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1 Introduction

This thesis aims to give an introduction to the approximation of interacting
fermionic systems by mean-field approximations.

The high quality of these approximations is experimentally proven and mean-
field approximations are widely applied to simplify many-particle interactions.
For example, electrons in metals whose energy is above the Fermi-level are as-
sumed to move in some periodic potential (external potential generated by the
nuclei) and a mean potential generated by other electrons (this model is used to
describe the electric conductivity). Nevertheless, it is difficult to find a complete
derivation of the validity of such approximations.

As fermions are antisymmetric with respect to particle exchange, a fermionic
state is given by the normalized sum of all permutations of particles. This is
described by a Slater determinant of N one-particle wave functions:

::]2

Un(xy,x9,...TN Z sgn(o

aESn j=1

¢j(2o;) (1.1)

Sy describes all possible permutations of z;, ¢ = 1, ..., N and

sgn(c) = 1 ,if o describes an even amount of permutations
g | =1 ,otherwise.

The ¢; are solutions of the Hartree-Fock equations.

A mean-field approximation is assumed to be valid if a fermionic system con-
verges to the Slater determinant in the mean-field limit N — oo, under the
constraint of it converging for an initial state.

This thesis basically consists of three chapters: The chapter ”[Scalings’ is con-
cerned with finding a Hamiltonian which is still meaningful in the mean-field
limit N — oo. I.e. neither its kinetic term nor its interaction term diverges with
respect to the other one. The mean-field Hamiltonian is then derived for two
different physical systems.

The chapter ”[Derivation of the Hartree-Fock equations for fermionic systems|’
explains the importance of solutions of the Hartree-Fock equations for mean-
field approximations. Firstly, a derivation of the Hartree-Fock equations is given
and secondly, an argument for the validity of dynamic Hartree-Fock equations is
presented.

In chapter "[An approach to a mean-field approximation|’, the method of the
counting operator « is introduced, which is applicable to either one of the two sys-
tems derived in ”[Scalings]’, using the dynamic Hartree-Fock equations presented
in chapter "|Derivation of the Hartree-Fock equations for fermionic systems|’. This
chapter finishes with an outline of how to derive the proof of the validity of the
mean-field approximation of the two systems described in chapter "[Scalings|’.




To improve the readability, some calculations, derivations and examples are
collected in the appendix "|Auxiliary calculations and examples]’, p.




2 Scalings

The Scaling of variables of a system is essential when observing a system in the
limit of a parameter, if taking the limit of this parameter implied the divergence
or annihilation of the quantity of interest.

In the case of mean-field limits of interacting systems, the kinetic energy and
the interaction potential, the two quantities of interest, grow in some way with the
particle number N. The scaling prevents either one of the quantities to diverge
with respect to the other one as N — oo. It therefore provides, that the kinetic
energy and the interaction potential are comparable in the mean-field limit, what
is taken advantage of, when observing a mean-field approximation in its time
evolution.

In this chapter, firstly, a set of coordinates is defined in such a way that the
scaled Hamiltonian is applicable to describe a system in the mean-field limit. Sec-
ondly, the scaling parameters are determined for two systems of great physical
interest: The first system resembles a Dirac-Sea, though not treated relativisti-
cally and neglecting negative energy states. It therefore describes the fermionic
equivalent to a Bose-Einstein condensate and is applicable when the particle den-
sity increases with the number of particles, e.g. for large atoms. The other system
is described by a model whose volume grows linearly in IV and therefore, keeps
its particle density constant. This model is applied for solids or big molecules.

The following estimates show that the kinetic energy in the first system grows
a lot faster with NV than the second system. This behaviour is due to the Fermi
pressure, as because of the limited volume, the particles are confined to, higher
energy states become occupied. Whereas for the second system exists some unity
volume for every particle and therefore, the particles are not forced into higher
states as the number of particles increases.

2.1 The mean-field Hamiltonian

In order to be able to compare the kinetic energy with the potential energy of
a system in the mean-field limit (N — o0), the coordinates (z), as well as
the time ¢, need to be scaled in a way such that the kinetic energy and the
interaction potential are of the same order in N. Let Z,z € R3N and #;,z; € R?
for i =1,2,.., N. Neglecting an external potential, the Hamiltonian for a system
with the pairwise Coulomb interaction (e = 1) reads as:

o = S 1 -
i=1 1<i<j<N ' J



Here, and in the following, the norm || - || denotes the 2-norm || - |[2. With
€1,€2 € Ry, a new set of coordinates is defined as:

t=€t and z=ei
<~ 1 1
U(z,t) — AV(—z, —1)
€9 €1

85 — €18t and 856 — 62396

applying these transformations to the Hamiltonian (2.1)), leads to the rescaled
Hamiltonian in the coordinates (z,t):

N

. 1

ant\I/(g, t) = _E%ZA:DJ\II(£7 t) +€2 Z mqj(g, t) (22)
i=1 1<i<j<N

As the terms above need to be adjustable in the order in N, the new coordinates
(z,t) need to depend on N themselves. Therefore, defining ¢; = N and e = N?,

(2.2) can be written as:

N
10,0 (2, ) = =N A, U(z,t) + N > U(x,t) (2.3)

i—1 1<i<j<N [|2i — ;]

In the following, the kinetic energy and the interaction potential are estimated for
two different systems. The parameters a,b are then identified, such that kinetic
and interaction potential are of the same order in N.

2.2 The semiclassical scale

This chapter considers a system, which is comparable to the model of a three
dimensional box, of constant volume V = L3, which is successively filled with
interacting fermions. If the fermions energies are close to their accessible ground
state energies, this model could describe ground states of large atoms or white
dwarfs (but these need a relativistic treatment as the Fermi energy, and therefore
the Fermi velocity, is very big). The following calculation shows, that the kinetic

energy and the interaction potential are of order O(N %) and O(N?), respectively.

For the estimate of the order of the kinetic energy in N, suppose, that the
particles don‘t interact with each other, that the box is small enough to apply a
periodic boundary condition and, that an external potential is neglected. This is
equivalent to the free gas approximation, first described by Arnold Sommerfeld
and Hans Bethe in [2]. Assuming h = § = 1, the N-particle hamiltonian reads
as:

N
= AL U(z) = =) WV (z) = EV(z)
j=1

Jj=1

, where hU) act on the one particle states ¢j. Applying the periodic boundary
condition, the constraints for the one particle states are:



¢(z;) = ¢(a5, 7}, 25) =

¢(z + L, x¥,25) = ¢(af, 2% + L,a5) = ¢(af, ¥, 25 + L)

and |[|¢]| =1
Automatically, the N-particle wave function obeys the constraints, for as long as
the one particle wave functions obey them. This system is solved by plane waves.
Let k;, n; € R3:

1

() = e
where ki = 2%” ni = {0 0%, 0%)Tn® 4 n¥ 4+ n* = i} (2.4)
and (-,-) the canonical scalar product.
The mean kinetic energy reads as:
N N
OISYED MBS S 23)
j=i i=1

Let the unity volume in phase space, By, be defined as the volume per single
quantum state (in [2], this volume is equal to h3). With the differential element
in phase space Vdk*dkYdk?, the differential amount of states in a spherical shell
element is

V dk® dkY dk* _ 2 V
d@:/ LA SR e kQ/ / sin 0, dk dvy dopy, = - k:Qdk
sphere BO

, where k = ||k

At Fermi level, all accessible states up to the Fermi-energy are occupied,
whereas no state above that level is occupied. Therefore, all occupied states
form a sphere of radius kr with the volume %77/{:% in momentum space and of
volume %ﬂk%V in phase space. Comparing the volume in phase space with the
single state volume By, one finds, with er = ||kp||?, for the Fermi energy of a
single state in terms of N:

4
gwk%v = ByN

2
3ByN\3
er = |-
F 4 7V
Assuming the difference of the energy states are small, the mean kinetic energy
(2.5) can be approximated at Fermi-level with

N
47V 47V
_ 2 4 i
<jEiAxi> —/ k*do = 5 k dk = N kF

0 Jo 0 (2.7)

= gNeF = O(N3)

(2.6)




, where (12.6) was used. If the system is not in its ground state, the integral ({2.7))
has to be rewritten, using the Fermi-Dirac distribution f(er,T).

N ! kmaz
Ay ) = ,T) k?
<J§ > /0 flep, T) k* A

But since the distribution function only relates every state to a factor, and any
kmaz can be written in terms of kp, the dependence of the total energy on the
number of particles doesn‘t change and the estimate (2.7)) holds for Fr < E.

For estimating the interaction potential, a crucial simplification is applied: Al-
though the particles interact with one another via the Coulomb interaction, the
one particle wave functions need to be plane waves (plane waves generally don‘t
solve entangled systems). Nevertheless, as plane waves solve the Hartree-Fock
equation for a Coulomb interaction, plane waves are still sufficient for an esti-
mate of the order in N and wave functions can be applied to the following
derivation. A justification of why solutions of the Hartree-Fock equation sat-
isfy the assumption above is given in chapter "JArgument for a time dependent]
[Hartree-Fock equation’, p. In [4], it is shown, that for some wave function

¢, for as long as (Eji,) = (’)(Ng), the mean potential energy is bounded by
N?. This presents a more general estimate of the following than the estimate
presented here.

As shown in , the mean interaction potential of the whole system for the

Coulomb potential vg = m is described by:
@ {tilded
<W’ZZ||J: | >:
i=1 j=1 """ J
AR 1 1 29
=3 ¢i¢'a¢i¢'>_<¢i¢‘aPi'¢i¢'>}
2;;{< T I B

, where the first term in the brackets is called the mean-field term and the sec-
ond term is called exchange term. In the following, the interaction potential
is estimated of both terms separately and dz; = d3xz; is the abbreviation for
da? dz¥ daf. Writing the mean-field term in integral form, it reads as:

¢i(z1)¢j(z2)

oy

i=1 j—1"100,

Z/OL]dez ¢;(z2) /[O,L} doy 7 ||$1 o] & Z|¢z x1) P (x2)

/ dzy s ¢ (1) 85 (w2)
L] [0,L3

|1 — 22|

As ¢i(z;) = Vl% e~ ki) |2 = 17> the expression above simplifies to:



N
YV dx22||¢3 T2 || / Hfl“l—sz

[0,L

dSCQ/ d:Cl
T2y /[OL orp 1 —$2H

Because the integrals are finite, it is clear, that this term is of order O(N?).
Now, writing the exchange term in (2.8)) in integral form and inserting plane
wave functions ([2.4) leads to:

1 L
_122/ o / s 65 (01)65 (22— 61(22)65 (1)
2 25 2 Joup™"! SO ] PO
1 ] | 1
= — dx dro —e <k‘i,z1—x2)e—7,<kj7x1_l,2>7
23 Z/OLP 1/ s V2 |21 — 22|
—122/ d.%'l/ dx2€i<ki*kj,xlfx2>¥
2V2 X - 3 [7“3 Hxl_fl?QH
S
2V?2 — = 3 [0,L]3 421 |2/

d.Tl / dSU/ ei<ki_kj7$/> 1/
[l

@WZZ/

i=1 j—17[0,L]?

, where, in the second last step, the relative coordinate 2’ = z1—x9, do’ = dx; was
defined. In auxiliary calculation ”[Fourier transtormation of Coulomb potentiall’,

p- it is shown, that the last integral is the Fourier transformation of kaiﬁcllg
iRy

Using this relation, the term above now reads as:

2T
ZZ/ o —k et Zzuk —k 29

=1 j=1 0,L) =1 j=1
Again, the system is assumed to be in its ground state and the difference
between the k-states is assumed to be small. The sums above can therefore be
approximated by integrals over spheres with the Fermi radius kr. Furthermore,
approximating the term above for k; = 0, the integration is symmetric around 0
and therefore gives its biggest contribution.

27r/ 1 27r/ 1
VL Ak s k[
V' Jpy, By ki = k4|2 — V By, 7 2R

872 3273 4
=—k dk; = =——k% ~ N3
v /BkF gy T



As the mean- field term is of order O(N?) and the exchange term only of order
O(N %) in N, the whole interaction term is of order O(N?). The exchange term
is therefore negligible in the mean- field limit N — oo. With the estimates of the
kinetic energy O(Ng) and the interaction potential O(N?) , the parameters a, b
in can be determined such that the scaled kinetic energy and interaction
potential are of same order in N:

5
2b—a+§ =b—a+2
Suggesting that both, kinetic energy and interaction potential, should be of order

O(N), this equation is solved for a = % and b = % Applying a,b to 1) the
Hamiltonian for this system reads as:

N
0 (z,t) = ~N"5 Y Ay Uz t) + N Y

i=1 1<i<j<N H

L 9
zi — ]|
But with this scaling arises another problem, when it is applied to estimate mean-
field limits: As the kinetic energy per particle is of order O(N %), the particles
velocity is of order O(N %) Observing the system for some time of order one,
O(N %) interactions occur and in the mean-field limit N — oo, no proposition
about a mean-field approximation can be made: It is not possible to compare a
slightly time-developed initial state in a mean-field with a slightly time-developed
wave function that starts to entangle for that many interactions. This problem
is comparable to the attempt of analysing a mean-field belha,viour for infinite
times. A solution to this problem is obtained when 9, — N~ 30; is applied to the
Hamiltonian. Using this argument, the Hamiltonian above therefore becomes:

1

N
INT30 (2 t) = =N 75 DAy Uz )+ N7 Y [l — 1]
A J

i=1 1<i<j<N

U(z,t)

Note that kinetic energy and interaction potential are still of the same order.

The applicability of a mean-field approximation of this system has been inves-
tigated, among other publications, in [1] and [3]. The paper [1] proofs, that there
exists a T, such that for all ¢ < T, the one particle density matrix 71(\},)157 which de-
scribes the time evolution of the system, converges towards a one particle density
matrix wy, which is the solution of the Hartree equation:

ihdwny = [P A+ (V% pr) ,wny |

In [3], this result is developed further for arbitrary times of order one and less
restrictions on the interaction potential.

2.3 Volume linear in N

In this chapter, a system is considered, of which the volume is proportional to
the number of particles. Again, a box of volume V = V(N) = V,N = L}N



is successively filled with fermions, but as the box is filled, its volume increases
proportionally to the number of particles.

The estimate for the kinetic and potential energy are very similar to the case
of the box with fixed volume and therefore, the derivations refer to the other case
often.

The one particle wave function changes in its normalization factor and its
momentum:

Bila) = —p—e i)

3 Al
Vo' V= (2.10)
2 .
, where k; = ﬂzl
LoNs

As V is a function of N now, the differential amount of states in a spherical shell
element in phase space now reads as:

VAN dk® dkY dk* _ 2
do = / k:2 / / sin ¥y, dk ddy, dey, AN
sp

here BO
4
ATV 2 gk aN
0

The sphere of states at Fermi-level in phase space now becomes %Wk:%V(N )
and with V(N) = VuN, equation (2.6 changes to:

4
gﬁkf’pNVO = ByN

2
3 By \3

er = | ——+

F 47V
for some unitary volume Vj in coordinate space. It is important to notice, that
the energy of a single particle at Fermi level (2.11)) does not depend on N any
more. Using the differential amount of states in a spherical shell element and

approximating the sum over all one-particle energies by an integral, the mean
kinetic energy is:

al kr 4 4
<ZA%>:/ k2 dp = 7TVO/ / "pdpan = 2™V
: 0 5 By

(2.11)

This is directly proportional to the number of particles N and doesn‘t depend on
Vo. Using the same argument from the first derivation, the estimate holds for
mean kinetic energies bigger than the Fermi-energy EFr.

In the same manner as in the case of a box of constant volume, the one- particle
wave functions are assumed to be plane wave functions, as defined in ([2.10)).



<‘I’ Zznx@—mjn >

7,1j1

1
> Z Z {<¢w], M¢Z¢J> - <¢i¢j, Maj¢i¢j>}

21]1

(2.12)

Again, the estimates of the order on N of the terms above is done for the mean-
field term and the exchange term separately. The mean-field term in integral
form reads as:

N N 1
2 {<¢i¢j’ o — HM>}

N

* " 1 (o i
ZZ/OL /0L13dx1 dmz@(m)%(m)m@( 1)¢j(x2)

1
2 4
=1

M

1

1 i 1 N )
3L it [ dn o S letelPese

Jf

2

[\

In auxiliary calculation "jorder in N of the convolution|’, p. it is shown, that
the convolution in the term above is of order O(N3). Note, that the density of

N
states > |¢|> = % = Vio is independent of V. Applying this to the term above
i=1
leads to:
27 2 ™ 2 ™ 5
Z/ dzz ¢j(x2) — N3¢j(x2) = 7%N71N3:71N3
0,L)3 vy Vo vy vy

The mean-field term is therefore of order O(N %) In the following, the order of
the exchange term of ([2.12)) is estimated:

10



1 LA 1
QZZ{<¢@'¢%M1’”W?’>}
1
d dz’ z(k: —kj,x’)
2V2N2 ZZ/OLONS]B o /R3 ) |2l

=1 j=1

27 / 1
= dz) ————
V02N2ZZ Hk _kHQ

=1 j=1 [OL()NS

27 ZN:/ dk; VoN !
= — 0 _—
VoN —~ Jp ki — kjl]?

i=1 kp
1
~ 27Vo N dk:i dk -
- A=
1
< 2rVoN dk:i dkj —
- Iz
32m3k%
— 872V, Nkp / dk; = 2 Ry N
B

kp

As seen in the calculation above, the kinetic energy is of order O(NV), the mean-
field term is of order O(N %) and the exchange term is of order O(N). Like in the
first case, for a constant volume, the exchange term is of smaller order than the
mean-field term and therefore, can be neglected for the mean-field limit N — oo.
The whole interaction term, the sum of the mean-field term and exchange term,
is of order O(N3). Applying this to , this leads to the condition of the
kinetic term and the interaction term to be of the same order in N for the scaled
Hamiltonian:

2b—a+2:b—a+§
If the two scaled terms should be of order O(N), the parameters a = % and %
solve the equation above and the scaled Hamiltonian ({2.3|) reads as:
N 2 1
S S D M
i=1 ’ 1<i<j<N ||ZL‘@ - x]” (213)

0,0 (2, t) = HU(z,1)

The kinetic energy per particle is constant and therefore, the problem with the
observability of the system, which arises for the system with constant volume,
doesn‘t arise in this system.

11
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3 Derivation of the Hartree-Fock
equations for fermionic systems

Assume, a many-particle system of fermions in an external potential A’ (for ex-
ample an attractive Coulomb potential representing a nucleus). Each of the N
particles does not only interact with A%, but also with the other N — 1 parti-
cles via the Coulomb interaction. The Hartree-Fock equations approximate for
every particle the many particle interaction with a mean-interaction generated
by all other particles, whose N particles interact only with A* and a background
potential which is generated by the N — 1 other particles, respectively. These
equations, therefore, form a (stationary) mean-field of the fermionic system.

In the following, the Hartree-Fock equations are derived with the variation
method, i.e. by minimizing the total energy of the system. It is due to this
method, that the equations are stationary. But as in the following chapter, "[An]|
[approach to a mean-field approximation|’, p. the dynamics of an initially
approximable system is investigated, in the end of this chapter, an argument for
a dynamic Hartree-Fock equation, on the grounds of the stationary Hartree-Fock
equation, is given.

This derivation is included to this thesis, as it explains the appearance of two
very interesting features. Firstly, it explains the appearance of the exchange term
which is due to the nature of fermions, entirely. And secondly, because it shows,
that the equations are not linear.

3.1 The stationary Hartree-Fock equations

Assuming a system of interacting fermions with an external potential, the Hamil-
tonian reads as:

N
H==> al, + A=)+ Y fufj:HlJrHQ

n=1 1<i<j<N

N N
, where Hj = Z A = — Z al,, + Al(z;) and Hy = Z vg-
i=1 n=1 1<i<j<N

10V =HV

H; describes the kinetic term, with some scaling parameter «, and the interaction
with an external potential A® whereas Hy describes the pairwise interaction of
particles at coordinates x; and x;. Hs is called the interaction Hamiltonian, it
consists of (g) = LN (N-1) terms. The potential viﬁj is of the form NV (z;—z;),

13



where (8 is a scaling parameter, and supposed to be symmetric with respect
to particle exchange: viﬁ .= vﬁ This potential could, for example, describe a

Coulomb potential, like in chapter "[Scalings]’. In the following, this Hamiltonian
is applied to a fermion state, i.e. a Slater determinant of the form defined in

[D):

N N
sgn(o) H $j(2oy) = VNIA H ¢j(2o;)
j=1

Jj=1

N
1
U(zx) = ¢; | () = —=
]i\l ’ N' Z

: O'GS’VL

1
,where A = N Z sgn(o) is the antisymmetrization projector.
" oeS,

It is important to notice, that the sum over the permutations solely acts on the

the coordinates ., whereas the product acts on the states ¢;. Keeping that in

mind, the coordinates are not explicitly stated in the scalar products following.
The expectation value of H is equal to the sum of H; and Hs:

(T, HU) = (U, H,T) + (T, HoU) (3.1)

N
= N! Z <H b1, b A? H ¢k>
iNl =1 ;:1 (3.2)
=Ny <H o, AT ¢k>
=1 \l=1 k=1
N N 1 N
Ny <H i L S o) T ¢k>
i=1 \I=1 " o€Sn k=1
N N ‘ N N
= <H o hO T ¢k> =3 (#i.00:)
=1 \l=1 k=1 =1

The one particle wave functions form an orthonormal system and therefore, the
scalar product is equal is zero for every permutation, except for the one term,
whose states are not exchanged. This was taken advantege of in the second last
step.

14



N N
(U, HyU) = <mAH¢l, > vgmAH¢k>
k=1

=1 1<i<j<N

=N!' ) <H¢Z,UUA 11 ¢k>

1<i<j<N
N N
S {<H¢l,ugn¢k>-<H¢l,uga-jmk>}
1<i<j<N =1 k=1 =1 k=1

(3.3)
= Y {(iesv]oiss) — (0650 Pysics) |

;z S {(outnsvtionts) — (6508 Posts )}
i=1 j=1
{

N N

(6t (P}

—_

7

1=

As from here on, the only coordinates of interest are those of ¢; and ¢;; they are
renamed to 1 and xo for simplicity. The interaction potential now acts on z; and
To: viﬂj — vﬂ. In the term above, the first term in the brackets is called mean-
field term, which describes the pairwise interaction of ¢; and ¢;. The second
term is called exchange term. It describes the potential due to the transposition
of two one- particle states in space. This is a purely quantum mechanical effect,
that arises exclusively from the nature of the fermions.

For a stationary state, the energy is assumed to minimize. In the following,
a one- particle wave function is looked for which minimizes This proce-
dure is called the variation method and its earlier mentioned problem with time
dependent systems is commented on in the end of this chapter.

As well as this requirement, the derived N-particle wave function (consisting
of one particle solutions of the minimization problem) must still be written as
a Slater determinant, e.g. the one particle solutions must be an orthonormal
system. Using that, the constrait to the variation is:

<¢z>¢]> ’Lj =0

and therefore, the variation problem reads as:

L= (U HU) ZZ@U (i, d5) — 045

i=1 j=1

, where e;; are Lagrange multipliers. In auxiliary calculation ”|Lagrange multi-|
ipliers e;; are diagonalizable]”,p. it is shown that e;; is diagonalizable, what
leads to the equivalent but simpler equation:

15



L=(¥,HU) - i eii ((@i, Pi) — 1)]
N - 1 N N
=3 (00hD00) + 533 {(0ie.vhavi0s) = (9165 vaPysics) | (3.4)
i=1 i=1 j=1

Mz

eii ((¢i, ¢i) — 1)

=1

Applying the variation condition ¢ — ¢ + d¢ leads to:

>~ { (660, 196:) + (60.1030:) |
g: i {<5¢i¢ja vfg¢i¢j> + <¢i5¢ja ”'f2¢i¢j>

=1 j=1

¢i¢]vU125¢z¢J> + <¢’¢j’ vlﬂ2¢i6¢j>}

[«%)
h
Mz

1

.
I

_l’_

+

Z {<5¢i¢jv Ufzfjij¢i¢j> + <¢i5¢j’ ”1B2Pij¢i¢j>
=

¢idj, v12Pij5¢i¢J> * <¢i¢j’ U%P’U@dqﬁ»}

N

_Z{ 5¢u¢z ¢175¢z>} -

—_

i=

|
MZ

_l’_

The two terms in the first line are the complex conjugated of one another. That is
the same case for the two terms in the last line. The other terms have a complex
conjugated partner term as well. Using the following identity,

(361050000, = [ [ dordads;@0)6 a)oftion)6s(22)

— [ [ dwador )i )oiaes e2)6i ) = (05601, 0la001)
it is obvious, that the first term in the second line is the complex conjugasted of
the first term in the third line. With an analogous calculation, the other complex

conjugated terms are discovered. Using this, the variation equation simplifies
further to:

16
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i
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[«

h

I
WE

1
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Il

M=

5 20 {(00u0y. vty ) + (56560, v0,01) |

1

[\D\H [\:JM—\

{<5¢i¢j, U152Pij¢i¢j> + <5¢j¢ia Ufgﬂj¢j¢i>}

™=

1
- Zei <5¢2, (Z)Z> +cc.=0
=1

Here and in the following, c.c. denotes the complex conjugated of the whole term

before.
Both double sums run over all possible combinations of particle states. There-
fore, every combination is counted twice and JL can be shortened to:

(%)
h
I
M) =

> (50,100

.
I

MZH

+ i {<5¢i¢j,ufz¢i¢j> - <5¢i¢j’”f2pij¢i¢j>}

=1 j=1

17-

ei (8¢, di) + c.c.
1

i

N

-y / d06" (z1)

=1

* )qﬁ +Z/d:n2¢ To 012@(:61)(15](3:2)
— Z/dazgczﬁ;(xz)vszij(ﬁi(xl)cbj(afg) —eid; | +c.c.
j=1

N
=3 / d166% (1)

« |R® +Z/dm2012|¢] x9)| Z/dm2¢] T2 1)12 zj¢]($1) ei | * ¢i(x1)

+cc.=0

In auxiliary calculation ”[Simplitying the complex conjugated term of the variation|

lequation]’ ,p [30} it is demonstrated, that form the complex conjugated term in
the expression above evolves the same term as in the square brackets above.
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Therefore, this variation equation is satisfied if, the term in the square brackets
is equal to zero. Inserting the definitions of A(Y and vfz and reintroducing, that
x1 = x; and x3 = x;, the coordinates of ¢; and ¢;, respectively, leads to:

N
= Bt A+ Y [ N V(o - ,)[04,)P

N
- Z/dl‘jgf);(fﬂj)NﬁvN(Ii — ) Pijdj(z;) — €
j=1

N
=— Ay + Alzi) + NP | Vv« 18517 | ()
=1 (3.5)

N
~-NPY / daj s (x5) Vv (i — 25) Pijdj ()
j=1

This is the Hartree- Fock equation for fermions systems. The Lagrange multipliers
are interpreted as energies of the one particle wave function. Note, that it depends

on the particle density Z ](]5]]2 itself and is therefore not linear! Neglecting

the second line in the exchange term, the equation is called the Hartree
equation. There are cases in which it is justified to neglect the exchange term,
as for example in the two described systems in chapter ”Scalings”.

Solutions ¢ of the derived equation minimize the total energy of a system. And
therefore, a Slater determinant, consisting of these ¢ describes a ground state of
a fermion system.

3.2 Argument for a time dependent Hartree-Fock
equation

This chapter gives an argument for why one particle wave functions, that satisfy
(3.5), should also satisfy a time dependent Hartree-Fock equation of the form:

RHE = — A, + Al(z;) + NP VN*Z|¢J|2 (z;)
7j=1

N
- Ny / dzj 5 (x;) VN (zi — 25) Pijdj(x5)
j=1

with 00! = K1 ¢t

As the energy of a system is assumed to be constant, the time derivative of the
variation functional is zero. If this derivative is shown to be zero with
solutions of , these one particle wave function keep the total energy of the
system constant. This is a necessary requirement of the validity of .

18



Solutions of the stationary Hartree-Fock equation (3.5) minimize the energy for
some time ¢ = 0. If for t = 0, the N-particle wave function ¥ can be written as
a Slater determinant of solutions of the stationary Hartree-Fock equation (3.5)),

N
the total energy of the system is E < A QS?) =F (\IIO). The time derivative of
j=1

(3.4) reads as:

O:L =0, {i <¢u h(i)¢i> + % i {<¢z¢]7vlg¢z¢j> <¢i¢j7 vaPij¢i¢j>}

i=1 i=1 j=1

N
- Zen‘ ((Ds, i) — 1)}

+

;i ZN: {<(at¢i)¢ja Ufz¢i¢j> + <¢i(a’5¢j)’ Uf2¢i¢j>

i=1 j=1
(0165, 02 (0160)05 ) + (0165, va0i(0167) ) |
- ;XNjZNj {{@6:)6;,v5yPy0i0; ) + (01(0105), 0o Prydi0; )
i=1 j=1
+ <¢i¢j, Ufzpij(at¢i)¢j> + <¢i¢j, Ufgpij¢i(3t¢j)>}
N

— Z €ii {<8t¢ia ¢z> + <¢za 8t¢i>}

i=1

i{@%w ) — (90 BRI

+ 21 iv: iv: { hHF¢i¢j7U1ﬂ2¢i¢j> + <h£{F¢i¢j’Ulﬁ2¢i¢j>

’Lljl

—1

(
- (o)~ (s 0800
(

N N
Z Z{ hHF¢i¢j,vf2Pij¢i¢j> + <h§F¢i¢javf2Pij¢i¢j>

i=1 j=1

~ {9165, v Py 9105 ) — (9n05, vy Py i)}

M\)—‘

N
— iy e {(hf"F i, 0i) — (1,03 i)}

=1
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1

+ z% EN: fj {6005, 0417 olol0u0; ) + (6icrs, M )00 ) }
1
2

N N
>0 {<¢i¢j; [n{'", vfgpij]¢i¢j> + <¢z¢j7 [n3'", vfzpz'j]¢z¢j>}
Applying the definitions to the commutators, it is possible to simplify them:

RO = — A, + Al(2;)
vlﬁQ :NﬁvN(xl — x9)

N N
Vmg =N Viyx Y 1oyl | (2i) — N7 Z/d%@(fci)vN(wi — 25)Pij5(;)
j=1 J=1
[h{{F,h(l)} = [V (1), h(l)]

(B, vi) = (B, o] + [om g (@1), o] = [0, v

Applying these commutators to the terms above leads to:

- _ Zi <<;Si, [, Umf($1)]¢z'>
+ ZZZ {<¢>Z¢], vf2]¢i¢j> - <¢i¢’f’ [h(l)’”f2pij]¢i¢j>}

i=1 j=1
N

=2 Z Im {<gbi, h(l)vmf($1)¢z‘>
i=1

XN: <¢i¢ja h(l)v152¢i¢j> - ﬁ: <¢>i¢j, h(l)UfQPij¢i¢j>

7=1 7j=1
=0

Therefore, one particle wave functions ¢ that satisfy (3.6) conserve the total
energy for some time ¢:

N N
N5 | =E| N\ | =E(2) =E(¥)
j=1 j=1

As mentioned above, this is only a motivation for why wave functions ¢, satisfy the
stationary Hartree-Fock equation (3.5]), also satisfy the time dependent Hartree-

Fock equation ([3.6)).
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4 An approach to a mean-field
approximation

This chapter aims to introduce a method of how to derive a mean-field limit
of a fermion system. Motivated by the method of the o counting operator for
bosonic systems, as introduced in [5], in this chapter, the method is adapted to
a fermionic system.

The methods proceeds as follows: Suppose the system is described by some
Slater determinant W, which consists of one-particle wave functions ¢;, of which
some ¢;» are not solutions of the Hartree-Fock equation. These qb} are called bad
particles. Because solutions of the Hartree-Fock equation imply a good mean-
field approximation of the stationary system, the more bad particles are confined
in ¥y, the worse a mean-field approximation is. But how does the number of bad
particles develop, e.g. the quality of a mean-field approximation, as the system
is observed in its time evolution and in the mean-field limit N — oco?

Let o be the relative number of bad particles at some time t. Assuming, the
mean-field limit exists for an initial state U%,

lim o’ =0 (4.1)
N—o0
it is to show that, for some time t:
lim of = 0. (4.2)
N—oo

For proving (4.2) under the assumption (4.1)), the Grgnwall Lemma is applied.

Grgnwall Lemma:
Let I = [to,t1]. Suppose a:I — R andb:I — R are continous, and suppose
u: I — R is a non-negative continuous function on I and satisfies:

u'(t) < a(t)u(t)+b(t) fortel

then
t t ¢
u(t) < u(to)efto a(r)dr +/ b(s)els *Md7qs.
to

For the counting operator af, this means that, if the time derivative of a! can
be expressed by a! times a constant plus some constant, which converges to zero
in the mean-field limit, ! is bounded by a times some constant plus another
constant, which converges to zero in the mean-field limit:

ot < Cat + G, lim G =0 (4.3)
N—oo

— lim o' =0
N—o0
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And therefore, it is justified to approximate the many particle interaction by
interactions with a mean-field. For a bosonic system, this proof is shown in [5].

In this chapter, the counting operator « and its derivative is derived and re-
duced to a sum of three terms. Unfortunately, this is where this thesis comes to
an end, as estimating these three terms, to obtain the derivative of « in form of
(4.3), would exceed the extent of this thesis. Therefore, this chapter only presents
an outline of the whole proof.

The estimates for the three terms, and therefore the end of this proof, can be
found in [4].

4.1 The counting operator o

The aim of this chapter is to develop an operator which counts the relative number
of bad particles in ¥ . Bad particles are one-particle wave functions of the Slater
determinant Wy, that are not the solution of the Hartree-Fock equations ((3.6)).
Let {¢;}, <j<N be solutions of the Hartree-Fock equations, then

P = (¢(@i), ) ¢5()

N

N
P = pr =Y (@), ) 65(w)
=1

i=1
p% is a projector, that projects the j-th state of the Slater-determinat onto the
j-th solution of the Hartree-Fock equations for all its coordinates. Let ¢;- be a

one-particle wave function of ¥y, and assuming <¢j, <;5;> =0, if gb; is no solution
of the Hartree-Fock equation. p® applied to ¥y leads to:
. v if ¢; solution of HF
bj = N J
PN { 0 ,otherwise

For an example of how p% is applied to a two- particle system, see example
"[Example of p? applied to s, p. The orthogonal projector of p%i is:

g% = (1—p»)

0 ,if ¢; solution of HF

¢ N = (1=p¥) ¥y {\I/N , otherwise

With these projectors, the counting operator can be defined as:

N
1 A
a(Ty, ¢) = N;<\pN,q¢wn> (4.4)
The terms of the sum are either 1 or 0, depending on whether (;S;- is a bad particle
or a good particle. Defining a new set of projectors, (4.4]) can be simplified.

N

N
=300 =3 (0(@i). ) 65(xi) (4.5)
j=1

Jj=1
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g% =1—pi (4.6)
Applying (4.6)) and (4.5)) to the counting operator (4.4)), leads to:

N N
1 _ .
(U, ¢) =1 > (Wn, g0, ) =1 Z (W, p )

J=1 J=1
N 1 N
JZ_1<WN,p/\PN> - 2 ()

Z\H

N

1

=~ E (YN, i¥N) = (Un, 1 ¥ n)
=1

, where in the last step, it is used, that the projector p; checks on every state
¢’ of Wy of being good or bad, for the i-th coordinate. The property of an
one-particle state ¢’ of being good or bad doesn‘t depend on its coordinate and
with (Un, ¢;VnN) = <\I/N,qi2\I/N> = (¢:VN, ¥ N) = ||:¥N]||? same for any i, the
terms of the sum are all equal and it is sufficient to check every state in its first
coordinate. From a practical point of view, p; and ¢; can be seen as filters: p; ¥
(¢;¥ n) has no bad (good) particles at z;. Auxiliary calculation ”"[Basic Properties|
oI pi ql’, pB1]shows, that p; and ¢; are indeed hermitian projectors and auxiliary
calculation "[Example of p; applied to V3l p. gives an illustrative example
of the filter property of p; in a three-state system.

4.2 The time derivative of o

This chapter demonstrates the calculation of the time derivative of a and its
upper bound. As well as that, it gives an interpretation of how good particles
turn bad.

iUy =HUy,  idp; = hiF ¢,

0ra(Vy, d) =0 (YN, 1 V)
=(OUN, 1YN) + (YN, 10V N) + (U, (Orq1) ¥ N) (4.7)

Calculating the first two terms separately from the last term and using the
Schrodinger equation (2.13]) and the Hartree-Fock equation (3.6)) leads to:

(O VN, 1VN) + (YN, 10V N) = (—iHY N, 1 ¥N) + (U, 1 (i) HY y)

| | | (48
= (YN, HnUN) — i (Un,nHUN) =i (Un, [H,q1] ) )
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Oeqr = Oy(1 — p1) = —athﬁBzK Zambj 1) >< ¢j (1)

7j=1 j=1
N
== D _{019j(z1) >) < 81| + [95(21) > Au(< ¢5(x1)])}
=1
]N
==Y {=iri"1gj(x1) >< ¢(x1)| + il (1) >< ¢j(wr)[n{"} (4.9)
=1
j N
:_Z‘Z{_h{{F —l—plthF} ZZ[hHF,pl }
Jj=1 j=1
=i |hAF Z b | hHF’pl] — [h{IF’ql]

, where BK denotes a change to the Bra-Ket fomalism. Using (4.8]) and (| . in
i)

Ora(VUn, @) =i (Vn, [H,q]¥n) — i (¥, [M{", 1] Un)
=i(Un, [H—h", q]¥y)

N .
with H =Y hD+ Y of(@i—a;), hF=hr0 4] (2)
=1 1<i<j<N
WP
mf
before, it is justified to neglect the exchange term. Comparing H and hi'F in
their the first coordinate, the non-interacting term, h(!) cancels. Separating the

terms, that don‘t depend on z1, leads to:
\pN>

N
+i<\I/N, Zh(l)+ Z vjﬁv(xk—xi),ql \IJN>
1=2

2<i<j<N

(1) describes the mean-field term of the Hartree-Fock equation. As stated

N

ng(xk — 1) — viﬁ q1
k=2

8ta(\IjN7 gb) =i <\IJN7

N
The second term vanishes as ¢; commutes with > () and D o<ici<N v]’i,(xk — ;)
i=2 -
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and due to the symmetry of W, the terms of the first scalar product are all same:

dha(¥n,¢) = i<‘1’N, [(N — DR (s — 1) - Uflf(m),%] ‘1’N>
— i<\I/N, ((N — 1)@@(1‘2 — 1) — vfnf(xl)> q1\I/N>

=i (U qr (V= oz — 1) = v (1) ) W)

= i<‘IJN7 (p1+ q1) ((N — Do (s —a1) — vﬁf(:vl)) Q1‘I’N>
—i <\1’N, q ((N — vy (a2 — 21) — ’U,ﬁnf(fﬁl)) (p1+ Q1)‘I’N>
= i<‘1’N,Q1 ((N — v (xs — x1) — U,’iﬂm)) ql\I’N>
+i <\I/N,p1 ((N — D)o (ws — a1) — Uif($1)> ql‘PN>
—i <‘1’N, T ((N — vy (xs — z1) — Ufnf(ﬂﬁl)) ql‘l’N>
—1 <\I/N, Q1 <(N - 1)”;%(902 — 1) — Ufnf(xl)) Pl‘I/N>
= i<\1’N,P1 ((N — v (z2 —x1) — vfnf(wl)) CI1‘I’N>
—i <‘IJN7 T ((N — Do (ws —a1) — Uif(x1)> p1‘I’N>

= 1 {<‘I’N,p1 ((N — vy (w2 — 21) — v,if(xl)) (J1\I’N>
_ <p1 ((N — 1)1)]%(552 — 1) — vflf(ml)) a1V, \IJN>
= i{<‘IfN,p1 ((N — Do (z2 — 1) — Uif(xl)) ql‘IfN>

O R 0

= 20t { (W, (V= Doz — 21) = o (20)) @1 ¥x ) |
= 2ilm {<‘I"N p1(p2 + q2) ((N Do (@ - $1) vh (@ 1)> a1 (p2 + CI2)‘I’N>}
- 2zIm{<\I/N P1D2 ((N D)0l (2 — m1) ) qpo\I/N>
+ <\I’N,p1p2 ( 1 (22 — 1) ( )) Q1Q2‘I’N>
+ <‘IIN,p1q2 ( (N — 1) (z2 — 1) ( 1)) q1p2\I/N>
+{(wn,pra (V= Dol (@2 — o) mf(a:1)) qa¥y) |

(4.10)
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The third term is equal to zero:

<\I/N,P1(I2 ((N — Do} (s —21) = Uyﬁnf(xl)) Q1p2‘I’N>

= (V- ‘I’N,P1Q2UN T2 —21)1p2¥N ) — <‘I/N,p1Q2vfnf(fU1)Q1p2‘I’N>

= (N = 1) (paqroi(x 2—$1)qu1\I’N,‘I’N> <\PN7P1U7ﬁnf(x1)QQp2Q1\I/N>

= (N- <‘I’ Ny P21V (22 — 1) a1 Wy
<‘1’N,p1Q2UN T — l‘l)lez‘I’N>

Where it is used, that the mean-field potential vy, ¢(z1) and ¢1 commute with go
. That leads to a state being projected with ps first and then with ¢o afterwards,
what is equal to zero. For the interaction term, it is used, that the interaction
potential vg (r1 — x2) is spherical symmetric, to show that this term is equal to
its complex conjugated. That implies, that its imaginary part is zero.

Similarly, due to the commutation properties, the mean-field term in the second

term of (4.10]) vanishes. Therefore, (4.10) can be written as:

dha(Vy,¢) = 2ilm {<‘I’N,p1p2 ((N - 1)”]@(902 —x1) — Ufnf(xl)) Q1p2‘PN>
<‘1’N7p1p2( )Ug(xz - $1)¢]1¢J2\1’N>

+ <\I/N,p1QQ ((N )U (xg —x1) — vif(xl)) q1q2\IlN>}

(4.11)

At this point, a physical interpretation of the three terms above can be given.
When observing the system for some time, due to the interaction term, particles
will correlate and get entangled. Rewriting (4.11)) gives:

(¥, ¢) = 2ilm {<P2p1‘I’N, ((N — Do} (s —21) - vfnf(xl)) (J1P2‘1’N>
+ <p2p1‘I/N>( — (e — ivl)qlq2\IfN>
+ <QQP1\I’N, ((N — D)ol (zg — 21) — vfnf(l’l)> Q1Q2‘1’N>}

The first term can be seen as the overlap of a state with only good particles at
x1 and x9, p1p2 ¥y, with another state with only good particles at xo and with
a bad particle at x1, ¢1p2V y, which is subjected to the potentials v]% and Ui
As defined in and visualized in the example "[Example of p; applied to V3",
p. p; removes bad particles at z;. But that doesn‘t imply bad particles can‘t
exist at some other coordinates. Heuristically, the contribution to the derivative
of a could be explained by the transformation of good particles to bad particles
at x9, due to the interactions.

Similarly, the second term is the overlap of a state with good particles at x
and x9 with a state with only bad particles at x; and z2, subjected to the two
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particle interaction only. Because there is no good (bad) particle interacting with
another good (bad) particle, there‘s no mean-field interaction appearing in this
term. It could be described by particles becoming bad in both coordinates, due
to the interaction.

The third term describes particles becoming bad as a result of the interactions
potentials acting on a state with only good particles at ; and with only bad
particles at xo. Interestingly, the mean-field term appears for the interaction of
two bad particles.

As mentioned before, estimates of all three terms above are not presented in
this thesis. But as the third term is comparably easy to estimate under some
assumptions, it might still give an idea of how this proof may come to an end:

Assuming Uflf(l‘l) and pl(vjﬁv (2 — 21))?p1 are bounded by C; and C3, respec-
tively:

1
llop s @)llop < C1 5 [IpL((N = Do (w2 = 21)) a1y < C

<Q2p1\I’N7U,€Lf(fU1)Q1QQ\I/N> < lgpr@nll IV p(z1)q12 P n |

= |lgep1 NIl [lg1629 n]| vaif(wl)llop < Cillpallopllg1llopllg2® w|
=a(Un,¢)C)

<CI2P1‘I’N, (N — 1)%’%(@ — !E1)CI1QZ‘I’N> <||(N — 1)12]%(932 —21)@n1¥YN||  |g1e2¥ ||

1
=< |Ip1(N = )05 (22 — 20’113 |le2¥n]* < a(W, ¢)Co

With these two estimates, the third term can be estimated with:
(aopr O, (N = ufies —21) = v (1) ) a2 ¥ ) < (W, 6)(Co = C1)

This is the desired form of (4.3]), to which the Grgnwall Lemma is applicable and
a mean-field approximation can be justified with.
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5 Auxiliary calculations and examples

Scalings

Fourier transformation of Coulomb potential

/dx gitki—kiay L /dx’ i(ki—kj.a) Bl _1
llz’|[  B=o0 ||90’||

2
= hm/ /W/ d?"d(pdﬂ r251n19 z||k —kj||rcosd Br
B8—0

dv

substituting t = cos, dt =

~ sin 19

= lim 27r/ / drdt relllki—killrt oBr
B—0

szz —kjllr _ —sz’ —kjl|r
= lim 27?/ dr r ePr
B—0 0 ’L||k‘1 — ]{3]'||T‘

: 4m /°° .
= lim ——— drsin(|[k; — k;||r) e’
50 [[ki = Kl Jo ’

the Fourier sinus transformation of ¢®” can be looked up
47 [|ki — k;jl| 47

= l1m
-0 |lks = Kjl| [[ki = k512 + 52 [[ki — K[

order in N of the convolution

1?2 = %,V = VuN and estimating the Coulomb potential for xo = O:

1
dey ——— ) |¢i]* < / dz; ——
/[OL |1 — $2H Z Vo Jos - Nzl

The Coulomb potential is easier to integrate in spherical coordinates. As this is
an estimate, it is justified to integrate over a sphere instead of a box.

using ||¢;

1
(VoN)3
< Am 21dxr——7iN%
vy

Hartree-Fock equations

Lagrange multipliers ¢;; are diagonalizable

6L =6 (U, HD) ZZBU (i, 7) (5.1)

i=1 j=1
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as 0L is real, the e;; are hermitian:

N
§L — 6L = — Zzew ($i,b;) ZZe;}(M@,cbﬂ)*

i=1 j=1 =1j=1
N N
Y (e — ] 6 () =
=1 j—1

From this follows, that €j; = e;;, e.g. e;; is hermitian. Let S define a change of
a basis:

N
&= ¢Sy , Yy =(det )Wy
=1

As S is unitary, its determinant is equal to one. Therefore, the mean energy does
not change due to the change of basis:

N N
0L =6 (U, HU) = > ejyd (¢}, 1)

k=11=1

Applying the one particle wave functions to variation function above and defining

eij = (S fe!S )i; leads to equation 1} S can be chosen in a way, that diagonalizes
/

e

Simplifying the complex conjugated term of the variation equation

c.c. = i\f: <¢>¢7 h(i)5¢i> Z Z {<¢z¢ja U1ﬁ25¢i¢j> - <¢i¢j7 U162Pij5¢i¢j>}

i=1 j=1
N

Z €; ¢la 5¢z

=1

N
Z/dxl R o; (x1 +Z/d$2¢z 1 ¢j(x2)vl2¢3(:r2)
=1

- Z/dl‘2¢§(902)45?(1?1)@'18213@%@2) — i (x1) | 0i(x1)
=1

N 4 N
:Z/dxlqs;*(xl) A +Z/dxz¢j(xz)vf2¢j(wz>
i=1 Jj=1

N
- Z/da:m;(xz)vngijéj(M) — €| 6i(21)
=1
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The counting operational «

Example of p? applied to ¥,

(neglecting the normalization factor —-):

V2
U(21, 22) = ¢ (21)d5(22) — ¢ (22)d5 (1)
@2 is checked of being good or bad:
2

PP W (w1, w2) =Y (da(ws), U(w1,72)) do(as)

=1
= (pa(x1), ) (1) 5 (x2) — ¢ (w2) 5 (1)) Pa(71)
+ (2(22), ¢ (21) B (22) — ¢ (x2)B5(21)) Pa(x2)
= (¢2(z1, 91 (22)) Pa(w2)P2(w1) — (D2(x1), Pa(21)) d1(w2)P2(z1)
+ (p2(x2), Py (w2)) d1(x1)d2(w2) — (D2(w2), ¥ (22)) P2(w1)d2(22)
=0y, {01(21)P2(22) — d1(22)P2(21)} = Ogpgy, ¥ (21, 22)

Basic Properties of p; ¢;

Since pij and qf)j are projectors (hermitian),

N 2 N 9 N
P = (ZW) 22(1)?) +2 ) plplt = pl =pi
j=1 J=1

j=1 1<I<k<N
p; is a projector as well. Similarly, one can show that ¢; is a projector.

p; and ¢; are hermitian:

N f N t N
Pl = (ZW) ZZ(pf)j> => p" =pi
j=1

J=1 J=1

Example of p; applied to V5

. . . 1 .
(neglecting the normalization factor g):

Uy = o1(z1)d2(22)ds(x3) + ¢1(z2)d2(ws)ds(x1) + ¢1(x3)d2(21)d3(w2)
—o1(x3)dp2(22)P3(21) — O1(22)P2(21)P3(23) — P1(21)P2(23)P3(w2)

assuming, ¢3 is bad:

p¥s = ¢1(z1)p2(r2)P3(3) + d1(w3)d2(w1)P3(73)
—¢1(22)P2(1)P3(w3) — P1(71)P2(22)P3(73)

= {¢1(@1)d2(w2) — d1(x2)P2(21)} P3(23)
+{o1(z3)d2(z1) — d1(21)P2(w3) } d3(22)

The projector acts on every state at 1. As only ¢3 is bad, only projections acting
on ¢3(x1) cancel out. This example illustrates, how p; only filters bad particles
at x1 but generally leaves bad particles at other coordinates behind.
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