distribution on an energy
shell, we end up with Poisson variables for particle numbers and Gaussian laws for
momenta (or velocities). Armed with this knowledge we may ask for a probabilistic
take on Proposition |L.1]

Let Njz| ~ Poi(JA]) and Z; € N(0,1), j € N, be independent random variables
defined on some common probability space (2, F,P). Then

3n
3 1l an 2
HIQE Ll = VR B Uy ey Wi e (3D 22) 02255 %] (1.36)
=1
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hence

3n
3
%|Q'§’A,n\ < elMy2r neEIP’(NW =n,E—ne< %ZZJQ < E) (1.37)
=1
The upper bound becomes a lower bound if we replace E with £ — ne. So instead
of analyzing directly the microcanonical partition function, we can investigate the
asymptotic behavior of probabilities and expectations.

Proposition 1.5. Let Ny and (Z;)jen be independent random variables defined
on some common probability space (Q F,P) with Ny ~ Poi(A\) and Z; ~ N(0,1).
Then for every p > 0 and all a,b € (0,00) with a < b, we have
=

lim — logIP’( Apl)=—p(logp—1)—1
A—oco A
T 1 2 _ 10,2 _1_ 2
nh_>rrgo - logIP’(n ;Z] € [a, b]) 021611[317] $(0? =1 —1logo?).

The proposition is proven at the end of this section. A heuristic way of rewriting
it is
P(Ny ~ pA) ~ exp(—A[plogp — p+1]) (1.38)

(ZZ2 ~no2> ~ exp(—n [J —1—1logo ]) (1.39)

Asymptotic results of this type belong to the theory of large deviations [11, [15], 46].
Proposition [I.1] is recovered from (1.36) and Proposition [1.5] as follows. We have

log( BA n) = Al + %nlog(?w) +1log (N5 = n)
3n
+1og1E[11[E,m £ Zz“‘ )e2 =9 } (1.40)

Heuristically,
3n
|:]1[E naE 222 6223711 J / nu]P ZZ;zmi>du
E/n—¢ j=1
< [T exp(nn gn[z 1 - tog(3)] )
E/n—e
E/n B
z/ exp(%n[1+log(%“)]>du
E/n—¢

(1.41)
(see Exercise [1.2] for the last step). Hence

log (1% an) ~ |A| + 3nlog(2m) — [Al[plogp — p+ 1] + §n[1 +log(5F)]
2n—|—nlog<‘x| (4”E)3/2).

The approximation (|1 can be made rigorous with Laplace integrals from analy-
sis or Varadhan’s lemma from the theory of large deviations. In this way Proposi-
tion could be used for an alternative proof of Proposition The alternative

22
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proof is by no means shorter, its principal merit is to highlight connections between
the Boltzmann entropy s(u, p) and large deviations theory.

Proof of Proposition[1.5 Let n =ny = [pA] — co. Then by Stirling’s formula,

A" 1
P(Ny =n) = A o 7en[1+10g()\/n)—>\/n] — eA(p—plogp—1+o(1)) 1.49
(Ny=m) = Jpe ~ e (142)
We take the log, divide by A, let A — 0o, and obtain the result for V).
Next fix 02 € [a,b] and let Z;, j € N be i.i.d. random variables with law
Zj ~N(0,0?). Let © € R” and ¢ := maX,2¢(q) |50z — 3| Then

202

= 1 1w g2
P(—égl— 22702g5):4——ﬁ/me—zzﬁdm‘ﬂnﬂ_ 2o (|z]?)da
n;i ) Nl (02 ~9),n(o>+5)] ([€]°)
1 1

—=no? ln ne 7im2
mne et 5/ e 27 T 0 2 s oz ey (|2)7)da
1

n
1 .2.1 ~
=o"e 2" +2"+"C‘$IP’(75 <4i E ZJ2 —0?< 5).
i=1

<

The probability in the last line converges to one by the law of large numbers (notice
]E[ZJQ] = 0?2), hence

n—oo

limsup%logﬂ"(—é < %ZZJZ —?< 5) < —%(02 —1- logoz) +co.  (1.43)
j=1

A similar lower bound holds true for the liminf. Now let a,b > 0 with a < b. Fix
6>0and meN, of,...,07, € [a,b] such that [a,b] C U}_,[0? — 6,07 + 6]. Then

by (L.43]), we have

1imsupl logP<% ZZJZ € [a, b]) < max (—%(0’? —1—logo}) + cd)

n—oo T

. 1(,.2 2
< —021611[31)] 5(0 —1—logo )+c<5.

This holds true for every § > 0, so we may let § \, 0 and find

1 n
li 21 PG— 72 ,b)<— inf 1(o2—1—logo?). 1.44
imsup - log P( 3 ; s €lab]) < aZlen[a,b] (o ogo?) (1.44)
For the lower bound, let 0% € (a,b) and § > 0 small enough so that [0 —§, 0% +4] C
(a,b). Then

n—oo N n—oo N

1 = 1 -
lim inf —1ogP(% ZZJZ € [a,b]) > lim inf —logP(% ZZJZ € o —9d,0% + 5])
j=1 j=1

> —%(02 -1 —logaz) + 0.

We let § N\, 0, take the infimum over the open interval (a,b), notice that it is
equal to the minimum over the closed interval [a,b] because of the continuity of
02 — 1 —logo?, and obtain the desired statement. (I
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1.3. Statistical ensembles and thermodynamic potentials. In Section[T.I]we
have chosen to work with the uniform distribution on an energy shell, but there
are of course other choices of measures as well. Working with different probability
measures corresponds, in the terminology of statistical mechanics, to working in
different statistical ensembles. The uniform distribution corresponds to the micro-
canonical ensemble. The normalization constants are called partition functions, the
functions characterizing the asymptotic behavior of the normalization constants are
called thermodynamic potentials. Thus |Q7%¢ “An| 18 the microcanonical partition
function, the associated thermodynamic potentlal is the Boltzmann entropy. The
limiting procedure (as in ) is the thermodynamic limit.
Other common choices or measures are:

The canonical ensemble. This ensemble models the distribution of a system that
might exchange energy with its environment so that the energy becomes random.
Instead of taking a distribution on a fixed energy shell, therefore, it is a measure on
all of A™ x (R®)™. The measure PZA,, depends on an additional parameter 3 > 0
and has probability density

1 1
where Z) (8, n) is the canonical partition function
1
Zpa(B,n) = ] / e PHn @ P)qgdp. (1.46)
A" x (R3)

The thermodynamic limit consists in letting n — oo and A = A,, * R3 in such a
way that n/|A,| — p for some fixed particle density p. The parameter § is kept
fixed. The associated thermodynamic potential is the Helmholtz free energy (per
unit volume)

f(B,p)=— nhrrgo 5|An| log Zy, (B,n). (1.47)

The grand-canonical ensemble. This ensemble corresponds to a system that might
exchange both energy and matter with its environment. Both the energy and
number of particles become random. Let us leave open for now how to prescribe a
probability space and content ourselves with the corresponding partition functions.
Given 8 > 0, p € R, and z := exp(Bu), the grand-canonical partition function is

A(B, 2 _1+Z n,/ e P (@P) qzdp. (1.48)
n=1 "

X(R’i)n

The thermodynamic limit consists in letting A 7 R3 at fixed 3, i1, z. The associated
thermodynamic potential is the pressure

p(B,2) = log 24 (8, 2). (1.49)

& IAI
The product p(53, z) and the system’s volume is also sometimes called grand poten-
tial or Landau potential. Thus we may view the pressure as a grand potential per
unit volume.
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Statistical ensemble parameters partition function thermodynamic potential

Microcanonical E, AN %|Qg‘€AN| Boltzmann entropy s(u, p)
Canonical 6,A, N Zx(B,N) Helmbholtz free energy f(83, p)
Grand-canonical B,A, z ZA(B, 2) pressure p(f, 2)
Isothermal-isobaric ~ f3,p, N Qn(B,p) Gibbs free energy g(8,p)

TABLE 1. Overview of some common statistical ensembles.

The isothermal-isobaric ensemble, also called constant pressure ensemble models a
system that can exchange energy with its environment but not matter, however the
volume is no longer fixed. The ensemble is particularly useful in dimension one and
we write down the partition function in dimension one only. Given 8,p > 0, we
define

1

Qn(B,p) = / o Pl (@pytpmasizsn vl dadp
e JRr xRn

(1.50)
BlHn(@.p)+pen] qdp.

= / Lio<ay<<un e
]Ri xR™

Treating V,, = max(z1,...,%,) as a proxy for the system’s volume (or length), we
see that Q,(8,p) is a partition function for configurations on [0,00)™ for which
large volumes are penalized by a factor exp(—BpV,,). The thermodynamic limit
consists in letting n — oo at fixed 5, p. The associated thermodynamic potential is
the Gibbs free energy per particle

1
Bn
Note that we have used the same letter p for the parameter p in the constant pres-
sure ensemble and the function p(B,z) in (1.49). This is because they play the

same role, physically, but the reader who prefers to do so may choose two different
letters p and p.

9(B,p) = = lim ——1og Qn(f;p). (1.51)

The different ensembles are summarized in Table[ll Each depends on three param-
eters, chosen among pairs of dual variables (for each pair, pick one variable):

e the energy F and the inverse temperature [3;
e the volume |A| and the pressure p;
e the number of particles N and the activity z (or the chemical potential p).

For the ideal gas, the thermodynamic potentials can be computed explicitly, and
the following relations are easily checked:

Bf(B,p) = ili%(ﬁu —s(u,p)), p(B,e’*) = b:ig(up — f(B.p)) (1.52)

and in dimension 1,

p=g(B,p) < p=p(Be"). (1.53)
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Outlook. One of our tasks will be to generalize the previous considerations from
the ideal gas to interacting particles, with Hamilton function of the type

n

Ho(e,p) =Y 3nil?+ Y0 olle: — ) (1:54)

i=1 1<i<j<n
where v : [0,00) — R U {o0}. The p- and x-dependent contributions are called
kinetic energy and potential energy, respectively. The explicit computations that
are possible for the ideal gas break down and in general we have to content our-
selves with existence theorems on the limits. It turns out that the thermodynamic
potentials are often well-defined and satisfy the relations , however the con-
vergence of probability measures is much more delicate as there are situations where
sequences of probability measures admit more than one accumulation point.

Another task is to formalize the convergence of probability measures from Propo-
sition [L.2] using point processes and the notion of local convergence. The charac-
terization of possible accumulation points of sequences of probability measures then
leads us to the notion of infinite-volume Gibbs measures.

We will focus on the grand-canonical ensemble and the distribution of particle po-
sitions, forgetting about the momenta. Note that for the Hamilton function ,
the canonical partition function is a product of an integral over  and an in-
tegral over p; positions and velocities are independent with respect to the canonical
Gibbs measure.

1.4. Exercises.

Ezercise 1.1.
(a) Let ¢,n € N. Compute

4
k(n, ) == #{(n1,...,ne) €N§ | > ni =n}.
=1

(b) For h > 0 and L > 0, let V(n,L,h) := k(n,|L/h]). Fix p > 0 and let
L,, — oo such that n/L,, — p > 0. Compare

1
lim —logV(n, Ly, h)

n—oo N
and I
: 1 n
nll_{lgo - log T

Ezercise 1.2. Let [a,b] C R be a non-empty compact interval and f : [a,b] — R a
continuous function.

(a) Show that

1 b
lim — log / MO At | = sup f(b).
A=o0 A a t€(a,b]
(b) Suppose that f is twice continuously differentiable, attains its maximum in
a unique point ¢y € (a,b), and f”(ty9) # 0. Show that

b
2
Af(t) Af(to)
e dt ~ | ——+—¢ as A — oo.
/a \/ AL (to)
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(¢) Discuss what could go wrong if there is more than one maximizer, if f” (o) =
0, or if the domain of integration is not compact.

Ezercise 1.3. Let I'(z) := [~ t*~e~dt (z > 0) be the Gamma function.

(a) Prove I'(z + 1) ~ v27x(x/e)® as © — oo.
(b) Do you have an idea how to compute an expansion, e.g., as a power series
of 1/z, for correction terms?

Ezercise 1.4. For n € N, let C,, be the hypercube [—1,1]™ and H, C R"™ the
hyperplane defined by the equation Z;;l z; = 0. For x € R", let dist(x, H,) :=
infyeq, | — 1yl
(a) Let diam Cy, := sup, ycc, |* — y|. Show that, for every € > 0,
lim Hx € Cy, | dist(x, H,,) < ediam(Cy,)} _

n—oo |Cn|

1.

Hint: there is a way of proving it using sums of i.i.d. random variables.
(b) What happens if in (a) the constant ¢ is replaced with a sequence ¢, such
that €, \, 0 but &, > 1/v/n (i.e., /ne, — o0)? What happens if &, ~
¢/+/n for some ¢ > 07
(¢) Let B, (1) be the n-dimensional closed unit ball centered at the origin and
£n \¢ 0 with &, > 1/4/n. Show that

L H € Ba(l) | dist(@, 0B,(1) < en}] _

1.
n—oo |Bn(1)]
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2. POINT PROCESSES

2.1. Configuration space. Let (X,dist) be a complete separable metric space
and X = B(X) the Borel-o-algebra, i.e., the o-algebra generated by the open sets,
and A a reference measure on (X, X). Write &, for the collection of bounded and
measurable sets. We assume that A(B) < oo for every B € X},

For example, we could choose X = R? with the Euclidean distance, and \ as
the Lebesgue measure. For lattice systems, we choose X = Z¢, with the Euclidean
distance and find that X' consists of the power set P(X), i.e., every set B C Z¢ is
measurable. The reference measure is chosen as A\(B) = #B.

Our goal is to model configurations that consist of finite or countable collections
Z1,...,&y O (z;);en of points x; € X. We assume that points do not accumulate,
i.e., every bounded set contains at most finitely many points. The labelling of
particles is considered irrelevant but multiplicities matter. Each such configuration
is uniquely determined by a set with multiplicities (or “multi-set” ), consisting of (1)
the set S C X of particle locations, and (2) for each € S, the number of particles
n, occupying the location x € S. More generally, we can count how many points
there are in any given region B—with every point configuration, we can associate
a counting measure.

Definition 2.1. Let n be measure on X. We call nn a finite counting measure if
n(C) € Ny for all C € X, and a locally finite counting measure if n(B) € Ng for all
bounded sets B € XbE| The sets of finite and locally finite counting measures are
denoted Nt and N, respectively.

We further introduce families of maps from N to Ny U {oo} by
na(n) :=n({z}), Npn):=n(B) (zeX, BeX, neN). (2.1)

Clearly n, = Ni;3. The next lemma checks that under our assumptions, every
locally finite counting measure is associated with a point configuration (multi-set).
Thus we may work with the space N, which turns out to be preferrable to multi-sets
for technical reasons.

Lemma 2.2. Fizne N. Set S, := {z € X | ng(n) > 1}. Then S, is countable
and
n= Z 1 (1) 0z
€Sy

Proof. Consider first a finite counting measure € N;. Let C € X. Then for every
finite set F' C S, we have

n(C) =n(CNS) =nCNnF)= > n{z})=> n.(n)6(C),

zeCNF zeF
hence
n(C) > sup > na(n)da(C). (2.2)
FCSy: 2CF
#F<

1We follow the terminology of Last and Penrose [33]. In the theory of measures on topological
spaces, often “locally finite” instead means that compact sets have finite measure. Daley and
Vere-Jones [10] therefore say “boundedly finite” to avoid confusion. Of course for our preferred
examples X = R% and X = Z¢, there is no difference.
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Choosing C' = X and using n,(n) > 1 for all x € S,,, we have
n(X) > sup #F = #5,

FCSy:
#F<oo

hence #5, < oco. The inequality (2.2) shows n > Zmes,, ng(N)dy, it remains to
prove the reverse inequality. For z € X and r € N, let B(x,r) be the closed ball of
radius r > 0 centered at . Then

Tim (B, 1) = n({a}) = na(n).

Since n(B(z,1/m)) € Ny for all m € N, it follows that the sequence is eventually
constant and we have

n(B(x,ez) \{z}) =0

for some ¢, > 0. Since every compact set K can be covered by a finite union of
balls B(x,e,) with z € K, we deduce

n(K) = Z ng(n) = Z ()02 (K).
zESHNK €S,
As a finite Borel measure on a complete separable metric space, n satisfies
n(C) = sup{n(K) | K C C compact}
for all C € X [3, Theorem 7.1.7], hence

0(C) =supd 3 na(n)6.(K) | K € C compact p < 3 na(n)6.(C)

€Sy TESy

which completes the proof for finite 7.

For locally finite 7, let (A,)nen be a sequence of bounded sets with A, 7 X.
Set 1, (C) :=n(C N [Apt1 \ An]). Since each C' € X is the disjoint countable union
of CN[Apt1 \ Ayn], the o-additivity of the measure 7, yields

n=y i
neN

On the other hand each 7, is a finite counting measure, hence S, is finite and
M = Zmesnn nz(nn)éz USng nm(nn) = nz(nn)ﬂAn+1\AN (l’) we deduce

n= Z Z g (M) 1A, 41 \A,, (2)62 = Z Nz (1)0a,
neNzeS, TESy

moreover Sy, = UnpenSy, is a countable union of finite sets, hence countable. O

Definition 2.3. 91 := o(Np, B € X) is the o-algebra generated by the maps
Np : N = NoU{oc}, n+ Np(n) =n(B).

It is convenient not to deal with all counting variables Npg, but instead only with
those associated with simple sets, e.g., rectangles [a, b) X [c,d) in R%.

Proposition 2.4. Let R C &}, be a w-system (A,B € R = AN B € R) such that
o(R) = X. Suppose in addition that X = UpenR,, for some increasing sequence
(Rp)nen in R. Then M =o(Np, B€ER).
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Proof. Set F = o(Np, B € R) and let D be the collection of sets C' C X such
that N¢ is F-measurable; thus R C D. We want to check that X C D using a
Dynkin system theorem (see Appendix . Let (A, )nen be an increasing sequence
in D and A = UpenAy,. By monotone convergence, n(A,) ,/* n(A) for every n € N,
i.e., Na, /' Na pointwise on N'. Thus N4 is the pointwise limit of F-measurable
functions, hence F-measurable. Therefore A € D and D is closed with respect to
limits of monotone increasing sequences. Applying this last bit to X = U, enR,, we
see that X € D.

The only missing piece for D to be a Dynkin system is that it is closed with
respect to proper differences. One would like to use the identity Np\4 = Np — Na
for A C B but runs into the problem that Ng and N4 could be infinite. For that
reason we proceed slightly differently and introduce, for £ € N, the set

D, ={A CX| Nang, is F-measurable} = {A C X| AN Ry € D}.

For A,B € Dy with A C B, we have Np\a)nr, = NBnr, — Nanr, where all
quantities are finite because Ry is bounded. Then N p\4)ng, is the difference of
two F-measurable maps, hence F-measurable and B\ A € Dj. The set Dy is
closed with respect to monotone increasing limits by an argument similar to D.
The inclusion X € Dy follows from Ry € R C Dj. Thus D;, is a Dynkin system
and X = o(R) C Dj. Consequently Nng, is F-measurable for all A € X, and so
is Ny = limg_00 Nang,. It follows that M = o(Na, A € X) C F. The inclusion
F C Mis clearly true, hence F = 1. O

Corollary 2.5. Let R be as in Proposition[2.4) Consider the collection Z of subsets
of N that are of the form

{n € N'| Ng,(n) = k1,...,Ng,, (1) = kmn}
withm €N, Ry,..., R, €R, ki,...,km € Ng. Then o(2) =.
The set Z plays a role analogous to cylinder sets in product spaces.

Proof. Let R € R and B C N. We have
N'(B) = |J{n € N'| Nr(n) = k}.

kebB

The right-hand side is a countable union of elements in Z, hence it is in o(Z). It
follows that Ng is measurable with respect to o(Z). This holds for every R € R
and we deduce o(Ngr, R € R) C o(Z) so by Proposition N C o(Z). The
reverse inclusion is obvious and the claim follows. g

Corollary 2.6. Pick n € N and equip X" with the product o-algebra X®™. The
map

On : X" = N, (xl,...,xn)HZ(SIj.
j=1

is measurable.
Proof. Let B € X and k € Ng. Then ¢ '({Np =k}) =0 if k =0 and

o '({Np =k}) = U {x €e X" |z; € Bif and only if j € J}

JC[n]
H#T=k
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if kK > 1. The right-hand side is a union of Cartesian products of B and X\ B,
hence a measurable subset of X™. Thus preimages of sets { Ng = k} are measurable.
Since sets of this form generate 91, it follows that ¢, is measurable. O

2.2. Probability measures.

Definition 2.7. A point process on (X, X) is a random variable with values in
(N, M), i.e., a measurable map Z from some probability space (2, F,P) to (N, N).

Given a probability measure P on (N, 91), we can always find a point process with
distribution P: set (Q, F,P) := (N, M, P) and Z(n) := n, then P(Z € C) = P(C),
for all C' € M. By some abuse of language, probability measures P on (A, M) are
sometimes called point processes too.

Proposition 2.8. Let P, Q be two probability measures on (N, M), and R C X,
be a m-system with o(R) = X and X = |J,, oy Rn for some increasing sequence in

R. Then P = Q if and only if
P(Ngr, =k1,...,Nr, = k,) =Q(Ng, =k1,...,Ng, =k,)
forall Ry,...,R, € R and kq,...,k, € Np.

The proposition implies that the distribution of a point process is uniquely deter-
mined by its finite-dimensional distributions.

Proof. Define Z as in Corollary Thus P = Q on Z. Now Z is clearly closed
under finite intersections, i.e., a m-systems. Since o(Z) = 9 by Corollary and
probability measures are uniquely defined by their values on a generating m-system,
it follows that P = Q. O

Ezample 2.9 (Binomial point process). Let v be a probability measure on X, m €
N, and Xq,...,X,, ii.d. X-valued random variables with distribution v. Then
Z = Z;nzl dx, is a point process (the measurability of Z : Q — N follows from
Corollary . Its distribution satisfies, for every A € X and k € Ny,

m

P(Na = k) = P(i lx,ca) = k) — <k>u(A)k(l —y(A))mF
j=1

P is the binomial point process with sample size m and sampling distribution v.
We had encountered a special case for the particle positions of the ideal gas in the
microcanonical ensemble, see the proof of Lemma (1.3

Ezample 2.10 (Ideal lattice gas). Take X = Z?. Then (N,M) can be identified
with the product space N%d, and any probability measure on (N,M) is uniquely
determined by the joint distributions of the occupation numbers n,, © € Z%. The
ideal lattice gas at activity z > 0 corresponds to the unique measure P such that the
occupation numbers n, are i.i.d. Bernoulli-distributed with parameter z/(1 + z),
ie.,

z 1
P oy — 1 = —-— P N p— = .
(n ) 1+2’ (e =0) 1+z
We have for all £ € N and all kq,...,k, € {0,1}",
1

P(ny =ki,...,ng =ke) = ——— AUSEAR=N 0y (kLK)

(14 2)*
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With the convention exp(—oo) = 0, we can think of the indicator as a weight
exp(—H) for an energy function H that is infinite if two particles occupy the same
lattice site (hard-core on-site repulsion), and zero otherwise. Except for the hard-
core interaction, this looks very much like the ideal gas that we encountered earlier
in continuum systems.

Another important example, the Poisson point process, is introduced in Section

2.3. Observables. It remains to understand measurable maps F : N'— R U {co},
which we call observables. We start with maps restricted to the space N of finite
configurations. Since Ny = {Nx < oo}, it is a measurable subset of A'. It comes
equipped with the o-algebra {4 € 91| A C Nt}

Proposition 2.11. A map F : Ny = RU {0} is measurable if and only if there
exists a number fo € R U {oo} and a family (fn)nen of measurable, symmetric
functions f, : X" — RU {0} such that F(0) = fo and

F(Z 6%.) = fo(z1,...,2p) (2.3)

for alln € N and (zq,...,2,) € X"

The proposition allows us to switch back and forth between symmetric functions
of labelled points x1, ..., x, and functions of point configurations. As an example,
let us look at a function that is a sum of pair contributions.

Ezample 2.12. Let v : [0,00) — RU{oo} be a pair potential. Set Uy := 0, Uy (z) =0,
and

Un(@1,. . oam) = Y v(lz — ). (2.4)

1<i<j<n

for n > 2. The associated map U : Nf — R U {oo} is given by

Um) =3 > 00ma(m)(naln) —=1) + 5 > vz = yhna(n)ny(n)
€Sy, z,Yy€Sy:
TFY

Proposition guarantees that if v is measurable, then so is U.

Proof of Proposition[2.11} “=" Let F : Nf — R U {occ} be measurable. Define
fo := F(0) and for n € N, define f,(z1,...,2,) by (2.3). Each f, is clearly
symmetric. The measurability follows from Corollary rite fn=TFop,).

“<” Let fo € RU{oo} and f,, n € N, be symmetric measurable functions from
X" to RU {oo}. We define F : N — RU {oo} by F(0) := fo and by (2.3). The
function F' is well-defined because every finite counting measure can be represented
as a sum of Dirac measures by Lemma and because f,(z1,...,z,) is indepen-
dent of the chosen representation by the symmetry of f,. It remains to check that
F' is measurable.

For k € Ny, set Fy, := ln,—4} F. Since Y opeo Fi = F as m — oo and sums and
pointwise limits of measurable functions are again measurable, it is enough to show
that each Fy is measurable. For k = 0, we note that Fy = 1y, —x) fo with constant
fo so Fy is measurable.
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For k > 1, we proceed as follows. Let Dy, be the class of measurable sets B C X*
such that the map Gy : Nf — R, uniquely defined by

k
1
Gr(D_da,) = o > (@) - Tor) (2.5)
j=1 ’

gES

for all z1,...,zx € X*, and Gi(n) = 0 if Nx(n) # k, is measurable. We use a
Dynkin system argument to check that Dy, = X®F.

For B = X*, the associated function Gy is Gy = Iy ny—ky which is measurable,
so X*¥ € Dy. If (Bp)nen is a sequence of disjoint sets in Dy, the function Gy
associated with B = UneN B,, is the sum of the functions associated with the B,’s,
hence measurable. Thus Dy is closed with respect to disjoint countable unions.
Similarly, if A C B and A, B € Dy, the function Gy, associated with B\ A is the
difference of the functions associated with B and A. Thus Dy, is closed with respect
to proper differences. Altogether we find that Dy, is a Dynkin system.

Let Ci, be the collection of Cartesian products of sets By X - - - X By, of measurable
sets such that for all 7, j, we have either B;NB; = () or B; = B;. Cartesian products
of this form are in Dj: consider for example k¥ = 3 and By = By, B1 N By =
(), then the function G associated with B = B; x B, x B3 is proportional to
Ty vy =3, Np,=2, Np,=1}5 which is measurable. Similar considerations apply to the
general case and show By X .-+ X By € Dy. Thus C, C Dy. Ci is closed under
pairwise intersections. Since every Cartesian product A; x --- x A of measurable
sets is a finite union of sets By X --- X By € Ck, and Cartesian products generate
X®F we have o(C),) = X®F.

Theorem shows D, = X®*. Taking linear combinations of indicators and
then pointwise monotone limits, we see that we can replace the indicator in
by any non-negative measurable function g, and still obtain a measurable function
Gj. In particular we can choose g = fi as any symmetric measurable function,
which concludes the proof. ([l

Among the observables, a special role is played by local and quasi-local observables.
For n € N and A € X, define ny € N by

na(B) :=n(BNA) (BeX).
Equivalently,

A 1= Z Ny (N)0z.

rES,;NA

The configuration 7, is obtained from 7 by keeping the points that are in A, dis-
carding the rest.

Definition 2.13.
e An observable F' is local if for some bounded A € X}, we have
Vn,yeN: na=v1 = F(n)=F(v). (2.6)

o An observable is quasilocal if it is the uniform limit of a sequence of bounded
local observables.

Because of (a)a = na, the condition (2.6]) is equivalent to
Vn €N F(n) = F(na). (2.7)
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Proposition with the observation na € Nf can be used to show that there is a
one-to-one correspondence between local observables satisfying (2.6) and sequences

(fn)nen, of symmetric, measurable functions f, : A — R.
Let Ay denote the set of bounded local observables that satisfy (2.6)),

Al°¢ = Upex, A

the set of local observables, and A the set of quasilocal observables. A is the
closure of A!°¢ with respect to the supremum norm || - ||~ in the space £ (N, M)
of bounded observables:

Alee  gioe 1= 4 = oo (nr, ). (2.8)

We will often want to check that some property holds for all local observables, but
prefer to check it for particularly simple subset of observables H only.

Proposition 2.14. Let M C Z*°(N,MN) and H C M. Suppose that:

o H is closed with respect to products (f,g € H= fg € H) and o(H) = N.
1ec M.

M is a vector space.

If (fn)nen is a monotone-increasing sequence of non-negative functions in
M such that f, S f for some bounded function f : N'— R, then f € M.

Then M = £ (N,M).

A typical choice for H could be the collection of indicator functions of cylinder
sets {NBl = ]ﬂl,...,.ZVB(Z = k[} with ¢ € N, By,...,By € &, k1,..., ks € Np.
Other possible choices are H = A!°° or H = A; for these choices Proposition m
characterizes the class of bounded observables as the smallest linear vector space
M of bounded maps that contain the local observables and is closed with respect
to pointwise monotone limits of uniformly bounded sequences. This information
complements the inclusions (2.8]).

Proof of Proposition|2.14] The proposition is a direct consequence of the functional
monotone class theorem, see Theorem [A.2] The latter ensures that M contains all
bounded o(H)-measurable functions. Since o(H) = 91 by our set of assumptions,
we have Z°(N,M) € M. We have assumed M C Z>°(N,M) so we must have
M= ZL°(N,N). O

2.4. Poisson point process.

Theorem 2.15. Let v be locally finite measure on X (i.e., v(B) < oo for every
B € X,). There exists a uniquely defined probability measure P on (N, M) such
that:
(i) P(Ng = k) = #v(B)" exp(—v(B)), for every k € Ny and B € Xj.
(ii) For every m € N and all pairwise disjoint sets By, ..., By, € X, the vari-
ables Np,,...,Np,, are independent.

Definition 2.16. Let v be a locally finite measure on X. A Poisson point pro-
cess with intensity measure v is a point process whose distribution P satisfies the

conditions (i) and (i) from Theorem [2.15

For later purpose we note that if P is the distribution of a Poisson point process
with intensity measure v, then for all A € A&},

E[Na] = v(A). (2.9)



22 SABINE JANSEN

Before we come to the proof of Theorem we give another characterization.

Theorem 2.17. Let v be a locally finite measure on X and P a probability measure
on N. Then P is the distribution of a Poisson point process with intensity measure
v if and only if for all A € X, and all F € L (N, M)

E[F(na)] = e W) (F(O) +y % /A F(8p 4+ 5mn,)dy”(m)> . (2.10)

The theorem is proven at the end of this section. It shows that expectations of local
observables with respect to Poisson point processes can be computed by a fairly
explicit formula, breaking things down to a series and integrals on X”. Moreover we
recognize, for X = R? and v = z Leb, the type of sum encountered in Proposition
for the ideal gas.

Proposition 2.18. Let v be a finite, non-zero measure on X. Let M and (X;);en be
independent random variables, defined on some common probability space (2, F,P),
such that M is integer-valued and has Poisson distribution with parameter v(X) and
the X;’s are i.i.d. with distribution P(X; € B) = v(B)/v(X). Then Z := Z;‘il dx;
is a Poisson point process with intensity measure v.

Proof. First we note that Nx(Z) = M < oo so Z takes values in Ny C N the
measurability follows with the help of Corollary and the decomposition

Z=> War—m} Y _0x,. (2.11)
m=0 j=1

So Z is indeed a point process, i.e., a N'-valued random variable.

Let m € Nand By, ..., B, € X be disjoint sets. Adding X\U;”lej if necessary,
we may assume without loss of generality that U7, B; = X. Pick ki,...,kn € No.
Set k:=ki+---+ k. Then

P(Ng,(Z) = k1, ..., N, (Z) = k)

k k
=P | M=k, Zﬂ{xjeBl} = /f17~-~,z]1{xjeBm} =km

j=1 j=1

|
5

L

I
-

J
It follows that Np,(Z),...,Np, (Z) are independent Poisson variables with re-
spective parameters v(B;), hence Z is a Poisson point process with intensity mea-
sure v. (]

Remark. Suppose that v has bounded support, i.e., there exists some A € A}, such
that (X \ A) = 0. Then we can choose the random variables X; in the proof of
Proposition in such a way that X;(w) € A for all w € Q, which then implies
Nx\a(Z(w)) = 0 for all wE|

2For general Poisson point process Z with intensity measure v supported in A, we can only
say that Nx\A(Z) = 0 P-almost surely.
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Proof of Theorem[2.15. Uniqueness. Conditions (i) and (ii) determine the distri-
butions of (Ng,,...,Np, ) with m € N, By,..., B, € &}, uniquely, so P is unique
by Proposition

Ezistence. For n € N, let A,, := B(0,n) be the closed ball with radius n centered
at the origin, and v,(A) = v(A N (A, \ An—1)), with the convention Ay := 0.
Notice v = 220:1 V. Each v, is finite, so by Proposition there is a Poisson
point process Z,, with intensity measure v,,. We may take (Z,)nen as independent
variables defined on some common probability space (€2, F,P). Moreover we may
assume Nx\a, (Zn(w)) = 0 for all w € Q.

We claim that Z := Zle Z,, is a Poisson point process with intensity measure v.
For each w € 1, Z(w) is a measure on X, we need to check that it is a locally
finite counting measure. Let B € A} and k large enough so that B C A;. Then
Np,;(Z(w)) =0forallw € Qand j > k+1and Np(Z(w)) = Z?=1 Np(Z;(w)) € Noy
is finite. It follows that Z(w) € N, for every w € Q. The measurability of Z : Q —
N is left as an exercise.

Let B € &, and k € N with B C Agx. By the previous paragraph, Ng(Z) =
Zle Ng(Zj), so Np(Z) is the sum of Poisson variables with parameters v;(B),

(
j = 1,...,k, so it is itself a Poisson variable with parameter Z vi(B) =
>, 1y(B) = u(B).

Finally let m € N and By,..., B, € X be pairwise disjoint sets. Then Np,(Z,),
j=1,....,m,n €N, are 1ndependent It follows that Y, Np,(Zn), ..., D, NB (Zn)
are independent as well.

Consequently Z is a Poisson point process with intensity measure v and its
distribution P satisfies the conditions (i) and (ii). O

Proof of Theorem|2.17. “<” Suppose that P satisfies Eq. for all bounded
observables F' and all A € &,. Choosing A, F' = Ty, we find that Ny ~
Poi(v(A)). Let m € N and By,...,B, € A, be pairwise disjoint. Let A :=
U;n:lBj € Xp. Let ky,...,kn, € Ngand k = ki + --- + k. If K = 0, then
ki=---=k, =0and

P(Np, =0,...,Np, =0)=P(Ny =0) =e "™ = J[e™B) = [ P(Ng, =

If £ > 1, then

1 —v
= ¢ W /Xk ]I{NBl:kla-<-7NB-m:km}(§Il +oeet 5rk)dyk(m)

1 k "
—v(A) || ,kjfll — 1.
TR (kl,...,kzm> ok v(B;)™ = P(NB, = k).

It follows that Np,, ..., Np,, areindependent if the B;’s are bounded. If By, ..., B, €
X, let A, = B(0,n) forn € N, Ag = 0, A,, = A, \Aj,—1. Then the variables Np a4,
with j = 1,...,m and n € N, are independent; using Np, = P NB;na,, we
deduce that Np,,...,Np,, are independent as well.

“=" Suppose that P satisfies the conditions (i) and (ii). For F' = U Np, =ky, N, =k}
with By, ..., By € &y and ki,..., Ky € No, let k= ki + -+ + &y, and A = UL, By

(2.12)
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Then
E[F(’I’]A)] = P(ZVB1 = k’l, ey NB,"L = km)

which is equal to the right-hand side of Eq. (2.10)) by a computation similar to (2.12)).
Thus Eq. (2.10) holds true for all indicator functions of sets of the given form. For
general F' the statement follows with a monotone class theorem. (Il

2.5. Janossy densities. Remember that X is equipped with a locally finite ref-
erence measure )\, for example, the Lebesgue measure on X = R? or A(B) = #B
on X = Z%. Write \" for the product measure on X". The Janossy densities play
a role analogous to probability densities of real-valued random variables; they are
called system of density distributions by Ruelle [49].

Definition 2.19. Let P be a probability measure on (N,M). A family of functions
(Jn.A)neNAcx, @S a system of Janossy densities of P with respect to A if they are
symmetric and for every non-negative test function f with f(0) =0, we have

n

E[f(na)] = Z%/A f(z 80 ) a1, )N (). (2.13)

The Janossy densities, if they exist, are unique up to A"-null sets, and they deter-
mine the measure P uniquely.

Ezxample 2.20 (Homogeneous Poisson point process). Let X = R and ) the Lebesgue
measure. Pick z > 0, and let P, be the Poisson point process with intensity measure
z A. The functions j, o given by

Jna(Z1, .. @) = 2" exp(—z|A|)
form a system of Janossy densities. This follows from Theorem [2.17]
Ezample 2.21 (Binomial process). Take X = R%, )\ the Lebesgue measure, and v a
probability measure on R? with probability density p(x). Fix m € N and consider

the binomial distribution P with sampling size m and sampling distribution v. Then
P admits the Janossy densities

k
ra(ey,..zr) =mm—=1) (m—k+1)(1 - v(A)"" Hp(évj),

see Exercise

Notice that the Janossy density j, a depends on the window A. For this reason it
is often more convenient to work with other quantities, the correlation functions
defined in Section B

2.6. Intensity measure, one-particle density. Real-valued random variables
come with a bunch of associated quantities, e.g., expected values E[X], moments
E[X*] and generating functions, which have analogues for point processes. We start
with the analogue of the expected value.

Lemma 2.22. Let f : X = Ry U {oo} be a measurable function. Then the map
N =Ry U{oo}, n [y fdn = Ywes, Ma(n)f(x) is measurable.
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Proof. Let If(n) == ersn ng(n)f(x). If f = 1p for some B € X, then Iy = Np
is measurable by the definition of the o-algebra 9t. Taking linear combinations of
indicator functions and then monotone limits, we see that Iy is measurable for all
non-negative measurable f. O

Definition 2.23. Let P be a probability measure on (N',M). The intensity measure
of P is the unique measure p on (X, X) such that

E[> na()f(@)| = / Jdp (2.14)
TESy X
for all measurable f : X — Ry U{oo}. If p is absolutely continuous with respect to
A, the Radon-Nikodym derivative p; = j—’/{ is called one-particle density.

The intensity measure of a point process Z is the intensity measure of its distribu-
tion P, similarly for the one-particle density.

The existence and uniqueness of the intensity measure are easily checked. Choos-
ing f = 1p we find that p satisfies

VB e X : u(B) = E[Ng], (2.15)

which determines it uniquely. For the existence, one defines ;1 by Eq. and
checks that it is indeed a measure and that Eq. holds true, see [33] Chapter
2.2]. In fact Eq. is often taken as the definition of the intensity measure.
Eq. is Campbell’s formula. 1t is usually written as

E[/ f(z)dn} - / fdu. (2.16)
X X
For Poisson point processes, Definition [2:23]is consistent with the earlier terminol-

ogy because of (2.9).

Example 2.24. Let X = Z% and A\(B) = #B. Then the one-point correlation
function exists and is given by pi(x) = E[n]. If in addition P(n, > 2) = 0 for
all z € Z% then pi(z) = P(n, = 1) is the probability that there is a point at
x. However, > ;. p1(z) = E[Nx] which is in general different from 1—the one-
particle density is not a probability density!

Example 2.25. Let X;,...,X,, be X-valued random variables. Let P be the distri-
bution of Z = Z?:l 0x,. Then for any non-negative measurable f, we have

B D ne(mf@)| =E |3 F(X;))

z€Sy

It follows that the intensity measure of Z is the sum of the distributions of the X’s.
If the joint distribution (X1, ..., X,,) has a Radon-Nikodym derivative p(z1, ..., z,)
with respect to A", the one-particle density exists and is given by

n
pl(x) = Z/ 1p(y17‘ o Yi—1, T, Y41, - - 7yn)d>‘n_1(y17‘ s Yi—15Y5+415 - ;yn)
j—l Xn—

In particular, the one-particle density is a sum of one-dimensional marginals.
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2.7. Correlation functions. The Campbell equation allows us to express
expectations of sums of one-particle functions in terms of the intensity measure
or, if it exists, in terms of the one-particle density. We may ask for a similar
representation of sums of functions associated with pairs or triplets of distinct
particles, for example, the energy of a configuration given in terms of a sum of
pair potentials as in (2.4). We need to formalize first what we mean by “sum over
n-tuples of distinct particles.”

Lemma 2.26. Letn € N and f: X" — R4 U{oco} be measurable. Then there is a
uniquely defined, measurable map F : N' — R, U{oo} such that for all k € NoU{oco}

and all x1,x9,... € X (not necessarily distinct),
u #
F(Zézj) = N7 flei,. ) (2.17)
j=1 (i1,0min)
where the sum is over n-tuples (i1, . . ., in) with pairwise distinct entries in {1,...,k}

if k € N, and pairwise distinct entries in N if k = oo.

We follow the convention that sums over empty sets are zero. If &k < n — 1, then
there is no way to choose n distinct indices out of 1,...,n and the function F

in (2.17) vanishes.

A more intrinsic way of writing the map F from Lemma [2:26] is the following.
Given n = Zle 0z, € N the n-th factorial measure n(™) is the measure on X®"

defined by #
77( ) = (a:,il,-w in)'

(7;17--<7in)
For example, for n = 2 and A, B € &}, we have (2 (A x B) = n(A)n(B) —n(ANB).
Given f: X" — RU oo, the map F from Lemma is given by

F(p)= [ fdn™. (2.18)
X'n

Ezample 2.27. Forn =2 and f: X x X = R} U {oo}, we have

F(n) = / FAn® =" na()(ne(n) = Df(@x)+ Y na(n)ny(n)f(z,y).
X2 TESy z,y€Sy:
zH#Y
Proof. The function F, if it exists, is clearly unique. Let m € N U {oco} and
Y1,Y2,... € X such that Z;"Zl 0y, = 25:1 dz;- Then m = k and there exists a
bijection o : N — N if m = k = oo, or 0 € & if m = k < oo, such that z; = y,(;
for all 3. Then

(1o (41 5eenyin) (i140eyin)
and it follows that F' is well-defined.

The measurability for n = 1 has already been checked in Lemma[2:22] For n = 2,
consider first indicator functions f = laxp with A, B € X. If A and B are disjoint,
then F' = N4 Npg, which is measurable. If A = B, then F' = N4(N4 — 1), which is
again measurable. For general A, B, we note

Taxs = La\Byx(B\4) T La\B)x(anB) + LanB)x(B\A) T L(anB)x(4nB)
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hence the function F' associated with 14« p is given by

F = NangNp\a+ Na\gNan + NanNp\a + Nanp(Nanp — 1)
= NoANp — Nans.

which is again measurable. Note that the first line in the previous equation is
always well-defined as a sum of non-negative terms, whereas the second line could
be problematic if Ngnp is infinite.

Now fix A € X, and let Dy consist of those D € X®2, D C A2, for which the
function Fp associated with f = 1p is measurable. We have just checked that D
contains all Cartesian products A X B of measurable subsets A, B C A, hence in
particular AxA. If C, D € Dy, then Fo(n) < Fp(n) < Np(n)? < oo because D C A
is bounded and 7 is locally finite. Therefore F'p\¢ = Fp — F¢ is well-defined and
measurable, thus D\C € Dy. Finally let (D,,),en be a sequence of pairwise disjoint
sets in Dy. Given n = 3, d,;, let n? = > izj Oaiey)s then Fp, = [o, 1p, dn®
and the o-additivity of the measure 77(2) shows Fp = ZZOZI Fp,, hence D € D,.
Thus Dy is a Dynkin system containing Cy of Cartesian products of measurable
subsets of A. It follows that D, contains all measurable subsets of A x A.

Every A € X is the countable union of disjoint bounded measurable sets (think
A, = AN(B(0,n+1)\ B(0,n))), so invoking again the c-additivity of the measure
n® from the previous paragraph, we find that the function F associated with
A € X is measurable. To conclude the case n = 2, we take linear combinations and
monotone increasing limits.

The proof in the general case is similar and based on the obervation that the
function F associated with indicators of Cartesian sets is a sum of of polynomials
of the form

F=]]Na(Na, = 1)+ (Na, —ng +1) (2.19)
k=1

with Aq,..., A, € X pairwise disjoint, ny,...,n. € Nyand n; +---+n,.=n. 0O

Definition 2.28 (Factorial moment measures / correlation functions). Let P be a
probability measure on (N,MN), and n € N. The n-th factorial moment measure is
the uniquely defined measure o, on X™ such that for all measurable f : X™ — [0, 0o,

and F' given by (2.17)), we have

E[F]= | fdan. (2.20)
Xn

The n-point correlation function or n-th factorial moment density p,,, if it exists,
is the Radon-Nikodym derivative of o, with respect to \™.

For n = 1, we recover the intensity measure and one-point correlation function. We
can rewrite Eq. (2.20) with the factorial measure (™ as

E{ fdn‘"ﬂ = [ fda,= [ fp.d\".
Xn X Xn

Example 2.29. If f = Nax..xa is the indicator function of the n-th Cartesian
product of A € X, then

F=Nsg(Nga—1)---(Nga—n+1)
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and we find
Oln(An):/ pnd/\n:E[NA(NA—1)---(NA—TL—|—1)},
whence the name factorial moment measure.

Ezample 2.30. Let n =2 and f = 14y p with disjoint A, B € X. Then F' = NyNp
and we find

O(Q(A X B) = /A 5 pg(a:,y)d/\(x)d)\(y) = ]E[NANB].

Expectations of products are closely related to covariances and correlation coeffi-
cients, which explains the name correlation functions.

Ezample 2.31. Take X = Z¢ and A\(B) = #B. Then the correlation functions exist
and can be expressed as mixed factorial moments of occupation numbers n;(7n)

similar to (2.19). For example,
Eln:(ns — 1)], =1y,
E[ngnyl, x #y.

Proposition 2.32. Suppose that the probability measure P admits a system of
Janossy densities (jn,A)neN,Acx,- Lhen the correlation functions exist and for all
n €N, A e X, \"-almost all (z1,...,2,) € A™, we have

oo

1 .
pn(xla”-axn) = Z (m—n)'/ - ]m,A(xla---axm)dA(xn+1)"'d)\(xm)
(2.21)

m=n

where the summand for m = n is interpreted as jna(T1,...,%n).

Notice that the Janossy densities on the right-hand side depend on A but the
correlations functions on the left-hand side do not.

Proof. Fix A € X,, n € N, f : X — R, measurable, and define F' by (2.17).
Assume that f vanishes on X\ A. Then F(n) = F(nu) for all n, F(n) = 0 for
Na(n) <n—1,and

E[F]

Am

= 1 a : m
Z ﬁ/ Z f@iy, o osmi ) Jma(@, ooy ) dA™ ().

1<iy,..in<m

1
> — | P+t 00, )ima @A (@)

The inner sum is a sum over m(m —1)---(m —n+ 1) = m!/(m —n)! terms. Since
the Janossy densities are symmetric functions, the n-dimensional marginals are
independent of the precise choice of indices i1,...,4,. Thus

E[F] = N fx1, .. xn)upa(x, ..., zn)dA" ()

with u, s given by the right-hand side of (2.21)). It follows that

An f(l'la ey xn)pn(‘rlv cee axn)d)\n(w) = An f(xlv cee ,xn)un,A(xlv s 71'n)d)\n(a3)
(2.22)
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This holds true for all non-negative measurable f, hence p, = up.a, A"-almost
everywhere in A"™. O

Ezxample 2.33 (Homogeneous Poisson point process / ideal gas). Let X = R%, \ =
Leb the Lebesgue measure, z > 0, and P the Poisson point process with intensity
measure z Leb. Remember j, o = 2™ exp(—2zA(A)

o}

1 _
p’n(xla-"wrn) = Z m/ N z"Me Z‘A|dxm+1-~-dmn

m=n

> 1
= e 2IAl Z (7m — ) (z‘A|)m_n =2z"

Proposition 2:32] shows that p,, inherits the symmetry of the Janossy densities.
Corollary 2.34. Let P be a probability measure on (N, M). The correlation func-

tions, if they exist, are symmetric functions, i.e.,
pn(xa(l)a"'axa(rb)) :pn(xla"'vajn) (223)
foralln €N, o € &,,, and \"-almost all (x1,...,2,) € X".

Finally we address signed observables. If in Lemma the function f(z1,...,z,)
takes both negative and positive values, we need to worry about the convergence

of the sum in (2.17]).

Proposition 2.35. Let P be a probability measure on (N,M). Fixn € N and a
measurable f : X" — R. Suppose that fxﬂ flday, < oco. Then the right-hand side
mn is absolutely convergent for P-almost all n = Zj 6z, € N. Moreover the
function F defined by satisfies E|F| < co and E[F] = [, fda,.

Proof. Write f = fi — f_ with fi > 0 the positive and negative parts of f. Let
Fy : N = Ry U{co} be the functions associated to f+ by Lemma By the
assumption of f, we have E[Fy] = [, f1da, < oo, hence F () < oo for P-almost
all . A similar argument applies to F_. Thus F; + F_ < oo, P-almost surely. The
proposition then follows from FF'= F, — F_ and |F| = Fy + F_. O

2.8. Generating functionals and Ruelle bound. Let P be a probability mea-
sure on (N, 7).

Definition 2.36. For f:X — [0,00) U {co} measurable, set

ol = Elexp(= X non)f(@))] = E[exn(~ [ ran)]

n

with the convention exp(—oco) = 0. Lp[] is the (extended) Laplace functional of P.

The qualificative “extended” is sometimes added to indicate that the domain of Lp
is chosen to include functions that may take the value co. If f takes some negative
values but E[exp(—)_, cx n.(n)f(x))] exists, by a slight abuse of notation we use
the same letter Lp[f] in this situation as well.

Definition 2.37. For h: X — [0, 1] measurable, set
Gelh) = E[ T] h(x)™].
€S,

Gp[] is the probability generating functional of P.
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Notice
Gp[h] = Lp[—log h] (2.24)

with the convention —log0 = oo.

Ezample 2.38. Let P be the distribution of a Poisson point process with intensity
measure v. Then for all non-negative f, we have

celfl=exp (~ [ (1= @)an(o))

with the usual convention exp(—oc) = 0. Indeed, suppose first that f vanishes
outside some bounded set A € Ap. Then n — exp(— [ fdn) is in Ap and by
Theorem [2.17] we have

— 1
Lo[f] =™ (1 D / e” 2=t/ (””ﬂdu”(m))
n=1 "

~ exp (— /A (1 —e_f(””))du(x)> — exp (- /X (1 —e_f(””))du(w))

For general non-negative f, let f,, := flp( ). Then

Lp[fn] = exp ( /Xa - efn<z>)dy(z)> . (2.25)

Moreover f, ,* f so by monotone convergence, fX fndn 7 fx fdn and by dom-
inated convergence (note exp(— [y fndn) < 1), Lp[fn] — Lp[f]. We also have
0<1—exp(—fn) /1 —exp(—f)so [x(1—exp(—fn))dv — [(1—exp(—f))dv by
monotone convergence. Passing to the limit in Eq. (2.25) we obtain the expression
for Lp[f].

The functionals are the analogues of the Laplace transform and probability gen-
erating function of integer-valued random variables. The analogy proves helpful
in understanding the relation between the Laplace functional and the correlation
functions. Let N be a random variable with values in Ny, defined on some prob-
ability space (2, F,P). Let ¢ > 0 and s = exp(—t) — 1. A formal computation
yields

N /N =, sk
E[fe™™] =E[(1+s)V] = E[Z (k)sﬂ = Z—!E[N(N— 1) (N —k+1)].

k=0 k=0

(2.26)

Eq. shows how the Laplace transform might be expressed in terms of the
factorial moments. However the computation is formal because the exchange of
summation and expectations requires justification; in fact without assumptions on
N the factorial moments might be infinite. A sufficient condition for to hold
true is that E[N(N —1)--- (N — k + 1)] < &* for some ¢ > 0 and all k € Ny. The
following is an analogue of this condition.

Definition 2.39. Let P be a probability measure on (N, M). Then P satisfies
Ruelle’s bound if all its correlation functions pn(x1,...,2,) exist and satisfy the
condition

pr(@1, .y 2n) <& (Ze)
for some £ >0, all n € N, and A"*-almost all (x1,...,2,) € X™.
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Equivalently, if the factorial moment measures «,, satisfy

an(B) < §"A\"(B)
for all n € N and all B € X®n,

Theorem 2.40. Suppose that P satisfies Ruelle’s bound. Then for all measurable
f: X = RU{oco} with

/ le= @) —1|d)\(z) < oo,
X

we have
A=1+Y o [ TIE = Do (@ar(a)
n=1"""Y&" j=1

with absolutely convergent integrals and sums.

Remark. From exp(—f) — 1 > —f we get f- < |exp(—f) — 1] and under the
condition of the theorem, [y f_(z)p1(z)dz < oo. Proposition then shows
Jx f-dn < oo for P-almost all n. Therefore [, fdn is well-defined, but it can be
infinite; similarly, exp(— fx fdn) is well-defined but can be zero.

Proof of Theorem[2.]0 Let A € X, with f =0 on X\ A. For |p,| < £, we have

1+ Zl — /X Hl\e—fm) — 1 py(z)d\" ()
n= Jj=

< exp (g/x e~ /(@) 1|d)\(a:)> <oo (2.27)

which proves the absolute convergence. Write n = 3°7_, d,; with n € No U {0},
T1,...,T, € X. If n < 0o, we have

d(n)i=e Pwes, na(m)f (@) H o T@) =14 Z H —f=5) _ 1
[n]:j€J
J;é@
If n = oo we observe that n € N can only have finitely many particles in A. Let
m € Ny be the number of those particles and assume without loss of generality that
these are x1,...,2;,. Then

He—fm_ZH f@) —1) = SO (e @) - 1)

m] jEJ JCNjeJ

with the convention that the product over the empty set is 1. Only finitely many
J C N give a non-zero contribution to the sum. Instead of summing directly over
subsets J, we can sum over integers k and then over subsets J with cardinality k,
which gives

n

@(25%)_1+Zk‘ Z H —f@n) 1), (2.28)

The factorial 1/k! comes in because we sum over ordered k-tuples (i1, .. ., %) instead
of sets J = {i1,...,ir} of cardinality k. Only finitely many summands in (2.28))
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are non-zero. Let

n

Gk(z(smj) Z H —flai) 1) (2.29)

Jj=1 (31,000si) T=1

sothat ®=1+>77, %Gk. By Proposition and Eq. -, we have
E
G = [ T - Dpu@)ii(e)
Xk 501

with Y77 | HE|Gk| < co. Therefore we can exchange summation and expectation

and find that
1
=> 71 ElGH]
k=1

which concludes the proof if f has bounded support. If f has unbounded support,
the bound (2.27)) and Proposition show that
k

Z H(e*f(‘”j) —1)| <o

JCN |j=1

for P-almost all n = Z 10z, € N. This together with Exercise [2.10| shows that
the identity ® = 1 + Ek:l Gy /k! stays true, up to P-null sets, and the proof is
concluded as before. O

Ruelle’s bound (@ says that the correlation functions of P are bounded by those
of a Poisson point process P¢y with intensity measure {A. Notice that as k — oo,

— 1 —klo e o —
Pex(Np = k) = (&( ))FeENB) ~ = Flog(k/e)+k log(A&(B)) ~EA(B)

by Stirling’s formula. The next lemma provides a similar bound for P(Ng > k),
which shows that P(Np > k) goes to zero as k — oo faster than any exponential: it
is highly unlikely that many particles accumulate in B. This is the intuitive content
of Ruelle’s bound.

Lemma 2.41. Let P satisfy condition @ Then we have, for all B € Xy and all

keN,
k
P(Np > k) < exp (— (k;logg)\(B) - k+§)\(B)>> .
Proof. We have

E[etVe] —E[1+Z —Np(Ng—1)--(Ng —n+1)(e" — 1)" ]

C14Y (e - DEAB)” = exp (€€ — DA(B))

In passing from the first to the second line, we have used that summation and
expectations can because all terms are non-negative. (Alternatively, we may note
that E[exp(tNg)] = Lp[—t1p] and use Theorem [2.40). By Markov’s inequality, we
have

P(Np > k) <e "E[e'V7] < exp(&(e’ — 1)A(B) — tk).
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This holds true for all ¢ > 0, so we may take the infimum over ¢ on the right-hand
side. We evaluate

k
. t_ . _ . _
%Eg(f(e DA(B) — tk) = k — EX(B) — klog BV
and obtain the required bound. O

2.9. Moment problem. Inversion formulas. Mathematical physics often deals
with correlations functions only and disregards probability measures entirely. It is
therefore reassuring to know that, under some conditions, the correlation functions
determine the measure uniquely. This is analogous to the uniqueness part in the
moment problem of probability—is the probability distribution of a real-valued
random variable X uniquely determined by its moments E[X ”]ﬂ

Theorem 2.42. Let P,Q be two probability measures on (N,MN). Suppose that P
and Q have identical correlation functions and that P satisfies Ruelle’s bound. Then

P=Q.

The theorem follows from Theorem [2.40]and the fact that the Laplace functional Lp
determines the probability measure P uniquely, compare Propositions 2.10 and 4.12
in [33]. We provide an alternative proof based on an inversion of the relation
between correlation functions and Janossy densities from Proposition [2.32]

Theorem 2.43. Assume that P satisfies Ruelle’s condition. Then it admits a
system of Janossy densities (jn,a) and we have, for all non-empty A € Xy, n € N,
and N"*-almost all (x1,...,2,) € X",

. — (—1)*
]n,A(xla cee 7xn) = Z ( k") /k pn+k($17 e aanrk)d)‘(anrl) e dA(anrk)
k=0 = JA
(2.30)

Notice that Ruelle’s condition is sufficient to guarantee the absolute convergence of

the series in ([2.30). Theorems and are proven at the end of the section.
For the proof of Theorem we try to invert the mapping from Lemma [2.26

Lemma 2.44. Let F,G : Nt — R. The following two conditions are equivalent:
(a) G(0) = F(0) and for alln € N and z1,...,z, € X,

G(i o) = > F(Y0,). (2.31)

JC[n] jeJ
(b) F(0) = G(0) and for alln € N and z1,...,z, € X,

F(Y6,) =3 (-1 #G(D 4, ). (2.32)

JC[n] jed

Remark (Mobius inversion). Let (M, <) be a partially ordered set. Suppose that
it has a minimal element and that for every b € M, there are at most finitely many
elements with a =< b. Then, given a weight function w : M — R we can define a
new weight by

(b) =Y w(a).

a=<b

3In general, the answer is no, see [0 Chapter 2.3.¢| for counter-examples.
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The mapping w + @ can be inverted as
w(b) = Y d(a)u(a,)
a=<b

for some function p(a,d), called Mdbius function, that depends on (M, <) only.
Lemma corresponds to the special case (M, <)= the finite subsets of N or-
dered by inclusion (with minimal element the empty subset) and weights w(l) =
F(3 ,cr02,) for some given x1,x5,... € X and given F. The Mobius function in
this example is u(I,J) = (=1)#\D,

Proof of Lemmal[2.44 To simplify notation, let us write fo = F(0), fn(z1,...,z,) =
F(Z?Zl dz,), and define (gn)nen, in an analogous fashion.
“(a) =(b)”: We evaluate

Do D g ((@g)jer) = (CD" Y (FDF Y ful=r)

JCn] JCn) 1cJ
=(=1)" Y falar) Y (D)

IC[n] JC[n]:

JDOI

If I = [n], the only contribution to the inner sum is from J = [n], which is (—1)".
If T C [n], we may write (think K = J\ I)

Yo = Y () = (—)# ] 1+ (1) =0
]JCD['r;] KcC[n]\I ke[n)\I

It follows that
fn(xla cee ,fﬂn) = Z (71)n7#Jg#J((xj)j€J)

JC[n]

which yields (b). The proof of the reverse implication “(b) = (a)” is similar and
therefore omitted. u

For A € &, let Ny = {n € N'| Nx\a(n) = 0}. Notice Ny C Nf.

Lemma 2.45. Let F,G : Ni — R be related by F(0) = G(0) and Egs. (2.32)
and . Let A € X,. The following statements are equivalent:

(a) F(n) =0 for all n € N \ Na.

(b) G(n) = G(na) for all n € N.
Moreover if F satisfies condition (a) we may extend G to N by setting for x1, 22, ... €

X,
G(d) = X F(} o). (2.33)

JCN jeg
#J<oo

The sum on the right-hand side is finite and the extended function G satisfies (b’):
G(np) = G(n) for allm e N.

Consequently the mapping K : F — G is a bijection from the space of maps
F : Nf — R that are locally supported, meaning that they satisfy condition (a) of
the previous lemma for some bounded A € A}, to the space of local observables.
We call G = KF the K-transform of F' and note that Lemma b) provides a
formula for K~1G.
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Proof of Lemma[2.48. “(a)= (b)”: The only relevant contributions in the sum
in (2.31)) are from label sets J C [n] such that z; € A for all j € A. It follows that

G(na) = G(n).
“(b)= (a)” Let n = 3.7, d;; € N'\ Na. Thus one of the z;’s is in X\ A. We
may assume without loss of generality x,, € X\ A. Then

F(zn:csxj): S (G 0) — G, + Y 6s,)) =0

IC[n—1] JeI jeI

Thus we have proven the equivalence (a) < (b). Now suppose F satisfies condition
(a) and define G on M\ N; by (2.33). The only relevant contributions are from
sets J such that z; € A for all j € J. Since any configuration n = Zj’;l dz, has at
most finitely many particles in A, this leaves us with a finite amount of non-zero
summands. Condition (b’) is checked as in the implication (a)=- (b). O

Lemma 2.46. Let F': Nt — [0,00)U{oc}. Define G : N — [0,00)U{oo} by (2.31)
and (2.33); thus G = KF. Then

k

3 l i k Zr
OH;’“ /XkF(Z(s%)pk( )ANF (). (2.34)

j=1
The statement also holds true if F' : Nf — R is supported in Ny for some A € X,
and if it satisfies
k

kv/ £ ( 25% (@) dN* () < oo, (2.35)

J=1
in which case we also have E|G| < oo.

Proof. Let n € NU {oo} and z1,29,... € X. For k € N, set fr(x1,...,25) =
F(byy + -+ 9z,). Egs. (2.31) and ([2.33)) become (think #J = k)

G(> da,) +Zk' Z fe(@iy, .o xi). (2.36)

Jj=1 (i15esik)
For non-negative F' we can exchange summation and integration. The lemma fol-
lows from the definition of the correlation functions.
If F is real-valued, supported in Ay, and satisfies condition (2.35]), then for every
m €N,

m

E[GH{NASW}]:E[G(nA)ﬂ{NASm}] +Z k"/ F511+ +5wk)pk( )d)‘k( )

with absolutely convergent integrals. The passage to the limit m — oo is justified
with dominated convergence: we have

1G(nA) [ TNy <my (1) < [G(na)| = [G(0)].

Since |G(na)| is given by an expression similar to ([2.31]) with F replaced with |F|,
the first part of the lemma together with condition ([2.35)) shows E[|G(na)]] < oo.

Thus |G| is integrable and can be used as an m-independent majorizing function
for the dominated convergence theorem. (I
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Proof of Theorem[2.]3 Let G € Ax be a bounded local observable. Define F
by (2.32)). Then for all n € N and z1,...,z, € X|

|F<i5xj>| < (suplcl) - 1= (suplc])2" (2.37)

JC[n]
and F(n) = 0 for n € N'\ V. If P satisfies Ruelle’s moment bound (%), then

oo 1 n
S = | PO 0u)lpn()dX" (@) < exp(26A(A)) < 0.
n—1 n! An j:1

Hence Lemma applies and shows that E[G] is given by

G = FO)+ 3 o [ P06, (@) (@)

SCURD ES M SECE R alcl) SR PAE IR )

JC[n] jeJ

The sums and integrals are all absolutely convergent, so we can exchange the order
of operations. Exploiting the symmetry of the correlation functions, we deduce

1 <& /n k
6 =60+ 3 23 (1) 0 [ G a @@

o0 k
1
T Z %! /k G(Z 6z, )urA (21, .. @p)dA (1) - - - X (ap).
k=1 A j=1
with
= (-1t

upA(T1, .. TE) = Z e /Anw pr(@)dN (1) - - AN (20).

n=k
Specializing to G € Ay with G(0) = 0 and comparing with Definition we
deduce that ji o := uga forms a system of Janossy densities. (Note that it is
enough to check (2.13) for bounded observables.) O

Proof of Theorem[2.43 Let P and Q satisfy Ruelle’s condition and have identical
correlation functions. Theorem shows that P and Q admit a system of Janossy
densities, and that their Janossy densities coincide. By the definition of Janossy
densities, this shows [, fdP = [}, fdQ for all f € A'°°, hence P = Q. O

Finally we address the question of the existence of a probability measure that
has a given family of functions as correlation functions.

Theorem 2.47. Let (py,)nen be a family of symmetric functions p, : X™ — Ry with
Prn < E" N'-a.e., for allm € N and some £ > 0. Then the p,’s are the correlation
functions of some probability measure P on N if and only if for all A € X, all
n € N, and \"-almost all (z1,...,2,) € A™, we have

© (_1)k
3o k,) /A sk (@1, Tk ) AN @) -+ AN (T i) > 0 (2.38)
k=0 ’
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and for all A € X,

o~ (-D*

1+) / pr(@)dNF () > 0. (2.39)
kU Ak

k=1
The non-negativity conditions are sometimes called Lenard positivity; they go back
to [35]. It is instructive to work out an alternative formulation in terms of measures
rather than densities: Given the family (p,)nen, define a measure o on Nf by the
requirement

» Fda=F(0) + ; % /Xk F(8z, + - + 0 ) pre(x)dNF () (2.40)

for all non-negative measurable F : N — Ry U{co}. If the p,’s are the correlation
functions of some probability measure P, then « is called the correlation measure
of P and Lemma says that

/N(KF)dP:/ F da. (2.41)

N

for every locally supported F : A — R U {oco} that is non-negative or satisfies
fo |F'|dP < co. Choosing F = K~1G with G € A°°, we get

/NGdPZ/N(K*G)da

G>0 = [ (K 'G)da>0. (2.42)
N;
Lenard positivity amounts to asking that the implication (2.42)) holds true for all
G € Aloc,

hence

Proof of Theorem[2.]7. “=" If the p,’s are the correlation functions of some prob-
ability measure P, then Eq. is the formula for the Janossy-densities, which
must be non-negative (up to A"-null sets). The expression is treated with
the help of Exercise [2.8

“<” Let jnpa(21,...,2n) and joa be the expressions from and ,
respectively. The functions j, p are well-defined, symmetric, and non-negative, but
we do not yet know that they are the Janossy densities of some measure P. For
A€ Xy, and A € 9T with A C Ny, set

o .
Pa(A) :=14(0)jo.a + Z T [\k Ta(bgy +---+ 5mk)]k,A(CC)d>\k(a}).
k=1""

One easily checks that P, defines a measure on Ny. We claim that it is in fact a
probability measure. Proceeding as in the proof of Theorem [2.43] one checks that

PA(A) = (,D(]IA O7TA)
where 7, () = na and ¢ : A°¢ — R is given by

o) = [ 1t g)da = (K9 0+ 2 g [ 00 0 )u()N o)
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In particular, Py (Na) = ¢(K~'1). For n € N and zy,...,z, € X, we have

n

K30, = 3 (P - (7 () o

=1 IC[n)

By definition of the K-transform, we also have K~!'1(0) = 1(0) = 1. Hence
K 11= ]I{NX:O} and

<.

Pa(WNa) = / (K '1)da = 1.
Nt

It follows that P, is a probability measure. The family (Pa)acn, is a consistent

family: let A C A and p : Ny — Na, 7 — na, then we have, for measurable

ACNaandneN,

Iy-1ay(na) = Ta(p(na)) = Da((na)a) = Da(na)
hence
PA(p™'(4)) = Pa(A).
By a variant of Kolmogorov’s extension theoremﬁ there exists a uniquely defined
probability measure P on N such that P o ﬂ'Xl = Py for all A € X},. The measure
P has the system of Janossy densities (jn A)nen,Ac,-

To conclude, it remains to check that the p,,’s are indeed the correlation functions
of P. This can be done with Proposition Alternatively, we observe that

Ellls] = P(B) = ¢(15) = /N (K~'1p)da
f
for all events B € 0N that are local, i.e., Ig € A"°°. The identity extends to all
local observables g = K f with [, |f|da < co, which gives E[K f] = [,, fda. On
the other hand E[K f] is determined by the correlation functions by Lemma
Comparing the two expressions one deduces that the p,,’s are indeed the correlation
functions of P. O

Remark. Another way to organize the proof of the implication “<” especially if
we take (2.42) as a starting point (the reader should check that the latter readily
follows from ([2.38) and (2.39))), is as follows. Let 915 be the o-algebra generated
by the counting variables Np with measurable B C A. It follows from Exercise 2:2]
that B € M, if and only if 15 € Aj. Let

Z={BeN|lpecA}= ] M
AeXxy

be the collection of local events. Note that Z is an algebra: it contains A and is
closed with respect to complements and finite unions. For B € Z, set

P(B) = /N (K~ '1p)da. (2.43)

K15 is well-defined because 1 is local, and fo |K~'p|da < oo because of

Ruelle’s bound and because K ~11p is locally supported. We have P(B) > 0 because
of Eq. (2.42), P(NV) = 1 because of Iyr = 1 and K~ '1 = Ix,_0}, and P is clearly

43ee [42] Proposition 1.3]. Note that the space (N, ) is a standard Borel space: there exists a
metric d on N such that (i) (N, d) is a complete, separable metric space, and (ii) 9 is precisely the
associated Borel-c-algebra. See for example [8] Appendix A.2.6]. Extension theorems for inverse
limits of standard Borel spaces are discussed in [39, Chapter 3].
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finitely additive. If we knew that P is continuous in the sense that lim,,_,, P(A,) =
0 for every decreasing sequence (A, )nen in Z with NpenyA, = &, then we would
conclude that P is in fact countably additive and extends to a probability measure P
on o(Z) = N by Carathéodory’s extension theorem. Eq. then shows that «
ist the correlation measure of P, or equivalently, the p,,’s are indeed the correlation
functions of P.

Now, for each A € A}, the restriction of P to the o-algebra 91, is countably
additive and continuous: indeed if A,, € 9Ny and A, \, &, then K114 N\, 0 and
K114, | < Il{]\;X\A:()]QNA7 which is integrable against «, and one concludes with
dominated convergence.

So the missing link is to go from continuity (or o-additivity) on 9 to continuity
on 1. This is exactly the non-trivial step taken care of in the proof of Kolmogorov-
type extension theorems [39, Chapter 3]. The step requires additional properties
from the measure spaces, which are inherited from the completeness and separability
of the metric space (X, dist).

2.10. Local convergence.

Definition 2.48 (Local convergence). A sequence (Pn)nen of probability measures

on (N, M) converges locally to a probability measure P, written P, log, P, if
VieA°: lim [ fdP, = / fdp. (2.44)

loc

A straightforward e/3-argument shows that if P, — P, then the convergence in
Eq. (2.44) extends to all quasi-local observables f € A.

Ezample 2.49 (Binomial and Poisson point process). Let (A,)nen be an increasing
sequence in X}, such for every B € A}, and all sufficiently large n, we have B C A,;
for example, A,, = B(0,n). Let Z, be a binomial point process with sample size n
and sampling distribution v, (B) = A\(B N A,,)/A(A,). Fix p > 0 and suppose that
n/A(A,) — p. Proceeding as in the proof of Proposition one can show that Z,
converges locally to a Poisson point process with intensity measure p A.

Proposition 2.50. Let (P,)nen be a sequence of probability measures that satisfy
the Ruelle bound for some n-independent £ > 0. Suppose that (Pp)nen con-
verges locally to some probability measure P as n — oo. Then P satisfies as
well.

Proof. Let al(cn) and aj be the factorial moment measures of P, and P, respec-
tively. For B € X®* let f : N'— [0,00) U {oc} be the observable defined by the

requirement
¢

'f(zéw)) = Z# ﬂB(l‘il,...,l‘ik)

j=1 (21500m0tk)

for all £ € NgU{oc} and 21,2, ... € X, so that E[f] = ax(B) and E,[f] = a{” (B).
Suppose that B C A* for some A € X,. Then f is local but in general unbounded,
so the convergence applies, a priori, to truncated versions of f only. For
m € N, we have

E[fUvacmy] = Jim En[flin,<m] < limsup i (B) < €N(B).
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By monotone convergence, E[flljy, <m}| converges to E[f] = ai(B) as m — oc.
Thus a(B) < ¥\¥(B). The lemma follows. O

The next theorem states that under Ruelle’s condition (%)), local convergence of
probability measures is equivalent to a suitably defined weak convergence of the
correlation functions.

Theorem 2.51. Let P and P,,, n € N, be probability measures on (N, N) that

satisfy condition , Let p,g") and py be their respective correlation functions.
Then (Pp)nen converges locally to P if and only if, for all k € N and all f €
LY (XF \F), we have

lim [ oMk = / FprdAE. (2.45)
Xk Xk

n—oo

Remark. Tt is not needed to explicitly ask that P satisfies Ruelle’s bound. Indeed if
(Py)nen converges locally to P, then P inherits Ruelle’s bound by Proposition [2.50
Conversely, if we merely know that the correlation functions py of P exist and (2.45))

holds true for all f € L'(X*, \¥), then pgcn) < &F implies

/ Ford\F = lim / FoMdAR < / FEFANE
Xk n— oo Xk Xk

for all non-negative f € L'(X* \¥) hence pp < &F \f-ae.

Proof of Theorem[2.51. “=" Suppose that (P,) converges to P locally. Fix k € N
and f € LY(XK,\F). Let (A,)men be a sequence in A&, such that A,, ~ R%.
Set fm = fljsj<myla,, and let Fp, be the associated local observable from
Lemma

¢

j=1

(i1,0-51k)
Similarly, let F be the observable associated with f; by Proposition it is
defined up to P,-null sets and P-null sets. F,, is local and satisfies

|Fp| < mNpy(Npy — 1) (Npy — k+1) < mNy.
We claim that lim,,_, E,[Fin] = E[F,,] even though F,, is not bounded. Indeed
for every p € N, we have
EnlFn] = E[Fn]l < [EnlFndins<py] — Enl[Fulna<py]|
+mE, [Nf LN, >py] + ME[NFL{n,5pp ] (2.46)
By the Cauchy-Schwarz inequality,

E[Niin, o] < (Ea[NZF)Y2(PL(Na > ) 2.

N2k can be written as a linear combination of factorial moments Ny (Npy—1) - - - (Nao—
r+1), Ruelle’s bound therefore implies that E,,[N¥] < ¢(¢) for some n-independent
polynomial ¢(§). By Lemma we have (P, (NA > p) < §,() for some 6, that
depends on ¢ and p only and satisfies lim,_, o, §,(£) = 0. Similar bounds apply if E
is replaced with E,,. Consequently given ¢ > 0, we can find p € N such that

mE, [Nf Ly, spy] < €/3, mE,[NfLin,>p] <e/3.
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In (2.46) Flyn,<py is local and bounded so given e and p, we can find ng such
that for all n > ng,
|En[Fnliny<py] — EnlFnlin,<py]| < /3.

Altogether for all n > ng, we have |E,[F,,,] — E[F),]| < e. This proves E,[F},] —
E[F,.] as n — oo at fixed m.
Next we observe

1P = Ful] = [ 1= £l < [ 1f =l =,

where €, is independent of n and goes to zero as m — oco. A similar bound applies
to E[|F — F,,|], and an /3-argument then shows E, [F] — E[F] which proves (2.45).

“<” Let G € Ap for some A € &;,. Define F = K~!'G. Then |F| < 2™ sup |G|
and F vanishes on N; \ M. It follows that

— 1
PO+ Y 55 [ Pa + 4 b pu (@) (@)
k=1 "

1
<3 (26A(A)F sup G| < 2D < o,
Lemma [2.46| yields

o0 1 n
E.[G] = Eu[KF) = F(0) + > - /X F(3"6,,) 00" ()dN (). (2.47)
! ~
A similar formula holds for E[G]. By (2.45), each integral in the sum in (2.47)
converges to [y, fuprdA* with fi(z) = F(65, +- -+ 6,,). An ¢/3-argument based
on

EA6]-ElG]] <[>0 / o - p)ax @) 125w Gl Y AN
2.7 |

k=p+1
shows E,[G] — E[G]. O

The theorem has the following corollary (use dominated convergence):

Corollary 2.52. Let P,, P, pgl), pr be as in Theorem . Suppose that

lim g @) = pran, ) (2.48)

for all k € N and \*-almost all (z1,...,x;) € XK. Then P, Lo p,

Finally we show that the set of probability measures that satisfy for a given
& > 0 is sequentially compact.

Theorem 2.53. Let P,,, n € N be probability measures on (N, M) that satisfy con-
dition for some n-independent £ > 0. Then (Py)nen has a locally convergent
subsequence.

The proof is based on diagonal sequences and the Banach-Alaoglu theorem from
functional analysis, which says that the unit ball in the dual of a Banach space
is compact in the weak*-topology. Applied to the Banach space L'(Xk, X®k \K)
with its dual L (XK, X®* Ak this shows that every bounded sequence (¢,) in
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L (XF, x®% \F) has a subsequence (¢n,)jen that converges in the weak* sense,

i.e.,
/ 9n, dNF — / gedA*
Xk Xk

for some bounded measurable ¢ : X¥ — R and all g € L' (XK, X®k \F),

Proof. Let p;n) be the correlation functions of P. Since p;n) < €F, the Banach-
Alaoglu theorem in the form recalled above applies. For k = 1, it yields the existence

of a subsequence (pgnj))jeN and function p; : X — Ry with ||p1]|ec < &€ such that

lim / Foy™dx = / fordx

for every f € L'(X, \). Taking successive subsequences, we see that there are limit
functions py, : X¥ — Ry with ||px]lec < €* and injective maps 1, : N — N such
that

hm fp](cwko"'oll)l(j))d/\k — / fpkd)\k

J—00 Jxk Xk
for all f € LY(XF,\¥). Set m; :=1h; o ---0y(4), then we have for all k € N and
all f e LY(XE \F),

lim [ fpl" Nk = / FprdAF. (2.49)
J =0 Jxk Xk

In view of Theorem [2.51] it remains to check that there is a probability measure
P such that the functions py are the correlation functions of P. Let a, and « be
the measures on N; associated with the families (p,(cn)) ren and (pr)ken via (2.40).
As noted in (2.42)), we have fo (K~1g)da,, > 0 for all n € N and all non-negative
g € Al°¢. Tt follows that

K 'gda = lim K lgda, > 0.
-A/f n—oo M
Proceeding as in the proof of Theorem [2.43| or Theorem [2.47] one checks that for
all g € Ap, we have

‘ o 1 ,
[ K tgda = gOon + 3 g [ 0l 4+ Biea@N @) (250)
f k=1 X

where jra(21,...,2,) and joa given by (2.38) and (2.39). For (2.50) to be non-

negative for all non-negative g € A,, it is necessary that jy o > 0 for all k € Np,
M-a.e.  Consequently the pg’s satify the criteria of Theorem and are the
correlation functions of some probability measure P. ([l

2.11. Summary.

e Configurations are modelled by locally finite counting measures n on (X, X).
The space N of configurations is equipped with the smallest o-algebra 9
generated by sets of the form {Np = n} with B € X.

e Probability measures on (N, 91) are uniquely determined by the joint dis-
tributions of the counting variables Ng. The system of Janossy densities,
if it exists, plays a role analogous to the probability density of a real-valued
random variable.
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e Among the observables (measurable maps), we have singled out local ob-
servables and quasi-local observables. There is a one-to-one correspondence
between bounded local observables f € Ay and families (f,)nen, of mea-
surable symmetric functions f, : A™ — R with sup,, || fn||cc < 0.

e The intensity measure and factorial moment measure (or the one-particle
density and the correlation functions) are analogous to the expected value
and factorial moments of a random variable. If a probability measure P
satisfies Ruelle’s moment bound @, then it is uniquely determined by its
correlation functions.

e The Poisson point processes form an important class of probability mea-
sures, for which the correlation functions and Laplace functional can be
computed explicitly.

e We work with the notion of local convergence of probability measures. If
a sequence (P, )nen satisfies Ruelle’s bound for some m-independent
& > 0, then:

— It has a locally convergent subsequence, and every accumulation point
satisfies too.

— Local convergence of (P,,)nen is equivalent to a suitably defined weak
convergence of the correlation functions.

2.12. Exercises.

Exercise 2.1. Let X = R. Consider the set F of sets that are either countable or
have countable complement. Define n(A) = 0 if A is countable, and 1 if A is not
countable. Show that (a) F is a o-algebra, (b) n is a measure, (c) n cannot be
written as ers n.0; with S countable and n, € N.

Ezercise 2.2. Fix a non-empty set A € A}, and let My :=c(Np: B€ X and B C
A). Let F : N'— R be 9l-measurable. Consider the following conditions:

(i) F(n) = F(na) for all n € N, where na(B) :=n(BNA).

(ii) F is 9p-measurable.
The purpose of this exercise is to check that (i) and (ii) are equivalent.

(a) Let ¢p : N — N, 1+ na. Show that for every A € M, p ' (A) € Na.

(b) Show that 91, is the smallest o-algebra among the o-algebras JF such that

©n, as a map from (N, F) to (M, N), is measurable.
(c) Prove (i) < (ii).

Hint: you can use the factorization theorem [33, Theorem A.3].

Ezercise 2.3. Let f : X — [0,00) be measurable and F(n) := ersn f(@)ng(n).

(a) Provide a sufficient condition on f so that F' is local. (You don’t need to
prove the measurability of F'.)

(b) For X = R, Euclidean distance, A, := B(0,n), prove or disprove the
following claim: if lim|; o f(z) = 0, then F, defined by F,,(n) := F(na,,)
converges uniformly to F.

FEzercise 2.4.

(a) Let A € M. Show that if 14 is quasi-local, then it is local.
(b) Assume that X is unbounded. Show that Iy, >13 € Z>(N,MN)\ A, where
A is the set of bounded quasi-local observables.
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Ezxercise 2.5. Let Z; : @ — N, j € N, be a family of point processes defined on
some common probability space (Q, F,P). Suppose that 37| Np(Z;(w)) < oo for
all B € A, and w € ). Show that Z := Zjoil Z; is a a point process.

Ezercise 2.6. Check the expression for the Janossy densities of the binomial point
process from Example

Exercise 2.7. Let P be a probability measure on N with correlation functions
on(T1, .0 xy).

(a) Show that if ps(x,y) = p1(z)p1(y) for all z,y € X with = # y, then for all
disjoint A, B € A}, the variables N4 and Np are uncorrelated.

(b) Suppose that P is the distribution of a Poisson point process. Prove or
disprove: for all n € N and A"-almost all (z1,...,z,) € X", we have
pnlT1, .y Tn) = p1(x1) - po(Tn).

(c) Let A, B € &}, be two disjoint sets. Suppose that the random variables 74
and np are independent. Show that for all m,n € N and \™*"-almost all
(.731, . 7xm+n) €A™ x B",

Pm+n($17 L amm-&-n) = Pm(ﬂTL HER axm)pn(xm-&-l; DR axm+n)~

Exercise 2.8. Let P be a probability distribution on /. Suppose that the reference
measure A is atom-free, i.e., A({z}) = 0 for all z € X, and that the two-point
correlation function ps(z,y) exists. Show that P(3z € X: ng(n) > 2) =0.

Exercise 2.9. Let P be a probability distribution on N and B € X},. Suppose that
P satisfies Ruelle’s bound . Show that the avoidance probability P(Ng = 0)
can be expressed as a series involving the correlation functions p,,.

Ezercise 2.10. Let (ay,)nen be a sequence of real numbers.
(a) Suppose that >y 4700 [Ljes laj| < oo. Show that

lim [ +a)=1+ > []a:
[ JSI et

(b) Prove or disprove: in (a) it is actually enough to assume Z;’il la;| < oc.

Ezercise 2.11. Let P be a probability measure on A and Q the distribution of the
Poisson point process on X with intensity measure A. Let Py, Qa be the images of
P, Q under the projection N — Ny, 7+ 1.
(a) P admits a system of Janossy densities (jn a) if and only if each Pp, A € A},
is absolutely continuous with respect to Qa.
(b) Suppose that P admits a system of Janossy densities. Let (pi)ren be the
correlation functions of P. Find functions ¢4 : My — R, such that

pr(en, ... ) = /N or By + -+ b+ 1)AQa (1),
A

forall A € &, k€N, and z1,...,z € A.
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3. GIBBS MEASURES IN FINITE VOLUME

The grand-canonical Gibbs measure in a finite volume A € A, A # @ (with
empty boundary conditions), is a probability measure on Ny = {Nx\a = 0} that
depends on two parameters 3,z > 0 and an energy function H. The quantities
enter in the combination zV4 exp(—3H).

In statistical mechanics, 8, z, H are physical quantities, called inverse temper-
ature, activity, and (potential) energy, and the grand-canonical Gibbs measure
models a system that can exchange particles and energy with its environment.

In stochastic geometry and spatial statistics, the Gibbs measure is one of sev-
eral models used to model random configurations. The function H is a way to
encode dependencies and deviations from the Poisson distribution—large values of
H correspond to unlikely configurations, H = co to forbidden configurations. The
parameter 3 controls how strongly the preferences encoded in H affect the prob-
ability measure (not at all for 8 = 0, very much for large §). The parameter z
controls the number of particles per unit volume.

3.1. Energy functions and interaction potentials. Remember that by Propo-
sition there is a one-to-one correspondence between measurable maps H :
Ni = RU {oo} and families (H,,)nen, of measurable symmetric functions H,, :
X" — RU{o0}. We formulate definitions in terms of H(n) but the reader who
prefers to do so might reformulate them in terms of H,(z1,...,2,).

Definition 3.1. An energy function H is a measurable map H : N — R U {oo}
with the following properties:
(i) H(0) =0.
(i) If H(n) < oo and x € Sy, then H(n — 6,) < oo.
(i) For some B > 0 and all n € N, we have

H(n) > —BNx(n). (3.1)

Condition (i) says that empty configuration have zero energy. It is natural for sta-
tistical mechanics but could be relaxed to H(0) < oo, a non-degeneracy condition.
Condition (ii) says that if a configuration has finite energy, then any configura-
tion obtained by removing a particle has finite energy as well. This property is
sometimes called hereditarity. Condition (iii) is called stability.

Ezample 3.2 (Pair potentials). Take X = R?. Let v : [0,00) — RU {oc0}. Suppose
that either v(r) > 0 for all » > 0, or

e v has a hard core: for some 7. > 0 and all r < rpe, v(r) = 0.
e v is lower regular: there exists a monotone-decreasing function ¢ : Ry —
Ry with [;° 7%~ 14(r)dr < oo such that v(r) > —t(r) for all r > 0.

Define Hy =0, Hi(z1) =0, and H, : X" — RU {co} by
Hy(x1,.. mn) = Y olla; — ).
1<i<j<n

Then the associated map H : N — R U {oo} is an energy function. Condi-
tions (i) and (ii) are trivial. For the stability, let n > 2 and x4,...,2, € X. If
H,(z1,...,2,) < 00, then |z; — ;| > ry for all  # j and we have, for every fixed
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i and some constant C' > 0,

S (e =) > = ) #{j [ n < |z — 2| <n+1}
n=0

jE[n]:
J#i

1d 1
> C’Z ynt T o

n=0 ThC

Our assumptions on ¢ imply that B < co. It follows that

H,(x1,...,2, ZZ (lzi — z;]) > —Bn.

i=1j€[n]:
JFi
For H,(z1,...,z,) = 0o or n = 1, the inequality holds true as well, and we have

checked that H is stable.

Ezample 3.3 (Widom-Rowlinson model). Define Hy = 0 and forn € N, xy,...,x, €
X

7
n

Hy(x1,...,2n) = | | Blx;, 1) = n|B(0,1)]. (3.2)
j=1
Then the associated map H : Nf — R U {oo} is an energy function. By the
inclusion-exclusion principle, we have

Hy(x1,.. ) = Y (=1)# () B(a;,1)]. (3.3)
IC[n] Jj=1
#I>2

Thus the energy of the Widom-Rowlinson model is not a sum of pair potentials,
but instead of multi-body potentials. In fact any energy function can be written in
this way.

Proposition 3.4. Let H : Ny — RU{co} be an energy function. Then there exists
a measurable function V : N — R U {oo} with V(0) = 0 such that for alln € N
and z1,...,x, € X, we have

H(Zn: 5,) = D V(D _6s). (3.4)

IC[n] i€l

If V and W satisfy (3.4) with V(0) = W(0) = 0, then then V(n) = W(n) for every
finite-energy configuration n.

We call V' a multi-body potential or interaction potential compatible with H. If
H is everywhere finite, the interaction potential is uniquely determined, otherwise
there are some ambiguities due to the convention that co 4+ x = oo for all z € R.

Proof. The proposition is a variant of Lemma[2.44] Set V(0) = 0. Forn = §,,+-- -+
0z, with n € N and z1,...,2, € X, we distinguish two cases. If H(},.;05,) = 00
for some I C [n], we set V() = 0. If H(},c; 02,) < oo for all I C [n], we set

V(Y 6.,) =D ()" HH(D ). (3.5)

j=1 I1C[n] i€l
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If H(§z, + -+ +9dz,) < 00, then is proven as in Lemma[2.44] If H(0,, +---+
0z,) = 00, there is at least one subset I C [n] such that H(} , ;6.,) = oo and
H(Y jc;0z,) <ocforall JCI. Then V(3 ,c;0.,) = co and holds true as
well.

Next let n = E;-lzl dz; € Nt be a finite-energy configuration and V, W two multi-
body potentials compatible with H. Proceeding as in Lemma one checks
that both V(n) and W(n) are equal to the right-hand side of (3.5, which shows
Vin)=W(mn). O

A particularly simple class of energy functions and interaction potentials is the
following.

Definition 3.5.

(a) An interaction potential V' has finite range if for some R > 0, we have
V(n) = 0 whenever diam(S,) > R.

(b) An energy function has finite range if it has a compatible interaction po-
tential V' with finite range.

For example, the energy of the Widom-Rowlinson model has finite range. For rota-
tionally invariant pair potentials v(r) as in Example if v has bounded support
suppv C [0, R], then the interaction has finite range.

From now on we assume that we are given an interaction potential V' and that H
is the energy function associated with it (note that the stability condition imposes
conditions on V).

3.2. Boundary conditions. Next we introduce a notion of energy in a bounded
volume with boundary conditions, which is needed to deal with Gibbs measures in
infinite volume. Fix A € A},. We want to define a function

Hp : Nax N = RU{oo}, (n,7) = Ha(n|7),

with Ha(n | 7v) the energy of n given the boundary condition v. If v is a finite
configuration with H(yx\a) < 0o, we define

Ha(n[v):==Hm+vxa) — H(yx\a)- (3.6)

Clearly

HA(O|~) =0, Ha(n|0)=H(n), Ha(n|v)=Hr(n|rxa)

Furthermore,

n n+k
oW SRR SRTD SR S R
=1 i=n+1 IC[n+k] i€In(n] ieI\[n]

IN[n]#0

foralln e N, k € No, z1,...,2, € A, and Ypq1,.. ., Yntr € X\ A with H(dy,,, +

-+6,,) <ooand k € NgU{oo}. Thus Ha(n | v) collects all interactions of points
in  and yx\a that involve at least one particle from 7 and discards interactions
between particles of yx\a-



48 SABINE JANSEN

Eq. (3.6 allows us to extend the definition of the conditional energy as follows.
Let n € Na, v € N. Write

n n+k
n= 25:0]’ x\A = Z 6y]
j=1 j=n+1

with n € Ny, k € Ny U {oo} and the convention n =0if n =0 and v =0 if £ = 0.
Write 3 for the sum over subsets I such that I C [n+ k] if k € N, and I C N,
#1 < 0o if k = co. We set

Aln|v) = Z V(Y et D by) (3.8)

IN[n]#£0 1€IN[n] 1€1\[n]

if the sum is absolutely convergent, and oo otherwise. The extended function

Ha : Na x N = RU {co} satisfies (3.2)) as well.

Suppose that V has finite range R > 0. Fix A € A}, and let
Ap = {z € X| dist(z,A) < R}.
Then for all n € Na and v € N, we have
Ha(m|v)=Ha | vag)

3.3. Grand-canonical Gibbs measure. Remember that we are given a locally
finite reference measure A on X (e.g., Lebesgue measure on X = R9).

Definition 3.6. Fiz 3,z > 0 and a non-empty set A € X,. Let v € N. The
grand-canonical partition function with boundary condition -y is

Eapy = Sapy(B,2) = 1+ Z / exp(~BHA Z(s 7))ar(@).  (3.9)
For v =0 (empty boundary conditions), we write Zx instead of Z5)9. The param-
eters 8 and z are called inverse temperature and activity, respectively.

Integrals such as (3.9) can be cumbersome to write. A more compact form is
possible if we introduce a new measure A on N, defined by

f( )dA +Zn'/ + ot 8y, )dN () (3.10)

for all non-negative f. When X = R% and A = Leb, the measure X is often called
Poisson-Lebesgue measure. Notice that it is not a probability measure—in general,
we have A(Nf) = oo whenever A\(X) = oo. The grand-canonical partition function
can now be rewritten as

Sy = / SNA) = BHAMI G5 ().
Na

Notice that for the empty boundary condition,

1<=40< exp(zeBB)\(A)) < 00.
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Definition 3.7. Fiz 8,z > 0 and a non-empty set A € X,. Let v € N with
EAly < 0. The grand-canonical Gibbs measure is the probability measure Py, on
N uniquely defined by the requirement that

1 -
fdPAh/ =— f(n)zNA(")efﬁHA("Md/\(n)
Na SAly JNA

for all measurable f : Ny — [0, 00).

Equivalently,
fdPapy
Na
1 o= 2" = n
— o (FO D [l s exp(BHAY 6y [ 1)) aN @)
ZA|y el n. Jan j=1

Remark. Let Qp be the distribution of the Poisson point process on A with intensity
measure A (more precisely, A restricted to A). The Gibbs measure Py, is absolutely
continuous with respect to Qa, with Radon-Nikodym derivative

AA
dPAW( ) = AW ZNAM o= BHAMIY) — 4y(p).

dQa EAly

The density u(n) has the property that if u(n) = 0, then w(¢{) = 0 whenever { > 7.
Such densities are called hereditary. In the probabilistic literature, the existence of
a hereditary density is sometimes adopted as a definition of Gibbs point processes
in finite volume.

3.4. The pressure and its derivatives. The grand-canonical partition function
EA|y(B, 2) enters the stage as a rather modest normalization constant. However a
much better probabilistic analogy is to view it as a generating function. Indeed, as
we explain in this section, taking derivatives with respect to 8 and z one obtains
information on expected values of the energy and particle numbers, variances, etc.

We assume throughout this section that we are given an energy function and a
fixed finite reference volume A € A},. For simplicity we restrict to empty boundary
conditions. The finite volume pressure is

1

BAA)

Sometimes it is more convenient to work with the chemical potential y instead of
the activity z = exp(Bu), so we also define

Pa(B, 1) = pa(B, ). (3.12)

pA(B, 2) == logZA (8, 2). (3.11)

Notice that

0Bpa
0z

o

o (Bop) = =z

(8, 2) (3.13)

2=exp(Bp)

Write (f) = [ n, JdPa for the expected value with respect to the finite volume
Gibbs measure.



50 SABINE JANSEN

Proposition 3.8. Suppose that X = R? and X\ = Leb. Then

5582 = (70, 2 .5 = (O
52 = () (=) o (p.2) = (2 S0,

For general X and A, the formulas hold true if we replace |A| with A(A).

Ezample 3.9. For the ideal gas (H = 0), we have fpx(8,z) = z and (%} = 2z,
hence Bpa (B, 2) = (fVTAl) The reader with knowledge in thermodynamics should
recognize the ideal gas law pV = NkgT.

Proof of Proposition[3.3. We treat the case X = R? and the S-derivatives only, the
general case and the z-derivatives are similar. Let us check first that H has finite

expectation and variance. Fix ¢ € (0,3/2). In view of exp(e|H|) < exp(eH) +
exp(—eH), we get

/ eI Nae=PHAN < Ex(B+e,2) +En(B —¢,2) < .
Na
With the inequality zexp(—z) < 1/e for all > 0, we get

1
H k < Sk|H |
"< G ©
for all k € N and ¢§ > 0. Choosing § = d(k, e, 8) small enough, we find that

/ |H|FeslHI N2 e=BH AN < o0,
Na

for all k£ € Ny. In particular, all moments of |H| with respect to P are finite. Next
we note that we can exchange differentiation and integration. Indeed for ¢ # 0 with
|t] < e, we have

1

1 -
f(EA(B—Ft,z) — EA(ﬂ,z)> z/ —(e7tH —1)zNae PHAN.
t e 1
The integrand on the right-hand side converges pointwise to —H exp(—SH) as
t — 0. Furthermore

1 I
—(e7 — 1)‘ =— / He *Hds| < |H|efHI,
t It /o
Dominated convergence shows that we can pass to the limit ¢ — 0 and we get
9 N —BH 3%
—Er=— [ HNaMe AHg)
6ﬂ Na
Similar arguments work for the second derivative. It follows that
0 1 1 0 1 H ~ H
SBpA(B,2) = Tom B = —a | teeMe Ak = - ()
e TV TN Al

and

0 1 H? . 1 \2
520pPA(B,2) = ?/ eNre PN - < HZNAeBHd)\>

C(H)(HY [/ (H — (H))?
BT ‘< A > -
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Proposition [3.8 brings in the variances of H and N,. Since variances are always
non-negative, we obtain as a first corollary a statement on the monotonicity of the
energy and particle densities. Let us make the 3, z, A-dependence of (f) explicit
and write (f)g .. instead.

Corollary 3.10.
(a) The energy density <%>ﬁ 2,A 18 a monotone increasing function of 1/5.
(b) The particle density ( ’T

)8,2.A s a monotone increasing function of z.

Thus if the temperature increases, the energy increases; and if the activity (or the
chemical potential) increases, then the particle density increases.

Functions of a real variable defined on some interval that have a non-negative
second derivative are convex, so we have a second corollary on convexity (which
one could have checked directly using Holder’s or Jensen’s inequality).

Corollary 3.11.

(a) The map R > p— pa(B, 1) is convez, for every B8 > 0.
(b) The map (0,00) 2 B — Bpa(B, z) is convez, for every z > 0.

Remark. The pressure is analogous to the cumulant generating function
o(t) = log Elexp(t.X)]

of real-valued random variable X: Suppose that Efexp(tX)] < oo for all ¢ in some
neighborhood (—¢, ¢) of the origin, then

¢'(0) =E[X], ¢"(0) =E[(X - E[X])*].

Derivatives at ¢ # 0 give the expectation and variance of tilted random variables X,
with law P(X; € B) = E[lp(X)exp(tX)]/E[exp(tX)]. The cumulant generating
function o(t) is convex.

3.5. Correlation functions. Fix 3,z > 0, A € X}, and v € N with Eppy < oo.
Proceeding as in Proposition we see that for all & € N and A*-almost all
(w1,...,25) € A,

pr(xy, .., xE) = ‘ n'/ k _BHA(5m1+-.A+5mk+nIw)d)\(xkﬂrl).,.d)\(karn).
‘—‘AW ne0 n

(3.14)

In statistical mechanics Eq. is usually adopted as the definition of the corre-

lation function, thus removing indeterminacies on null sets from the definition as a

Radon-Nikodym derivative. We adopt this modified definition in the remainder of
this section.

We would like to know whether Ruelle’s bound (@ holds true. To that pur-

pose we note that pk(an, ..., T) can be written as an expectation of a certain

function with respect to the Gibbs measure Pyj,: For n = Z?:l 0z, € Nt and
(= Zfi;’;l 6z, € N we define, in analogy with Ha(n | ),

(Z o,

k+m

> 5)- ¥ v(xs)

j=k+1 In[kl#e i€l
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if the sum is absolutely convergent, and co otherwise. Again the prime refers to
summation over finite subsets of [k 4+ m] if m is finite and N if m is infinite. If 7, ¢
are finite configuations with H(() < oo, then

H(n|¢)=Hmn+¢) —H(Q).

Notice Ha(n | ¢) = H(n | {x\a). We observe that for all x,7 € Np and all vy € N,
we have

H(x +nvaa) = Hx | n+v4) + Hm [ vxa)
or equivalently,
Hx(x+nlv)=H(x|n+ya) +Han|7)

The identity applied to x = 65, +---+6,, and = 6, , +- -+ 0, in (3.14)) yields
the following lemma.

Lemma 3.12. Lety € N with 2y, < co. The k-point correlation function satisfies
pr(T1, .. ap) = / re A Gm bt ntaan)dpy . () (3.15)
Na

for all (z1,..., ;) € AF.

For H = 0, we recover the expression p, = z* from the ideal gas (Poisson point
process with intensity measure z\). Eq. (3.15]) replaces this explicit formula when
there are non-zero interactions.

Definition 3.13. An energy function H is locally stable if for some C > 0, all
z € X, and all finite-energy configurations n € N, we have

H(n+6.)—H(n) = -C.

An interaction potential V is locally stable if the associated energy function H is
locally stable.

For example, the sum of pair potentials from Example [3.2]is locally stable. The
energy of the Widom-Rowlinson model is strongly stable as well, since for all n > 1
and x1,...,x, we have

(1Uj1 Blay, D = nlBO, 1)) = (| V3= Bl; 1) = (0= DIBO, 1)) > ~[B(0,1)]
The telescope identity

H(6p, 4+ 02,) = > [H(Gu, +-++06s,) = H(bs, + - +0a,_,)]  (3.16)
k=1

shows that local stability implies the stability condition (iii) from Definition
More generally, we have the following;:

Lemma 3.14. Suppose that V is locally stable with constant C. Lety € N be such
that H(¢) < oo for all ¢ € N with ¢ <~. Then

H(n | ~) 2 =CNx(n)
for all n € Nt.
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Proof. It H(n | v) = oo, there is nothing to prove. If H(n | v) < oo, set A, :=
B(0,7n) and observe

H(n|~y) = lim H(n |a,)-

Since vya,, is a finite configuration and smaller than ~, the assumption on v guar-
antees H(y,) < 0o. A telescope sum analogous to (3.16) shows that

H(n|a,)=Hmn+4,) — H(a,) > —CNx(n).

Passing to the limit n — oo, we obtain the required inequality. O

Proposition 3.15. Suppose that V is locally stable with constant C. Let v € N
be such that H(() < oo for all { € Nf with ¢ < yx\a. Set & = zexp(BC). Then
Enly <00 and for all k € N, we have py, < €k on AF.

Proof. Lemma implies that

Hxy(m|v)=H®|v\na) = —CNx(n)

for all n € M. It follows that 24}, < exp(2e?“A(A)) < occ.

The only relevant contributions to the representations and of the
correlation function pg(z1,...,xE) come from configurations n € N, such that
H(6g, + -+ 0z, +1]79x\a) < 00. For such configurations, we have H(¢) < oo for
all finite configurations ¢ with ¢ <7+ ~x\a, hence

H(bg, + -+ 0z, | n+x\4) = —Ck
by Lemma We insert the inequality into (3.15) and find that pg(x1,...,zx) <

2F exp(BCE). O

Remark. Ruelle’s bound can be proven for a broader class of potentials or energies,
for example, superstable potentials, see [49]. Superstability estimates allow for pair
potentials v(r) that do not have a hard core.

3.6. Summary.

e The key ingredient to the definition of a Gibbs measure is an energy function
H. Energy functions are required to be stable and hereditary, and the
vacuum 7 = 0 has zero energy. Every energy function can be written as a
sum of pair or multi-body interactions, the associated interaction potential
V' is essentially unique.

e The grand-canonical Gibbs measure in a finite volume A depends, in ad-
dition to H, on two positive parameters 3,z > 0. For empty boundary
conditions (3, z, H enter the definition of the Gibbs measure in the combi-
nation zV4 exp(—3H).

e The pressure is proportional to the logarithm of a normalization constant.
It is a function of 3, z whose partial derivatives encode information on the
expected value and variance of the energy and particle number, and it has
some convexity properties.

e We have introduced additional functions derived from the energy H:

— H(n | 7) is the sum of the energy of n and the interactions of points
in n with points in ~.

— Ha(n | v) = H(n | 7x\a) enters the definition of the Gibbs measure
with boundary condition ~.
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e For the ideal gas (H = 0), the k-point correlation function is equal to z*.
For general H, it is equal to z* times the expected value of the exponential
of an interaction term. Under additional assumptions on the energy, the
correlation functions satisfy Ruelle’s moment bound .

3.7. Exercises.

Ezxercise 3.1. Fix z1,20 > 0 and A € X,. Let Z;,Z : Q — N, be independent
Poisson processes on A, defined on some common probability space (Q, F,P), with
respective intensity measures z1 A, z2A (or more precisely z; Ay with Ay the restric-
tion of A to A). We may think of points of Z; as blue and points of Z5 as red.
Consider the event C' that no two points of different colors can have distance < 1.
Find a function H : A, — R and parameters 3, z > 0 such that

P(Z, € A|C) = i/ TyzNVae BHAN,
Na

for some normalization constant =.

Ezercise 3.2. Let V,H : Nt = RU {oco} with V(0) =0 and H(0y, + -+ ,,) =
Zlc[n] V(> icr92;)- Suppose that for some C' > 0 and all n € N, z1,...,z,, and

ip € [n], we have
1
> Y V(Z%) > —C.

I1C[n] i€l
I>ip

Show that H is an energy function.

FEzxercise 3.3. Fix A € X,. Let Qa be the distribution of a Poisson point process
on A with intensity measure A (more precisely, A restricted to A). Let Py be a
probability measure on Ny. Suppose that P, is absolutely continuous with respect
to Qa, and that it has a Radon-Nikodym derivative u = dP, /d@a such that

un) =0=VereA: un+d,)=0.

Show that there exists a function H : Ny — R U {oo} that satisfies conditions (i)
and (ii) from the definition of energy functions and

u(n) = cexp(—H (1))
for some ¢ > 0 and all € Nj.

Ezercise 3.4. Take X = R?. Let ¢ : R? — R be an absolutely integrable function
with

/]R pla)dz <0

Let Hy(x1,...,2p) = Zl§i<j§n ¢(x; — x;). Show that we can choose A € A}, so
that for all 5,z > 0,

2" —BHa (@) gy —
1+Zn!/"e dx = oo.
n=1

Hint: use Jensen’s inequality.
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4. THE INFINITE-VOLUME LIMIT OF THE PRESSURE

Here we show that the limit lim,,—, pa,, (8, 2) along so-called van Hove sequences
(A)nen exists, and deduce a number of consequences. We specialize to X = R
A = Leb, and pair potentials v(z — y) that are either non-negative or are lower
regular with a hard core as in Example As noted earlier, one of the reasons to
be interested in the pressure is its analogy with cumulant generating functions. In
fact we have, for every t € R,

1
BIA|
where z = exp(8u). The existence of the infinite-volume limit of the pressure hence

translates into pointwise convergence of rescaled cumulant generating functions. We
start with a few probabilistic consequences.

log E{>?) [PN8) = pA(B, i+ t) — Pa (B, 1)

4.1. An intermezzo on real-valued random variables. Let (X, ),en be se-
quence of real-valued random variables defined on some probability space (€2, F,P),
and (sp)nen a sequence of positive numbers with s, — oo as n — oo; think
sn = BJA,| and X,, a variable whose law is the distribution of Ny, /|A,| under
Pg\ﬁn’z), where (Ap)nen is a sequence of bounded Borel sets with |A,| — co. Sup-
pose that the pointwise limit

1
p(t) = lim —logE[e"*"*"] € RU {oo}

n—00 Sy,

exists for all ¢ € R. Then ¢ : R - R U {oo} is a convex function with ¢(0) = 0.
Therefore its effective domain D := {t € R | p(t) < oo} is non-empty and convex;
let us assume that it has non-empty interior and that 0 € Int (D). By general facts
on convex functions, ¢ is continuous in Int(D) and the left and right derivatives

) t+h)—(t)
((t4) = lim PUER) — 21
() = Jim, <
exist for all ¢ € Int (D). Moreover they have the monotonicity property
¢'(a—) < ¢'(at) < ¢'(b=) < ¢'(b+)
for all a,b € Int(D) with a < b.
Proposition 4.1. Suppose that the pointwise limit p(t) exists on R and is finite
in some neighborhood of the origin. Then:
(a) If p is differentiable in 0, then X,, — ¢'(0) in probability.
(b) More generally, set x1 := ¢'(0+). We have for every 6 > 0,
lim P(X, € [z_ — 4,24 +6]) = 1.

n—oo
Proposition 4.2. Suppose that the pointwise limit p(t) exists on R and is finite
in some neighborhood of the origin. Then:
(a) If ¢ is differentiable in 0, then lim, . E[X,] = ¢'(0).
(b) More generally, set x4 = ©'(0+). Then
z_ <liminf E[X,] < limsupE[X,] < z,.

n— oo n—oo
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Proof of Proposition[{.1]. Fix 6 > 0. Set zy := ¢/(0£) and
©*(z) = sup(tz — ¢(t)) (x €R).
teR

(The function ¢* : R — R4 U {oo} is the Legendre transform of ¢.) We show

1
lim sup — logIP’(Xn >z + 5) < —p*(zy +6) <0, (4.1)

n—oo Sn
1

lim sup — logIP’(Xn <z_— 5) < —p*(x_ —0) <O0. (4.2)
n—oo Sn

We have, for every ¢t > 0,
]P’(Xn >xy + 6) < e—Snt[w++6]E[esntXn]

hence 1
lim sup — logP(Xn >x. + (5) < —sup (t(z4 +0) — (1)) .

n—oo Sn t>0

Similarly,
1
lim sup — log]P’<Xn <z_-— 5) <sup (t(zy +9) — p(t)) .
n—oo Sn t<0

Because of the convexity of ¢, we have p(t) > ¢(0) + txy = tzy for all ¢, hence for
t <0,
tzy +0) —p(t) <td <0=0(xy + ) — (0).
Therefore
sup (a4 +0) — p(t)) = sup (H(z+ +0) — (1)) = " (a4 + ).
t>0 teR
Since

(t) = »(0)
t

xy +6 =09+ lim Ld
N0
and ¢(0) = 0, there exists some ¢ > 0
(04 +6) = tolwy +06) — plto) > 0.
Thus we have proven (4.1]). The proof of (4.2)) is similar. Part (b) now follows and

part (a) is an immediate consequence of part (a). (]

Proof of Proposition[[.3 Let ¢, (t) := s, logElexp(B8ts,X,)]. Pick € > 0 so that
» < oo on [—¢,¢]. Taking n large enough, we may assume that ¢, (+¢) < oo hence
for all t € [—e,¢],

Blo™ %] < Bfe™<Xe] 4 Ble™"%] = 0 (e) + (<) < o

It follows that ¢, < oo on (—e&,e) and, by an argument similar to the proof of
Proposition |3.8

1 E[s, X, exp(spt X,
P oat o)

s$n Elexp(sntXn)]
for all t € (—e,¢). In particular ¢/, (0) = E[X,,]. Moreover ¢,, is convex, hence

on(t) = on(0) + ¢ (0)t.
It follows that for all ¢ € (0,¢),
_ / o
G =p0) _ A=)

t n—oo t n— 00
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Passing to the limit ¢ \, 0 we get
¢'(0+) > limsup ¢/, (0) = lim sup E[X,].
n— oo

n—oo

Similarly, for every t € (—¢,0),

P = 0l0) _ o O =hO) )

t n—o0 t n—00
hence ¢’'(0—) < liminf,,_, . E[X,]. This proves the first part of the lemma. If ¢
is differentiable in 0, then ¢'(0—) = ¢/(0+) = ¢’(0) and the previous inequalities
yield lim,, o E[X,] = ¢'(0). O

Remark. A close look at the proof shows: if f: I — R is the pointwise limit of a
sequence of convex, differentiable functions f, : I — R in some open interval I and
if f is differentiable, then f’ = lim, , f},.

Next we mention a central limit theorem. For ¢ € C we have |exp(ts,X,)| =
exp((Ret)s, Xy), so if Elexp(£espXy,)] < oo, then Elexp(ts,X,)] € C is well-
defined for all ¢ € C with |Ret| < e. Moreover ¢ — Elexp(ts,X,)] is holomorphic
in the open strip |Ret| < e. Now suppose that E[exp(¢s, X, )] is non-zero for all
t in some open, connected set U C C containing 0. Then there exists a uniquely
defined function ¢,, : U — C such that ¢,,(0) = 0, ¢, is holomorphic in U, and

Bfon ] —emen®  (eUCo)

We write )
onl(t) = — logE[etS”X"]. (4.3)
Sn
Theorem 4.3 (Bryc []). Suppose that there exists some open neighborhood U, =
{t € C| |t| < e} such that (i) Elexp(tsnXy,)] # 0 for oall t € U., and (ii) the
pointwise limit
1
lim —logE[ets"X”} eC
n—00 S,

exists for allt € U.. Then ¢'(0) and o2 := ©"(0) > 0 emxist, and the distribution of
V(X —E[X,,]) converges weakly to the normal law N(0,0?).

Proof sketch. For |t| < g, let ¢, (t) be as in (4.3) and ¢(t) = lim, 00 on(t). Fix
0 € (0,e/2). As a first step, we show that

sup sup |, (t)| < oo. (4.4)
neN teC:

By assumption, the sequences (p,(3£20))nen have finite limits and therefore they
are bounded; let M > 0 be a common upper bound for |, (£26)|, n € N. Conse-
quently

1 1 1

— log]E{e%S’LlX"‘] < — logE{e%s"X” + e_%S”X"] < —log2+ M.

Sn n Sn
which is bounded. Remembering that Re log f = log|f]| for all fﬂ we have for
[t] <26

1 S 1 S
Rep,(t) = S—log |E[et "X"H < s—log;IE[ez‘S "‘X’ll]

n

5f = exp(log f) = exp(Re log f + ilm log f) yields |f| = exp(Re log f).
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hence (Re ¢, (t))nen is uniformly bounded from above in B(0,20). An extra ar-
gument is needed for a bound from below. The Borel-Carathéodory theorem from
complex analysis allows us to pass from the real part to the function itself, in a
smaller ball, and follows.

In a second step, one notes that the functions ¢, (t) are holomorphic in B(0, 26),
therefore by general theorems from complex analysis, pointwise convergence and
the uniform bound actually imply uniform convergence of ¢,, and its deriva-
tives in B(0,9/2), moreover the limit function ¢(t) is holomorphic and limits and
differentiation can be exchanged.

Third, we have for [t| < d./5,/2

E[eVEROOEND] — exp (s (u(2) — 2 (0) o))

— o (5O +50  swp [P (w)|0(s,92)
u€B(0,6/2),
neN

— exp(%gp"(O)ﬂ).
It follows that
E[eiTm(Xn_E[Xn])] — eXp(_%o-27—2)

pointwise on R. Lévy’s continuity theorem then yields the required convergence in
distribution. O

Theorem provides an incentive for studying the pressure and the partition func-
tion at complex activities z € C; the zeros of the partition functions are related to
condition (i) of the theorem.

4.2. Existence of the limit of the pressure. For A € A}, and h > 0, let
oA = {x € RY | dist(x,0N) < h}

Definition 4.4. A sequence (Ay,)nen of bounded Borel sets is a van Hove sequence
if |An] = o0 and for all h > 0,

lim [0 A

n— o0 ‘An‘

=0.

We specialize to translationally invariant pair interactions

_[o-v), n=d.+4,
Vo= {o, Nix(n) # 2.

The pair potential v : R? — R U {co} has a hard core . if v(z) = oo for |z]| <
The, 1t 18 lower reqular if v(x) > —(|z|) for some monotone decreasing function
¥ : R — Ry with fooo rd=1ly(r)dr < oo, and it is upper regular if v(z) < ¥ (|x|)
whenever |z| > b, for some b > 0 and ¢(r) as before. The potential is two-sided
reqular if it is upper and lower regular.

Theorem 4.5. Let X = R%, X\ = Leb, and V a translationally invariant pair
interaction. Assume that the pair potential has a hard core and is two-sided regular.
Then the limit
p(B,z) = lim py,(B,2) €R
n—oo
exists, for all B,z > 0 and every van Hove sequence (Ay)nen. Moreover the limit
does not depend on the van Hove sequence.
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By Propositions [£.1] and [£.2] Theorem [L.5] implies limit theorems for the particle
density Ny, /|An|. Set

p(5,2) = 2 Bp(,2) = Sp(6,e%%)

o

n=p~1logz '
if the partial derivative exists.
Corollary 4.6. Let v be as in Theorem[[.5, Fiz 3,z > 0. Suppose that the partial

derivative of p(B,z) with respect to z exists. Then for every van Hove sequence
(Ap)nen, we have

(@) Na. | _

) o

If the partial derivative d,p(3, z) does not exist, then in the limit n — oo we only
know that the density Nu, /|An| concentrates on an interval [p_ (S, z), p+ (5, 2)]
where p4(3,2) are the right and left derivatives of pa(8,-) at u = B~ logz; we
leave the precise formulation to the reader. In addition, there are analogous state-
ments for the energy density Hy/|A| related to the S-derivatives of 8 — Bp(8, z).

and for all e > 0,

N
hmP“”( =t — p(B,2)|

n—oo |An|

The key ingredient to the proof of the theorem is a form of subadditivity. Remember
that if a real-valued sequence (an)nen is sub-additive, i.e., Gpmin < am + a, for all
m,n € N, then the limit lim,,_, o @, /n exists in RU{—oo0} and is equal to infy(a, /n).
Now, if the pair potential is non-negative and A1, As are two disjoint sets, it is not
difficult to check that

log Za,un, <log=a, +logZp,. (4.5)
We look first at the limit along cubes
Qn =1[0,2"Lo]" (n € Ny)
with fixed Ly > 0. For non-negative interactions, the inequality together with
the translational invariance of the interaction leads to the monotonicity
1 logZg < 2! log=g log =g
[@nr1l S Q] " IQnI "

and the existence of the limit along (Q,) follows. For general pair potentials, we
need to estimate error terms coming from the interaction between disjoint regions.

Let rnc > 0 be the hard core of the pair potential, if it has one, and r,. = 0 if v
has no hard core. Set

N* = {W:Z(;xj EN | Vi#j: |z, — x| > rhe}
j=1
and N := N*NN,. Let
W(Z(Szi;Zdyj) =35 v(@i —y;) € RU{o0} (4.6)
i=1 j=1 i=1j=1
be the interaction between a finite configuration n = Zj:l 0z, € Nf and a possibly
infinite configuration v = Z;:1 dy, € N*. Proceeding as in Example one can
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check that for non-negative pair potentials or pair potentials with a hard core, we

have
K

ZU_(:ci;yj) <C (4.7)
j=1
for some constant C' that depends only on the pair potential v. As a consequence
the sum is well-defined even if x = oo, for all 3°7_, 4, € N'*.

Lemma 4.7. Assume that v is non-negative or lower reqular with a hard core.
Then for every € > 0, there exists a constant C. > 0 such that for all L > 1, all
n € '/\/'[T).L]d and v € N*, we have

W (13 y52\(0,00a) = —CeL4™t —eL?.

Proof. If v is non-negative, then W is non-negative too and the inequality is trivial.
If v is lower regular with a hard core, let rp. > 0 and v(r) be as in Example
Write n = Y1 | 8z, and v\ 0,4 = Z;‘:l by, We have |z;—x;| > ryc and |y; —y;] >
rhe for all 4 # j. Fix e > 0. For M > 0, we split the interaction as

W vao.e) = Y O o =) Ugge, gy 1<any + Y > vl =45 ) e, —y, 1200y

i=1 j=1 i=1 j=1

(4.8)

The only points x; contributing to the first sum are those that have distance smaller
or equal to M to the boundary of the cube [0, L]%; the number of such points
is bounded by some constant ¢; times ML?"!'. Each such point contributes an
interaction energy larger or equal to —C with C as in , so altogether the first
sum on the right-hand side of is bounded from below by —CMc; L4 . The
second sum is bounded from below by a term of the order of —co L% f;f rd=ly(r)dr
with ¢o > 0 some constant. It can be made smaller than eL¢ if we choose M = M,

large enough. We set C. = —CM,c; L' and the proof is complete. ([

Lemma 4.8. Assume that v is non-negative or lower reqular with a hard core.
Then for every € > 0, there exists a constant C; > 0 such that for all n,k € Ny, we

have ,
— —_ 2m nd d—1 d
SQn+k < (:Qk) e,(i’2 [CeLi +8Lk]'

Proof. Q4 is the union of 2% shifted copies ,(cj) of Qp. For n € Ng,,, we

decompose
271,{1,

Hm) =Y Hmgo)+ Y W (ngw;ngw)-
j=1 1<i<j<2nd
If v is non-negative, we deduce

B2 HG ) -
EQn+k < /N ZNQn+k(77)e i=1 Q) d/\(n)
Qntk

N -
“1I /N P N L (4.9)
1

2nd
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If v is lower regular with a hard core, we note that the only relevant contributions to
ZQ,..,, come from configurations n € N, Onsiy- Forsuchn we can estimate interactions

between sub-cubes ng )in a way similar to Lemma and we find
Z W(UQ@;HQLJ')) < 2"(C. L 4 eLy)

1<i<j<2nd

for every € > 0 and some constant C. > 0. From here the proof is completed by a
chain of inequalities similar to (4.9)). O
Lemma 4.9. Assume that v is non-negative or lower reqular with a hard core. The
limat )

Bp(B,z) = lim ——logZEqg, € [0,00

(8,2) = lim 17 logZa, €[0.00)

exists.

Proof. Fix ¢ > 0 and let C. > 0 be as in Lemma Keeping in mind that
Lk =2"Lg and |Qn+k| = 24| Qy|, we have

log=g, ., < log=p, + 1 e).
|Qn+k|“+k |Q|ng (k )

We take the limit m =n + k — oo and deduce
1 C.
limsup ——log =g, < log=g, + 6( 5) .
m— o0 |Qm| @ ‘Q | @ k

Next we take the limit £ — co and get

limsup ——

Finally the limit € \, 0 shows that

1
logEg,, < likrginf ——logZg, + Be.

< |Qrl

limsup —— logZg, < liminf —
300 IQmI O = o Q4

log =g,

which shows that the limsup and the liminf have to be equal, and the limit 8p(8, )
exists. It is a non-negative finite number because of the bound 1 < Z, < exp(ze’B|A]).
]

Proof of Theorem @ The main idea is to approximate domains A by unions of
cubes. For k € Z% and a > 0, let Q(k,a) = [k1a, (k; + 1)a) x - -+ x [kqa, (kg + 1)a).
For A € A, let
N™(A,a) = #{k € Z% | Q(k,a) C A}
NT(Aya) :=#{kcZ| Q(k,a) N A # &}
Note
U Qkachc | Qka

ke d,
a)CA Q(k,a)NA#£QD

(
(a) for the previous unions of cubes, so that A= (a) C A C
\ A~ (a), then dist(z,dA) < V/da. Tt follows that along every

L 1A @)\ A7 (o)

n—»00 [An]

Write A~ (a) and A™
At(a). If z € At(a)
van Hove sequence,

— 0.
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Put differently, |A;f (a)| —|A;, (a)| = o(|A,]) = o(|A}(a)]). Therefore for every fixed
a >0,

- +
o M@ A (@)

=1

n— oo |An| I aresy |An|

Next we note

(1]

Ehn@) S EAn S Ext)

Proceeding as in Lemma [{.8] we see that for every £ > 0, some C. > 0, and all
n € N, a > 0, we have

+ a
Ept (o) < XD(BNT (A, a)(Cea™! 4 eat))Eh (M),

We can choose a = L,, = 2™Ly. Taking first the limit n — oo, then the limit
m — oo, and finally the limit € N\, 0, we get

1i —1
11m su
ol TAL

logEAn S /Bp(ﬁaz)

For a lower bound we exploit the upper regularity of the pair potential. Fix m € N.
Let us pick a = L, + b where |v(r)| < (r) on r > b. For k € Z%, let

Qu(k,a) = {z € Q(k,a) | dist(xz,0Q(k,a) > b/2)}
= X?Zl[kia +0/2,(k; +1) —b/2).

We have
U  @Quk,a) c AL (a) C A, (4.10)

kez?:
Q(k,a)CA,,

We bound the partition function =5, from below by the partition function for
the union of cubes Q,(k,a) as on the left-most side of (4.10). If z;,z; are in two
distinct sub-cube interiors, then they have distance larger or equal to b and therefore
lv(z; — x;)| < (r). Arguments similar to Lemmas [4.7] and [£.8| show that

1 N~ (A, Ly, +b)L2 1 1
——log=pA, > M x —logEn,. — B(C.L .
Therefore
TV S Lg, 1 1

We take first the limit m — oo, then € \, 0, and obtain
1

liminf —log=x, > Bp(B, 2).
n—,oo M

Altogether we have shown that the limit along any van Hove sequence exists and
is equal to the limit along the cubes @,. (I

The result extends to multi-body interactions provided we can bound the inter-
action between distinct regions of space. Consider for example the energy of the
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Widom-Rowlinson model. Let A = [0, L]%, 7 = >"_ 6., € Ni, and v € N; with
Yx\A = 2;21 dy,. Then

Ha(n|v)—H(n) = H(n+vx\a) — Hn) — H(vx\a)

n k
= (U B(xl-,l)) ulUBwi || -
i=1 Jj=1

n

U B, 1)

i=1

k
j=1

I
\
—

n k
(UBm,n)m U B || = (@ 07— @ -1,
i=1 j=1

It follows that for some constant C' > 0 and all L > 1,
—~CL* Y < Hp(n | v) = H(n) 0.

The inequality extends to infinite v € A because the interaction potential of the
Widom-Rowlinson model has finite range and Hy (7 | 7) depends only on V[=1,L+1)4
The inequality replaces Lemma [4.7] and the upper regularity of the pair potential.

Theorem 4.10. Let X = R, \ = Leb, and H the energy of the Widom-Rowlinson
model. Then the limit

p(B,z) = lim py, (5,2) € R

exists, for all B,z > 0 and every van Hove sequence (A, )nen. Moreover the limit
does not depend on the van Hove sequence.

The proof is similar to the proof of Theorem and therefore omitted.

4.3. A first look at cluster expansions. For the ideal gas, the pressure can
be computed explicitly and is given by 8p(8,z) = 2. For general pair potentials,
there is in general no closed-form expression, however we may hope for a Taylor
expansion for small z. Indeed the pressure in finite volume

2
Bpa(B,z) = 1 log(l + z|A| + Z—/ e @) qp day + - - )
A 2 Ja2
is the logarithm of a power series, so it should have an expansion itself. In this
section we show that such an expansion is indeed possible, and the expansion can
be organized in a “graphical” way. In a later chapter we discuss expansions of the
correlation functions as well, which is a way of estimating differences between the
Gibbs measure and the Poisson point process with intensity measure z Leb (ideal
gas at activity z).
The key trick is to expand the Boltzmann weight exp(—SH) in terms of Mayer’s
f-function
flay) =e M@0 1 (2,y € RY)

(to lighten notation we suppress the S-dependence of f). We have
e P Xicicign v(@im) — H (1 + f(xuxj)) = Z H f(s, xj)
1<i<j<n E {ij}€E

where sum runs over collections E C {{3,j} | ¢,j € [n], i # j} and the product over
the empty set £ = @ is 1. The sum is interpreted as a sum over graphs.

Definition 4.11.
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(a) A graph (undirected, no self-edges, no multiple edges) is a pair G = (V, E)
consisting of a set V and a subset E C {{v,w} | v,w € V,v # w}. Elements
of V' are called vertices, elements of E are edges.

(b) A graph G = (V,W) is connected if for all v,w € V with v # w there exist
Viy...,Un €V such that {v,v1}, {vi,v2},...,{vn, w} are in E.

We write G(V) and C(V) for the collections of graphs and connected graphs with
vertex set V. For V = [n] we abbreviate G, = G([r]) and C,, = C([n]). For V a
finite set, G = (V, E) a graph with vertex set V, and & € X", we define

w(G xl ZEV H fx“xﬂ

{ijteE
and
wp(G) = / w(G;x1, ..., Tp)day - - - day,.
Then
[I Q+f@iz)) =3 wGa... )
1<i<j<n GeGn
and

=1+ Z Z (4.11)

n= 1 " GEGn

The partition function, as a function of z, is the exponential generating function for
the family of weighted graphs. Taking the logarithm of 24 (3, z) eliminates graphs
that are not connected.

Theorem 4.12. The power series Zn—n,| > cee, WA(G)| has a strictly positive
radius of convergence Rx(8), and we have, for all z € C with |z| < Ra(B),

log EA (8, 2) Z Z wp (G

n=1  GeC,

Remark. Suppose that the pair potential vanishes when || > R. Then f(z;,z;) =0
for |x; — z;| > R and for every connected graph G € C,, if w(G;z1,...,z,) # 0,
then x1,...,2, is R-connected in the sense that for all ¢ # j, either |z; —z;| < R
or we can find a sequence iy, ...,7 such that forall £ € 1,... k, |z;, — x;,_,| < R,
where ig = i and ix+1 = j. So the only relevant contribution to w (G) comes from
connected configurations or “clusters”. The expansion of log Zx (8, 2) is a cluster
expansion.

The proof of Theorem starts from the observation that every graph G €
G(V) splits into connected components Gy,...,G,. Their vertex sets Vi,..., V.
form a partition of V', and the weights satisfy

w(G;xy) Hw Gj;xv;), wa(G) = HwA(GJ)

Let P,, be the collection of set partitions of [n], i.e

*)

Pn = {{Vl, Vil re NV, .., V. C [n] non-empty and disjoint, U]_,V; = [n]}
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Set
o(V)= > walG).
Gec(V)
Then
dSwa@=) Y (W) e(V,). (4.12)
GEGn r=1{V1,...,V, }E€Pn

Lemma 4.13. The weight ®(V') depends on #V alone.

Proof. Let V and V' be finite sets with #V = #V' and o a bijection from V onto
V'. The bijection ¢ induces a bijection from C(V') onto C(V’) via

G=(V,E) s G, = (V’, {{a(v),a(w)} | {v,w} € E})

The graph G, is obtained from G by relabelling the vertices of G via v — o(v). To
each z € XV we assign z, € V' by defining (z,); = Ty-1¢jy- Then

w(Gois) = w(G; x).
It follows that wp(G,) = wa(G) and then &(V) = @(V'). O
Proof of Theorem[{.13 We write logZ, = log[1 + (25 — 1)]. Let

2] < (log2)e PB/|A]. (4.13)

We estimate

2a08.2) 1] < 3 E @21 = exp(lz1e? 1)) ~1 < 1.
n=1 .

For u € (—1,1), the series log(1 4+ u) = > 7, (_1T)Ln Lun s absolutely convergent.
The statement extends to complex v € C with |u| < 1, then log(1+u) = Log(1+u)
is the principal branch of the logarithm Log z = log |z|+1Arg z with Arg z € (—m, 7].
As a consequence

oo

log ZA (B, 2) Z )"~ (Z o /Ak Bde:C>

with

S LS ema) <o

n= 1

Because of the absolute convergence, we can change the order of summation and
get

logEa(B,2) = Y~ An

with
n

4= ¥ (fl)“lﬁ :(/Akj e_ﬁH"’J(m)d:c). (4.14)

r=1 (ky,....ky)EN" i=
ki+4+kr.-=n
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In order to show that A, = ®([n]), we show that it satisfies a set of equations
similar to (4.12]). We have

2" Sy Y el % "
eXP(;n!An>1+ZH(kaA>
>~ 1 r k;
ey B I(E) (@.15)
!
=1+Z% Z .mAkl'.'Akr'

The inner sum is a sum over set partitions, since

> [T Aw, = - > T4
7l

reN{Vi,..,V,}eP, j=1 r=1"" (Vi,..,Vp): =1
{V17~~-7Vr}e7)n
- 1 1 - A
=D 5 2 DR Y | PT
r=1 (k1ye-skr)EN": (Vi Vi): j=1

kit tke=n {Vi,...,V,}€Pn

"1
SDICTED DU (RN )1
Comparing with we get

o0 n T
s (N5 ) =25 T e
n=1 """ {V1,..,V,.}eP, j=1
reN
moreover > - |z|"|A,|/n! < oo for z as in (4.13). Expansion coefficients are

unique, so Eq. (4.11)) yields

Su@=> Y [[awm=4+> Y 4w

Gegn r=1{V1,...,V;.}€P, j=1 r=2{Vi,..,V,.}€P, j=1

for all n € N. A simple induction over n shows that given the wx(G)’s, the set
of equations has a unique solution. By Eq. (4.12)) and Lemma the numbers
®([k]) solve the system of equations as well, therefore A, = ®([n]) for all n. O

Remark (Mébius inversion). Let p = {Wh,..., Wy} and ¢ = {V4,...,V,} be two
partitions of some finite set V' C N. We say p < ¢ if p is a refinement of ¢, i.e.,
if we can label the sets in p as W,gyj, k=1,...,r, 5 =1,...,ng, in such a way
that for each k, {Wy ;,..., Wy } is a partition of V;. Suppose we are given a
family of weights a(V') on finite subsets V' C N. We can extend it to partitions as
A(p) = Iy, a(V). Let us define

B(g) =) _ Alq)

q=p
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and b(V) = B({V'}), then

:Z Yoo a()--a(Vy)

{V17 7V }epn
which is precisely the type of relation from . Eq. (4.14) is related to a Mobius

inversion.

In Theorem one would like to pass to the limit |A] — oo along van Hove
sequences (Ap)nen. In a later chapter we show that for small |z|, this is indeed
possible, and that

liminf Ry (8) > 0.

n— oo

In Theorem we had only proven the crude bound R, > const/|A,|, which
is clearly not enough. Here we content ourselves with the observation that the
expansion coefficients converge in the infinite-volume limit.

Lemma 4.14. Suppose that [o,|exp(—fv(x)) — 1|dz < co. Then for all n € N
and G € Cp,

/ |w(G;0, g, ..., z,)|dxg - - - dzy < 00.
(Rd)n—1

Furthermore for all n € N and every van Hove sequence (Ay)ren, we have
li w(G; 0, .. dxg - - - dx,.
lim PIRNCEDY / vy -

Lemma suggests the formula

Bp(B, 2) fz+z Z/ w(G;0, 20, ..., xy)dag - - day, (4.16)

n= 2 " Ggec,

at least for small z, but for now we don’t even know that the series (4.16) has a
positive radius of convergence.

Proof. Given G = ([n
T that is a tree, i.e.,
potentials satisfy v(z —

w(G; 0,22, ..., 2)| < (€2PB — 1)V w(T;0, 22, ..., 22).

([n], E') with E/ C FE and T has no cycles. Stable pair

,E), by removing edges if needed, we can find a subgraph
y) > —2B, so we can estimate

The n? is a rough upper bound for the number of edges that have to be removed
from the graph to obtain a tree. It is a general result from graph theory that the
number of edges in a tree on n vertices has n — 1 edges. We get

n—1
/ |w(G’ 07 Z2,... ,IEn)|d1172 e dxn < (626371)712 (/ |efﬁv(:z:) - 1|dx) <o
(Rd)n—1 R

Next we note that for each van Hove sequence (A) and each fixed n,G

1

—_ w(G;xy, ..., xn)de =
Akl Jap

m w(G;0, 29 — 21, ..., 2, — x1)d@
Ay

— /(Rd) ) ap(@w(G; 0,25, ...,z )dx’
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with
1
Oék(qj') = m R ]1/\2'(.7}1,‘%1 —|—$/2, o2 +$fn)d$1
k
1
:m“\km(/\k7£Cl2)ﬂ”~ﬂ(Ak7£U;)|

=1 (k = ).

Clearly 0 < aj(x') < 1 for all ' € (R?)"~L. Dominated convergence yields

1
lim ——wy, (G) :/ w(G;0,2")dx’. O
k— o0 |Ak| ’ (Rd)yn—1

4.4. Summary.

e We take infinite-volume limits along van Hove sequences, for which the
boundary is negligible compared to the bulk.

e Under suitable assumptions on the interaction, the infinite-volume limit of
the pressure along van Hove sequences exists and the value of the limit is
independent of the precise choice of sequences—it doesn’t matter whether
we take limits along disks or cubes.

e The existence of the limit of the pressure implies the existence of the limit of
rescaled cumulant generating functions for the particle density with respect
to the Gibbs measure. By general results on real-valued random variables,
we get limit laws for the particle density: if d,p exists at (3, z), then the
particle density converges in probability, otherwise we only know that it
concentrates on some interval defined in terms of left and right partial
derivatives.

e In general, there is no explicit formula for the pressure. However for small
z, pair potentials, in finite volume, we can give an expansion in powers of
z. The expansion coefficients are expressed as sums over connected graphs,
the expansion is an example of a cluster expansion.

4.5. Exercises.

Ezercise 4.1. Let (ay,)nen be a sequence in R with a,,4p < @y, +ay, for all m,n € R.
Show that lim, e an/n = inf, ey ay/n.
Hint: for p € N and k = mp + ¢, compare ay/k and a,/p.

Ezxercise 4.2. Let I be a non-empty open interval and f : I — R a convex function,
i.e.,
fltz + (1 =t)y) < tf(x)+ (1 -1)f(y)
for all z,y € I and t € [0,1]. Show that:
(a) For all a,b,c € I with a <b < ¢,
f) = fla) _ () = fla) _ f(e) = f(b)
b—a ~ c¢c—a ~ c—b

(b) The limits f'(z+) = limpo[f(z + k) — f(z)]/h, f'(z—) = limp~o[f(z —
h) — f(z)]/(—h) exist, for each = € I.

(c) For all a,b € I with a < b, we have f'(a—) < f'(a+) < f/(b—) < f/(b4+).

(d) For all zg,x € I, we have

f(x) > f(xo) + f'(xo+)(x —x0), [f(x) > f(xo) + f'(wo—)(x — x0).
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Exercise 4.3. A sequence (A,,)nen of bounded Borel sets in R is a Fisher sequence
if there exist a non-negative function s(«) with lim,_, s(a) = 0 and some oy > 0
such that for all sufficiently small « and all sufficiently large n,
|aa diam(A A |
—— < s(a).
A =

(s() is called shape function.) Let d = 2 and A,, := [0,n?%] x [0,n]. Show that
(Ap)nen is a van Hove sequence but not a Fisher sequence.

Ezercise 4.4. Fix a > 0. For n € N and L > 0, define
I Yeropade.
[0,L]" 1<i<j<n

(a) Show that Z,(L) = L(L — (n—1)a)" for alln € N and L > (n — 1)a.
(b) Let p € (0,1/a) and (L, )nen & sequence with n/L, — p. Compute

. 1
f(p) :==— lim L—loan(L).

n—oo n

n'

(c) Set a=1. Let p(2) := sup,-o(plogz — f(p)). Show that (i) p+— (plogz —
f(p)) has a unique maximizer p(z), (ii) zp'(z) = p(z), and (iii)

FEzercise 4.5. Let Z,(L) and f(p) be as in Exercise with a = 1. Show that

L—oo L p>0

lim — log <1 + Z 2" Zn( ) =sup(plogz — f(p)).

Hint: with the help of the inequality n! > (n/e)™ and Exercise check that
Zn(L) < e” D),

then show that contributions from those n for which n/L is far from p(z) are

negligible.

Ezercise 4.6. Let X = R? \ = Leb, and v : R? — RU{oo} a pair potential that has
a hard core and is two-sided regular. Let p(3, z) be the pressure from Theorem
remember that it was defined starting from empty boundary conditions. Show that
for all v € N* and every van Hove sequence (A,)nen,

lim ﬁlog a1y (B, 2) = Bp(B, 2).

n—oo

Hint: Compare Ey, |, and Zp/ 10 = Eps |0, Where Al is equal to A, or slightly
different, using a suitable adaptation of Lemma

Exercise 4.7.
(a) Let &,, be the set of permutations on {1,...,n} and

S(z) =1+ Z %#677,7 C(z) = Z %#{0 €6, | ois acycle}
n=1 n=1

the exponential generating functions of permutations and cycles. Show that

5(2) = exp(C(2)).
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(b) Let X be a real-valued random variable such that E[e!*] < oo for all
t € (—¢,¢) and some € > 0. The j-th cumulants is given as

dJ
Rj = @ logE[etX]

Show that for all n € N, we have

EX™ =" Y kgvicckgy

where P, is the collection of set partitions of [n] = {1,...,n}.

t=0
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5. (GIBBS MEASURES IN INFINITE VOLUME

If A(X) = oo, then the partition function for A = X is infinite and we can
no longer define Gibbs measure as in finite volume. Instead, Gibbs measures are
defined by structural equations.

5.1. A structural property of finite-volume Gibbs measures. Fix a non-
empty set A € X, and a boundary condition v € A with Eply < 00. Let A € X,
with A C A. We observe

Hxy(m | vx\a) = Ha(ma [ nava +xa) + Ha(mana | vxa) (5.1)
for all n € N and
sonai = [ ([ reraien ) asor) (52)
Na NA\A Na

for all non-negative measurable f. Egs. (5.1) and (5.2) imply that for every non-
negative, measurable f, we have

/ f(n)2NaMe=BHAMIM 4\ (n)
Na

= [ ([ s s s i ) 0 e s,
Na\a Na

Dividing by =), we obtain

fdPyp, = / ( fFo' + n")ZNA(”')e[’HA(”"”"“X\“)dX(”')) dP A, (n").
Na Nava Na

(5.3)

Applying the identity to f =1 we get 1 = 'fNA\A EAIn 2 APy (1), hence

EAly s < 00 for Pyj,-almost all 7" € Nya.

This allows us to express the inner integral on the right-hand side in (5.3)) in terms
of

fQ) = /NA S+ Cava)dPaje(n)
as
/N faPy = /N i S0P 1)

=/ ( f(n”)zNA("/)G‘BHA(”/'"um\“dﬂ(n’)) P}y (n")
Na\a Na

= [ F(QdPA(Q).
Na

In the last line we have applied Eq. (5.3) to f. Thus we have shown

/NA JdPapy = /NA </NA fn+ CA\A)dPAKm\A(n)) dPy (<) (5.4)

for all non-negative measurable f.
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5.2. DLR equations. In infinite volume we define Gibbs measures by relations
similar to (5.4). The equations are named after Dobrushin, Lanford and Ruelle.
Let

RA:{’VGN|EA|,Y<OO}.

Definition 5.1. Fiz 3,2z > 0. A probability measure P on (N, M) satisfies the DLR
conditions if for all non-empty A € Xy, we have P(Ra) =1 and

J 1= [ ([ s raaPanm)ape) (DLR)

for all non-negative observables f. A measure that satisfies the DLR conditions is
called a (grand-canonical) Gibbs measure. The set of Gibbs measures is denoted

9(B,2).
The DLR conditions can be reformulated with the help of conditional probabilities.

It is convenient to set Pa|, = 0 if v € N\ Ra. For Ae X, let My =0(Np: BC
A, B € X). Equivalently, 9N, is the o-algebra generated by the (N, 91)-valued map

v+ va (see Exercise (2.2)).

Proposition 5.2. Fiz 3,z > 0. A probability measure P on (N,MN) satisfies the
DLR conditions if and only if for all non-empty A € X, and all B € N, the map
v+ Pay(B) is a version of the conditional expectation E[lp(na) | Mx\al.

We write
P(na € B | nx\a = 7x\a) = Paj4(B). (5.5)

Proof. “=" Suppose that P satisfies . Let A € A} be a non-empty set and
B € M. The map v — Pa,(B) is measurable, moreover Pajy(B) = Pajy .. (B).
Therefore v — P, (B) is measurable with respect to 9ac (see Exercise ) Let
g : N — R, be Mac-measurable. By Exercise g(n) = g(nac) for all n € N.

(DLRY]) applied to f(n) = g(nac)1p(n) yields
Elg(n)1a(na)] = /N 0(1)Pap(B)AP(y) = E[g()Pa.(B)]. (5.6)

This holds true for all non-negative 9tac-measurable g, thus v = P4 (B) is a
version of the conditional expectation E[1p(na) | Mx\al-

“«<" Suppose that P satisfies . Fix A € &,,. By , Eq. holds true
for all non-negative observables f of the form f(n) = g(nac)lp(n) with g : N’ — R,
measurable and B € N, B C Na. A Dynkin system argument shows that
holds true for all indicator functions of sets in 91. Taking monotone limits we find
that (DLR)) holds true for all non-negative measurable f.

Eq applied to B = N and the constant function ¢ = 1 shows 1 =
Sy Pajy(X)dP(y). Since P, (X) € {0,1} for all y € N, it follows that Pajp,. (X) =
1 for P-almost all 7, hence P(Ra) = 1. O

Another reformulation of the DLR conditions highlights some analogies with
invariant measures of Markov chains. It is expressed with a family of kernels

A N x9N — [0, 00) (A€ Xy, A#2) (5.7)
given by
Ta(y, A) = PAW({U €Naln+rac € A})- (5.8)
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Notice that P|, is a measure on Na but 7a(7,-) is a measure on A. In abstract
terms, ma(7,-) is the image of P}, under the map

Na =N, ne=n+yac (5.9)

which transforms a configuration 7 in A into a configuration on the whole space X
by adding the particles from the boundary condition yae. The kernels act from the
left on functions and from the right on measures:

(raf)(7) = /N ma(y, dn)f(n) = /N f(n+7ac)dPan(n),  (5.10)

Pﬂ'A(B)—/NdP(fy)ﬂA(fy,B), (5.11)

and there is a notion of composition or product given by

(mama) (. B) = /N (3, dn)ma (0, B). (5.12)

Notice that 7a (v, X) € {0,1} for all v € N (wa is a quasi-probability kernel).

Proposition 5.3. P satisfies the DLR-conditions if and only if for all non-empty
A € X, we have

P7TA =P.

Proof. The equation Pmao = P holds true if and only if for every measurable f :

N — R, , we have
/ (maf)dP :/ fdP.
N N

The left-hand side is equal to [,-([y, f(n +vac)dPaj,(1))dP(v). The proposition
now follows from Proposition [5.1 O

The kernels ma have some interesting properties. Let A" be the non-empty bounded
Borel sets.

Proposition 5.4. The family of kernels (ma)acx;s form a specification with respect
to (RA)AE;(:, which means:

(a) wa(v,-) is a probability measure on N, for every A € X and v € Ra.

(b) wa(y,A) =0 for every A € X, v € N\ Ra and all A € N.

(c) The map v — mwa(y, A) is Nx\ a-measurable, for every A € XS and A € N.
(d) Ta(-A) = ManrA(-) if A€ &Y, A€ N\

(e) TaTA = mA whenever A C A.

The proof of parts (a) to (d) is left as an exercise, we only prove (e). Property
(d) leads to the following: if f : N' — R, satisfies f(n) = f(nx\a) for all n € N,
then wa f = g, f, which is quite natural: intuitively, wa f is just the function f
after averaging out what happens inside A. If f does not depend on what happens
inside A, then the averaging should not change anything, except for the indicator
1z, that is inherited from the definition of 7a.
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Proof of Proposition[5.4(e). If v € N\ R, then mpama(y, A) = ma (v, A) = 0 for all
AeM. If vy € Ry and f is a non-negative observable, we simply rewrite (5.4]) as

A7) = /N F(n -+ 1ae)dPap ()

B /ij (‘[\/A f(n * CA\A + ,YX\A)dPAKJF’YX\A (77)> dPA\’Y(C)

- / (raf)(C + ) dPas (O) = (ramaf)():

A

Choosing f = 14 we find wa(y, A) = (ma7ma) (7, A). O

So the property mama = 7p is essentially a reformulation of the structural prop-
erty (5.4) of finite-volume Gibbs measures noted in Section To conclude, we
also formulate the analogue of Eq. (5.3)).

Definition 5.5. P satisfies Ruelle’s equation if for all measurable F: N’ — R, U
{o0} and all A € Ay, we have

/N FdP = /N . ( /N A F(n—!—'yAc)zNA(")eﬁHA("'”d:\(n)) dP(y).  (R)

In Theorem below we show that the DLR conditions are equivalent to Ruelle’s
equation.

5.3. Existence. A priori it is not clear that the set ¥(/, z) of Gibbs measures is
non-empty. The probability question at the heart of the existence problem is: given
a family of kernels (7a)ac xz, is it possible to find a probability measure P such
that P(na € A | nac = yac) = ma(y, A)? In general, the answer is negative, see
Exercise but additional conditions related to decay at infinity of interactions
and quasi-locality of ma in 7 ensure a positive answer.

Theorem 5.6. Fix 5,z > 0 and let H be a locally stable energy function with finite
range. Then 4(0,z2) # @.

Proof. Let A,, = B(0,n) and P, (-) = ma, (0,-) be the finite volume Gibbs measure
in A, with empty boundary conditions. The local stability of the energy and
Proposition ensure that the sequence (P, )nen satisfies the Ruelle bound @
with n-independent &. By Theorem (Pn)nen admits a locally convergent

subsequence Py, 1% b Fix a non-empty set A € A}. Taking n large enough, we
may assume A C A,,. By Proposition e), we have P, ma = P,,, hence

PNy (5.13)

for all non-negative measurable f. Suppose that f is a bounded local observable,
i.e., f € Ap for some B € &},. Then mwa f is local as well. Indeed, as the energy H
has finite range R, we have

PA|’Y = PA|’YA+ = PA|('YBUA+)A+ = PA|'YBUA+

with AT = {z € X | dist(z, A) < R}. We note
f+7ac) = f(ns +vaenB) = f(n+ (YBua+)ac)
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and therefore

(maf)(7) = (raf)(vBua+):
It follows that ma f is a bounded local observable, we can pass to the limit along
the subsequence (P,,,) in (5.13), and holds true for P and bounded local f.
A monotone class argument then shows that this holds true for all f € £ (N,N)
and it follows that P € (8, z). In particular, 4 (8, z) # . O

In general sequences of finite volume Gibbs measures need not converge, however
every accumulation point is in ¢(f, z).

Theorem 5.7. Assume that the energy is locally stable and has finite range. Let
(Ap)nen be an increasing sequence in Xy, such that every bounded set A is eventually
contained in some A,. Let v € N be such that H({) < oo for all {( € Nf with
¢ <. Then the sequence (Py,|y)nen has a locally convergent subsequence, and
every accumulation point is in 9(6, z).

The proof is similar to the proof of Theorem [5.6] and therefore omitted.

The proof of Theorem is easily adapted to the more general case where (i) all

finite-volume Gibbs measures P, with empty boundary conditions satisfy Ruelle’s

bound @ for some A-independent £, and (ii) ma maps local functions F' to quasi-

local functions ma F'. Specifications (7a)aecx; that satisfy condition (ii) are called

quasi-local specifications. Unfortunately, for particles in X = R?, the specifications

at hand are usually not quasi-local, and existence proofs become more involved.
We restrict to pair interactions

_ U(‘Tay)a 77:61+5y7
von= {0, Nix(n) # 2

where v : X x X — RU {oo} is stable, i.e.,

Z v(z, ;) > —Bn (S)

1<i<j<n
for some B > 0 and all n € N, x1,...,x, € X. We also assume the integrability
condition
/ =879 _ 1|dA(y) < oo M
X

for all 8 > 0 and for all z € X.

Theorem 5.8. Let v be a pair potential that satisfies and . Suppose that the
finite-volume Gibbs measures Py with empty boundary conditions satisfy Ruelle’s

bound for some A-independent . Then 9(8,z) # <.

The theorem goes back to Ruelle [49], our presentation follows closely Kuna [31].
It is proven in Section

5.4. GNZ equation. Georgii [I8] and Nguyen and Zessin [38] devised a charac-
terization of Gibbs measures equivalent to the DLR conditions. The starting point
is another decomposition of the energy, this time singling out a particle x rather
than a domain A: Let W (xz;n) = H(J; | n). Then for all n € Af and = € X,

H(n+02) = W(x;n) + H(n) (5.14)
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and
ZNX(W‘F(Sw)e*BH(nJ"(Sw) = 2675W($§77) X ZNX(T])efﬁH(n). (515)

Definition 5.9. P satisfies the GNZ-equation if for all measurable F : X x N —
R4 U{oo}, we have

J A Z metnrtn | apon = [ ([ Pl sz enape) ) ae)
(GNZ)

(GNZ) can also be written as
E {/ F(sc,n)dn(a:)} = / E {zefﬂw(rm)F(z,n + 536)] dX(z).
X b

For example, if F'(z,n) = )\(A) 1A ()N p(a,r) (1—0,) for some r > 0, then [, F(z,n)dn(x)
represents the average number of r-neighbors of points x € S, N A.

Theorem 5.10. Fiz 3,z > 0, and P a probability measure on N'. The following
conditions are equivalent:

(a) P satisfies the DLR equations.
(b) P satisfies the Ruelle equation.
(c) P satisfies the GNZ equation.

Proof. (DLR) implies (GNZ): Let F : X x N' — Ry U {oo} be a measurable map.
Suppose that for some A € X}, and some f,g: N — Ry U {0}, we have

F(z,n) = 1a(z)f(z,na)g(nAc) (zeX,neN). (5.16)

Set fu(z;21,...,20) = f(@;05, + -+ 0z,) and Ha pn(21,..., 20 | 7) = Ha(dz, +
-++ 08z, | 7). Then for all v € Ra, we have

/NA (2 nelm(em))aPay, ()

€S,
/ an (03301, s ) A1) 3 ()
‘_'A"Y n= 1 o
=z n' /7, nfn(@r;my,. .0 )e—B[W(ﬁfl;E};z 5m_7-+’YAC)+HA,n—1($27~~-7$n\7)]d)\n(w)
AW n=1
1 - S, tvac m
= Ea / { = / Fni 1 (T391, - Y ) 70 POV 2T Sy 0 m (W] g\ <y>}dk<w)
v JA m=0
1 - x; c
— o [ e ensians, o) fax)
—=Aly Na

We multiply with g(yac), note
F(z,n+vac) = 1a(@)f(z,n)g(vas)  (#€X, neNa,v € Nae),

integrate over vy with respect to P on both sides, use the DLR equations and find
that (GNZ) holds true for F'.



GIBBSIAN POINT PROCESSES T

The identity applies, in particular, to F'(z,1) = 1a(2)1iny<ny (M) IBnc(n) with
A€ X, neN, BeNaand C € Nga. Moreover for such F' the expression

in (GNZ) is bounded by

E Z e (MAa (@) Uy <ny | = E [Nallin,<ny] <1< o0
€S,

The sets BN C with B € 9Ma and C € MNx\a form a m-system generating 91. A
Dynkin system argument then shows that holds true for functions F(z,n) =
Ia(z) A v <ny () Da(n) with A € 9. Taking monotone limits, we find that Eq. (GNZ))
holds true for all indicator functions of Cartesian products A x A € X ® 9.

Now we may view the left and right sides of , when applied to indicator
functions, as the definition of measures p and v on X ® M. We have just checked
that those measures coincide on the generating m-system of Cartesian products,
furthermore we have seen that (A x {Na < n}) =v(Ax{Na <n}) <n < oo for
all A € &y, n € N. In particular, i and v are o-finite. It follows that u = v, i.e.,
Eq. holds true for the indicator functions of all sets in X ® 9. Consequently
it holds true for all measurable non-negative F'.

(GNZ) implies (R): Let F : N = Ry U {oco} be a non-negative observable and
A € &,. The GNZ equation applied to G(z,n) = Ia ()M n,=pn} F(n) with m € N
yields

[y FaP = [ ([ Ao+ 650+ 80000 ) are)

hence

1 .
[ taemre = ( / ﬂ{NAzm_l}m)F(nm)zeBWMdP(n)) dA(er).
N mJja N

If m > 2, then in the inner integral, we keep x = z fixed and apply (GNZ) to
G(z,n) = Ia(@) L ns=m—1}F' (1 + 0, ) exp(=W (21;7)). We find

/N g ny—my FdP

1

— s [ ([ sy G+ 60+t S W slap(y) ) ax ).

We iterate the procedure. Exploiting
W(@1;n+0e,+ - 400, )+ W (@2; Nty + - 405, )+ AW (@n;n) = H(0p,+ - +0s,, | 1),
we find

/N gy FdP

1
= / ( /N Linacoy (M E (N + 62y + -+ + 5zm)zme—ﬂH<5n+'“+5wmIn)dp(n)> dA™ (x)

T om!

:/ (Z|/ F(n+ 6y, +~-~+5mm)e5H(5w1+"'+5$m”)dAm(m)> dP(n).
Nxya m: m
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For m = 0 we have
N Naya
Summing over m € Ny, we find that holds true for F'.

(R) implies (DLR): Let F be a non-negative observable. We have

/ FdP = / < F(n+ 7)ZNA(n)elfHA(nw)dj\(n)) dP(v)
N NX\A NA

~ [ raP)EandP()
Nxya

= [, ([ rmmsremesnsonai ) av)
- /N (A F)dP

hence Prp = P. For ' =1 we get 1 = fN Ea|ydP(7), hence ZE4|, < 0o P-a.s. and
P(Ra) = 1. O

The GNZ equation can be iterated, leading to a multivariate form that is helpful
in evaluating correlation functions.

Proposition 5.11 (Multivariate GNZ equation). Let P € 4(3,z). Then we have,
for all m € N and all measurable F : X™ x N — Ry U {c0},

e[| Pl @)
:/ E[F(a:;n—&-&gl+-~-+5x,n)zme_5H(‘5l1+”'+5”m‘")}d)\m(a:). (MGNZ)

Proof. The proof is by induction over m. For m = 1, Eq. (MGNZ|) reduces to the
GNZ equation and there is nothing to prove. Now suppose that Eq. (MGNZ)) holds
true for m—1 and all measurable non-negative test functions. Let F : XTI x N —
R, U{oo}. We have, for every x € Ng U {00}, y1,¥2,... € X, and n = 2;21 dy; s

m #
/ Flandy™ (@) = Y yh,...,y]m,zfs%

(jla Jm)

- Z Z ]I{V@él Jtz#h}F Yivo oo Yim> Z (;yz

J1=1 (G25es5m)
:/XG(931577)d77(x1)
where
G(331§77):/Xm IF($17902,---7$m7 Al (@, ), Ny =0 — Oy

The GNZ equation shows

E[/m F(w;n)dn(m)(w)} = /X E[G(xl;n + 5I1)ze_ﬁw(’“")}d)\(x1) (5.17)
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Notice
G(l’1; n + 5301) = / F(x17x27 ce Tyt 551?1)d77(m_1)(‘r27 cee 7xm)'
xm—1
Thus

G(zi;n+ 5m1)ze*BW(z1?”) = / H, (z2,...,Tm; n)dn(mfl)(xg, ey Tyn)
Xm,—l

with Hy, (22,...,2m;n) = F(21,20,. .., Tm;n)ze W@ The induction hypoth-
esis yields

E [G(xl; n+ §zl)ze_5W(“’“”)]
= / E {F(xl, Ty, Ty n)zme—ﬂ[W@clm+6w2+---+6zm>+H<6z2+---+6mm|n>1}
Xm—1
dA(z2) - - dA(zm)-
We insert this identity into Eq. (5.17)), exploit
H(0y, + 40z, | 1) =W (@150 + 02y + - +6s,,) + H(0uy + -+ sy, | 1),
and obtain (MGNZ). (I

5.5. Correlation functions and Mayer-Montroll equation. From the multi-
variate GNZ equation, we obtain an infinite-volume version of Lemma [3.12] as a
simple consequence.

Proposition 5.12. Let P € ¥(8,z). The correlation functions of P exist and
satisfy

on(T1,.. . xn) = / 2™ AH ey FoF0anm P (1) (5.18)
N
for alln € N and A"-almost all (z1,...,2,) € X™.

In particular, the one-particle density is
i) = [z dpy),
N

Proof. The proposition is an immediate consequence of the multivariate GNZ equa-
tion: let m € N and f : X™ — R, U {oco} measurable, then (MGNZ) applied to
F(z;n) = f(z) yields

E| ” f(@)dy™ | =

As the identity holds true for all non-negative measurable f, and the left-hand side
is equal to fxm fda,, by definition of the factorial moment measure a,, it follows
that the factorial moment measure is absolutely continuous with respect to A™ with
Radon-Nikodym derivative

f(x)E [zme_'BH(z}n:l O W} dA™ ().
X'm.

d m _ m
pm(x) = dizim(w) = E[zme BH(ZJ‘:lé“J“")} A"-a.e.

This proves the claim. (I

For pair interactions v(z,y), Proposition can be combined with the Theo-
rem [2.40] on Laplace functionals.
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Lemma 5.13. Suppose that the pair potential v(x,y) is stable and satisfies the

integrability condition . Let W(x1,...,xn;y) = Z;L:l v(z; —y). Then for all
neN and z1,...,z, € R, we have

n
/ |e—BW(r17~--,zn;y) _ 1|dy < o2fnB § / |e—l3v(f6j,y) _ 1|d/\(y) < 00.
Rd . X
Jj=1

Proof. Fix y € R? and set ¢, := exp(—Bv(x; —y)) — 1. We have

n n—1 n—2
[Ta+e)—1=e. [JA+0) +en [[A+e)+-+02(l+01)+ 1
j=1 j=1 j=1
and

k
[T+ ) = e P Eimavlomn) < 2Bk < f28n
j=1

because v(x,y) = Ha(x,y) > —2B for all z,y € X. Hence

n

[T +e) —1] <> ;1.

Jj=1 Jj=1

We integrate on both sides with respect to y and obtain the required inequality. O

Theorem 5.14. Let P € 4(8, z). Assume that the interaction is a pair potential
that satisfies and , and that P satisfies Ruelle’s bound (%¢). Then the
correlation functions p, satisfy the Mayer-Montroll equations: for all n € N and
A"-almost all (xq,...,2,) € X™, we have

pn(zla s ,In) - ZneiﬁH(ml’m’mn)

00 k
1 - xr TniYq
x 1+ k!/(x)n [[(e#Wmmnss) — 1) pp(yn, ... ge)dN (y) | . (MM)
k=1 =1

Proof. By Proposition (5.18)),

Because of Lemma we can apply Theorem to fly) = W(z1,...,2n;y)
and (MM) follows. O

5.6. Kirkwood-Salsburg equation. Another set of integral equations expresses
the correlation function p,11(zo,...,2z,) with a point xg singled out in terms of
the interaction of xy with points from 7 and the whole set of correlation func-
tions (pr)ren. It is the correlation function sibling of the GNZ equation. Histor-
ically, though, integral equations such as Mayer-Montroll and Kirkwood-Salsburg
appeared long before the DLR or GNZ equation.

To lighten notation, we drop the Dirac symbols when there is no risk of confusion;
so we write H(x1,...,zy | 1) for H(0z, + -+ + s, | m), W(xo;21,...,2,) for
W(x0§ Oy + -+ 6m7,)a etc.
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Theorem 5.15. Let P be a probability measure that satisfies Ruelle’s bound (| .
Assume that the pair interaction satisfies and . Then P € 9(B,z2) if and
only if the correlation functions satisfy the Klrkwood Salsburg equations:

Prs1(T0, T1, ... @) = ze” W (@01 20)
X pn(xla"'a +Zk"/ )k J ﬁv(mo,yj) 71)pn+k(x1a'“axnay)d/\k(y)
(KS)
for all n € Ny and \"*-almost all (zg,x1,...,2,) € X" with the convention
po=1.
Proof of P € 9(8,2) = (KS). We decompose
H(zoan | n)=W(zo;z1,...,20) + Wilzo | n) + H(21,..., 20 | 1)
and obtain from Proposition that
(0,1, 20) = 0PV a0 ) [ BV G ]
We can further expand
9] 1 k
e 10 Y05 [ Tl e - nd B, (519)
E=1 " YXF 5

which is absolutely convergent for P-almost all € A/ because of

[e%S) k
1 —pv(x i
E 1+ZH/IC H(e Bu(@ows) — 1)| dn®) (y)
k=1 XE =1
< exp (g/ le=Av(@oy) _ ld)\(y)) <00, (5.20)
X
see the proof of Theorem Applying (MGNZ|) we get

k
E{z" / T (e Pvteoms) — 1)6751{(@,...,%\n)dnw)(y)]
Xk 51

k
_ E[ —Bv(zo,y;) _ 1),n+k —6[H<x1,..<,xn|6y1+~-~+6yk+n>+H<y1,...,yk|n>]}d)\k
/e[l )2t )

=1

k
:/ H —Bv(zo,y;) _I)E[ZnJrke*ﬂH(rl ,,,,, Ty Y15 Yk |M) d)\k(y)
j=1

k
2/ H T — D) xn, y) A (y). (5.21)
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Similarly,

k
E[Zn /Xk [T le=?vtom) — 1|e—ﬁH<zl,...,znm>d,7<k>(y)}
j=1

k
_ / TT e @0%) — 1fpopar, .., 20 y)dN(y).
X
j=1

Combining with Ruelle’s moment bound , we get

[eS) k
1

3 EE[Z’” /Xk H’e—ﬁvm,yn _ 1)e—ﬁH(xl,.u,mmdn(k) (y)}
! e

k=1

<gn exp(f/X le~Av(@oy) _ 1|d)\(y)) <oo. (5.22)

This allows us to sum up the expressions (5.21)) (after multiplication with 1/k!) and
to exchange summation and expectations and the claim follows. O

For the other direction, we show that (KS|) implies the GNZ-equation in the form
e[S ne)F(wn—6.)] = / E[ P (o, m)ze™# @0 | dA(zo) (5.23)
z€Sy X
The equivalence with (GNZ]) is readily recognized upon setting F(l‘, n) = F(xz;n—
). Theorem then shows P € 4(3, z). We consider first the case

F(z0,m) = 1 (z0) / g™ (5.24)

n

with A € A and g : X® — R a bounded measurable map with bounded support.

Lemma 5.16. Let P be a probability measure that satisfies Ruelle’s bound , v
a stable, tempered pair potential, and H the associated energy. Let F: X x N — R
be as above. Then

/ E [F(:Uo, n)ze_ﬁw(wo;")} dA(zo)
X

— / HA(xo)g(.Tl,...7$n)ze_’8W($°;x1""’x”)
Xn+1

00 k

1 —Bv(xo,y; n

x Zy/xkn(e frleows) —1)p, (2, y)dA\ (y) | A" (). (5.25)
k=0 j=1

We postpone the proof of the lemma and complete first the proof of Theorem [5.15)

Proof of (KS) = P € ¥(8,2). Let F beasin (5.24]). The right-hand side of Eq. (5.23))
is given by Lemma the left-hand side is

E[xg;n F(x,n— 5:1:)} = E{/le Ia(z0)g(x1, . .. xn)dn™ (zq, ... ,xn)}

= / 1 Ia(z0)g(z1, ...y x0) pry1(To, 21, . . . 7:rn)d)\”"rl(:c).
Xn+
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The Kirkwood-Salsburg equations show that the right-hand sides of and
are equal, hence holds true for F' given by . The usual arguments then
show that the statement extends first to all maps of the form F'(zo,n) = 1a(z0)G(n
with A € A}, and G € A!°°, and then to all non-negative observables. Theorem |5.10) a
then guarantees P € 4(8, 2).

Proof of Lemma[5.16. In order to evaluate the right side of (5.23)), we note that
forn=>"_,6,.
7j=1"Y;

F(xmn)e—ﬁW(zom) = n!la(z0) Z (g(yJ)e—BW(xo;yJ))e*ﬁW(ro;y[m]\J)

JC[K]
#J=n

where [k] = {1,...,x} if Kk € Nand [k] = Nif K = oo, and y; = (yi)ier. Let us
abbreviate

Glu) = o) Em), iy, o= [P0 1),

i€l
Then
F(370777)e_ﬁw(x°m) = n!lla (o) Z G(y,) Z h(yp)
JC[K] IC[k\J
#J=n #I<oc0
= nlla(zo) Z Z h(yI)G(yL\I)
LClx) IcL
n<#L<oo H#(L\I)=n
Therefore

E [F(wo, n)efﬁw(a:o;n)]

[e.o]

1
=nlla(zo) Y, — > y)GWppg) | pm()dX™(y)

" S
= nllla(zo) ) m|/ ( )G(yh--~7yn)h(yn+1,~~-7ym)pm(y)dx”(y)

— 1
= 1a(z0) Z o / . G(x1, - )Ry - Yk) Prgr (2, 1) dA™ () AN (y)
= n
and the proof is readily concluded. ([

5.7. Proof of Theorem Let (A¢)sen be a sequence in A}, such that every
bounded set B € Xb 1s eventually contained in one of the Ay’s. For example,
Ay = B(0,¢). Let p ) be the k- point correlation function of P,,. By assump-
tion, p,(f) < ¢k on A}. Passing to a subsequence if need be, we may assume that
Pa, converges locally to some measure P with correlation functions p,,. The k-

point correlation functions satisfy a finite volume version of the Kirkwood-Salsburg
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equations, namely,

pgﬁrl(xo, TlyeweyTy) = 2o~ BW (@05@1,.,20)
o 1 n
Y4 —Bv(xo,y; (£) k
X (P%)(xh-..wn) +kzlk!/1\§ kli[l(e (@o,3) _ Dpp (@1, 2o, y)dA (y))

(5.27)

on A?H, with the convention p((f) = 1. Choosing the version of the correlation
functions that satisfies the formula from Lemma [3.12] pointwise, we may assume
without loss of generality that holds true for all zg,x1,...,x, € Ay and all
n € N. Ruelle’s bound, the integrability of y — exp(—Bv(zg,y)) — 1, and the weak
convergence of the correlation functions imply that the sum on the right-hand side
of converges to the same expression with pff}rk replaced with p,4;. This
holds true for all n € Ny and all zg € X. For n = 0, we obtain

lim p{” () = 2 <1 + [ (e7Prlrows) — 1)pk(y)dA’“(y)> : (5.28)
{—00 kel
and the one-point correlation function converges pointwise. But pointwise conver-
gence implies weak* convergence in L= (X, X, \), so the pointwise limit equals the
weak*® limit, which is p1(zg). It follows that the correlation functions of P sat-
isfy for n = 0. An induction over n shows that p%) converges pointwise to py,
for all n € Ny, and that the correlation functions of P satisfy for all n € Nj.
Theorem then guarantees P € ¥(5, z). In particular, 4 (8, z) # @. O

5.8. Uniqueness for small z. In this section we assume that the pair potential
is locally stable,

Zv(x,yj) > —2B (5.29)
j=1
for some B > 0 and all n € N| z,y1,...,y, € X with H(z,y1,...,2,) <,00, and
we ask that the integrability condition holds true with some uniformity in x,

C(B) = sup / le=AE9) _ 1]dA(y) < oo. (5.30)
rzeX JX

A sufficient condition for (5.29) and (5.30) to hold true, in X = R9, is that v(z,y) =
v(0,y — ) is translationally invariant, has a hard core, and is two-sided regular as
in Theorem [4.5] .

Theorem 5.17. Assume that the pair potential satisfies (5.29) and (5.30). Then
for all B,z > 0 with

z < e B1op), (5.31)
the Gibbs measure is unique, #9(8,z) = 1.
Ezample 5.18 (Hard spheres). Let X = R¢ A\ = Leb and v(z,y) = oolly|p—y|<r}

(with the convention 0 - oo = 0). The pair potential is locally stable with B = 0
and C(B8) = |B(0,r)|. The theorem shows that the condition

1

is sufficient for the Gibbs measure to be unique.
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For the proof we show that the solution to the Kirkwood-Salsburg equations is
unique. First we rewrite the equations as a linear equation in a suitable Banach
space. For £ > 0, let E; be the space of sequences p = (pp)nen of real-valued
functions p, € L*>(X", X" \") with

|pn(xla s 7xn)| < CP En

for some Cp > 0 and all n € N. Let ||p||¢ be the smallest constant Cp,. The space
(Ee, || - |le) is a Banach space. For p € Eg, we define a new sequence (Kp)nen by

(Kp)1(zo) Z X / e oo — 1) pr (y)dA* (y)
(X)* G2 1
and for n € N,
(Kp)ns1 (20, 21, ..., 2n) = ze AW @oim1mn) o <pn(m1, ceeyTp)

e~ Bv(@o,y;) _ k
+Z k?' /X)k 0:Yi 1)pn+k(m17"'a‘rn7y)d)\ (y))

Let e = (en)nen be the sequence defined by e (zg) = 1 and e,, = 0 for n > 2. The
Kirkwood-Salsburg equations become

p=ze+zKp. (5.32)

Lemma 5.19. Assume that the pair potential satisfies (5.29)) and (5.30). Let £ > 0.
Then Kp € E¢ for all p € E¢, and

1
|[Kplle < 56253650(‘3)”1)“5

Thus K : E; — E¢ is a bounded linear operator with operator norm |[|K|l¢ <
Le28BoEC(H),

Proof. We have

(o) ( xo|<|\p\|z - / Hl‘ﬁ”‘“7y1)—1|£’“dAk — (e£CO) _ 1)l

and for n € N|
(Kp)ni1(wo, - wn)| < [[p]| 7€ Pt
Therefore for all n € Ny,

" 1
[(Kp)ns1] <& x EQQBBQEC(@HPH
and the lemma follows. O

Lemma 5.20. Assume that the pair potential satisfies (5.29) and - Suppose
that (B, z) satisfies (b , Then we can choose € > 0 such that

2||K||e < 267 1e?PBeSCB) <1

and the equation p = ze + zKp, p € E¢, has a unique solution.
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Proof. We have
28B exp(£C(8)) )
£C(B)
The right-hand side is strictly smaller than 1 if and only if
2C ()PP < ¢C(B)e™tCW). (5.33)

The function z — zexp(—z) attains its maximum 1/e at z = 1, so if (5.33)) holds
true, then necessarily

z[[K]le < 2C(B)e

2C(B)exp(28B) < s £C(B)eEC®).
€ &0

i.e., (5.33) implies (5.31). Conversely, if zC'(5) exp(28B) < 1/e, then we can find
€ > 1 such that (5.33) holds true and z||K||¢ < 1. We have ze € E¢ because of

2 < ~e2PB < 56*50(5) <E&.

The operator (id — zK) in E¢ has a bounded inverse operator given by a Neumann
series. It follows that the equation p = ze+2Kp in E¢ has a unique solution, given
by

o
p=(id—z2K) 'ze = ze + Z K e. (5.34)
=1
The lemma is proven. O

Proof of Theorem[5.17 We already know from Theorem that #9(8,z) > 1.
Pick P € ¢(8,z). Moreover by Proposition and the local stability
ensure that p, < 2"e?B", Let € > 0 be as in Lemmam Then ze?8B" < €, hence
P = (pPn)nen € E¢. By Theorem the correlation functions solve the Kirkwood-
Salsburg equation p = ze+2zKp. This determines p uniquely by Lemmal5.20] Since
P satisfies Ruelle’s moment bound, Theorem [2.42]in turn shows that P is uniquely
determined by the correlation functions, so altogether P € ¥(f3,z) is uniquely
determined. |

5.9. Summary.

e In infinite volume, Gibbs measures are defined by structural property called
DLR conditions after Dobrushin, Lanford and Ruelle: for each bounded ob-
servation window A, the behavior of the point process inside A conditioned
on the outside 75\ A = 7x\a is governed by the finite volume Gibbs measure
Pajy with boundary condition 7.

e The DLR conditions are equivalent to the GNZ equation named after
Georgii, Nguyen and Zessin. The GNZ equation singles out points z of
the configuration rather than regions of space A.

e For well-behaved interactions, the set (3, z) of infinite-volume Gibbs mea-
sures is non-empty, and every accumulation point of sequences of finite-
volume Gibbs measures lies in ¢(3, z). Infinite-volume Gibbs measures are
not necessarily unique.

e The correlation functions p, of a Gibbs measure exist and are given by z"
times the expected value of the exponential of an interaction term.

e For well-behaved pair potentials, under Ruelle’s bound , a probability
measure P is a Gibbs measure if and only if its correlation functions satisfy
a set of integral equations, the Kirkwood-Salsburg equations. They allow
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us to map the uniqueness problem for Gibbs measures to a linear fixed point
problem p = ze + zKp in a suitable Banach space. For small z, the fixed
point equation involves a contraction and the Gibbs measure is unique.

5.10. Exercises.
Ezercise 5.1. Check properties (a) to (d) in Proposition [5.4}
Ezercise 5.2. Let X =7, \(B) = #B. For a finite non-empty set A, define

(o) = { A5 Taea1alB) Nnaly) =0,
1a(yx\a)s else.
(a) Show that mama = mp for all A A € X, with A C A.
(b) Let ¢(m) be the set of probability measures P for which Pra = P for all
non-empty A € Aj,. Show that for every P € 4 (), P(Nx =1) = 1.
(¢) Show that ¢ (m) =
(See Friedli and Velenik [16, Exercise 6.15] for a variant with spin systems.)

Ezercise 5.3. Let v : X x X — R U {oco} be a stable pair potential, so that in
particular, v(z,y) > —2B > —oo for all z,y € X. Fix z € X. Counsider the
following statements:
) Ji lexp(=Bv(z,y)) — 1]dA(y) < oo for some 5 > 0.
b) [y [exp(—Bu(x,y)) — 1|dA(y) < oo for all § > 0.
(¢) There exists a measurable set A = A, C X with

A(A) < oo, |v(z, y)|dA\(y) < oco.
X\A

Show that (a)< (b) < (c).

Ezercise 5.4 (Convolution I). Let P¢(N) be the collection of finite subsets of N (in-
cluding the empty set @ € P¢(N)). We call a function f : Ps(N) = R exchangeable
if f(I) depends on the cardinality of I C N alone. The generating function of f is
the formal power series

Gi(:) = f(2) + 3 = 1 ()

n=1
For two exchangeable functions f, g, we define a new function f * g by
(f*g) (1) =D F(DgI\J).
JcI
Show that G.4(2) = Gr(2)Gg(2).

Ezercise 5.5 (Convolution II). For f,g,: My — R we define a new function f x g :

Ni — R by .
<f*g)(;5m) =X (X )e( [2]3\15)

IC[n] icl
with the usual convention that the sum over the empty set is 0; so in particular,
f#*9g(0) = f(0)g(0). Show that:
(a) *is commutative and associative, i.e., fxg = gx*f and fx(gxh) = (f*g)*h
for all f,g,h: Nf — R.
(b) f*yny—oy = f forall f: N; =R
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c) fo(f*g)dS\ = Iy fdA I gd for all f, g that are either both non-negative

or both integrable with respect to A.
(d) Show that K f, Kg, and K(f % g), as functions from N to R, satisfy K f =

f+*land K(f*g)=fx*(Kg).

Ezercise 5.6. Let K be the Kirkwood-Salsburg operator and e the seqeunce from
Section Compute ze + 22 Ke + 22 K?e. Express the result with the help of the
graph weights w(G;x1,...,x,) from the cluster expansions.

FEzercise 5.7 (Convolution III, relation with Kirkwood-Salsburg). Let P be a prob-
ability measure on (N,91) with correlation functions p,. For f : Nf — Ry and
g: N — Ry, define fxg: N = R U{oo} by

(f *9)(n) = £(0)g(n) *Z%/w F(Oay 4 4 00, ) g (0 — Gy — - — b0, ) dn® ().
k=1

Show that:

(a) K(fxg)=[x(Kg)onN.
(b) The expected value with respect to P satisfies

E[ £+ (K9)] =§:;!/Wf(5z1 ot b,)
£=0 )

<mz—07i”/xm 9(0y, + "'+6ym)p5+m(m,y)d/\m(y))d/\e(m)'

(c) Fixzp € Xand g : Ny — Ry Set h(dy, +---+d,,) = [[[_, (e #v(@0vs) —1)

j
and g(n) = g(n)exp(—BW (zg;7n)). Use (a) and (b) to explain, formally
(don’t worry about convergence of sums and integrals), the identity

E|(Kg)(nye W (w0 | — E[g*Kh}

/ 512)6—[3W(x0;11,...,x5)

X(

S| -

ﬁMMMg

/ H —Bu(zo 1) _1)p£+m(;p,y)dAm(y))dAm(:B).

1
m
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6. PHASE TRANSITION FOR THE WIDOM-ROWLINSON MODEL

We have already encountered the Widom-Rowlinson model with energy function
|Ui—, B(z;,1)] — n|B(0,1)]. It was introduced by Widom and Rowlinson [55] as
a model for liquid-vapor transitions and is one of the few continuum models for
which a phase transition is rigorously known [50, [6]. Our goal is to show that there
exists some . < oo such that at

B> By 2= z(B) = pe IPO (6.1)

there is more than one Gibbs measure; moreover the partial derivative 0,p(f, 2)
of the pressure has a jump discontinuity. The interpretation is that of a phase
transition and phase coexistence: as the line z = z.(8) in the (5, z)-plane is crossed
from small to larger z, the system switches from a low-density phase (vapor) to a
high-density phase (liquid); on the line, both phases coexist, much in the same way
as vapor and liquid water coexist at the boiling point.

The proof builds on a “two-color” variant of the model. Throughout this chapter,
X = R?, X is the Lebesgue measure. The proof presented here follows closely
Ruelle [50] and is a variant of the Peierls argument for the Ising model, see e.g. [16,
Chapter 3.7.2]. A completely different proof that uses notions from stochastic
geometry and percolation was given by J. Chayes, L. Chayes and Kotecky [6], see
also Chapter 10 in the survey by Georgii, Haggstrom and Maes [22].

6.1. The two-color Widom-Rowlinson model. Color symmetry. Define
H: Ni x Nf = Ry by

0 i— | > 1Vi j 7
H(Oyy 4+ 0ay 0y + - 40y, ) = { ; lz; —yj| > 1Vi€[m],j € [n]
0, else.
Equivalently,
m n
H(éml+---+5wm,5y1+---+5yn)ZZ v(x; —y5)
i=1 j=1

with v(z —y) = collfj;_y>1}. We view H(n,n’) as the energy for a system with two
types of particles, say blue and red. Same-color particles don’t interact, particles of
different color have a hard core interaction. Notice that the interaction has finite
range. Conditional energies H(7,n|v,~') and energies with boundary conditions
Ha(n,m' | v,7") are defined in a way analogous to single-color cases.

The connection of the two-color with the one-color model is understood with an
explicit computation: For zq, 2o > 0 and 1,72 € N, we define

2z HA(Z; 02,520 0y )
= — - i w325 Oy V1,7
Enjm e (21, 22) == E ol / / e A 3 %u3 1IT02) dpdy.

m,n=0

The summand for m = n = 0 is to be read as 1, summands with m > 1 and n =0
as L2m [\ exp(—HA(Y; 64,,0071,72))d, similarly for m = 0 and n > 1. It is

m
instructive to integrate out one color. For empty boundary conditions y; = 72 = 0,
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we have

o0 25‘
(Z ol /xn ﬂ{w,j: |zi—yj|21}dy)d$

m=0 : n=0
. 21"/ IA\UZ, B(a,1)|
=) L[ enMUmBEe g
m=0 ' Am
s m m
— el 3 %/ o BN, B D)I-mIBODgg  (6.2)
2l Jym
with
B =1z, z=ze 2BO] (6.3)

In the exponent in (6.2]) we recognize essentially the energy of 05, +- - -+ 05, for the
one-color Widom-Rowlinson model. Thus integrating out a color in the two-color
model we end up with the one-color model. Notice

21 =2y & z=Be PIBOLL (6.4)

so the curve z = z.(f) from (6.1]) corresponds, in two-color model, to the two colors
having the same activity z; = 25.

Pressure and Gibbs measure. The notions of pressure and Gibbs measure
generalize as follows to the two-color model: we define

. 1 -
p(z1,22) = lim m log Ep,, (21, 22) (6.5)

with the limit taken along van-Hove sequences (A, )nen; the limit exists and is
independent of the precise choice of the sequence. A measure P on NV x N is a
Gibbs measure at (21, 2z2) if

[ora= [ ([ RO ned + o) 00 Da3 a3 6 )aP )
: NRe WANR

(6.6)
for all non-negative measurable F': N? — R, with
Ha(n, ) = 0, if min[dist(S,,,Sn/+vxc),dist(5n/,5n+7Ac )] >1,
’ ’ 90, else

(remember that S,, C R? is just the support of 7, i.e., the set of particle locations).
Eq. is a two-color version of Ruelle’s equation, but we could just as well have
written down the analogue of the DLR conditions or a variant of the GNZ equation.
The set of Gibbs measures is denoted ¥(z1, z2); again it is non-empty.

Color symmetry. A key observation is the following: for all 2y, zo > 0,

H(n,n'") = H(n',n)—the energy is invariant with respect to the change-of-
color map (n,n') = (', n).

p(z1,22) = p(22,21).

If P € 9(21,22), then the image Q of P under the change-of-color map
(1) = (n',m) is in ¥ (22, 21).

o If 21 = 20 = z and P € ¥(z, ), then the image Q of P under the change-of-
color map is in ¥(z, z) as well.
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As a consequence, if there exists a Gibbs measure P € ¥(z, z) that is not invariant
under the change-of-color map, then #%(z,z) > 2. In that case we speak of
spontaneous symmetry breaking: the energy and the activity are invariant under
change of color but there is a Gibbs measure that isn’t.

In finite volume, the only way to break the symmetry is via boundary conditions:
the finite volume Gibbs measure P, with empty boundary conditions is color-
symmetric, but with boundary conditions that are not color-blind, this is no longer
true. Therefore we are going to look at sequences of finite-volume measures with
different boundary conditions and show that for large z; = z5, the color preference
induced by the boundary condition survives in the infinite volume limit.

6.2. Contours. Peierls argument. From now on z; = 25 = z and the dimension
is d = 2. We want to construct an infinite-volume measure P € ¢(z, z) that breaks
the color symmetry. The intuitive picture is the following: Let us think of the
system as a mixture of red and blue disks of radius 1/2 with the constraint that
disks of opposite color are not allowed to overlap. If a Gibbs measure is color-
symmetric, it should have red and blue particles in equal proportion. Because of
the hard-core interaction between distinct colors, regions occuped by red and blue
particles are separated by corridors that have no particles at all. But at large z, we
may expect that the system has a high density and it is highly unlikely that a given
region of space stays empty. Therefore the system should want to avoid changes of
color.

To make this picture precise, we discretize space into little cells and introduce a
notion of contours. Set a := 3\1/5. For k = (ki, ko) € Z2, let Qr = [k1a, (k1 +1)a) x
[k2a, (ko + 1)a). Two distinct cells @k and @, are neighbors if they share an edge
or a corner, i.e., if Q, N Q¢ # @. The side length is chosen in such a way that the
diagonal of a cube of sidelength 3a, comprising 3 x 3 little cells, has length 1.

We only look at rectangular domains A that are unions of finitely many cells,
and impose blue boundary conditions: let y = (0,x®) with Ng, (x®) > 1 for all
k ez

Let (nR,nB) € NZ be a configuration such that (nR,n® + x8.) is admissible,
i.e., opposite-color particles have mutual distance > 1: we have |x — y| > 1 for all
x € Syr and y € Spey e . Given (R, nB) € N? we mark the cells Qj as follows:

e A cell is blue if it contains a blue particle from 7 or yac, and red if it
contains a red particle. (Note that it cannot contain particles of differing
colors.) A cell is white if it contains no particles.

e In addition to the coloring, we shade every red cell and all its neighboring
eight cells. A shaded cell and a blue cell can never be neighbors.

We may view (1R, 1®) as a random variable with distribution P Alx»> then the coloring
and shading are random as well. The boundary

I=T(n%n%+x3) = 8( U Qk)

keZ?, QrCA:
Q. shaded

of the union of shaded regions is a collection of finite-length polygonal lines 41, ..., £,
contained in A. The boundary I' is the union of connected groups of lines, precisely:
A group of lines {1, ..., ¢ is 1-connected if for all 4,5 € {1,...,k}, there is a finite
sequence g, ..., i, in {1,..., k} such that ig = i, iy = j, and dist(¢;,,¢;,,,) < 1 for
all r € {1,...,q}. We may write I' =~ U -+ U~,, where each , is a 1-connected
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group of lines, and m is an integer depending on I'. We call each 1-connected group
v; of lines a contour.

For a given contour -, a point x € R?\ « is interior to v if any continuous path
in A connecting x to A crosses v an odd number of times. The contour is called
an outer contour for (nR,n® + x8.) if it can be reached from A by a continuous
path in A that does not cross I'. Let % (7R, nB) be the collection of outer contours.

The length of a contour is the sum of the lengths of the contained lines.

Lemma 6.1. Let A and x be as above, z1 = zo = z, and v a group of 1-connected
lines (contour) of length ¢a with ¢ € N. Then

2
PA|X(7 € ea(n®, nB)) <efwE?,

Proof. Let
Qa = {(%,1%) € N} | dist(Sr, Spo 2, ) > 1}

be the set of configurations without color conflicts. Note P}, (24) = 1. Set
A= n{n e NR [y € Galn®n®)}.

We want to show that A is unlikely. Roughly, the idea of the proof is to map each
configuration w € A to a configuration w” that is much more likely. We do this
by first flipping colors in the interior of 7 and then filling up the empty corridor
located along ~ with blue particles; the previous color flip ensures that filling up
the corridor does not create color conflicts, and the filling up removes the empty
corridor, which should result in a much more likely configuration.

More rigorously, we define a new event B in two steps. First, given w = (nR,1®B) €
A, define a new configuration w’ by flipping all colors in the interior Int(y) of ~,
ie.,

w' = (n/Fi\Int('y) + WIBnt(w ﬁi\m(«,) + 771Rnt(~/))-
Then w’ € Qy, i.e., no color conflicts have been produced. Indeed, let z,y €
S,rine C A be two points of the configuration w with |2 — y| < 1. Because of
w € Qp, we know that x and y have the same color, i.e., either they are both in
Syr or they are both in S,s. We distinguish cases:

e If 2 and y are both in A \ Int(vy), their colors have not changed and so they
have the same color after the color flip.

e If x and y are both in Int(y), then they both change colors and stay
compatible—either they were both blue before the flip and are both red
after the flip, or vice-versa.

o If x € Int(y) and y € A\ Int(y), we might be worried about a color conflict.

let A’ C N} be the collection of O

Lemma 6.2. Let n(f) be the number of of contours of length la enclosing Q.
Then
n(l) < 03%.
Lemma 6.3. Let A and x be as above. Assume Qo C A and z1 = 2o = z with z
large enough so that 9exp(—a®z/2) < 1. Then
9exp(—a?z/2)
P (3 G (R, nB) - l ) < = g(2).
Al (FY € Caln™,n7) v encloses Qo | < (1= Dexp(—a22/2))? 9(z)

So when z is large, the probability is small, and the bound is uniform in A.
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6.3. Phase transition for the two-color Widom-Rowlinson model.

Proposition 6.4. Let A be a union of little cells Qy, with Qo C A, and x a blue
boundary condition as above. Then as z1 = 29 = 2 — 00,

PA‘X(QO 18 red) = O(e_azz/2)7 PA‘X(QO 18 blue) =1+ O(e_“zz/Q)7
uniformly in A.

Theorem 6.5. Consider the two-color Widom-Rowlinson model in R2. There
exists z. < oo such that for all z1 = zo = 2 > 2., we have #9(z,z) > 2.

Remark (Phase transition). In the mathematical literature, non-uniqueness of Gibbs
measures is sometimes adopted as a definition of phase transition, see e.g. [20, Def.
2.11]. Another definition is that a phase transition occurs at (2?,29) if the pres-
sure p(z1,22) is non-analytic at (2Y,29), see [27, Chapter 7]. For general models,
these two definitions need not coincide! For the two-color Widom-Rowlinson model,
however, points (z, z) with z large should correspond to a phase transition in both
senses: the partial derivatives p; = z101p(21, 22), which represents an average den-
sity of red particles, should have a jump discontinuity at the line (z, z) with z > z..

6.4. Phase transition for the one-color Widom-Rowlinson model.

Theorem 6.6. Consider the one-color Widom-Rowlinson model in R?. For 3 > 0,
let z.(B) := Bexp(—pF|B(0,1)|). There exists f. < oo such that for all § > p.,
#9 (B, 2(8)) = 2.

6.5. Summary.

e The Widom-Rowlinson model comes in two variants, a two-color and a one-
color model. Roughly, the one-color model is obtained from the two-color
model by looking at marginals. The parameter correspondence is such that
the color-symmetry line z; = z5 in the two-color model orresponds to an
activity-temperature curve z = z.(f) = Sexp(—F|B(0,1)|) in the one-color
model.

e Both models display a phase transition in the sense of non-uniqueness of
Gibbs measures.

e The two-color model has a color symmetry. In order to prove phase transi-
tion in the sense of non-uniqueness of Gibbs measures, we show that when
z1 = 29 = z is large, the color symmetry is spontaneously broken.

e Intuitively, if z; = zo = z is large, then borders between regions of differ-
ent colors are penalized because they are a no man’s land (the hardcore
exclusion between opposite colors imposes that they are separted by empty
corridors), but empty space should be unlikely at high z. Therefore color
preferences induced by boundary conditions should survive even in the ther-
modynamic limit.

e The intuition is formalized by discretizing space and working with blue
boundary conditions. Admissible configurations are associated with color-
ings and shadings of discretized space, leading to a picture of red islands in
a blue sea—islands may have lakes and islands within lakes—and a notion
of contours.

e For the Peierls-type argument one checks (1) the probability of finding a
given long contour is exponentially small in the contour length, and (2)
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the number of contours of a given length that enclose the origin is at most
exponentially large in ¢. For large z, (1) wins over (2).
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7. CLUSTER EXPANSIONS

Let us come back to pair potentials v(z,y) that are stable and satisfy C(8) :=

SUD,cx fX |f(z,y)|d\(y) < oo, with f(z,y) = fs(z,y) = exp(—Bv(z,y)) — 1. Re-
member from Section 4.3 that

log=a(3.2) =Y. 7 [ Y w(Gian... )N @)

with w(G; 21, ..., 2n) = [I1; jyeme) f(@i 25). Section dealt with translation-
ally invariant pair potentials in R?, but the arguments generalize to the present
setup in a straightforward way. The goal of this chapter is to provide a bound for
the radius of convergence that is uniform in A. The key idea is to map graphs to
trees and group graphs that project to the same tree, systematizing and refining
the crude argument from the proof of Lemma [4.14

7.1. Tree-graph inequality for non-negative interactions. One fairly natural
way of mapping a connected graph to a tree is as follows. Fix n € N and G € C,.
Construct a tree T € T,, by successively adding edges as follows:

e Add all edges {1,i} from G that are incident to 1. The vertices i1,. ..,y
such that {1,:} € E(G) form the first generation of the tree, the vertex 1
is treated as the root.

e Label the first-generation vertices in increasing order, i.e., i1 < ... < ip,.

— Go through the edges {i1,j1},...,{i1,j-} (in increasing order j; <
... < jr ) in E(G) that emanate from 41; for each edge, add it if it
doesn’t create a loop and skip it if does create a loop.

— Repeat the previous step for the other first generation vertices, in
increasing order (first i, then i3, etc.)

The vertices j, appearing in this step form the second generation of the
tree.

e Repeat the previous step for the second generation vertices, then third
generation, etc., until there are no more edges to add.

The procedure ends with a tree T' € T,,. Let 7 : C,, — 7T, be the map G — T thus
constructed.

It is instructive to investigate which edges {i,j} from G have been discarded.
For i € [n], let d(i) be the graph distance to the root 1; equivalently, the number
of the generation to which ¢ belongs. Suppose that {i,j} € E(G)\ E(T) and
assume without loss of generality that d(:) < d(j). Then d(j) cannot be larger
than d(¢) + 2; if it was, then it would connect to some same-generation cousin of
i and in the iterative construction of F(T) we would have added it when going
through the generation of 7. Thus we are left with two cases:

e cither d(i) = d(j), i.e., i and j belong to the same generation,

e or d(j) =d(i) + 1. In that case let i’ be the parent of j in T (i.e. {i/,j} €
E(T), d(i') = d(j) — 1). Then we must have i’ < i, since otherwise we
would have added {4, j} before examining {¢’, j}.

Thus E(G) \ E(T) C E'(T) where E'(T') consists of all edges {7,j} that satisfy

e d(i) = d(j) (edge within a generation), or

e d(j) =d(i)+ 1 and ¢’ < i, with ¢’ the parent of j (edges toward a younger
uncle).
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Any graph G that is mapped to a given tree T, i.e., m(G) = T, satisfies E(T) C
E(G)C E(TYUE(T).

Conversely, given T' € T,,, define E'(T) as above and let R(T) be the graph with
vertex set E(T) U E'(T). Then if G € C, satisfies E(T) C E(G) C E(R(T)), we
have 7(G) = T. Thus n(G) = T if and only if the graph is in the “interval” of
subgraphs of R(T) that also contain T

Definition 7.1. A map 7 : C,, — T, is a tree partition scheme if for every T € T,
there is a graph R(T) € C,, such that

7 *{T}) = [T,R(T)] := {G € C, | E(T) C E(G) C E(R(T))}.

Equivalently, a tree partition scheme is a set partition of the collection of connected
graphs into intervals [T, R(T)] indexed by trees T.

Ezample 7.2 (Penrose partition scheme). The map 7 described above is a tree
partition scheme, sometimes called Penrose partition scheme.

Proposition 7.3. Suppose that v > 0 on X2. Then for every n € N and all
T1,...,T, € X", we have

‘Z w(Gy 1, ... xy)| < Z [w(T;x1,. .., 20)]|

Gec, TeT,

Proof. Let m : C,, — 7T, be a tree partition scheme, for example, the Penrose
partition scheme, and R(T") as in Definition Then

Z w(G;x) = Z Z w(G; x)

GeCp TeT, GECp:
7(G)=T
=> I f@iz) > I fiz)
TeTn {i,j}€E(T) E'CE(R(T)\E(T) {i,jreE’
=> Il f@iz) 1T (1+ f(zs,25)).  (7.1)
TeTn {i,j}€E(T) {i,i}eE(R(T)\E(T)

We take absolute values, use the triangle inequality and 1+ f(z;, x;) = e Pul@izs) ¢
[0,1], and obtain the required inequality. O

Remark (Alternating sign property). Since every tree has n—1 edges and f(x;, ;) <
0 and 1+ f(z;,z;) > 0, Eq. (7.1) shows that the weight has the sign of (—1)"~!,
ie.,

Z w(G;x) = (—1)"_1‘ Z w(G;m)‘.

GeCy, GeCnp

Remark (Tree-graph identity for hard-core interactions). Suppose that v(z,y) €
{0,00} for all z,y € X2, e.g., v(z,y) = oo if dist(z,y) < 1 and 0 otherwise. Then
flz,y) € {—1,0} for all z,y. Let us write xty (“x intersects y”) if f(z,y) = —1,
v(x,y) = co. Let G(x) € G, be the graph with edge set {{i,j} | ;cx;}. Then

Z w(G;x)

GeCp
= (-1)""HT € To | E(T) € E(G(x)), (E(R(T)) \ E(T)) N E(G(x)) = ®(}7-2)
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Ezample 7.4 (Singletons X = {x} and expansion of the logarithm). Consider the
Penrose partition scheme and suppose that X = {z} is a singleton, A is the counting
measure A({z}) = 1, and v(z,z) = co. Then G(x) is the complete graph (i.e., it
contains all edges {7, j}) and the identity of the previous remark simplifies to

> w(Gia)=(-)""#{T €T, | T = R(I)}.
GeC,,

A tree satisfies R(T) = T if and only if 1 has outdegree 1 and the tree is linear,
i.e., if there exists an enumeration 1 = iq,...,14, of the vertices 1,...,n such that
E(T) = {{1,i2}, {i2,i3}, ..., {in—1,%n}}. The number of such treesis (n—1)!. Then

by (7.2),
Z w(Gsxz) = (—1)" Hn —1)!

GeCn
and for |z| < 1,
> n 0 n—1
z _ —1
n=1 s n=1 n
in agreement with
o0
) =143 3 e e
n=1 " z1,...,2,€X
> z (n—1)
— <~ B v(z,z) _
=1+ Z - e 142
n=1

7.2. Tree-graph inequality for stable interactions. If the pair potential v(z,y)
takes negative values, we can no longer estimate 1 4+ f < 1 and need to be more
careful. Arecent approach [45], [54] rests on a specific choice of a tree partition
scheme.

Suppose that the set of edges {{7,7} | 1 <i < j < n} is equipped with a total
order <. Given a graph G € C,, let e; < e3--- < e, be an enumeration of the
edges of G. We define a tree T by adding edges successively as follows:

e First, add the smallest edge e; from G. Add e as well.

e Next, add ez unless it creates a loop.

e Repeat: go through the edges ey4,es, ... in that order and for each edge,
either keep it if it doesn’t create a loop, or discard it if it does. Stop when
all edges of G have been examined.

This results in a graph 7" that has no loops and satisfies E(T) C E(G). If {i,j} €
E(G)\ E(T), adding {i,j} would have created a loop, which means that ¢ and j
are connected by a path in G consisting of edges e < {4, j} that have been added in
the iterative procedure described above before reaching {4, j}. In particular, ¢ and
j are connected by a path in 7. Thus T is loop-free and connected, i.e., a tree.

Conversely, fix a tree T' € T,,. Let E'(T') be the collection of edges {4, j} that are
not in 7" and satisfy the following: every edge e in the path 7; ; connecting % to j in
T satisfies e < {i,5}. Let R(T) € C,, be the graph with edge set E(T)UE’(T). Then
for every G € [T, R(T)], we have 7(G) = T. It follows that 7= 1({T'}) = [T, R(T)].
Thus we have checked:

Lemma 7.5. For every total order < on {{i,5} | 1 < i < j < n}, the map
=75 :Cp — Tpn described above is a tree partition scheme.
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The key idea for the proof of a more general tree-graph identity is to pick a total
order < on edges such that {i,j} — v(z;,x;) is increasing, i.e.,

{i,7} < {k, 0} = v(x,2;) < v(wg, ). (7.3)

The order depends on zi,...,x, but this is okay since we only need to prove
a tree-graph inequality pointwise, i.e., at fixed . Another proof ingredient is a
clever decomposition of Mayer’s f-function.

Lemma 7.6. For all 8 >0 and z,y € X, we have
‘e Bu(zi,xj) 1| = o(Bu(mi,zj)) - (1 _ e—ﬁ\v(rnfy‘)l)_
Proof. Let u:= pv(z,y). If u >0, then u_ = 0 and
e —1l=1—-¢"=¢e""(1- e_lu‘).

If w <0, then |u| = —u = —u_ and
e —1l=e¢"—1=e"(1-¢€")=e""(1— e*‘“l)
and the lemma follows. O

Theorem 7.7. Let v : X? — R U {00} be a stable pair potential with stability
constant B. Then for alln € N and z1,...,z, € X", we have

’ Z w(Gi 1, ... z,)| < PB" Z H (176*5\U(Ii7m1)|)

GeCy, TETn {i,j}€E(T
B
< ePBn E |w( T;xl,...,xn)|.
TETn

Proof. Fix n € N and ¢ € X". Pick a total order < on {{i,j} |1 <i < j <n}
such that (7.3)) holds true and consider the associated tree partition scheme 7 = 7
with R(T') and E'(T) as defined above. Then

Zw(G;xl,...,xn)zz Z w(G; 21, ZTn)

GeC, TeT, GeCy,
W(G):T
=> I f@ex) T O+ fizy))
TET, {i,j}€E(T) {i,s}€E'(T)
and
DIRTICT IS = S | TSI | Gt
GeC, TET, {i,j}€E(T) {i,j}€E'(T)

Given T € Ty, let T_ be the graph with edge set {{i,j} € E(T) | v(z;,z;) < 0}.
Lemma [7.6] yields

‘ Z w(G; 1, ..., Tn)

Gec,
< Z( H (1fe*3\v(xi’wj)l))e*5Z{m’}eE(L)”(Iivff)*ﬁzw,j}efs'm”(Iiv“ﬁ).
TET, {ij}eE(T)

(7.4)

Now, T_ is a forest, i.e., a collection of subtrees Ti,...,T, whose vertex sets
Vi,..., Vi form a partition of some subset of {1,...,n}. Any edge {i,j} from
T or E'(T) connecting two distinct subtrees satisfies v(z;,z;) > 0: for T this is
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true by definition of 7_ and T3, ...,T,, for E'(T) this follows because v(x;,z;) >
v(zg,xe) > 0 for any edge {k, ¢} in the path connecting i to j in 7. Discarding
edges from E'(T) that connect different subtrees, we find

Z v(x;, x;) + Z v(x;, x;)

{i,j}yEE(T-) {i,5}eE(T)
>3 (X vt Y ey (75)
m=1 {i,j}eE(T-): {1J}€E( ):
1,5€Vin 4,5E€Vm

Two distinct edges i,j € V,,, are connected by a path of edges {k,¢} in T_, i.e.,
v(zk,xz¢) < 0. Consequently if i,j € V,, and v(x;,x;) > 0, then {i,j} € E'(T).
Therefore if 4,5 € V,,, with ¢ # j and {4,j} ¢ E(T-) U E'(T), then v(z;,z;) < 0,

hence
Z v(z, ;) > Z v(x;, x;) > —B#Vi,. (7.6)

{i,5}€B(T-)UE'(T): 6,J €V
,JEV 1<J

The inequalities (7.5) and (7.6]) yield

v(x;, ;) > —B Z #V,, > —Bn.

{i,j}YEE(T_)UE'(T) m=1
We plug this estimate into (7.4)) and obtain the first inequality of the theorem. The
second inequality follows from (1 —e~1*l) < |1 —e™¥|. O

7.3. Activity expansion of the pressure.

Theorem 7.8. Let v : X2 — R U {oo} be a stable pair potential with stability
constant B > 0. Suppose that C(B) = sup,ex [y [e7#*@¥) —1|dA(y) < co and

1
2ePBC(B) < o
Then for every x1 € X, we have
. 0 n—2 Y
Z ' w(G; 21, ...y xy) |[dA(22) - - dA () < C(B) ——e " <oo.
n: Jxn-1 n:
GGC n=1
Proof. By Theorem [7.7], we have
Z '/ w(Gi 1, ... xy)|dA(z2) - - dA(z)
n=1 e Jxn—t ECn
2"
an B N / w(T5 a1, .., 2p)|dA(z2) - dA ().
TeTn

Each tree has n — 1 edges and we can estimate
/ (w(T; 21, .. ) |dA(2) -~ dA(z) < C(B)",
Xn—1

which gives

SETRPS

W(Gs w1, ) [AN(2) A () € 3 L C(B)" e B T,
GecCn —_
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By Cayley’s theorem, the number of non-rooted, labelled trees with vertex set
{1,...,n} is #T, = n"2 and the first inequality of the theorem follows. The
second follows from Stirling’s formula: we have

nm=2 1 (nfe)" 1
e ~ — = .
n! n? \2rn(nfe)r  n2\/2mn
Since Y, (n?v2mn) ! < oo, the series Y, %ﬁe_” is convergent. O

Corollary 7.9. Under the assumptions of Theorem|7.8, we have, for all non-empty
A e A,

1 LN
—logZA(B,2) = E ——/ E w(G;x1, ..., xn) )JdA (z
|A| (8:2) — n! |[A] Jan (Gec,,, ( )) ()
with
n—2

d\"(z) < Z Do < oo

n!

Z w(G;x1, ..., x)

GeC, n=1

>
n! |A| An

n=1

In particular, the radius of convergence Rx(/3) of the expansion of the pressure in
finite volume satisfies

e AB

RA(B) = OB

The lower bound is uniform in the volume A.

(7.7)

Theorem 7.10. Suppose X = R?, X = Leb. Suppose that v is a translationally
invariant pair potential v(x,y) = v(0,y — x) that is stable with stability constant B
and satisfies C(B) = [pa le™P*O¥) — 1|dy < co. Assume 2ePC(B) < 1/e. Then
the pressure is given by

ﬁp(ﬁv’z) = Z %T: [Rd)71—1 ( Z U/(G, 0,x9,... ,iEn))d.’EQ - dxy,

n=1 Gec,
with absolutely convergent series.

Proof. The absolute convergence of the series follows from Theorem [7.8] By The-
orem we have, for every A € &,

1 — 2" 1
—logZA(8,2) = — ( w(G;xl,...,xn)>daz (7.8)
[A] nz::l nl Al Jan G%C:n
whenever 0 < z < Rp(8), with Rp(5) the radius of convergence of the power
series, which by (7.7) covers the case ze#BC(3) < 1/e. Let (Ay)ren be a van Hove
sequence. By Lemma we have for each fixed n

z

im ——— w(G;xy,...,T )dw

Z"L

= dnil(z w(G;O,xQ,...,xn))dxz...dxn_
(R?) Gec,,

Just as in the proof of Theorem we see that

P /(Rd)nl( Z w(G;0,za, . .. >33n))dx2 coday,

n!
GeCy,

nn—2

SCE Al

n
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for all n, k. Monotone convergence shows that we may exchange summation and
limits in (7.8)) and the theorem follows. O

The condition ze#BC(B) < 1/e is quite similar to the condition 2e?*BC(3) < 1/e
encountered in Section [5.8] on uniqueness of Gibbs measures via the Kirkwood-
Salsburg equation. In fact for non-negative interactions we may pick B = 0 and
the two conditions coincide except that one allows for equality and the other one
does not. Combining the results, we see that for small z, there is absence of phase
transition in two senses: (1) #¥(5,2) =1, (2) z — Bp(B, #) is analytic.

7.4. Summary.

e For stable pair potentials with C(8) = sup,¢x [y [e7?*(®¥) — 1]dA(y) < o0,
a sufficient condition for the expansion of the pressure in powers of the
activity to converge is that ze®ZC(B) < 1/e.

e The estimates are uniform in the volume. For translationally invariant pair
potentials, they allow us to exchange summation and the infinite-volume
limit, leading to a formula for 8p(3, z) at small z as a power series in z.

e The proof builds on tree-graph inequalities and tree partition schemes. For
non-negative interactions, it doesn’t matter which tree partition scheme we
work with and we may choose the Penrose partition scheme. For general
stable interactions, we have worked with a partition scheme defined with a
total order on edges such that {7, j} — v(x;,z;) is increasing.
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APPENDIX A. MONOTONE CLASS THEOREMS

Let ©Q be a set. A w-system is a class C C P() that is closed under finite
intersections (A,B € C = AN B € C). A Dynkin system, also called \-system,
is a class D C P(Q) that contains €, is closed with respect to proper differences
(A,BeD, AC B= B\ A€ D) and under countable unions of disjoint sets.

Theorem A.1 (Dynkin system theorem). Let C and D be classes of subsets of
with C C D. Suppose that C is a m-system and that D is a Dynkin system. Then
o(C) CD.

See [24, Theorem 1.1]. Every Dynkin system is in particular a monotone class: it
is closed under countable increasing unions and countable decreasing intersections,
ie., A, € D, A, C A,y implies UpenA, € D, and A, € M, A,, D Apy1 implies
NnenAn € D. Therefore Theorem is also called a monotone class theorem.
Variants of the theorem ask less of D (e.g. that it be a monotone class), but more
of C (e.g. that it be an algebra), see [33] Theorem A.2].

There are also monotone class theorems for functions, called functional monotone
class theorems. For example, the following holds true.

Theorem A.2 (Functional monotone class theorem). Let Q be a set, M a set of
bounded maps f: Q= R, and K C M. Suppose that:

o [C is closed with respect to multiplication, i.e., f,g € K = fg € K.

e The constant function 1 is in M.

e M is a linear vector space.

o M is closed with respect to pointwise monotone limits of uniformly bounded,
non-negative sequences: if (fn)nen is a sequence in M with f, > 0 and
fn A f for some bounded function f:Q — R, then f € M.

Then M contains all o(K)-measurable bounded functions.

The theorem is often proven under the additional assumption that M is closed
with respect to uniform convergence, see e.g. [2, Theorem 2.12.9]. As observed by
Sharpe [51), p. 365], however, every monotone vector space is closed with respect to
uniform convergence, so the extra assumption is not needed. The following proof
is taken from the website planetmathﬂ

Proof of Theorem[A.3 Step 1: M is closed with respect to uniform convergence.
Let f: Q@ — R be a bounded function and (f,)nen & sequence in M with ||f —
falloo = supgeq |f(x) — fu(z)] — 0. Passing to a subsequence if necessary, we
may assume that ||fn, — fullee < 27" for all m,n € N with m > n. Set g, :=
fo =277+ 2 4+ ||flleo- One checks that g, € M, g, > 0, gn < gns1, and
gn S fF+2+]|f]leo, and concludes that f € M.

For the remaining steps, let H; consist of the linear combinations of functions
in K and the constant functions, and H = H; the closure of H; with respect to
uniform convergence. Then H C M by Step 1, and one can check that 7; and H
are closed with respect to multiplication.

6http ://planetmath.org/sites/default/files/texpdf/41387.pdf, downloaded 30 Oct. 2017.
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Step 2: If f,g € H, then max(f,g) € H and min(f,g) € H. Since H is a vector
space and

ftg  |f—dl . f+g |f—dl

max(fa g) - 92 92 ’ mln(f7 g) - 9 9 9
it is enough to show that f € #H, f bounded, implies |f| € H. Since H is a vector
space and closed under pairwise products, we have p(f) € H for every polynomial
p:R — R and f € H. By the Weierstrass approximation theorem, there exists
a sequence of polynomials (p,) such that p,(y) — |y| uniformly on the compact
interval [—||f|loos ||fl|oc]- Then p,,(f(x)) — |f(z)| uniformly on Q. It follows that

|f| € H.

Step 3: M contains all indicator functions of the form lgs~qy, a € R, f € K.
For f € K and n € N, define f,, := min(1,n(f—a)+) where (f—a)+ = max(f—a,0).
Then f, € H C M by Step 2. Clearly f,, > 0. One checks that f, ;-4 and
concludes that the indicator is in M.

Step 4: There is a m-system C with o(C) = o(K) such that M contains all in-
dicator functions lo, C € C. Let C be the collection of subsets A C 2 such that
fn 14 for some sequence (f,)nen of non-negative functions in H. By Step 3,
C contains all sets of the form {f > a} with f € K and a € R. These sets generate
o(K), so we also have ¢(K) = o(C). Moreover C is a m-system because f,, 7 14,
gn 1 implies f,g, / lanp, and because H is closed under multiplication.

Step 5: M contains all indicator functions of the form 1, A € o(K): Let D
be the collection of sets A C R for which 14 € M and C a w-system as in Step 4.
Then C C D, D is a Dynkin system, hence o0(K) = o(C) C D by Theorem |A.1
Consequently 14 € M for all A € o(K).

It follows that M contains all linear combinations of indicator functions 14 with
A € ¢(K), and all bounded functions that are pointwise monotone limits of such
linear combinations. This concludes the proof. O
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